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A thermodynamic model was developed to understand the role of charge compensation at the interlayer
interfaces in compositionally graded monodomain ferroelectric multilayers. The polarization mismatch be-
tween the ferroelectric layers generates depoling fields with the polarization in each layer varying from its bulk
uncoupled value as to adapt to the electrical boundary conditions. By treating the strength of the electrostatic
field as a phenomenological parameter, it is shown that if there are localized charges to compensate for the
polarization mismatch and relax the depolarization fields, ferroelectric layers behave independently of each
other and exhibit a dielectric response that can be described as the sum of their corresponding intrinsic
uncoupled dielectric properties. For perfectly insulating heterostructures with no localized charges, the depo-
larization field is minimized by lowering the polarization difference between layers, yielding a ferroelectric
multilayer that behaves as if it were a single ferroelectric material. There exists an optimum value of coupling
strength at which average polarization of the multilayer is maximized. Furthermore, ferroelectric multilayers
may display a colossal dielectric response dependant upon the interlayer electrostatic interactions.

DOI: 10.1103/PhysRevB.79.174113 PACS number�s�: 77.80.Bh, 77.22.Ej

I. INTRODUCTION

Unlike homogenous ferroelectrics �FEs�, which are char-
acterized by symmetric hysteresis loops with respect to the
polarization and applied field axes, compositionally graded
ferroelectric materials yield translations along the polariza-
tion axis with an attendant charge offset.1–4 In addition, it
has been found that polarization gradients can also be intro-
duced via temperature and/or stress gradients.5,6 A wide va-
riety of ferroelectric systems including �Ba,Sr�TiO3 �BST�,
�Ba,Sr�Bi4Ti4O15, Pb�Zr,Ti�O3, �Pb,Sr�TiO3, �Pb,La�TiO3,
and �Pb,Ca�TiO3 show polarization offsets with low leak-
age current when tested with symmetric voltage-current
characteristics.7–15 More recently, there have been significant
advances in the deposition and characterization of bilayer
and multilayer ferroelectrics which can be considered as the
simplest building blocks of graded systems.16–23 For ex-
ample, ultrathin superlattice tricolor heterostructures com-
posed of BaTiO3 �BTO�, SrTiO3 �STO�, and CaTiO3 �CTO�
layers display a clear polarization enhancement when com-
pared to monolayer BTO films deposited under same
conditions.24 Asymmetric BTO, STO, and CTO superlattices
grown by layer molecular-beam epitaxy show a large di-
electric permittivity that depends on the stacking sequence
of the superlattice.25 Modulation of the thickness of the
layers was experimentally shown to be an effective way to
maintain a high remanent polarization in asymmetric super-
lattices of BTO and STO.26 The paraelectric-ferroelectric
phase transformation temperature of pseudomorphic �001�
KTaO3 /KNbO3 superlattices on �001� KTaO3 substrate
changes dramatically from 475 to 825 K when the super-
lattice periodicity is increased from 5.1 to 33.8 nm.27 Re-
cent experimental studies also show that there is a significant
improvement in the dielectric tunability of ferroelectric su-
perlattices and graded multilayer heterostructures.28,29 De-

pending on the method of synthesis, it has been shown ex-
perimentally that high dielectric response in ferroelectric
multilayers can be explained via a Maxwell-Wagner type
of approach due to the presence of low-resistivity inter-
facial regions in BST 20/80-BST 80/20 superlattices.30,31

However, Corbett et al.32 also showed that for relaxor
0.2Pb�Zn1/3Nb2/3�O3−0.8BaTiO3 and Pb�Mg1/3Nb2/3�O3 su-
perlattices, the polarization behavior suggests a functional
coupling between layers which might be related to the struc-
tural coupling behavior observed in KTaO3 /KNbO3
superlattices.

