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We calculate the temperature-dependent conductivity of graphene in the presence of randomly distributed
Coulomb impurity charges arising from the temperature-dependent screening of the Coulomb disorder without
any phonons. The purely electronic temperature dependence of our theory arises from two independent mecha-
nisms: the explicit temperature dependence of the finite-temperature dielectric function ��q ,T� and the finite-
temperature energy averaging of the transport scattering time. We find that the calculated temperature-
dependent conductivity is nonmonotonic, decreasing with temperature at low temperatures, and increasing at
high temperatures. We provide a critical comparison with the corresponding physics in semiconductor-based
parabolic band 2D electron-gas systems.

DOI: 10.1103/PhysRevB.79.165404 PACS number�s�: 81.05.Uw, 72.10.�d, 72.15.Lh, 72.20.Dp

I. INTRODUCTION

Ever since the successful fabrication of gated two-
dimensional �2D� graphene monolayers and the measure-
ment of the density-dependent �i.e., gate voltage tuned� con-
ductivity of 2D chiral graphene carriers,1 transport properties
of 2D graphene layers have been of great interest to both
experimentalists1–10 and theorists.11–15 Much of the early in-
terest focused on the important issue of the scattering mecha-
nisms limiting the low-temperature conductivity and the as-
sociated graphene “minimal conductivity” at the charge
neutral �Dirac� point. One of the dominant low-temperature
scattering mechanisms3,4,13–15 in graphene is that due to
screened Coulomb scattering by unintended charged impuri-
ties invariably present in the graphene environment, e.g., the
substrate �and the substrate-graphene interface�. By reducing
the concentration of charged impurities in suspended
graphene,6,10 very high quality samples �with mobilities ex-
ceeding 200 000 cm2 /Vs which is an order of magnitude
improvement over graphene samples fabricated on a sub-
strate� have been made.

There has been substantial recent experimental7–10 and
theoretical11–20 work on both density and temperature depen-
dence of graphene carrier transport properties. Much of the
observed temperature-dependent graphene properties have
been theoretically studied in the context of the phonon-
scattering mechanism16–20 which freezes out at low tempera-
tures. Our theoretical work presented in the current paper
considers temperature-dependent graphene transport arising
entirely out of electronic mechanisms without any phonon
effects. Our motivation is partially theoretical, but we are
also motivated by the intriguing recent experimental
observation7–10 of an increasing graphene conductivity with
increasing temperature at the Dirac point, which obviously
cannot be explained by phonons since phonon scattering nec-
essarily leads to an increasing carrier resistivity with increas-
ing temperature �as is seen in graphene at higher carrier den-
sities away from the Dirac point�.

Our theoretical motivation for studying temperature-
dependent graphene transport associated with purely elec-
tronic mechanisms arises from the extensively studied 2D
metal-insulator-transition phenomena21,22 in semiconductor-

based 2D systems. The low-temperature resistivity measure-
ments in conventional semiconductor-based 2D systems
�e.g., Si inversion layers, GaAs heterostructures, and quan-
tum wells� report the observation of an anomalously strong
temperature dependent �showing an effective metallic behav-
ior� 2D conductivity.21,22 In conventional 2D structures long-
range charged impurity scattering dominates low-
temperature Ohmic transport and it is known that the
temperature-dependent screening of charged impurity scat-
tering gives rise to the unusual strong temperature-dependent
metallic behavior at low carrier densities.23 Since in gated
graphene layers, which are similar to 2D electron systems in
confined semiconductor structures, the charged impurities
are also the main scattering mechanism, one can expect a
strong temperature-dependent conductivity. However, a very
weak �less than 5%� temperature-dependent conductivity
from 1 K to room temperature has been reported for low
mobility graphene samples.1

Recently, with more careful measurements in high mobil-
ity samples a strong temperature dependence of carrier con-
ductivity is reported.7–10 We first summarize the key experi-
mental features of the measured carrier transport in 2D high
mobility graphene sample. Experimentally one finds a den-
sity �n�� separating an effective metallic behavior �for den-
sity n�n�� from an effective insulating behavior �n�n��,10

where metal insulator is defined by whether d� /dT�0 or
�0. The effective metallic behavior is characterized by a
drop in the temperature-dependent resistivity, ��T�, as T
→0. At low density, near the charge neutral Dirac point, the
conductivity of graphene shows a pronounced nonmetallic T
dependence �i.e., the increase of resistivity with decreasing
T�. In this paper, we propose a possible theoretical explana-
tion for �at least a part of� the observed temperature-
dependent conductivity in graphene at low carrier density.
We emphasize that the apparent insulating behavior near the
Dirac point cannot be explained by phonons. Our explana-
tion is quantitative, microscopic, and physically motivated.
Our theory is based on an essential assumption, that is, trans-
port is dominated by charged impurity-scattering centers
�with a density of ni per unit area� which are randomly dis-
tributed in the graphene environment. We use the finite-
temperature Drude-Boltzmann theory to calculate the Ohmic
resistivity of the graphene electrons.23,24 We calculate the
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graphene conductivity in the presence of randomly distrib-
uted Coulomb impurity charges near the surface with the
electron-impurity interaction being screened by the 2D
graphene carriers in the random phase approximation �RPA�.
The screened Coulomb scattering is the only scattering
mechanism in our theory. We also compare critically the 2D
graphene situation with the corresponding situation in the
conventional parabolic 2D electron-gas systems.

We neglect all phonon-scattering effects in this calcula-
tion, which have been considered recently finding that acous-
tic phonon scattering gives rise to a linear resistivity with
temperature.16,17 Given that 2D graphene is essentially a
weakly interacting system with effective rs�0.88 for
graphene on SiO2, which is defined by the ratio of the po-
tential energy to the kinetic energy, rs=P.E /K.E=e2 /��vF,
and the effective fine structure constant independent of car-
rier density, we expect our RPA-Boltzmann theory to be a
quantitatively and qualitatively accurate description of
graphene transport for all practical purposes.

The paper is organized as follows. In Sec. II the Boltz-
mann transport theory is presented to calculate temperature-
dependent 2D graphene conductivity. In Sec. III we study the
temperature-dependent screening function. Section IV pre-
sents the results of the calculations. We conclude in Sec. V
with a discussion.

