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A short phonon pulse injected into liquid 4He propagates away from the heater as a phonon sheet. The
angular dependence of the energy flux has a mesa shape, i.e., a flat top, which is the phonon sheet, and steep
sides. The mesa shape is caused by high energy phonon creation in the pulse along the symmetry axis; this
depletes energy from the flux until the central portion of the pulse has a constant energy. The low energy
phonons then occupy a thin sheetlike volume. We have measured the width of the phonon sheet from three
heaters of different widths at different heater powers and distances from the heater. We find the remarkable
result that the sheet width is inversely proportional to the width of the rectangular heater. Also the height of the
mesa falls off as the inverse square of the distance from the heater. We present a phenomenological model for
the phonon propagation in liquid helium at 0 bar, which predicts these dependencies. It also predicts that the
sheet width is proportional to the heater pulse length, and is only a weak function of heater power, both of
which are seen experimentally.
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I. INTRODUCTION

Among the spectrum of possibilities for phonon systems
in liquid 4He, there are two extreme systems that can be
created. One system is a very strongly interacting set of
phonons which propagates as a whole in an anisotropic equi-
librium. The other is a very weakly interacting set of
phonons which propagates ballistically without scattering.

The strongly interacting group comprises of a dense col-
lection of low energy phonons, l-phonons, with a typical
energy � /kB�1 K. We can imagine the l-phonons occupy-
ing a cone of states cut from an equilibrium isotropic distri-
bution at temperature Tp. So the energy of the l-phonon sys-
tem is the fraction � /4� of the energy density of an
isotropic distribution at a temperature Tp, where � is the
solid angle of the occupied cone in momentum space which
is typically 0.1 sr. Tp varies from �1 K near the heater to
�0.6 K at �10 mm from the heater.1 This is the Bose-cone
approximation of an anisotropic phonon system, see, for ex-
ample, Ref. 1.

The weakly interacting group consists of high energy
phonons, h-phonons, with typical energy � /kB�10 K and
relatively very low number density.2 The two groups are il-
lustrated in Fig. 1 where we show the signal from a short
heater pulse detected after 12.3 mm. The low energy
phonons arrive first and create the sharp peak at 52 �s, and
the high energy phonons first arrive at the same time and
peak at 65 �s.

The two phonon systems arise from the fact that low en-
ergy phonons can scatter by three phonon processes �3pp�
�Refs. 3–5� but phonons with � /kB�10 K can only scatter
by four phonon processes �4pp�.6–8 The 3pp scattering rate is
very much higher than the 4pp scattering rate for the same
number density of phonons.

The different scattering processes which are allowed de-
pend on the phonon-dispersion curve. At the saturated vapor
pressure, the dispersion is anomalous in the energy ranges
0����c and 0�q�qc, where � and q are the energy and
wave number of the phonon, respectively,9,10 and �c=c	qc

=10kBK, where c is the low-frequency velocity of sound,
c=238 ms−1. As the dispersion curve rises above the normal
linear dispersion at low q, i.e., ��q��c	q, then a low energy
phonon can annihilate and create a pair of new phonons. The
reverse process is also possible. Momentum is conserved by
the pair of phonons having an angle between them so that
q1=q2+q3 and �1=�2+�3.

For � /kB�10 K, the phonon dispersion is normal, i.e.,
��q��c	q, and three phonon processes are not allowed as
momentum and energy cannot be conserved. Thus, at these
energies, the fastest scattering is 4pp where two phonons
combine to create two new phonons with q1+q2=q3+q4 and
�1+�2=�3+�4. Here phonon 1 is the high energy phonon,
i.e., �1��c, and the other three phonons can have more, or
less, energy than �c.

4,8

The spontaneous decay of a phonon by 3pp can occur for
a lone phonon. If the l-phonons have a low number density,
they will only spontaneously decay. The created phonons
will continue to decay until the l-phonon number density is
high enough for the reverse 3pp scattering to have a balanc-
ing rate. Under quite ordinary conditions of low initial num-
ber density, the reverse 3pp scattering rate can be negligible
on the time scale of the experiment. This is because the 3pp
scattering rate of phonon 1 in the process q1+q2→q3 de-
pends on the number density of phonon 2. However, phonon
2 must be at the right angle to interact with phonon 1, where
the angle depends on the energies of phonons 1 and 2. Gen-
erally the angle must be small; it is usually much smaller
than the maximum angle of 27° which is set by the extent of
the anomalous dispersion. It is typically �10° so 3pp scat-
tering is a small-angle scattering process.