Theoretically, the behavior of compositionally asymmet-
ric ferroelectric multilayers has been described by a variety
of approaches; including transverse Ising models �TIM�,33–36

first-principles simulations,37–39 models based on basic elec-
trostatic considerations,40–42 and mechanistic approaches tak-
ing into account domain phenomena.43 Tagantsev and
Gerra44 provided an extensive review of existing theoretical
models for the description of interface-induced phenomena
in ferroelectric thin films. In particular, thermodynamic
models33,35,45 have been successfully employed to explain
the gigantic dielectric response and tunability in ferroelectric
multilayer heterostructures.46,47 Neaton and Rabe48 utilized
first-principles calculations that predict an enhancement in
the polarization of BTO/STO heteroepitaxial bilayers. Very
recently, it was shown via a first-principles analysis that
the difference in “up” and “down” polarization states ex-
pected in asymmetric ferroelectric multilayers diminishes as
the thickness of the constituting layers are increased.49 Using
thermodynamic models, Bratkovsky and Levanyuk50,51 pre-
dicted the formation of electrical domains in multilayer films
even if the polarization difference between layers is ex-
tremely small. Indeed, recent phase field simulations show
that it is possible to form new domain patterns in simple
ferroelectric-dielectric bilayers and in graded ferroelectric
heterostructures.52–54 We also note that the space charge ef-
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fects have been studied in detail55,56 where it is predicted that
the ferroelectric transition is suppressed as space charge den-
sity increases. Similar studies in ferroelectric bilayers were
also carried out recently by Misirlioglu et al.57 wherein it
was shown that space charges could contribute to the
enhancement of the polarization.

These theoretical studies clearly illustrate that many of the
novel properties of graded and multilayer ferroelectrics can
be explained via electrostatic together with electromechani-
cal interactions between layers that result from interlayer po-
larization differences. However, the “strength” of the inter-
layer coupling is strongly dependent on the concentration of
interfacial defects which are invariably charged, having
short-range local electrostatic fields. These defects can be
generated in ferroelectric multilayers during synthesis and/or
postprocessing steps; their formation may locally “relax” po-
larization difference and thus affect the commensurate bound
charge concentration at the interlayer interfaces. While it is
difficult to determine the exact defect structure and concen-
trations at the interfaces, as these depend on the specific
synthesis/deposition conditions; the relaxation of the bound
charges at multilayer interfaces and the commensurate varia-
tions in the internal electric field can be specified through a
coupling strength parameter. In this paper, we present a the-
oretical analysis based on nonlinear thermodynamics
coupled with basic electrostatic relations to understand the
role of charge compensation at the interlayer interfaces. Our
results show that the average polarization and the dielectric
response of a multilayer ferroelectric with systematic varia-
tions in the composition may yield a colossal dielectric re-
sponse, with an increase in more than two orders of magni-
tude in the dielectric permittivity.

II. THEORY

We consider a compositionally graded monodomain free-
standing FE multilayer heterostructure consisting of n layers
shown in Fig. 1�a�. We assume that the multilayer is textured
along the easy direction of polarization �z axis�. These sim-
plifications are employed so as to isolate the effect of the
polarization mismatch between individual layers by avoiding
strain-induced �epitaxial and thermal� polarization through
electrostriction. The total �Gibbs� free energy density of such
a multilayer structure consisting of n layers under short-
circuit condition is

F� = �
i=1

n

�i�F0,i +
1

2
aiPi

2 +
1

4
biPi

4 +
1

6
ciPi

6 − EextPi�
−

1

2�
i=1

n

�iED,iPi, �1�

with

�
i=1

n

�iED,iPi = −
�

�0
�
i=1

n

�i�1 − �i�Pi
2

+
2�

�0
�
i=1

n−1 ��iPi� �
j=i+1

n

� jPj�� . �2�

Here, �i is the volume fraction of layer i, F0,i is the free

energy density of the polarization-free paraelectric phase,
and ai, bi, and ci are the dielectric stiffness coefficients of
layer i. The temperature dependence of the coefficient ai is
given by the Curie-Weiss law such that ai= �T−TC,i� /�0Ci,
where �0 is the permittivity of free space and TC,i and Ci are
the Curie temperature and constant of layer i, respectively.
Eext is the externally applied electric field. ED,i is the depo-
larizing field in layer i that follows from the short-circuit
boundary conditions; i.e., the potential drop along the
multilayer must vanish along with the necessity of continuity
of electric displacement field at the interfaces.58,59 These
result in

�
i=1

n

�iED,i = 0, �3�

��Pi − Pi+1� + �0�ED,i − ED,i+1� = 0, i = 1,2, . . . ,�n − 1� ,

�4�

where �i is the thickness of layer i. We assume that the
individual layers that make up the graded ferroelectric het-
erostructure are thicker than the correlation length of ferro-
electricity �typically �1–10 nm�. The details of the thermo-
dynamic formalism are provided in the Appendix.