II. CONDUCTIVITY IN BOLTZMANN THEORY

The low-energy band Hamiltonian for graphene is well
approximated by a two-dimensional Dirac equation for mass-
less particles, the so-called Dirac-Weyl equation,25

H = �vF��xkx + �yky� , �1�

where vF is the 2D Fermi velocity, �x and �y are Pauli
spinors, and k is the momentum relative to the Dirac points.
The corresponding eigenstates are given by the plane wave,

	sk�r� =
1

�A
exp�ik · r�Fsk, �2�

where A is the area of the system, s=
1 indicate the con-
duction �+1� and valence �−1� bands, respectively, and Fsk

†

= 1
�2

�ei�k ,s� with �k=tan�ky /kx� being the polar angle of the
momentum k. The corresponding energy of graphene for 2D
wave vector k is given by �sk=svF�k�, and the density of
states �DOS� is given by D���=g��� / �2�2vF

2�, where g
=gsgv is the total degeneracy �gs=2, gv=2 being the spin and
valley degeneracies, respectively�.

When the external field is weak and the displacement of
the distribution function from the thermal equilibrium is
small, we may write the distribution function to the lowest
order in the applied electric field �E� fsk= f��sk�+gsk, where
f��sk� is the equilibrium Fermi distribution function and gsk
is proportional to the field. Assuming spatial uniformity and
the steady state electric field, the Boltzmann transport equa-
tion is written as

�dfsk

dt
�

c
=

dk

dt
·
� f��sk�

�k
= − eE · vsk

� f

��sk

= −� d2k

�2�2 �gsk − gsk��Wsk,sk�, �3�

where vsk=svFk / �k� is the electron velocity, and Wsk,s�k� is
the quantum mechanical scattering probability. Within the
Born approximation Wsk,s�k� for scattering from s�k� to sk
can be written by

Wsk,s�k� =
2

�
ni�	Vsk,s�k�
�

2���sk − �s�k�� , �4�

where 	Vsk,s�k�
 is the matrix element of the scattering poten-
tial associated with impurity disorder in the graphene envi-
ronment, and ni the number of impurities per unit area. Fol-
lowing the usual approximation scheme we have assumed an
ensemble averaging over random uncorrelated impurities.
Note that since we consider elastic impurity scattering, the
interband processes �s�s�� are not permitted. When the
relaxation-time approximation is valid, we have

gsk = −
���sk�
�

eE · vsk
� f��sk�

��sk
, �5�

where ���sk� is the relaxation time or the transport scattering
time,26 and is given by

1

���sk�
=

2ni

�
� d2k�

�2�2 �	Vsk,sk�
�
2�1 − cos �kk�����sk − �sk�� ,

�6�

where �kk� is the scattering angle between the scattering in-
and out-wave vectors k and k�.

The electrical current density is given by

j = g� d2k

�2�2evskfsk. �7�

Using Eq. �5� we obtain the conductivity in Boltzmann trans-
port theory by averaging over energy,

� =
e2vF

2

2
� d�D��������−

� f

��
� , �8�

and the corresponding temperature-dependent resistivity is
given by ��T�=1 /��T�. Note that f��k� is the Fermi distribu-
tion function, f��k�= 1+exp���k−��� /kBT�−1 where the
finite-temperature chemical potential, ��T�, is determined
self-consistently to conserve the total number of electrons. At
T=0, f��� is a step function at the Fermi energy EF���T
=0�, and we then recover the usual conductivity formula:

�=
e2vF

2

2 D�EF���EF�.
The matrix element of the scattering potential of ran-

domly distributed screened impurity charge centers in
graphene is given by
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�	Vsk,sk�
�
2 = �vi�q�

��q�
�21 + cos �

2
, �9�

where q= �k−k��, ���kk�, and vi�q�=2e2 / ��q� is the
Fourier transform of the 2D Coulomb potential in an effec-
tive background lattice dielectric constant �. The factor
�1+cos �� /2 arises from the sublattice symmetry �overlap of
wave function�.11 In Eq. �9�, ��q����q ,T� is the 2D finite-
temperature static RPA dielectric �screening� function appro-
priate for graphene,27 given by ��q ,T�=1+vc�q���q ,T�,
where ��q ,T� is the graphene irreducible finite-temperature
polarizability function and vc�q� is the Coulomb interaction.
Then, the energy dependent scattering time ���k� for our
model is given in the leading-order theory by

1

���k�
=
ni

�
� d2k�

�2�2� vi�q�
��q,T�

�2

���k − �k��

��1 − cos ���1 + cos �� . �10�

The factor �1−cos �� in Eq. �10� weights the amount
of backward scattering of the electron by the impurity. The
�1−cos �� factor, associated with the vertex correction by
impurity interaction in the diagrammatic calculation of the
conductivity, is always present in transport theories involving
elastic scattering. In normal parabolic 2D systems the factor
�1−cos �� obviously favors large-angle scattering events, in
particular, the +kF to −kF backward scattering. However, in
graphene the large-angle scattering is also suppressed due to
the wave function overlap factor �1+cos ��, which arises
from the sublattice symmetry peculiar to graphene. The
energy dependent scattering time in graphene thus gets
weighted by an angular contribution factor of �1−cos ��
��1+cos ��, which suppresses both small-angle scattering
and large-angle scattering contributions in the scattering rate.
Therefore, � is insensitive to both small- and large-angle
scatterings. In fact, the dominant contribution to � comes
from cos2 �=0, i.e., �= /2 scattering, which is equivalent to
the kF “right-angle” scattering in contrast to the 2kF back
scattering in ordinary 2D systems. The importance of the
right-angle scattering in 2D graphene has not been empha-
sized in the literature.

We note that there are two independent sources of
temperature-dependent resistivity in our calculation. One
comes from the energy averaging defined in Eq. �8�, and the
other is the explicit temperature dependence of the finite-
temperature dielectric function ��q ,T� which produces a di-
rect temperature dependence through screening in Eq. �10�,
i.e., ���� in Eq. �10� also depends explicitly on T due to the
dependence of ��q ,T� on T. Even if � does not have any
explicit T dependence the finite-temperature energy averag-
ing of Eq. �8� by itself introduces a temperature dependence
as long as ���� has some energy dependence. For example, if
the relaxation time ���� is given by a function of energy � as
����, then we have ��T1+�. We describe the details of en-
ergy dependent scattering time and temperature-dependent
scattering time in Secs. III and IV.