For 4pp scattering, the scattering rate of phonon 1 de-
pends on the number density of phonon 2, as well as on the
energies �1 and �2, and wave vectors q1 and q2. The angle
between the two wave vectors q1 and q2 must be large if
phonon 1 is an h-phonon and phonon 2 is an l-phonon. If the
angle is less than �50°, energy and momentum cannot be
conserved so the scattering rate is zero. As phonons are
bosons, the scattering rate also depends on the occupation
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probability of the final states. This is usually a small effect as
the final states have occupation probabilities 
1.

There are two usual situations when phonon 1 is an
h-phonon. The first is when it is in a very low number den-
sity of other phonons. Then the h-phonon is not scattered and
it just freely propagates ballistically. This occurs when an
h-phonon is created in a short pulse of l-phonons propagat-
ing in cold liquid helium and is then left behind by the pulse
because of its lower velocity. It is then alone in helium where
there are few thermal excitations.

The second situation is an h-phonon created in a dense
cloud of l-phonons. The h-phonons are concentrated along
the propagation direction, as found experimentally11 and
theoretically.12 Then, the h-phonon scatters with a l-phonon
if there are l-phonons at a suitable angle. However, if the
l-phonons are also confined to a narrow momentum cone
along the propagation direction, as they are in a phonon
pulse, then there are no l-phonons at a suitable angle, so
again, the h-phonons are not scattered.

Besides the situations described above there is another
very important 4pp scattering which occurs between two
l-phonons, one of which has an energy fairly close to �c, say
8kBT and the other with say 3kBT. Then in the process q1
+q2→q3+q4, where q1�qc and q2�qc, it is possible that
q3�qc and q4�qc. So, in this process an h-phonon q3 is
created.1,13 This can be a very efficient process. In a short
pulse where the h-phonon is lost from the back of the pulse
before it is scattered within the pulse �this defines a short
pulse�, then approximately half the initial energy in the
l-phonon pulse, in the propagation direction, can be con-
verted into h-phonons.

One of the interesting phenomena that occurs in a phonon
pulse in cold superfluid helium, due to the 3pp and 4pp, is
the formation of a mesa shaped angular phonon distribution.
The top of the mesa constitutes a phonon sheet,14 so called
because it is a few millimeters wide and 24 �m thick, and
has a uniform areal energy density. It is created by giving a
short 10−7 s current pulse to a plane thin gold heater, typi-
cally 1�1 mm2. A simplified picture is that a heating pulse
of 100 ns duration creates a dense volume of l-phonons just

in front of the heater, in a layer ctp=24 �m thick. The
phonons form a strongly interacting system of l-phonons
which propagates away from the heater, along the heater nor-
mal, with a velocity which is indistinguishable from c.15 The
momentum distribution is mostly confined to a narrow cone
whose axis is parallel to the heater normal.11,12

The mesa shape is formed because, as this l-phonon sys-
tem propagates away from the heater, it creates h-phonons
which reduce the energy density of the l-phonons to a con-
stant value over a range of angles about the heater normal.
This happens because the h-phonon creation rate depends
strongly on the energy density in the l-phonon pulse. It drops
to an insignificant rate when it reaches an energy density of
Eh. This energy density corresponds to the top of the mesa at
the distance from the heater where this happens. A detailed
theory of h-phonon creation and the energy loss from an
l-phonon pulse as a function of distance has been given.12

There may also be transverse expansion of the l-phonon sys-
tem at large distances from the heater16,17 which would assist
in forming the mesa shape.

In this paper we experimentally investigate the effect of
the size of the heater on the width of the mesa. We find a
remarkable inverse relationship between the width of the
mesa top and the heater width: a narrower heater creates a
broader mesa. We present a simple phenomenological model
which explains this effect and some other characteristics of
the mesa.

In Sec. II we describe the experimental apparatus and
method. In Sec. III, we present the measured angular distri-
bution for three heater widths at different heater powers and
distances, the signal at �=0 as a function of distance, and the
mesa width for three heater widths. In Sec. IV we present our
phenomenological model which explains the inverse rela-
tionship between heater width and the width of the mesa, and
discuss the results. Conclusions are drawn in Sec. V.