In Eqs. �2�–�4�, � �0���1� represents a scaling param-
eter that determines the strength of the internal depolarizing
electric field between layers. �=1 corresponds to a defect-
free, perfectly insulating interface and �=0 is a state where
the polarization of each layer is perfectly screened from each
other by interfacial localized charges. For our analysis, � was
taken to be same at each interlayer interface. The above set
of relations yields the depolarizing field in each layer as

FIG. 1. �Color online� �a� A compositionally graded ferroelectric
multilayer consisting of n layers; �b� a graded BST multilayer het-
erostructure consisting of BST 60/40–67.5/32.5–75/25–82.5/17.5–
90/10 layers.

OKATAN, MANTESE, AND ALPAY PHYSICAL REVIEW B 79, 174113 �2009�

174113-2



ED,i = −
�

�0
�Pi − �

j=1

n

� jPj� , �5�

where �i=�i /�k
n�k=�i /L. Inserting Eq. �5� into Eq. �1� and

after arranging terms yield

F� =
1

L
�
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In the limiting case corresponding to a continuously graded
ferroelectric �n→��, Pi� P�z�, ai�a�z�, bi�b�z�, and ci
�c�z�, the free energy density functional is given as

F =
1

L
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4
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+
D

2
�dP

dz
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L
	

0
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Pdz�2

, �7�

where we have also included a Ginzburg gradient term D to
take into account equilibrium fluctuations of polarization
along the z axis. The equilibrium polarization profile can be
obtained by minimizing the free energy functional with re-
spect to P, which yields

D
d2P

dz2 = aP + bP3 + cP5 − Eext +
�

�0
�P −

1

L
	

0

L

Pdz� ,

�8�

with boundary conditions given by


dP

dz



z=0
= 
dP

dz



z=L
= 0. �9�

Equation �8� describes the role of � such that �=1 corre-
sponds to the classical Kretschmer-Binder58 case of a per-
fectly insulating graded ferroelectric with no localized
charges; i.e., overall polarization response is an intrinsic ma-
terial property. For this condition the depolarizing field is at
a maximum. On the other hand, for �=0, the graded hetero-
structure can be thought of as containing as many localized
charges �or more� as there are bound charges that arise from
the polarization gradient. For this configuration, the depolar-
izing field vanishes since the bound charges are compensated
by localized charges in the ferroelectric material and the lay-
ers are completely decoupled. Such large concentrations of
localized charges might result in an increase in the conduc-
tivity of the multilayer and would thus correspond to higher
leakage currents.

For the case of a graded ferroelectric with distinct layers,
the equilibrium state of polarization in the heterostructure is
determined by simultaneously minimizing the total free en-
ergy density, F�, with respect to polarization in each layer Pi,
i.e., through the equations of state �F� /�Pi=0. This yields
the following system of equations for i=1,2 , . . .n:

�i�aiPi + biPi
3 + ciPi

5 +
�

�0
�Pi − �

j=1

n

� jPj� − Eext� = 0.

�10�

Using the equilibrium polarization of each layer i given by
�F� /�Pi=0, the small-signal average dielectric constant of a
multilayer can be determined from

��� 
1

�0

d�P�
dE

, �11�

where

�P� = �
i

n

�iPi, �12�

is the average polarization.