Before concluding this basic transport theory section of
this paper we want to point out the key qualitative similari-
ties and differences in the transport theory between 2D

graphene and 2D semiconductor-based parabolic 2D systems
�e.g., Si MOSFETs, GaAs heterostructures and quantum
wells, SiGe-based 2D structures� which have been studied
extensively over the last 30 years.22,24 First, the formal Bolt-
zmann theory for carrier transport is the same in both sys-
tems except for the different angular factor, �1−cos �� in the
conventional 2D systems and �1−cos2 �� in Eq. �10� for 2D
graphene. Formally the two theories become identical for
isotropic s-wave disorder, where the scattering potential is
zero range �i.e., a constant in the wave vector space�.26 But
for the long-range Coulomb disorder associated with scatter-
ing by random charged impurities in the environment, which
is of interest in this work, the factor �1−cos �� and
�1−cos2�� in Eq. �10� would have very different
implications.26 Of course, the explicit differences between
2D graphene and 2D parabolic systems in the density of
states D��� in Eq. �8� and the dielectric function ��q ,T� in
Eq. �10� would lead to different temperature-dependent con-
ductivities in these two systems even if the angular factors
were the same.

The importance of kF scattering in graphene versus 2kF
scattering in the ordinary 2D semiconductor systems in de-
termining the transport properties, most particularly the
temperature-dependent conductivity, cannot be overempha-
sized. For example, theoretical approaches to understanding
the temperature-dependent graphene conductivity using the
impurity-induced Friedel oscillations12,28 �i.e., the 2kF behav-
ior of the polarizability function� immediately run into prob-
lem, as mentioned above, because unlike the regular 2D sys-
tems, kF scattering, not the 2kF scattering, dominates
graphene transport. In fact, while both approaches lead to the
prediction of weak temperature-dependent conductivity in
graphene at low temperatures in contrast to regular 2D sys-
tem, the 2kF Friedel oscillation approach predicts12 a weak
insulating temperature dependence for high-density extrinsic
2D graphene whereas the kF approach based on the screening
theory used in the current work leads to a weak metallic
graphene conductivity at low T /TF. This is a qualitative and
conceptual difference, which applies whenever screening is
important in determining graphene transport properties.

III. TEMPERATURE-DEPENDENT POLARIZABILITY AND
SCREENING

The important temperature dependence of the scattering
time � arises from the temperature-dependent screening in
Eq. �10�. Thus, before we discuss the temperature-dependent
conductivity we first consider temperature-dependent screen-
ing �or dielectric function� i.e.,

��q,T� = 1 + vc��q,T� , �11�

where ��q ,T� is the graphene irreducible finite-temperature
polarizability function, which is given by the bare bubble
diagram �calculated at T=0 in Ref. 27 for 2D graphene�

��q,T� = −
g

A
�
kss�

fsk − fs�k�

�sk − �s�k�
Fss��k,k�� , �12�

where k�=k+q, �sk=s�vF�k�, and fsk= �exp���sk−���
+1�−1, where the finite-temperature chemical potential ��T�
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is determined by the conservation of the total electron den-
sity as

1

2
�TF

T
�2

= F1���� − F1�− ��� , �13�

where �=1 /kBT and Fn�x� is given by

Fn�x� = �
0

� tndt

1 + exp�t − x�
. �14�

The limiting forms of the function F1�x� are given by

F1�x� �
2

12
+ x ln 2 +

x2

4
for �x�� 1, �15�

F1�x� � � x2

2
+
2

6
���x� + x ln�1 + e−�x�� for �x�� 1.

�16�

Thus we have the chemical potential in both low- and high-
temperature limits for graphene as

��T� � EF�1 −
2

6
� T

TF
�2� for T/TF � 1, �17�

��T� �
EF

4 ln 2

TF

T
for T/TF � 1. �18�

After performing the summation over ss� one can rewrite
the polarizability as

��q,T� =�+�q,T� +�−�q,T� , �19�

where

�+�q,T� = −
g

2L2�
k
� �fk+ − fk�+��1 + cos �kk��

�k − �k�

+
�fk+ + fk�+��1 − cos �kk��

�k + �k�
� , �20�

and

�−�q,T� = −
g

2L2�
k
�−

�fk− − fk�−��1 + cos �kk��

�k − �k�

−
�fk− + fk�−��1 − cos �kk��

�k + �k�
� , �21�

where �k=�vF�k�, and cos �kk�= �k+q cos �� / �k+q�, and �
is an angle between k and q. After performing angular inte-

gration and using the dimensionless quantities �̃=� /D0,
where D0�gEF /2�2vF

2 is the DOS at Fermi level, we have

�̃+�q,T� =
�

EF
+

T

TF
ln�1 + e−���

−
1

kF
�

0

q/2

dk
�1 − �2k/q�2

1 + exp����k − ���
, �22�

and

�̃−�q,T� =


8

q

kF
+

T

TF
ln�1 + e−���

−
1

kF
�

0

q/2

dk
�1 − �2k/q�2

1 + exp����k + ���
. �23�

At T=0, ��T=0�=EF and Eqs. �22� and �23� become the
zero temperature polarizabilities, i.e.,

�̃+�q� = � 1 −
q

8kF
, q� 2kF

1 −
1

2
�1 −

4kF
2

q2 −
q

4kF
sin−12kF

q
, q� 2kF,�

�24�

and

�̃−�q� =
q

8kF
. �25�

From Eqs. �22� and �23� we have the asymptotic form of
polarizability at high temperatures �T�TF�,

�̃�q,T� �
T

TF
ln 4 +

q2

24kF
2

TF

T
, �26�

and at low temperatures �T�TF�,

�̃�q,T� �
��T�
EF

= 1 −
2

6
� T

TF
�2

for �q � 2� ,

�̃�q,T� �
�

EF
�1 −

1

2
�1 − �2�

�q
�2

−
�q

2�
sin−12�

�q
�

+
q

8kF
+

22

3

T2

TF
2

EF�

�q
2

�
1

�1 − �2�/�q�2
for �q � 2� . �27�

For q=2kF we then have

�̃�q = 2kF,T� �
��T�
EF

+��

2EF
�1 −

�2

2
���3

2
�� T

TF
�3/2

,

�28�

where ��x� is Riemann’s zeta function.
To obtain the screening constant or the screening wave

vector qs, we note that the screened potential,

U�q� =
v�q�
��q�

=
2e2

�q�1 + vc��q��
=

2e2

��q + qs�
, �29�

so that, qs�q�=qvc�q���q�=2e2��q� /�. In the q→0 long
wavelength limit, we then have the finite-temperature
Thomas-Fermi wave vector as

qs�T� � 8 ln�2�rskF� T

TF
� for T� TF,
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�4rskF�1 −
2

6
� T

TF
�2� for T� TF. �30�

The screening wave vector increases linearly with tempera-
ture at high temperatures �T�TF�, but becomes a constant
with a small quadratic correction at low temperatures �T
�TF�.