II. EXPERIMENTAL METHOD AND APPARATUS

The experimental arrangement is shown in Fig. 2 and is
the same as in Ref. 18. A substrate with three thin-film gold
heaters is mounted on the axis of a holder with radial arms.
The holder can be rotated by a stepping motor which drives
through a worm gear. The angle � of the rotor is measured by
timing phonon pulses from the heaters mounted at the ends
of the radial arms to fixed detectors which are �20 mm
above them. In this way we obtain an angular accuracy of
�0.3°. The main detector is mounted on the end of a vertical
bar which is directly above the heater. This bar can move
vertically and is driven by a second stepping motor through a
cotton thread connection. The cross section of the bar is
square, and the bar moves through a square sectioned guide
channel so that its end is laterally positioned. The distance
between the central 1�1 mm2 heater and the bolometer is
found from the time of flight of low energy phonons

Three thin-film gold heaters were evaporated onto a pol-
ished sapphire substrate 7.5 mm in diameter and 0.4 mm
thick. The heater dimensions were 0.25�1, 1�1, and 0.5
�1 mm2. The rotation axis passed through the center of the
1�1 mm2 heater. The long directions of the other two heat-
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FIG. 1. Typical signals at �=0, using H1 and B1 �see Fig. 2�.
The first signal is from the l-phonons and the broader second signal
is due to h-phonons. The heater pulse is 100 ns and 12.5 mW.
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ers were parallel to the rotation axis. As phonons propagate
ballistically in sapphire, the opposite side of the sapphire
disk was deliberately roughened so that it would diffusely
reflect the phonons injected into the substrate and so distrib-
ute them over all angles. This means that very few of these
phonons go into the liquid helium near the heater. In earlier
experiments, with glass substrates there had been a low level
but long tail to the detected phonon signal which came from
phonons diffusing out of the glass substrate. With a sapphire
substrate, there is a well defined single phonon pulse injected
into the liquid helium and no thermal tail in the detected
signal.

The detector was a zinc film evaporated on a polished
sapphire substrate 10 mm in diameter and 1 mm thick. The
zinc film was scratched into a serpentine track over an area
of 1�1 mm2. A superconducting solenoid gave a magnetic
field that held the zinc near its superconducting transition
boundary. The bolometer was in a bridge with electronic
feedback that maintained it at a constant resistance and,
hence, temperature of �0.35 K.19–21 Recent experiments
have shown that the sensitive area of the bolometer is actu-
ally only �0.1�0.1 mm2.22 It is most likely that the sensi-
tive region is a single superconducting-normal boundary
across the track width of �0.1 mm.

The apparatus was sealed in a brass cell that was filled
with ultrapure liquid 4He �Ref. 23� and could be pressurized
up to 24 bar. The pressure was measured with a Budenberg
standard test gauge to an accuracy of 0.02 bar. The cell was
mounted on a dilution refrigerator which maintained the tem-
perature of the cell at �50 mK during measurements.

The heater was pulsed by a Le Croy 9210 pulse generator
with a repetition rate of 45 Hz. The signal was amplified with
an EG and G 5113 preamplifier, and captured and averaged
in a Tectronix DSA 601A to increase the signal-to-noise ra-
tio.

III. MEASURED ANGULAR VARIATION IN THE
L-PHONON SIGNAL

The experimental procedure was to set the angle � be-
tween the heater normal, and the line joining the heater and
the bolometer, taking timing traces from which the angle can
be determined and then measure the phonon signal at four
different heater powers. Measurements with all the heaters
were made at one heater-bolometer distance before moving
to a new distance. From the signal as a function of time �see,
for example, Fig. 1� the integral of the l-phonon peak is
found by integrating the l-phonon signal numerically. The
results are shown in Figs. 3 and 4 for the 1�1 mm2 heater
at 0 bar. In Fig. 4 we also show the angular distribution of