III. RESULTS AND DISCUSSION

For our analysis, we chose a multilayer BST heterostruc-
ture consisting of five layers having the same thickness and
compositions Ba0.6Sr0.4TiO3 �BST 60/40�-BST 67.5/32.5-
BST 75/25-BST 82.5/17.5-BST 90/10, as shown in Fig. 1�b�.
We assume that for each layer the thermodynamic param-
eters such as the Curie temperature TC,i and constant Ci and
dielectric stiffness coefficients bi and ci are linear functions
of the composition and are thus determined by averaging
corresponding values of BaTiO3 and SrTiO3 given in Table I.

The average polarization and corresponding average
small-signal dielectric constant of multilayered BST hetero-
structure at room temperature are shown in Fig. 2 and 3,
respectively, as a function of �. It can be clearly seen in Fig.
2 that the polarization response of the BST multilayer con-
sists of three regions: �i� for 10−2���1, the heterostructure
does not possess an average spontaneous polarization, a re-
gion where the interlayer coupling is dominant, �ii� for
10−6���10−2, there emerges a polarization in the ferro-
electric heterostructure, and �iii� for ��10−6, polarization
stabilization. The reason for the origin of such different re-
gimes can be understood by inspecting the polarization re-
sponse of each layer shown in the inset of Fig. 2. In region
�i�, polarization is suppressed due to large Gibbs free energy
increase necessary to induce polarization in the BST 60/40
and BST 67.5/32.5 layers which are paraelectric at room
temperature. On the other hand, in regime �ii� the electro-
static energy due to polarization mismatch at each interlayer
interface can be reduced by a decrease in Gibbs free energy

TABLE I. Materials and thermodynamic parameters of bulk
BaTiO3 and SrTiO3. �T in °C� �Ref. 38�.

TC

�°C�
C

�°C�
b

�Nm6 /C4�
c

�Nm10 /C6�

BaTiO3 120 1.7�105 1.44�T−175��107 3.96�1010

SrTiO3 −253 0.8�105 8.4�109 –
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of the system due to charge compensation which leads to the
emergence of an average spontaneous polarization. It should
be noted that polarization first emerges for � corresponding
to �10−2, where the coupling in the BST heterostructure is
strong enough to maintain polarization in each of the layers
that make up the heterostructure in such a way that the po-
larizations in the individual layers are almost equal to each
other whereas with a gradual softening in coupling strength
�i.e., a decrease in ��, the difference between the polarization
values of each layer increases. In this region, a maximum in
the average polarization can be observed around ��10−3. A
further decrease in � effectively causes each layer to act
independently of each other. In region �iii�, there is practi-
cally no coupling between layers such that each layer attains
a polarization level corresponding to free-standing single
crystal layers. For example, BST 60/40 and BST 67.5/32.5
are paraelectric whereas other layers exhibit ferroelectricity,
as they would if these layers were free-standing single crys-
tals. The average dielectric constant shows a peak at the
emergence of the average polarization and a minimum at

maximum average polarization. Compared to the decoupled
condition ���10−6�, the average dielectric constant exhibits
an enhancement of one order of magnitude for strongly
coupled layers with 10−2���1.

The temperature dependence of the average polarization
and the average dielectric constant are depicted in Figs. 4–6
for different �. It is shown in Fig. 4 that at low values of �
such as 10−9, the average polarization response of BST het-
erostructure exhibits cusps at certain temperatures, which
correspond to Curie temperatures of each layer, due to ab-
sence of coupling in the heterostructure. We note that a simi-
lar trend has been predicted by Qu et al.60 in BTO /PbTiO3
superlattices where the interfacial coupling was treated as an
adjustable parameter. As � attains higher values these cusps
tend to vanish. For visual clarification, in Fig. 5 we provide a
three-dimensional plot of the variation in the average polar-
ization as a function of temperature and �. The cusps in the
polarization curves as a function of � reflect themselves as

FIG. 2. �Color online� The variation in the average polarization
and polarization of each layer �inset� with the coupling strength at
room temperature for Eext=0.

FIG. 3. �Color online� The room temperature average dielectric
constant of the BST multilayer shown in Fig. 1�b� as a function of
� at Eext=0.

FIG. 4. �Color online� The temperature dependence of the aver-
age polarization of the BST multilayer shown in Fig. 1�b� at Eext

=0 calculated for various �.

