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We have investigated the effect of vortex dynamics on high-frequency conductivity of a superconducting
NbN film by using terahertz time-domain spectroscopy. The complex conductivity of the mixed state up to 7
T is determined without using Kramers-Kronig analysis. The experimentally obtained conductivity spectra are
analyzed by considering the contribution from quasiparticles in vortices and also from the vortex dynamics. To
include the local-field effect in the high-frequency electromagnetic responses of mixed-state superconductors,
we combined the Maxwell-Garnett theory with a self-consistent two-fluid model and obtained the expression
for the effective conductivity. The volume fraction of the vortices shows the linear dependence on the applied
magnetic field, as expected for s-wave superconductors, by taking into account the flux-flow resistivity.

DOI: 10.1103/PhysRevB.79.174525 PACS number�s�: 74.25.Gz, 74.78.Db, 74.25.Nf, 74.25.Op

I. INTRODUCTION

The vortex dynamics has been intensively investigated to
understand transport properties of superconductors �SCs� un-
der the magnetic field both from fundamental1–5 and
applicational6–9 points of view. Effects of vortex dynamics
on the conductivity can be characterized by a few fundamen-
tal parameters such as viscosity and pinning force, which
govern the dynamics of SCs in the mixed state. Since the
typical depinning frequency locates at rf region for conven-
tional SCs �Ref. 10� and at 10–100 GHz for high-Tc SCs,11

the high-frequency electromagnetic response of vortices has
been intensively studied.10–14

With the progress of terahertz time-domain spectroscopy
�THz-TDS�,15 the energy range has been further extended,
making it possible to obtain directly the complex conductiv-
ity spectra without using Kramers-Kronig analysis. Espe-
cially, since the relevant frequency is much higher than the
depinning frequency even for high-Tc SCs, the technique
makes it possible to obtain the resistivity in the flux-flow
region by optical means.16

Such high-frequency optical characterization can also be
applied to conventional SCs to reveal not only the gap
structures17–19 but also the vortex dynamics. For this pur-
pose, we employed THz-TDS under the high magnetic
field,20 and applied the technique to a NbN film, which ex-
hibits a relatively high Tc among the conventional SCs with
a strong pinning.

To describe the ac-electromagnetic response of mixed-
state SCs, Coffey and Clem21 introduced an effective model
which took into account the dissipation due to vortex dynam-
ics in the frame work of two-fluid model and successfully
explained the results in microwave range. However, since the
two-fluid model does not take into account the local-field
effect on the vortices, the validity of the model should be
examined in particular for the high-frequency electromag-
netic responses of mixed-state SCs. In this paper, we con-
sider the local-field effect based on Maxwell-Garnett

theory22 and modify the Coffey-Clem self-consistent theory.
As a result, we reveal how vortices contribute to the ac con-
ductivity in the THz frequency range.

II. THEORETICAL MODEL

Under the magnetic field, magnetic fluxes penetrate into
SCs as vortices, and largely affect the conductivity through
the contribution from quasiparticles in vortices and also from
the contribution due to the vortex dynamics. In dc response,
the contribution from the quasiparticles inside the vortices is
negligible because of the infinite conductivity of the sur-
rounding superconducting state. In contrast, in the high-
frequency range, the contribution of quasiparticles in vorti-
ces as well as vortex dynamics should be taken into account.
According to the Coffey and Clem’s model,21 these effects
are described by introducing the relation of vortex displace-
ment and the current density self-consistently as follows. At
zero temperature, the current density due to quasiparticles in
vortices, In, and the superconducting current density outside
the vortices, Is, are written as

In = f�nE , �1�

� � Is = −
1

�0�2 �B − �0nẑ� , �2�

where �n is the normal-state conductivity inside the vortices,
f is the volume fraction of vortices which is described by
using the upper critical field Hc2 as f =B /Hc2 for s-wave SCs,
�0 is the permeability of vacuum, �0=h / �2e� is the flux
quantum, ẑ is the unit vector along the magnetic flux, n�x , t�
is the vortex density, and � is the penetration depth which is
expressed by the conductivity of superconducting state �s, as
�−2=−i��0�1− f��s. Here the magnetic field B is repre-
sented as a summation of ac-electromagnetic wave Bac and
magnetic fluxes of vortices B0. Although �0nẑ corresponds
to B0 when the vortex does not move, the dissipation caused
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by vortex dynamics generates the additional magnetic field
which depends on the current density. Then, by considering
the total current density I=In+Is, the generalized diffusion
London equation for B can be obtained as