FIG. 2. Diagram of the apparatus. H1 is the central 1
�1 mm2 heater which is opposite the main bolometer B1. H2 and
B2 are the heater and bolometer for the angular measurements. H1
and H2 are mounted on a rotor driven by a superconducting step-
ping motor. The separation of H1 and B1 is controlled by a second
stepping motor.
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FIG. 3. The angular distribution of the signal for the 1
�1 mm2 heater, at the time of the l-phonon peak, at a heater-
bolometer separation of 8.2 mm for heater powers of 3.125
�circles�, 6.25 �squares�, 12.5 �diamonds�, and 25 mW �triangles�.
The heater pulse is 100 ns.
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FIG. 4. The angular distribution of the signal for the 1
�1 mm2 heater, at the time of the l-phonon peak, at a heater-
bolometer separation of 12.3 mm for heater powers of 3.125
�circles�, 6.25 �squares�, 12.5 �diamonds�, and 25 mW �triangles�.
The heater pulse is 100 ns and the pressure is 0 bar. The dashed line
is the angular distribution at 24 bar, 25 mW, and 12.3 mm, normal-
ized to the height of the mesa, showing that there is no mesa at this
pressure. At �=0, the signal is 2.56� higher at 24 bar than at 0 bar
�Ref. 18�.

PHONON SHEETS IN SUPERFLUID 4He:… PHYSICAL REVIEW B 79, 144520 �2009�

144520-3



the l-phonon signal at 24 bar pressure, from Ref. 18. It can
be clearly seen that there is no mesa shape at this pressure.

As the rotation axis passes through the center of the
1�1 mm2 heater, the other two heaters do not rotate about
an axis that passes through their centers. This means that the
measured angular distribution for the off-axis heaters, instead
of showing a horizontal mesa top, shows a straight line at an
angle to the horizontal axis. The reason for this is that an
off-axis heater is nearer the bolometer for say positive angles
than for negative angles. To correct the measured angular
distribution, we need to know how the signal changes with
heater-bolometer distance. This was found by setting the
heater angle to zero for the central heater, and then moving
the bolometer toward this heater. The distance was calculated
from the time of flight of the l-phonons and the velocity of
sound, c=238.3 ms−1. The results are shown in Fig. 5. We
see to a good approximation that the l-phonon varies as the
inverse square of the distance over this range of distances,
where h-phonon creation is negligible.

This 1 /R2 distance dependence immediately suggests that
the shell of energy is expanding in a near ballistic way from
a pointlike source. This is very interesting because the
phonons at angles near zero are very strongly interacting and
do not travel ballistically. We shall return to this point in Sec.
IV.

We can now correct the measured signal as a function of
angle. Consider a heater whose center is a distance a from
the rotation axis, and this axis is a distance b from the bo-
lometer. At a rotation angle �, the heater-bolometer distance
R��� is given by

R2 = b2 + a2 + 2ab sin � . �1�

Hence the corrected signal S��� is related to the measured
signal, Sm���, by

S��� =
Sm���

1 + 2�a/b�sin � + �a/b�2 , �2�

in practice a /b
1.

Applying this to the data we get the results shown in Fig.
6 for the 0.5 mm heater at 12.3 mm, and Figs. 7 and 8 for the
0.25�1 mm2 heater at 8.2 and at 12.3 mm, respectively, all
at 0 bar.

We see that all the angular variations in Figs. 3, 4, and
6–8 have the same generic shape, as found in the previous
measurement at 16.7 mm,14 i.e., a flat top around �=0 and
steeply falling sides. The present data do not show such a
good flat mesa top as Ref. 14 but the present data are con-
sistent with a flat top and we shall assume that it is so. The
solid lines through the points in the angular dependencies are
fitted with this assumption. The width of the mesa top is
graphically defined by the intersection of the steep sides and
the horizontal line of the mesa top.

The angular width of the mesas are shown in Fig. 9 as a
function of power. Also shown is the data from Ref. 14. It is
quite clear that the narrower the heater, the wider the mesa
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FIG. 5. The peak of the l-phonon signal is shown versus the
inverse of the square of the distance between the 1�1 mm2 heater
and the bolometer B1. The angle �=0 and the heater pulse is 100
ns.
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FIG. 6. The corrected angular distribution of the signal for the
0.5�1 mm2 heater, at the time of the l-phonon peak, at a heater-
bolometer separation of 12.3 mm for heater powers of 3.125
�circles�, 6.25 �squares�, 12.5 �diamonds�, and 25 mW �triangles�.
The heater pulse is 100 ns.
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FIG. 7. The corrected angular distribution of the signal for the
0.25�1 mm2 heater, at the time of the l-phonon peak, at a heater-
bolometer separation of 8.2 mm for heater powers of 3.125
�circles�, 6.25 �squares�, 12.5 �diamonds�, and 25 mW �triangles�.
The heater pulse is 100 ns.
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top. There is no systematic difference within the uncertainty
between the data at 8.2 and 12.3 mm for the 0.25 mm wide
heater. However, for the 1 mm wide heater, the mesa width is
systematically wider for the 12.3 mm data than for the 8.2
mm data. This is confirmed by the curves in Figs. 3 and 4
which show that the full widths at half height of the angular
dependencies are systematically smaller at 8.2 mm than at
12.3 mm for the 1 mm heater, but for the 0.25 mm heater,
they are the same at 8.2 and 12.3 mm, see Figs. 7 and 8.