In Fig. 1 we show the finite-temperature polarizability
��q ,T� �a� for different temperatures as a function of wave
vector, and �b� for different wave vectors as a function of
temperature. Note that for q�2kF the total polarizability has
a local minimum near T�0.45TF, however it increases
monotonically for q�2kF, which arises from the excitation
of electrons from the valence band to the conduction band.
The different temperature dependence between small wave
vectors �q�2kF� and large wave vectors �q�2kF� gives rise
to very different temperature-dependent scattering rates for
2D graphene, Eq. �10�, compared to that of ordinary 2D sys-
tems. In graphene the chiral sublattice symmetry suppresses
backward �i.e., a scattering induced wave vector change by
2kF from +kF to −kF� scattering, so the temperature depen-
dence of screening at q=2kF is not significant for conductiv-
ity while the temperature dependence of screening at large-
angle scattering �2kF� always dominates the temperature-
dependent conductivity in ordinary 2D systems. In graphene
we have to consider the temperature dependence of polariz-
ability at q�kF rather than at q=2kF in order to understand
temperature-dependent conductivity due to the screening be-
cause kF �rather than 2kF� scattering dominates graphene
transport properties. Since the graphene polarizability at 2kF
increases monotonically with temperature, the temperature
dependence of resistivity caused by 2kF scattering �or
equivalently the thermal suppression of the Friedel
oscillation—the behavior of polarizability at q=2kF is
closely related to Friedel oscillations� decreases with increas-
ing temperature. Recently12 the Friedel oscillation was con-
sidered in graphene and a linear temperature-dependent cor-
rection to the graphene resistivity was obtained based purely
on the 2kF scattering in analogy with the corresponding para-
bolic 2D systems. However, as we mentioned above, this
correction to the resistivity arising from the 2kF scattering is
negative in graphene in contrast to the regular 2D systems
�i.e., insulating behavior, or the resistivity decreases as tem-
perature increases�, which disagrees with the experimental

observation. In graphene, since the most dominant scattering
happens at q�kF we have to investigate the temperature-
dependent polarizability at q�kF, which decreases with tem-
perature �for T�TF� and gives rise to the increases in resis-
tivity with temperature as observed experimentally.

Now we compare the temperature-dependent polarizabil-
ity of graphene with that of ordinary 2D systems. In Fig. 2
we show the corresponding parabolic 2D polarizability nor-
malized by the density of states at Fermi level, D0
=gm /�22, where g is a degeneracy factor and m is the
effective mass of electron. Note that the temperature depen-
dence of 2D polarizability at q=2kF is much stronger than
that of graphene polarizability. Since in normal 2D systems
the 2kF scattering event is most important for the electrical
resistivity, the temperature dependence of polarizability at
q=2kF completely dominates at low temperatures �T�TF�. It
is known that the strong temperature dependence of the po-
larizability function at q=2kF �see Fig. 2� leads to the
anomalously strong temperature-dependent resistivity in or-
dinary 2D systems.23 However, the relatively weak tempera-
ture dependence of graphene polarizability for q�kF com-
pared with the 2D polarizability function at q=2kF should
lead to a weak temperature-dependent resistivity in graphene
for T�TF.

Finally, an analytic comparison between graphene and 2D
parabolic systems completes the comparison between 2D
graphene and 2D parabolic semiconductor screening proper-
ties, as shown in Figs. 1 and 2, respectively. We provide
below the low �T�TF� and the high �T�TF� temperature
analytic limits for the regular 2D polarizability function in
both the q=0 Thomas-Fermi and the q=2kF Friedel oscilla-
tion regimes �to be contrasted with the corresponding
graphene formula given in Eqs. �26�–�28� above�. For T
�TF

�2D�q = 0,T� � D2D�1 − e−TF/T� , �31�
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FIG. 1. �Color online� Temperature-dependent graphene polar-
izability �a� as a function of wave vector for different temperatures
and �b� as a function of temperature for different wave vectors.
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FIG. 2. �Color online� �a� The 2D polarizability function
��q ,T� /D0, which is normalized to the density of states at Fermi
level �D0=gm /�2�, as a function of dimensionless wave vector
q /kF, where kF is the Fermi wave vector, for several different tem-
peratures T /TF=0, 0.2, 0.4, 0.6, 0.8, 1.0 �top to bottom�. In �b�
��q ,T� /D0 is shown as a function of temperature for different wave
vectors. The strong temperature-induced suppression of the 2kF

Kohn anomaly in screening is evident in the figure even for very
low T /TF. A comparison with Fig. 1 shows the compelling qualita-
tive difference between graphene screening and ordinary 2D screen-
ing behaviors.
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�2D�2kF,T� � D2D�1 −�

4
�1 − �2���1

2
�� T

TF
� ,

�32�

and for T�TF

�2D�q,T� � D2D
TF

T
�1 −

q2

6kF
2

TF

T
� , �33�

where D2D=gm /2�2 is the regular 2D DOS. We note that
in the T�TF limit, the Fermi surface is completely thermally
suppressed, and therefore the 2kF screening or 2kF-Friedel
oscillation does not carry any special significance, leading to
the same T�TF asymptotic screening formula in Eq. �33� for
all wave vectors. For q=0, in the T�TF limit, we get the
usual Debye screening for the regular 2D electron-gas sys-
tem, which follows from putting q=0 in Eq. �33�,

�2D�q = 0,T� TF� � D2D
TF

T
. �34�

For graphene the corresponding high-temperature screening
formula can be easily derived to be

��q,T� TF� � D0
T

TF
�ln 4 +

q2

24kF
2 �TF

T
�2� . �35�

A comparison of Eqs. �34� and �35� shows that the high-
temperature Debye screening behavior is different in
graphene and regular 2D systems just as the low-temperature
screening behaviors also are.