�2B = f�0�nḂ +
1

�2 �B − �0nẑ� . �3�

By solving the equation self-consistently, Coffey and Clem
expressed the frequency-dependent complex penetration
depth of the mixed state. In terms of the conductivity, their
result �Eq. �4� in Ref. 21� is equivalently represented as

�all =
�1 − f��s + f�n

1 + �1 − f��s/�vd
, �4�

where �vd is the conductivity induced by the vortex dynam-
ics.

In order to include the contribution of the local-field ef-
fect, we replace the inner and outer vortex conductivities �n
and �s with the effective values �n

eff and �s
eff. �n

eff and �s
eff are

defined by using the macroscopic electric field E and their
local current density, In�s�

local, without the contribution of vortex

dynamics as, �n�s�
eff = In�s�

local /E.
By using Maxwell-Garnett theory,22 we describe �n

eff and
�s

eff as follows. In Maxwell-Garnett theory, the local field of
the minor component is described by assuming that the mi-
nor component is surrounded by a uniform medium com-
posed of the major component and feels the external field
that coincides with the local field for the major component
�see Fig. 1�. Then the macroscopic electric field and current
density are described as spatial average of the local field of a
minor and a major component. We applied the theory to SCs
by considering the inner and outer vortex regions as a minor
and a major component, respectively. The shape of vortex
region is assumed as a cylinder which has radius of the co-
herence length �. In our experimental condition, where the
cylindrical axis ẑ is parallel to THz wave vector, the electric
field at each region is expressed by using Maxwell-Garnett
theory as

En
local = In

local/�n =
2�s

�s + �n
Es

local, �5�

Es
local = Is

local/�s, �6�

where En�s�
local is the local electric field in normal �supercon-

ducting� state. Then the effective conductivity of the inner

and the outer vortex regions can be represented from the
macroscopic electric field E= fEn

local+ �1− f�Es
local as

f�n
eff = f

In
local

E
=

f�nEn
local

fEn
local + �1 − f�Es

local

= �n�1 +
1 − f

f

�n + �s

2�s
�−1

, �7�

�1 − f��s
eff = �1 − f�

Is
local

E
=

�1 − f��sEs
local

fEn
local + �1 − f�Es

local

= �s�1 +
f

1 − f

2�s

�n + �s
�−1

. �8�

Moreover, the macroscopic effective conductivity �eff
= f�n

eff+ �1− f��s
eff is written as

�eff =
2f�s��n − �s�

�1 − f���n − �s� + 2�s
+ �s. �9�

On the other hand, the contribution of vortex dynamics is
considered from the equation of motion

�vL + 	xL = �0I � ẑ , �10�

where xL and vL is the position and the velocity of vortex, I
is the current density, � is the viscosity, and 	 is the pinning
force. For high-frequency responses where �
	 /� is satis-
fied, the second term of the left-hand side in Eq. �10� can be
ignored, and by using the Josephson relation,23 E=B�vL,
the flux-flow conductivity is represented as �vd=� / �B�0�. In
addition, using the expression of viscosity �=�0B�n / f by
Bardeen and Stephen,24 the conductivity is written in a
simple form as

�vd =
�n

f
�11�

which corresponds to the normal-state conductivity �n at the
upper critical field f =1. Finally, from Eq. �4�, we can express
the whole conductivity which includes the contribution from
the vortex dynamics as

�all =
�eff

1 + �1 − f��s
eff/�vd

. �12�

It should be noted here that this conductivity approaches to
the original model by Coffey-Clem, Eq. �4�, in low-
frequency region where ��s� has much larger value than ��n�.
Thus the local-field effect gives the negligible contribution in
the microwave region where ��s�
 ��n� is satisfied while it is
not necessarily negligible in THz frequency range.