FIG. 5. �Color online� The temperature and � dependence of the
average polarization of the BST multilayer shown in Fig. 1�b� at
Eext=0.
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peaks in the average dielectric constant shown in Fig. 6.
These results indicate that it is possible to realize a large
dielectric response depending on the interlayer electrostatic
interactions.

If coupling strength is high enough such that �	10−3, a
smoothly varying average polarization profile as if the ferro-
electric multilayer was a uniform ferroelectric material is ob-

tained. For the case of �=1, the multilayered BST displays
an overall response that can be thought of as a hypothetical
homogeneous “bulk” ferroelectric material with dielectric
stiffness coefficients equal to the weighted average of dielec-
tric stiffness coefficients of the BST layers that it is made of,
i.e., the system of equations given in Eq. �10� for i
=1,2 , . . .n can be represented as

3 5 ext
1 1 1 1 1 1 1 1
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j j
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j

a P b P c P P P E
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⎪⎢ ⎥⎝ ⎠⎣ ⎦ ⎭

∑

� � � � � �

,

�13�

where Ph is the spontaneous polarization of this hypothetical
homogeneous “bulk” ferroelectric material and

�a� = �
i=1

n

�iai,

�b� = �
i=1

n

�ibi,

�c� = �
i=1

n

�ici. �14�

Summing both sides of the equations given in Eq. �10� yields

�
i=1

n

��iaiPi + �ibiPi
3 + �iciPi

5� − Eext = 0. �15�

When �=1, the maximum difference between polarizations
of the weakest layer �BST 60/40� and the strongest layer
�BST 90/10� is on the order of 10−4 C /m2. Therefore, in Eq.
�15� the polarization of each layer Pi, to a good approxima-
tion, can be replaced with an average polarization �P� or
with a constant polarization such as Ph in Eq. �13�. Hence,

�
i=1

n

��iaiPi + �ibiPi
3 + �iciPi

5� − Eext  �
i=1

n

�iai�P�

+ �
i=1

n

�ibi�P�3 + �
i=1

n

�ici�P�5 − Eext. �16�

The relation, Eq. �13�, being identical within a margin of
��P�− Ph��10−4 C /m2, is shown in Fig. 7 along with the
polarization response of “bulk” BST 75/25 which is the av-

erage composition of the multilayered BST heterostructure
considered here. It is also revealed in Fig. 7 that the overall
response of the multilayered BST heterostructure is similar
to but not exactly the same as its compositional average
counterpart. In the case of a hypothetical homogeneous
“bulk” ferroelectric material, Eqs. �8� and �13� are equivalent
to each other, meaning that there will be no equilibrium po-
larization fluctuations such that

D
d2P

dz2 = 0, �17�

and no depolarization field, i.e., polarization of hypothetical
homogeneous “bulk” ferroelectric material is equal to its av-
erage polarization,

P =
1

L
	

0

L

Pdz . �18�

Thus,

aP + bP3 + cP5 − Eext = 0 = �a�Ph + �b�Ph
3 + �c�Ph

5 − Eext.

�19�

It is worth noting that there is also a shift in the Curie tem-
perature although the FE multilayer behaves as a single
ferroelectric material. This shift is due to modification of the
dielectric stiffness ai in Eq. �1� by the electrostatic coupling
terms given in Eq. �2�.