In Sec. IV we calculate the temperature-dependent
graphene conductivity due to the scattering by screened Cou-
lomb impurities using the temperature-dependent screening
properties calculated in this section.

IV. CONDUCTIVITY RESULTS

A. �(T) due to screening

Using the temperature-dependent screening wave vector,
qs�T� of Eq. �30�, we can calculate analytically the
temperature-dependent scattering time of charged Coulomb
impurities arising purely from screening in systematic T /TF
�1 or �1 asymptotic expansions in the low- and high-
temperature limits,

1

��T�
=

ni

2�

�k

��vF�2�
0



d��1 − cos2 ��
vi�q�2

��q,T�2

=
ni

2�
�2e2

�
�2 2

�k
�

0

1

dx
x2�1 − x2

�x + qs�T�/2k�2 . �36�

At low temperatures �T�TF� we have

1

��T�
�

1

�0
�1 +

22rs

3

I1

I0
� T

TF
�2� , �37�

where �0=��T=0� is the scattering time at T=0 and given
by26

1

�0
=

ni

2�
�2e2

�
�22I0

EF
, �38�

and

In = �
0

1

dx
x2�1 − x2

�x + 2rs�2+n = −
2

1 + n

�In−1

�rs
. �39�

At high temperatures �T�TF� we have

1

��T�
�

1

�0



16I0
� 1

4 ln�2�rs
�2�TF

T
�2

. �40�

Then from Eq. �8� with T=TF we have the temperature-
dependent conductivity due to screening at low temperatures
�T�TF�,

��T�
�0

� 1 −
22rs

3

I1

I0
� T

TF
�2

, �41�

where �0=e2vF
2D�EF��0 /2. The calculated conductivity de-

creases quadratically as the temperature increases and shows
typical metallic temperature dependence. On the other hand,
at high temperatures �T /TF�1� we have

��T�
�0

�
16I0


�4 ln�2�rs�2� T

TF
�2

. �42�

The temperature-dependent conductivity due to screening ef-
fects increases as the temperature increases in the high-
temperature regime, characteristic of an insulating system.
We note that the temperature dependence is weak for T
�TF and is strong for T�TF.

B. �(T) due to energy averaging

Let us now discuss the temperature-dependent conductiv-
ity due to energy averaging. For graphene the energy depen-
dent scattering time can be expressed by

1

����
=

ni

2�

�k

��vF�2�
0

2k dq

k

q2

k2�1 − � q

2k
�2 vi�q�2

��q,T�2 ,

�43�

where �k=�vFk and vi�q� the impurity-scattering potential.
For the unscreened Coulomb potential ��q ,T�=1 and vi�q�
=2e2 /�q. Thus we have

1

����
=

1

�1

EF

�k
, �44�

where

1

�1
=

ni

4�
�2e2

�
�2 1

EF
. �45�

Then from Eq. �8� we have

��T� =
�1

EF
2�

0

�

d��2�−
� f

��
� = �1

2T2

TF
2 F1���� , �46�

where �1=e2vF
2D�EF��1 /2. Using Eqs. �15� and �16� we have

the conductivities for the unscreened Coulomb potential scat-
tering in the low-temperature limit �T�TF�,
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��T� � �1�� �EF
�2

+
2

3
� T

TF
�2� � �11 + O��T/TF�4�� ,

�47�

and in the high-temperature limit �T�TF�,

��T� � �1
2

6
� T

TF
�2

. �48�

Therefore the temperature-dependent conductivity, as im-
plied by energy averaging only, is almost a constant in the
low-temperature limit �see the top line in Fig. 3�. But at high
temperatures the conductivity due to energy averaging in-
creases as T2 similar to screening effects.

Now consider the screened Coulomb potential scattering.
Expanding Eq. �43� with respect to ��−EF� we have

1

����
�

1

�0

�k

EF
�1 − a1

�k − EF

EF
+ a2

��k − EF�2

EF
2 � , �49�

where a1=2J1 /J0, a2=3J2 /J0, where

Jn = �
0

1

dx
x2+n�1 − x2

�x + q0�2+n , �50�

where q0=qTF /2kF=2rs. Then from Eq. �8� we have

��T�
�0

� �
0

�

d��−
� f

��
�

��1 + a1
� − EF

EF
+ �a1

2 − a2�
�� − EF�2

EF
2 � � 1

−
2

3
�a1

2
− a1

2 + a2�� T

TF
�2

. �51�

With rs=0.88 we have a1=0.52 and a2=0.22. Therefore, the
temperature-dependent conductivity due to energy averaging
becomes

��T� = �0�1 −
2

3
0.21� T

TF
�2� . �52�

For screened Coulomb potential the conductivity shows me-
tallic behavior, again the temperature-dependent correction

being quadratically weak in the small parameter t�T /TF
�1. Combining results from Secs. IV A and IV B, we con-
clude that the T /TF�1 graphene conductivity will have
weak quadratic metallic corrections, and for T�TF the con-
ductivity increases proportional to �T /TF�2.

Finally in this section, we comment briefly on the tem-
perature dependence of the conductivity arising from the
short-range white-noise disorder scattering, which may be
important in graphene �as well as regular 2D parabolic elec-
tron systems in semiconductor heterostructures� at high car-
rier densities, where Coulomb disorder effects are typically
screened out. The temperature dependence of conductivity
for both graphene and regular 2D systems due to unscreened
short-range disorder arises now entirely from the energy av-
eraging effect by definition since the short-range disorder is
considered unscreened. It is easy to calculate �s�T� of
graphene due to the short-range disorder �with scattering
strength vi=v0� by carrying out the appropriate energy aver-
aging, we have

�s�T� =
�s0

1 + e−�� , �53�

where �s0=e2vF
2D�EF��s /2 with �s=

ni

4�EFv0
2 / ��vF�2. The fol-

lowing analytic asymptotic results are obtained:

��T� TF� � �s0�1 − e−TF/T� , �54�

��T� TF� �
�s0

2
�1 +

1

8 ln 2
�TF

T
�2� . �55�

In the low-temperature limit the temperature dependence of
conductivity is exponentially suppressed, but the high-
temperature limit of the conductivity approaches �s0 /2 as
T→�, i.e., the resistivity at high temperatures increases up
to a factor of 2 compared with the low-temperature limit
resistivity. In Fig. 4 we show the calculated resistivity due to
the short-range disorder scattering.