In Fig. 10 we plot the width of the mesa top �i.e., the sheet
width� against 1 /h for the three heaters at 12.3 mm and at
four heater powers. We see that the mesa width is well de-
scribed, within the experimental uncertainties, as being in-
versely proportional to the heater width. Only one data point,
25 mW into the 0.25�1 mm2 heater, does not follow this
behavior. The generally weak dependence of the width on
heater power is evident in this figure.

In Fig. 11 we show the mesa height as a function of heater
power for two heater-bolometer distances. We see that the
areal energy density of the mesa increases with heater power
in a slightly less than linear way. The signals from the widest
heater, 1�1 mm2, are much higher than those from the nar-
rowest heater 0.25�1 mm2. This indicates that the energy
from the narrowest heater is more spread out in angle than it
is from the wider heaters. We will return to this point when
we discuss the model in the next section. The signals at 12.3
mm distance are about half those for the 8.2 mm distance for
both the 1�1 and 0.25�1 mm2 heaters. This is to be ex-
pected from the 1 /R2 distance dependence as �8.2 /12.3�2

=0.44.

IV. MODEL AND DISCUSSION OF RESULTS

We envisage that initially the pulse of phonons has an
energy density which varies with angle from the symmetry
axis; then, due to h-phonon creation, all parts of the pulse
with E�Eh will decrease in energy to Eh. The parts of the
pulse with E�Eh initially will stay at the same energy den-
sity but the phonons, making up that density, will decrease in
phonon energy and increase in number due to spontaneous
3pp decay and so give a smaller signal from the phonon-
energy dependent detector. These processes gives the angular
distribution a mesa shape, with the area of uniform density
forming the mesa top and the phonons that have spontane-
ously decayed making up the sides of the mesa.

Although we wish to understand the formation of the
mesa shape at 0 bar, we start by considering the superfluid
helium at 24 bar because at this pressure the phonon propa-
gation from the heater is ballistic. From this readily under-
standable situation we shall consider what happens when the
pressure is reduced and phonons begin to interact.24 Finally,
at 0 bar we will have very strong interactions at small angles
to the normal of the heater but only spontaneous phonon
decay at large angles to the heater.

At 24 bar the energy from the heater has a cosinelike
distribution at a distance which is an order-of-magnitude
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FIG. 8. The corrected angular distribution of the signal for the
0.25�1 mm2 heater, at the time of the l-phonon peak, at a heater-
bolometer separation of 12.3 mm for heater powers of 3.125
�circles�, 6.25 �squares�, 12.5 �diamonds�, and 25 mW �triangles�.
The heater pulse is 100 ns.
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larger than the heater width,18 see dashed line of Fig. 4. The
energy from a short heater pulse is contained in an almost
spherical shell centered on the middle of the heater. The
thickness of the shell varies with angle �, heater width h, and
radius of the shell R. If the heater were a point, then the
thickness d of the shell would be just ctp, where ctp is the
pulse length. However for a finite-size heater, the thickness
d=ctp+h2 /8R at �=0. R is the distance from the center of
the heater to the shell. Typical values are ctp=24 �m and
h2 /8R=12.5 �m for h=1 mm and R=10 mm. At larger
angles the thickness of the shell rapidly increases due to the
difference in the distance from each edge of the heater to a
point on the shell, see Fig. 12. The thickness d, for �
�h /4R, is given by

d = ctp + h sin � �3�

to order h2 /8R2, i.e., �10−3 for h=1 mm and R=10 mm.
As � increases, h sin � rapidly dominates ctp. For example,
at �=10° and h=1 mm, h sin �=174 �m which is much
larger than ctp=24 �m.