The depolarizing field due to the polarization mismatch
between layers in a multilayer ferroelectric heterostructure
can also be minimized via the formation of ferroelectric do-
mains. This possibility was not considered in this study. The
internal fields that arise from the electrical boundary condi-
tions in perfectly insulating multilayer heterostructures may
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result in the formation of ferroelectric domain patterns as
there are no free charge carriers for charge compensation at
the interlayer interfaces. This has been predicted theoreti-
cally in ferroelectric and ferroelastic bilayers with a very
slight change in the order parameter.50 In a recent thermody-
namic model for compositionally graded multilayer ferro-
electrics in the limit of dense domain theory, Roytburd and
Slutsker43 showed that each layer will adopt a domain struc-
ture with systematic variations in the electrical domain frac-
tions as a function of the composition, resulting in “wedge-
like domains.” The morphology of these domains is quite
similar to the “zigzag” domain wall configurations in fer-
roelastic Gd2�MoO4�3 and Pb3�PO4�2.61 Phase field simula-
tions also provide interesting domain patterns that form in
response to the depolarization fields emanating from the in-
terlayer interfaces.54 In a system where there are mobile
charged defects, the domain morphology and the properties
of multilayer ferroelectrics should also depend on the charge
compensation at the interlayer interfaces. This becomes im-
portant in multilayer ferroelectric thin films where charged
defects can be introduced rather easily during the synthesis.
Therefore, one has to consider both mechanisms that lead to
the relaxation of the internal electrostatic field simulta-
neously such that the overall dielectric response will be due
to movement of ferroelectric domains �possibly with a
wedge-domain morphology� whose fractions should also de-
pend on the defect concentrations at the interlayer interfaces.

IV. CONCLUSION

We have developed a theoretical model based on nonlin-
ear thermodynamics coupled with electrostatics to analyze
the role of charge compensation at the interlayer interfaces in
compositionally graded monodomain ferroelectric multilay-
ers. It is shown that depending on the coupling strength, the
dielectric properties of a compositionally graded free-
standing ferroelectric multilayer may appear as if it was a
single ferroelectric material if there are no localized charges
or as a combination of dielectric responses of each layer

independently if the bound charges due to polarization mis-
match are neutralized by preexisting localized charges in the
multilayer. We have also shown that the dielectric properties
of such multilayers will depend greatly on the localized
charge density, and it is possible to realize a large dielectric
response depending on the interlayer electrostatic interac-
tions.
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APPENDIX

The Landau-Ginzburg �LG�-type formulation of the free
energy per unit volume, 
, of a ferroelectric material due to
the emergence of a spontaneous polarization P along the z
axis �see Fig. 1� for a ferroelectric material exhibiting a
phase transition from a high-temperature paraelectric cubic
crystal structure to a low-temperature ferroelectric tetragonal
crystal structure is given as


 = F0 +
1

2
aP2 +

1

4
bP4 +

1

6
cP6. �A1�

Here, F0 is the free energy of the thermodynamic “reference
state” being the high-temperature paraelectric cubic phase.
Equation �A1� includes only even powers of the “order pa-
rameter” which is the polarization in accordance with the
Neumann’s principle and Landau theory of phase
transformations.62,63

The interaction energy of the polarization with an exter-
nally applied electric field Eext is given as

FIG. 6. �Color online� The variation in the average dielectric
constant with temperature at different �. Dashed curves show
interpolations.

FIG. 7. �Color online� Verification of the equivalence between
five-layered BST heterostructure ��=1, Eq. �10�� and the corre-
sponding hypothetical homogeneous bulk ferroelectric as defined
via Eq. �13� at Eext=0. Polarization response of bulk BST 75/25 is
included for comparison purposes.
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� = − EextP . �A2�

On the other hand, the interaction energy of polarization with
its own electric field, called the depolarizing electric field
�ED�, is


� = −
1

2
EDP . �A3�

Thus the total free energy per unit volume of a ferroelectric
is given as


̃ = 
 + 
� + 
�. �A4�

In a compositionally graded monodomain free-standing
ferroelectric multilayer heterostructure consisting of n layers,
the total free energy per unit volume F� is given as the
volumetric weighted sum of the free energies of contributing
layers such that

F� = �
i=1

n

�i
̃i, �A5a�

F� = �
i=1

n

�i�F0,i +
1

2
aiPi

2 +
1

4
biPi

4 +
1

6
ciPi

6 − EextPi�
−

1

2�
i=1

n

�iED,iPi. �A5b�

In an n-layered heterostructure, the electrical interaction
of adjacent layers with each other has to be considered
through Maxwell’s equations at the interlayer interfaces; i.e.,
�i� the continuity of the component of the electric displace-

ment field normal to the interface surface and �ii� the conti-
nuity of the component of the electric field parallel to the
interface surface. In our case, as the electric field is normal to
all interfaces, the latter condition is inherently satisfied.
Therefore, as the electric displacement field is also normal to
interlayer interfaces, we obtain from condition �i� at each
interface of the multilayer