III. EXPERIMENTS

In this section we describe our experimental setup and the
results. The experimental setup is schematically shown in
Fig. 2. As a light source, we used a mode-locked Titanium-
Sapphire laser, with pulse width of 110 fs, center wavelength
of 800 nm, and repetition frequency of 76 MHz. THz wave is
generated by focusing the laser pulse onto a p-type �111�

Eext= Emajor,�major
local

Maxwell
Garnett
Theory

Emajor,�major
local

Eminor,�minor
local Eminor,�minor

local

FIG. 1. Concept of Maxwell-Garnett theory. The local field of
the spatially minor component is calculated by assuming external
field which is equivalent of the local field of the major component.
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InAs surface and detected by electro-optical sampling using
a �110� ZnTe crystal.

Samples are inserted in a split-type superconducting mag-
net which can produce the magnetic field up to 7 T in Fara-
day configuration. The experimental setup with the magnet
enables the transmission-type spectroscopy in the frequency
range from 1.5 to 8.4 meV �0.4 to 2.0 THz�. Further details
of the experimental setup are described in Ref. 20.

As a sample, we used a 240-Å-thick NbN film which is
epitaxially grown on a 500-�m-thick MgO �100� substrate
by using the pulsed laser deposition technique. A MgO crys-
tal of the same thickness of 500 �m is also used as a refer-
ence. The transition temperature of the film is Tc=15.1 K
which corresponds to the superconducting gap energy of
2�=4.59 meV�=1.11 THz� in BCS theory. Figure 3�a�
shows the temperature dependence of the dc resistivity under
the magnetic field applied perpendicular to the film. Tem-
perature dependence of the upper critical field Hc2�a
�T /Tc� is plotted in Fig. 3�b� from which the zero-
temperature value is estimated as Hc2�0�=12.9 T by using
the relation,25

Hc2�a� = Hc2�0�
1 − a2

1 + a2 . �13�

The coherence length � is then estimated as �=50.5 Å from
the relation, Hc2=�0 / �2��2�.

In the analysis of the THz transmittance of a thin metal
film on a thick substrate, multiple reflections inside the sub-
strate can be avoided in time domain since THz-TDS records
the time-domain wave form of the electric field. However,

the effect of multiple reflections inside the thin film should
be taken into account �see Appendix�. In the thin-film limit,
the complex transmittance t��� can be written by using the
complex conductivity of the film �, the film thickness d, and
the refractivity of the substrate nsub as

t��� =
1

Z0d���� + nsub + 1

4nsube
i���

nsub + 1
, �14�

where Z0 is the vacuum impedance and ���= �nsubdsub−d
−dsub�� /c �dsub: the substrate thickness� is the phase compo-
nent which is independent of �. In THz-TDS, the wave form
of the transmitted electric field is directly measured which
contains both the amplitude and the phase information. Ac-
cordingly, the complex transmittance t��� is obtained from
the Fourier transformation of the wave form and then the
complex conductivity of the film is retrieved by numerically
solving Eq. �14�.

Figure 4 shows the obtained complex conductivity spectra
of the NbN film at T=3 K and T=20 K without magnetic
field. Superconducting gap structure is clearly observed in
the real part of the conductivity at 3 K. The dominant con-
tribution to the error is caused by the systematic error of the
time scan in THz-TDS. The solid line in Fig. 4 is a theoret-
ical fitting by Mattis-Bardeen model with arbitrary electron
mean-free path,26 where the least-squares method is applied
to the real part of � in the frequency range from 5.9 to 10.2

Nd:YVO4 Laser
optical
chopper

delay stage

ZnTe

InAs

WP

Sample
to lock-in
amplifier

Ti:Sapphire
Modelocked Laser

B

76 MHz, 800 nm, 110 fs

� /4

Magnet
( B � 7 T, T � 1.6 K )

FIG. 2. Schematic experimental setup. � /4:
quarter-wave plate. WP: wollaston prism.
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represents the theoretical fitting by Mattis-Bardeen model. The inset
shows the ratio of real and imaginary parts in the normal-state con-
ductivity at T=20 K �open circles� and the fitting curve �line�.
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meV. From the fitting, the relaxation time �s of the supercon-
ducting state is estimated as 10�10 fs and the gap energy at
zero temperature as 2�=5.3−0.1

+0.2 meV. The resulting value of
2� / �kBTc�=4.1�0.1 is larger than the value expected from
BCS theory of 2� / �kBTc�=3.52, indicating the strong
electron-phonon coupling.27 The inset of Fig. 4 plots the ratio
of the real and the imaginary parts of the normal-state con-
ductivity, which is expressed as Im��� /Re���=��n within
the Drude model by using the relaxation time of the normal
state �n. From the slope, �n is estimated as 5−5