For the sake of completeness, we provide below the equa-
tions describing the asymptotic low29 and high30 temperature
behaviors of 2D conductivity for the usual gaped parabolic
2D electron system as found in Si MOSFETs and GaAs het-
erostructures,

0 0.05 0.1 0.15 0.2
T/T

0.97

0.98

0.99

1

1.01

σ/
σ

F

0

unscreened potential

screened potential

FIG. 3. �Color online� Temperature-dependent conductivity for
unscreened Coulomb potential �top line� and screened potential
�bottom line� in the low-temperature limit.
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FIG. 4. Calculated resistivity arising from the short-range white-
noise disorder scattering as a function of scaled temperature T /TF.
Here �s�T�=1 /�s�T� and �s0=1 /�s�T=0�.
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��T� TF� � �0
2D�1 − C1� T

TF
� − C2� T

TF
�2/3� , �56�

��T� TF� � �1
2D� T

TF
+

3�q0

4
�TF

T
� . �57�

In Eq. �56�, �0
2D���T=0�, and C1=2q0 / �1+q0�, C2

=2.65q0
2 / �1+q0�2, where q0=qTF /2kF �qTF and kF are the 2D

Thomas-Fermi wave vector and Fermi wave vector, respec-
tively�. In Eq. �57�, �1

2D= �e2 /h��n /ni�q0
2. We note that in

the parabolic 2D system qTF=gsgv /aB, where aB is the Bohr
radius. We have assumed an ideal 2D electron gas here with
zero thickness in order to compare with the 2D graphene
sheet which also has a zero thickness.

In comparing graphene temperature dependence with the
regular parabolic 2D system, we note the following similari-
ties and differences: �i� For T�TF, both graphene and para-
bolic 2D systems manifest metallic temperature-dependent
conductivity; �ii� the low-temperature �T�TF� conductivity
manifests much stronger linear temperature dependence in
the parabolic 2D system compared with the quadratic tem-
perature dependence in graphene; �iii� at high temperatures
�T�TF�, both systems manifest insulating temperature de-
pendence, but with different power laws in temperature.

C. Numerical results

In this section we present our directly numerically calcu-
lated resistivities of Eq. �8� incorporating all effects dis-
cussed Secs. IV A and IV B. Our numerical results agree
completely with the analytic results given in Secs. IV A and
IV B of this paper in the appropriate T /TF�1 and �1 limits.

In Fig. 5 we show our calculated resistivity as a function
of temperature for different rs values. Here rs=0.88 �2.2�
corresponds to graphene on SiO2 substrate �in vacuum�. The
small values of rs, independent of carrier density and repre-
senting the fine structure constant of graphene indicate a
weak-coupling system in terms of electron-electron interac-
tion. Note that the calculated ��T� /��T=0� scales for all
electron densities, and therefore results can be shown as a

function of a single dimensionless temperature variable T /TF
for a specific rs value, i.e., ��T����T /TF ;rs�. Thus, Fig. 5
can be applied for all graphene samples for a given rs value.
In the low-temperature limit the calculated ��T� increases
weakly quadratically with temperature, manifesting metallic
behavior. But at high temperature ��T� decreases quadrati-
cally. Thus, we find that the calculated resistivity shows a
nonmonotonicity, i.e., at low temperatures the resistivity
shows metallic behavior and at high temperatures it shows
insulating behavior. The nonmonotonicity of temperature de-
pendent ��T� can be understood from the screening behavior:
the temperature-dependent polarizability of graphene shows
nonmonotonic behavior for q�2kF. The metallic behavior is
the strongest at rs�1, and it becomes weaker as rs decreases.
For rs�1 the strength of metallic behavior decreases very
slowly �see the inset of Fig. 5�.

In Fig. 6 we show the calculated temperature-dependent
conductivity for different temperatures as a function of den-
sity. In the high �low� density limit the conductivity de-
creases �increases� as the temperature increases. Therefore
the conductivity shows a nonmonotonic behavior, i.e., ��T�
has a local minimum at a finite temperature.

For comparison we show, in Fig. 7, the calculated
temperature-dependent resistivity of ordinary 2D systems for
different interaction parameters rs�=me2 /��n�, which for
parabolic 2D systems, in contrast to graphene, depend on
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FIG. 5. �Color online� Calculated resistivity as a function of
scaled temperature T /TF for different rs=0.88, 2.2, 0.1, 0.01 �from
top to bottom�. rs=0.88 �2.2� corresponds to graphene on the SiO2

substrate �in vacuum�. Inset shows the magnified view in the low-
temperature limit T�0.5TF.
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FIG. 6. �Color online� Calculated conductivity for different tem-
peratures T=0, 200, 300, 500 K �top to bottom� as a function of
density. We use rs=0.88 and an impurity density ni=5
�1011 cm−2.
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FIG. 7. �Color online� ��T� /��0� of an ordinary 2D system for
different rs values as a function of temperature. As rs increases the
metallic behavior becomes stronger.
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carrier density. We have used the temperature-dependent po-
larizability of Fig. 2 in this calculation. Unlike graphene
�Fig. 5� the scaled temperature-dependent resistivity of ordi-
nary 2D systems depends strongly on the electron density �or
rs�. Since the most dominant scattering occurs at q=2kF and
the temperature dependence of screening function at 2kF is
strong, the calculated 2D resistivity shows the strong anoma-
lous linear T metallic behavior, which is observed in many
different semiconductor systems �e.g., Si-MOSFET,21

p-GaAs,31 n-GaAs,32 SiGe,33 AlAs �Ref. 34��. In contrast to
the ordinary 2D systems the observed resistivity of graphene
shows very weak temperature dependence in high-density
and low mobility samples.7–9 It has been reported that the
measured resistivity change of low mobility high-density
samples is less than 10% between 5 and 300 K if one takes
out the phonon contribution. The weak temperature depen-
dence of graphene resistivity can be explained by the weak
temperature dependence of the screening function. Qualita-
tively, however, the temperature dependence of graphene re-
sistivity and that of a regular semiconductor-based parabolic
2D system is similar from the perspective of a large change
in T /TF. The calculated ��T� for a regular parabolic 2D
electron-gas system in the presence of screened Coulomb
scattering in the range T /TF=0–3 also shows the nonmono-
tonicity apparent in Fig. 7, albeit at somewhat higher
�rs-dependent� values of T /TF. In graphene, see Fig. 5, the
resistivity maximum typically occurs around T /TF�0.5
compared with T /TF�1–2 for parabolic 2D systems as
shown in Fig. 7.