�Pi − Pi+1� + �0�ED,i − ED,i+1� = �i,i+1, i = 1,2, . . . ,�n − 1� ,

�A6�

��Pi − Pi+1� + �0�ED,i − ED,i+1� = 0, i = 1,2, . . . ,�n − 1� ,

�A7�

where �i,i+1 is the surface charge density of space charges at
the interlayer interface between the ith and �i+1�th layers and
the dimensionless parameter, “coupling strength,” at each in-
terface is given as

� = �1 −
�i,i+1

Pi − Pi+1
� . �A8�

Thus,

�i,i+1 = �1 − ���Pi − Pi+1�, i = 1,2, . . . ,�n − 1� . �A9�

These relations must be satisfied along with the necessity
that both electrodes must be held at the same potential58

which can be expressed as

�
i=1

n

�iED,i = 0. �A10�

The system of equations given by Eqs. �A7� and �A10� is
solved as follows:

�
1 − 1 0 0 ¯ 0 0

0 1 − 1 0 ¯ 0 0

0 0 1 − 1 ¯ 0 0

] ] ] ] ]

0 0 0 0 � − 1 0

0 0 0 0 ¯ 1 − 1

�1 �2 �3 �4 ¯ �n−1 �n

��
ED,1

ED,2

ED,3

]

ED,n−2

ED,n−1

ED,n

� = −
�

�0�
P1 − P2

P2 − P3

P3 − P4

]

Pn−2 − Pn−1

Pn−1 − Pn

0

� . �A11�

The augmented matrix of Eq. �A11�,

�
1 − 1 0 0 ¯ 0 0 − ��P1 − P2�/�0

0 1 − 1 0 ¯ 0 0 − ��P2 − P3�/�0

0 0 1 − 1 ¯ 0 0 − ��P3 − P4�/�0

] ] ] ] ] ]

0 0 0 0 � − 1 0 − ��Pn−2 − Pn−1�/�0

0 0 0 0 ¯ 1 − 1 − ��Pn−1 − Pn�/�0

�1 �2 �3 �4 ¯ �n−1 �n 0

� , �A12�

can be rewritten after a simple Gaussian elimination as
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�
1 − 1 0 0 ¯ 0 0 − ��P1 − P2�/�0

0 1 − 1 0 ¯ 0 0 − ��P2 − P3�/�0

0 0 1 − 1 ¯ 0 0 − ��P3 − P4�/�0

] ] ] ] ] ]

0 0 0 0 � − 1 0 − ��Pn−2 − Pn−1�/�0

0 0 0 0 ¯ 1 − 1 − ��Pn−1 − Pn�/�0

0 0 0 0 ¯ 0 �
i=1

n

�i
�

�0
��

i=1

n−1 ��
j=1

i

� j��Pi − Pi+1�� � . �A13�

The last summation term can be expressed as

�

�0
��

i=1

n−1 ��
j=1

i

� j��Pi − Pi+1�� = −
�

�0
���

j=1

n

� j�Pn − �
i=1

n

�iPi� . �A14�

Now solving for ED,n, one finds

��
i=1

n

�i�ED,n = −
�

�0
���

j=1

n

� j�Pn − �
i=1

n

�iPi� , �A15�

ED,n = −
�

�0
�Pn − �

j=1

n

� jPj� . �A16�

For clarification, it is worth mentioning that in Eq. �A16� the upper bound of summation “n” is independent of the index “n”
given in the left-hand side of the equation. Through back substitution, it is straightforward to show that the solutions of the
system of equations given in Eqs. �A7� and �A10� are

ED,i = −
�

�0
�Pi − �

j=1

n

� jPj�, i = 1,2, . . . ,n . �A17�

Inserting Eq. �A17� into expression �i=1
n �iED,iPi, the last term in Eq. �A5b� �without the factor 1

2 � and rearranging terms,
one can easily derive Eq. �2� through the following steps:

�
i=1

n

�iED,iPi = �
i=1

n

�i�−
�

�0
�Pi − �

j=1

n

� jPj��Pi

= −
�

�0
�
i=1

n

�iPi�Pi − �iPi − �
j=1

j�i

n

� jPj�
= −

�

�0
�
i=1

n

�iPi��1 − �i�Pi − �
j=1

j�i

n

� jPj�
= −

�

�0
�
i=1

n

�i�1 − �i�Pi
2 +

�

�0
�
i=1

n

�iPi��
j=1

j�i

n

� jPj� . �A18�

Expanding and reordering the terms of the second summation in Eq. �A18� yield
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( )
( )
( )

( )

1 1 2 2 3 3 4 4 1 1
1 1

2 2 1 1 3 3 4 4 1 1

3 3 1 1 2 2 4 4 1 1

1 1 1 1 2 2 4 4 2 2

1 1 2

...
...
...

...

n n

i i j j n n n n
i j

j i n n n n

n n n n

n n n n n n

n n

P P P P P P P P
P P P P P P
P P P P P P

P P P P P P
P P

α α α α α α α α
α α α α α α
α α α α α α

α α α α α α
α α α

− −
= =

≠ − −

− −

− − − −

⎛ ⎞
⎜ ⎟ = + + + + +⎜ ⎟⎜ ⎟ + + + + + +⎝ ⎠

+ + + + + +

+ + + + + +
+ +

∑ ∑

�

( )2 4 4 2 2 1 1... n n n nP P P Pα α α− − − −+ + + +

( )
( )

( )

( )
( )

1 1 2 2 3 3 4 4 1 1

2 2 3 3 4 4 1 1

3 3 4 4 1 1

2 2 1 1 1

1 1
1 1

2 ...
2 ...

2 ...

2
2 2

n n n n

n n n n

n n n n

n n n n n n n n

n n n n i i j j
i j i

P P P P P P
P P P P P

P P P P

P P P
P P P P

α α α α α α
α α α α α

α α α α

α α α
α α α α

− −

− −

− −

− − − − −

− −
= = +

= + + + + +
+ + + + +

+ + + +

+ +
⎡ ⎤⎛ ⎞+ = ⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

∑ ∑

� � �

�A19�Thus,

�
i=1

n

�iPi��
j=1

j�i

n

� jPj� = 2�
i=1

n−1 ��iPi� �
j=i+1

n

� jPj�� . �A20�

Inserting Eq. �A20� into Eq. �A18� results in Eq. �2�;

�
i=1

n

�iED,iPi = −
�

�0
�
i=1

n

�i�1 − �i�Pi
2 +

2�

�0
�
i=1

n−1 ��iPi� �
j=i+1

n

� jPj�� . �A21�

As an example, we present the simplest case of a ferroelectric bilayer heterostructure �n=2�. We define

Fi�Pi� = F0,i +
1

2
aiPi

2 +
1

4
biPi

4 +
1

6
ciPi

6 − EextPi. �A22�

From Eqs. �A5b�, �A21�, and �A22�,

F� = �
i=1

2

�i�Fi�Pi�� +
1

2

�

�0
�
i=1

2

�i�1 − �i�Pi
2 −

�

�0
�
i=1

1 ��iPi� �
j=i+1

2

� jPj�� �A23�

such that

F� = �1F1�P1� + �2F2�P2� +
1

2

�

�0
��1�1 − �1�P1

2 + �2�1 − �2�P2
2� −

�

�0
�1P1�2P2, �A24�

F� = �1F1�P1� + �2F2�P2� +
1

2

�

�0
�1�2�P1

2 − 2P1P2 + P2
2� , �A25�

F� = �1F1�P1� + �1 − �1�F2�P2� +
1

2

�

�0
�1�1 − �1��P1 − P2�2, �A26�

which is identical to Eq. �1� of Roytburd et al.64 The internal fields in layers 1 and 2 are given as

ED,1 = −
��1 − �1�

�0
�P1 − P2� , �A27�

ED,2 = −
��1 − �2�

�0
�P2 − P1� , �A28�

respectively.
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