+8 fs.
Figure 5 plots the magnetic-field dependence of the com-

plex conductivity of the NbN film at 3 K. By applying the
magnetic field perpendicular to the film, we observed the
recovery of the missing spectral weight approaching to the
value of normal state at T=20 K. This recovery of the spec-
tral weight can be attributed to the increase in vortices. The
observed magnetic-field dependence is fitted by Eq. �12� by
using the volume fraction f of vortices as a fitting parameter.
We substitute the experimentally observed conductivity
��B=0 T,T=3 K� and ��B=0 T,T=20 K� for �s and �n
in Eq. �12�, respectively. It should be noted here that the
quasiparticle bound states can exist in a system with short
coherence length, as observed in the clean-limit conventional
SC, NbSe2 �Ref. 28�, or in high-Tc SCs.13,29 In the present
case of NbN, however, the system can be recognized as dirty
limit. In such a case, the bound states in the vortex core are
considered to disappear and the conductivity inside the vor-
tex can be regarded as that of normal state.30 The theoretical
fitting obtained by Eq. �12� is shown in Fig. 6 as solid lines.
To avoid the effect due to quasiparticle excitation above the
gap energy, we restrict the fitting range from 2.2 to 4.5 meV.
For comparison, dashed lines in Fig. 6 represent the conduc-
tivity fitted without the contribution of vortex dynamics. Es-
pecially in the real part of the conductivity, the fitting with
vortex dynamics gives a better fitting.

Since the volume fraction f is obtained from the above
analysis, we plot the magnetic-field dependence of f in Fig.
7. Both the results obtained from the analysis with and with-
out the contribution of vortex dynamics are plotted. Linear
dependence of the volume fraction on the magnetic field is
clearly observed by considering the vortex dynamics, which
is expected for s-wave SCs. On the other hand, the sublinear

dependence is obtained when the effect of vortex dynamics
is not taken into account. This result indicates the significant
contribution of vortex dynamics on the THz responses of the
mixed-state SCs. By extrapolating f�B� for the results with
vortex dynamics, the upper critical field Hc2 is estimated as
Hc2=12.7 T from the value at f =1, showing good corre-
spondence with the value estimated from the dc measure-
ment; Hc2�3 K /15.1 K�=11.9 T.

IV. COMPARISON WITH THE ORIGINAL COFFEY-CLEM
SELF-CONSISTENT THEORY

In this section, we compare our model �Eq. �12�� with the
original Coffey-Clem theory �Eq. �4�� to examine the influ-
ence of the local-field effect. For this purpose we assume that
the volume fraction is a priori expressed as f�B�=B /Hc2 and
determine the flux-flow conductivity �vd from the results
shown in Fig. 5 by using these two models. Different from
the previous section, the flux-flow conductivity �vd can be
estimated directly from the observed �all without any fitting,
as shown in Fig. 8 in the form of the flux-flow resistivity
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FIG. 5. �Color online� �a� The real part and �b� the imaginary
part of the complex conductivity under the indicated magnetic field
at 3 K. The spectrum in the normal state at 20 K without the mag-
netic field is also plotted.
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�vd=1 /�vd. In Fig. 8, Re �vd monotonically increases with B
as expected from Eq. �11� for both models. On the other
hand, Im �vd shows completely different behavior between
these models; our model gives nearly zero value for the
whole frequency range which is equivalent to Eq. �11�,
whereas the original Coffey-Clem model gives linearly in-
creasing values with frequency. As previously mentioned,
this irregular behavior can be attributed due to the two-fluid
model which neglects the local-field effect. Since in the THz
frequency range, the condition ��s�
 ��n� does not hold, the
two-fluid model causes such an artifact.

We also compared the magnetic-field dependence of
Re �vd estimated from both models. In Fig. 9, the value of
Re �vd is averaged between 2.2 and 4.5 meV to smooth the
scattered data. Although the difference between two models
is not significant, the present model seems to give a better
correspondence with the theoretical value �Eq. �11��.