Given the great deal of work on the temperature-
dependent transport properties of semiconductor-based para-
bolic 2D electron systems over the last 15 years,22 it may be
useful for us to discuss the similarities and differences be-
tween these two 2D systems �i.e., graphene and regular 2D
electron gas� with respect to the temperature dependence of
the resistivity arising from screened Coulomb scattering. The
most important qualitative difference is that the leading
low-temperature �T /TF�1� correction to the resistivity ��T�
in ordinary 2D �graphene� systems is linear �quadratic�
in temperature—both are metallic corrections, i.e., ��T�
��0�1+O�T /TF�� in ordinary 2D systems and ��T�
��0�1+O�T /TF�2� in graphene. This important qualitative
difference, of course, leads to a huge quantitative difference
between the two systems in the sense that graphene mani-
fests much weaker temperature-dependent resistivity than 2D
semiconductor systems at low T /TF. This difference in the
quantitative temperature dependence of the low-temperature
resistivity �i.e., linear and strong in 2D systems, and qua-
dratic and weak in graphene� is further exacerbated by the
fact that the Fermi temperature in extrinsic graphene tends to
be very high �e.g., TF�1000 K for n�1011 cm−2 in
graphene� compared with that of semiconductor-based para-
bolic 2D systems �e.g., TF�7 K for n�1011 cm−2 in Si
MOSFETs�, leading to much smaller effective values of
T /TF in gated graphene in the extrinsic high-density regime.

The above discussion and the results of Fig. 5 explicitly
establish that extrinsic graphene should manifest a very weak
screening induced metallic temperature dependence in its
low-temperature resistivity. This fact is in qualitative agree-
ment with the available experiments except near the Dirac

point where the system has very low carrier density �and is
almost intrinsic in nature�. Taking into account that
TF�graphene��1500�ñK, where ñ is the 2D graphene carrier
density measured in units of 1012 cm−2, it is obvious that the
screening contribution to the temperature-dependent conduc-
tivity of graphene, going as �T /TF�2, would be extremely
small in the T=0–100 K regime except in the intrinsic re-
gime where ñ�1. The strong metallic temperature depen-
dence of the low-temperature conductivity, which has been
much discussed in the context of the 2D metal-insulator tran-
sition phenomenon in parabolic 2D semiconductor systems,
is therefore absent in gated graphene.

We now discuss the implications of our theory for
graphene transport at �or near� the charge neutral Dirac point
where the carrier density is very low. Since ��T /TF� �or
��T /TF�� is a universal function of T /TF in the screening
theory, the only difference between the low-density Dirac
regime and the high-density extrinsic regime arises from the
effective value of T /TF due to the facts that TF��n, and that
the T /TF�1 and T /TF�1 regimes manifest qualitatively
different temperature dependence �cf. Fig. 5�. For example,
for n�1010 cm−2, TF�100 K, and it is entirely possible for
such a low-density regime to manifest the high-temperature
“insulating” temperature dependence, as is apparent for
T /TF�0.5 in Fig. 5, where ��T� decreases with increasing
temperature dependence. Close to the Dirac point TF ���n�
is arbitrarily small, and therefore the recent experimental
observation10 of a decreasing ��T� at low T at the Dirac point
may simply be a reflection of this high-temperature insulat-
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FIG. 8. �Color online� ��T� /��0� for n=5�1011 cm−2 and for
different Dingle temperatures �level broadening� TD=0TF, 0.05TF,
0.1TF, 0.15TF as a function of temperature.
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FIG. 9. �Color online� Temperature-dependent resistivity for dif-
ferent densities, n=5, 10, 20, 50, 100, 500�1010 cm−2 as a func-
tion of temperature �a� without collisional broadening and �b� with
collision broadening of TD=100 K.
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ing behavior arising in our screening theory. The fact that
this apparent insulating temperature dependence is
observed10 only at low densities is further evidence in sup-
port of the screening scenario.

One puzzling issue in this context is that our theory would
predict a metallic ��T� for T /TF�1 independent of carrier
density except that the T /TF�1 regime necessitates going to
lower temperatures at lower densities. This seems not to be
experimentally observed10 near the low-density Dirac regime
where an insulating temperature dependence is reported at
low gate voltage down to the lowest temperatures. One rea-
son for the absence of the metallic regime could be the sup-
pression of the temperature-dependent screening by
impurity-scattering induced level broadening as was origi-
nally suggested by one of us some time ago.35 Essentially,
for T�TD, where TD=� /kB is the so-called Dingle tem-
perature associated with the impurity-scattering induced
level broadening �, the temperature dependence of screening
is suppressed by scattering effects.24,35,36 Such a broadening-
induced suppression of the temperature dependence of the
screening function ��q ,T� for T�TD can be theoretically
incorporated in our conductivity calculations, and we discuss
below such a scenario. It is clear that this broadening-
induced suppression of the temperature dependence of
screening will strongly suppress the metallic behavior of the
conductivity for T�TD, and may qualitatively explain the
experimentally observed insulating ��T� near the Dirac
point.10

In Fig. 8 we show the level broadening effects on
��T� /��0�. Without level broadening �i.e., TD=0� the low-

temperature metallic behavior of resistivity is quadratic.
However, the quadratic temperature dependence is cut off at
low temperatures due to the rounding of the sharp corner in
the 2D screening function by impurity-scattering effects at
very low temperatures T�TD, and the explicit temperature
dependence of ��q ,T� is suppressed. Thus, the temperature
dependence of graphene resistivity with the level broadening
included in the screening function becomes effectively linear
at low temperatures.

In Fig. 9 we show the temperature-dependent resistivity
for different densities up to room temperature. In the low-
density limit the Fermi temperature is low, so we can see
both metallic �T�TF� and insulating �T�TF� behaviors if
we neglect collision broadening. However, a finite Dingle
temperature suppresses the low-temperature metallic behav-
ior at low densities if TD�0.45TF, and the system manifests
only the insulating d� /dT�0 temperature dependence for all
temperatures. For high-density samples �TD�TF� we see
only the metallic behavior in Fig. 9, and the level broadening
gives rise to the linear behavior of the resistivity instead of
quadratic behavior at low temperatures. It is possible that
this scenario is operational in the experiments of Ref. 10
where an insulating temperature dependence of resistivity is
observed in graphene at the low-density intrinsic regime
where TD�TF may apply.