V. SUMMARY

In this paper, we have investigated the electromagnetic
response of a superconducting NbN film under the magnetic
field by THz-TDS. In order to examine the local-field effect
as well as the role of vortex dynamics, we have constructed
an effective theory by modifying the Coffey-Clem self-
consistent theory. The complex conductivity spectra under
the magnetic field up to 7 T are obtained in the frequency
range between 1.5 and 8.4 meV �0.4 –2.0 THz�. The
magnetic-field dependence of the volume fraction of vortices
shows a linear dependence on the applied magnetic field B as
expected for the s-wave superconductor, when the contribu-
tion from the flux flow resistivity is taken into account. The
effect of the local field on vortices is also examined by com-
paring the analysis based on the original Coffey-Clem
theory, showing the importance of the local-field effect in the
high-frequency responses of SCs where ��s� becomes com-
parable with ��n�. In addition, by estimating the volume frac-
tion of vortices, the upper critical field is determined by op-
tical means.
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APPENDIX: DETERMINATION OF THE CONDUCTIVITY
BY THz-TDS

Here we introduce our method of analysis to obtain the
complex conductivity of sample by using THz-TDS. In THz-
TDS, the temporal wave form of the THz electric field is
recorded which contains the information of the amplitude
and the phase. Since the transmitted amplitude and the phase
of the electric field are related to the complex conductivity of
the medium, we can obtain the complex conductivity of
sample without using Kramers-Kronig analysis.

First, we consider a thick sample without taking into ac-
count the effect of the multiple reflections inside the sample.
Experimentally, such a condition is realized by avoiding the
signal due to the multiple reflections in time domain. In such
a case, the transmitted electric field after the sample, Eout, is
expressed in frequency domain as15

Eout��,n,d� = Ein���
4n

�n + 1�2eind�/c, �A1�

where Ein��� is the incident electric field, and n and d are the
complex refractivity and the thickness of the sample, respec-
tively. In THz-TDS, one measures the wave forms of the
electric field with and without the sample, and then obtain
their Fourier transforms Esample��� and Eblank���. Then the
complex transmittance is obtained from Eq. �A1� as
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t��� =
Esample���
Eblank���

=
Eout��,n,d�
Eout��,1,d�

=
4n

�n + 1�2ei�n−1�d�/c.

�A2�

By solving Eq. �A2� inversely in terms of n, one can deter-
mine n without using the Kramers-Kronig analysis. From the
obtained complex refractivity, the complex dielectric con-
stant � and the complex conductivity � are calculated by
using the relations,

� = n2, �A3�

� = − i�0�� − �b�� , �A4�

where �0 and �b is the dielectric constant of vacuum and
background. �b can be ignored in the case of ���
�b, which
is generally satisfied for metals and SCs.

Next, we consider the case of a thin metal film on a thick
substrate. As mentioned previously, the multiple reflections
inside the thick substrate can be avoided in time domain and
we take into account the multiple reflections only inside the
thin film. The transmitted electric field Eout

mr ��� is then repre-
sented as summation of 2m-times reflected waves as

Eout
mr ��� = Ein���

8n1n2

�n1 + 1��n1 + n2��n2 + 1�

�ei�n1d1+n2d2��/c	
m=0

� 
n1 − 1

n1 + 1

n1 − n2

n1 + n2
e2i n1d1�/c�m

,

�A5�

where n1�2� and d1�2� is the complex refractivity and the

thickness of the film �substrate�, respectively. By measuring
the electric field without the sample, Eblank���=Eout�� ,1 ,d1
+d2�, then the complex transmittance can be written as

t��� =
Eout

mr ���
Eout��,1,d1 + d2�

=
8n1n2

�n1 + 1��n1 + n2��n2 + 1�
ei��n1−1�d1+�n2−1�d2��/c

1 −
n1 − 1

n1 + 1

n1 − n2

n1 + n2
e2i n1d1�/c

.

�A6�

When the refractivity of the film �n1� has very large value and
the thickness d1 is very thin so as to satisfy �n1�d1 /c��1,
�n1�
 �n2�, and ��1�
�1b ��1: the dielectric constant of the
film, �1b: the background dielectric constant�, this expression
can be simplified as

t��� =
1

Z0d1�1��� + n2 + 1

4n2ei���

n2 + 1
, �A7�

where Z0=377 � is the vacuum impedance, �1 is the con-
ductivity of the film, and ���= �n2d2−d1−d2�� /c is the
phase component which is independent of �1.
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