V. CONCLUSION

We have developed a detailed microscopic transport
theory for 2D graphene conductivity at finite temperatures,

TABLE I. Electronic quantities. Note: the carrier effective mass �m� in 2D systems and the graphene
Fermi velocity �vF� are assumed constant independent of carrier density �n� and defining the basic single-
particle energy dispersion at wave vector q: ��q�=�vF�q� �graphene� or �2q2 /2m �2D systems�. The degen-
eracy factor g=gsgv carriers the usual spin degeneracy �gs=2� and a valley degeneracy �gv=2 for graphene�.

Quantity Parabolic 2D system Graphene

Fermi wave vector �kF� �4n /g �4n /g

TF screening wave vector �qTF� gme2 /��2 ge2kF /��vF

Wigner-Seitz radius �rs� me2 / ���2�n� e2 /��vF

DOS �D�E�� gm /2�2 gE / �2�2vF
2�

DOS at EF�D0�D�EF�� gm /2�2 gkF / �2�vF�
Fermi energy �EF� 2n�2 /gm �vF

�4n /g

Cyclotron frequency � c� eB /mc vF
�2e�Bn

Landau level energy �El� �l+ 1
2 �� c l=0,1 ,2 , . . . sgn�l�vF

�2e�B�l� l=0,
1,
2, . . .

Plasma frequency � p�q�� �2ne2

�m
�q � e2vF

�4gn

2�
�q

TABLE II. Temperature-dependent polarizability ��q ,T�. Note D0 is DOS at Fermi energy. Here ��x� is
Riemann’s zeta function.

Temperature
�T�

Wave vector
�q� 2D � /D0 Graphene � /D0

Low T�TF q=0 1−e−TF/T 1− 2

6 � T
TF

�2

q=2kF 1−�

4 �1−�2��� 1
2 �� T

TF
1+�

2 �1−
�2
2 ��� 3

2 �� T
TF

�3/2

High T�TF All q �
TF

T ��1− q2

6kF
2

TF

T � T
TF

�ln 4+ q2

24kF
2 � T

TF
�2�
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assuming charged impurities as the dominant source of scat-
tering and neglecting all other scattering sources �e.g.,
phonons�. We find that the temperature dependant resistivity
induced by the temperature-dependent screening is non-
monotonic. It shows metallic behavior at low temperatures,
but insulating behavior at high temperatures. The quadratic
temperature-dependent correction to ��T� at low tempera-
tures is suppressed by level broadening effects which give
rise to an effective linear temperature dependence of resis-
tivity for T�TF. Even though our Drude-Boltzmann trans-
port theory explains both the high-density metallic behavior
and the low-density insulating behavior as observed experi-
mentally, we emphasize that the theory is strictly quantita-
tively valid only in the relatively high-density regime where
our linear screening theory based on the homogeneous car-
rier density model is valid. In the low-density regime, near
the Dirac point, it is well established that the graphene layer
becomes spatially inhomogeneous with random charged
impurity-induced electron-hole puddles dominating the car-
rier density profile.13,14 In this low-density inhomogeneous
regime our linear screening theory, based on an average den-
sity approximation, is at best of qualitative validity. It is,
therefore, not surprising that, although we obtain a reason-
able quantitative agreement with experiment in the high-
density regime away from the Dirac point where ��T� mani-
fests very weak metallic temperature dependence, our results
are only in qualitative agreement with the experimental data
in the low-density Dirac point regime where ��T� shows an
insulating temperature dependence.10 Loosely speaking, our
screening theory is valid for n�ni so that the impurity-
induced puddle formation is weak, but we believe that the
qualitative behavior predicted by our theory has rather broad
validity. Indeed, our theory provides a plausible qualitative
explanation for the observed10 weakly metallic and strongly
insulating behaviors of the temperature-dependent resistivity
at high and low densities, respectively.

We conclude by pointing out that we have only consid-
ered in this work the contribution to the temperature-
dependent graphene conductivity arising from screened Cou-
lomb disorder, including both the explicit temperature
dependence of the screening function and the implicit tem-
perature dependence due to the thermal energy averaging in
the Boltzmann theory. There are other scattering mechanisms
contributing to the temperature dependence of carrier trans-
port properties, most notably, phonon scattering which we
have studied elsewhere.16 When the temperature dependence
of the conductivity is weak, Matthiessen’s rule should apply
giving ��T�=�i�T�+�ph�T�, where �i�T�, �ph�T� are, respec-
tively, the graphene resistivity due to charged impurity scat-

tering and phonon scattering. Since �ph�T� is very strongly
suppressed at low temperatures due to the well-known
Bloch-Grüneisen behavior, it is reasonable to expect that
��T� is dominated by �i�T�, considered in this work, for T
�50–100 K depending on the carrier density. We note that
�ph�T� due to phonon scattering is always monotonic in T,
and therefore the insulating temperature dependence of ��T�
around the low-density Dirac point cannot arise from phonon
scattering which would always produce a metallic �ph�T� in-
creasing with increasing T �linearly at higher temperatures�.
It is, therefore, reasonable to conclude, as we do in this work,
that the low-T insulating behavior of graphene ��T� around
the low-density Dirac point, as observed experimentally in
Ref. 10, is a result of the high-temperature and low-density
�i.e., T /TF�0.5� screened impurity-scattering phenomenon
discussed in this work. More work will, however, be needed
to understand this Dirac point insulating behavior quantita-
tively since the electron-hole puddle induced density inho-
mogeneity becomes important around the Dirac point.
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APPENDIX

We provide, for the sake of convenience, in this appendix
the various formula comparing the basic electronic properties
�e.g., Fermi wave vector, Thomas-Fermi �TF� wave vector, rs
parameter, density of states �DOS�, Fermi energy, cyclotron
frequency� in graphene and parabolic 2D systems; and �2�
the analytic equations for the electronic polarizability and �3�
the resistivity �arising from screened charged impurity scat-
tering� in the low �T�TF� and high �T�TF� temperature
limits for graphene and 2D systems. The results are given in
terms of carrier density �n�, Fermi velocity vF �graphene� or
effective mass m �2D systems�, ground-state degeneracy g
��gsgv for spin and valley�, background dielectric constant
���, electron charge �e�, and Planck constant ��� in Tables
I–III.
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