The energy in the low energy phonons is Wtp, where W
is the heater power, tp is the heater pulse duration, and  is
the fraction of the heater energy that goes into the low energy
phonons. So 1− is the fraction of the energy that goes into
the heater substrate at 24 bar. As the measured l-phonon
energy at 24 bar varies with angle � as cos �,18 so the energy
per unit area of the shell, at angle � and at distance R, is
given by

E =
Wtp cos �

�R2 , �4�

where the integrated energy over the half space is equal to
Wtp.

Hence from Eqs. �3� and �4�, the energy density E in the
shell, for R�h, is given by

E =
E

d
=

Wtp cos �

�R2�ctp + h sin ��
. �5�

To obtain the energy density at 0 bar we assume that the
angular distribution of the energy injected by the heater does
not change much with pressure. In other words the transmis-
sion process across the interface between the heater and the
liquid helium is a weak function of pressure. This is dis-
cussed in Ref. 25. Once the energy is in the liquid 4He there
will be interactions at small values of � which will perturb
this energy distribution but we shall argue below that, at
large angles where the phonons are not strongly interacting,
the energy flux remains much as it is at 24 bar although the
phonons spontaneously decay. This implies that the energy
density, to a first approximation, is the same as described by
Eq. �5� in those regions where the phonons are weakly inter-
acting. When the phonons are strongly interacting, the en-
ergy distribution will be modified due to h-phonon creation
which depletes the energy in the shell. This process will give
rise to the flat top of the mesa.

We divide the angular region into three at 0 bar, the small-
angle region A, with 0����A, the intermediate region with
0A����B, and the large-angle region B, with �B��
�� /2. At 0 bar, in angular region A the l-phonons are
strongly interacting by 3pp scattering, which creates an an-
isotropic equilibrium. At distances within a few millimeters
of the heater, these phonons have created h-phonons which
have been lost to the pulse if it is a short pulse, which is what
we are considering here. By about 5 mm from the heater,
there is negligible h-phonon creation26 and the l-phonons
continue to propagate as an interacting system with a con-
stant total energy. There may be some transverse
expansion,16,17 in which case �A will increase with distance
from the heater, but we ignore any expansion in our model.

In the angular region B, there are noninteracting low en-
ergy phonons. These phonons do not interact with each other
because their density is too low and this reduces the scatter-
ing rate which is inversely proportional to their number den-
sity. However these phonons do spontaneously decay so the
average energy of these phonons considerably decreases with
distance from the bolometer. Although the total energy in
these phonons remains the same, our bolometer detector is
less sensitive to phonons with lower energy27 and this causes
the signal to be much lower if the phonons spontaneously
decay to lower energies.24

If phonons are not interacting and do not spontaneously
decay, then they propagate ballistically. However if they
spontaneously decay, the decay products are at an angle to
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heater. The width of the heater is h and the thickness of the shell is
d.

D. H. S. SMITH AND A. F. G. WYATT PHYSICAL REVIEW B 79, 144520 �2009�

144520-6



the initial phonon. This will lead to an angular broadening of
the phonon flux about any initial direction. However the in-
jected phonons have a relatively low energy, around � /kB

�2 K and so the 3pp angles are small compared to the
angular range of the B region. Under these conditions, the
assumption that the phonons propagate along ballistic direc-
tions in the B region is a reasonably good approximation at
p=0 bar. Nevertheless, the time integrated l-phonon signal
at a given ���B will be much smaller at 0 bar than at 24 bar
for the reason given above.

The intermediate region between regions A and B cer-
tainly has a finite angular width. The phonon density is not
negligible so there is some 3pp up scattering as well as pho-
non decay. The 3pp scattering is mostly to phonon energies
well below �c /kB=10 K and so there is negligible 4pp scat-
tering to phonons with � /kB�10 K, i.e., there is negligible
h-phonon creation at any distance from the heater in the
intermediate region. As the phonon density increases with
decreasing angle, the 3pp up-scattering rate increases and so
the average phonon energy is higher than in region B. Hence
the detected signal increases. Again, because 3pp angles are
small, the phonons travel in approximately ballistic direc-
tions in the intermediate region.

The angle �A, at the end of region A and the beginning of
the intermediate region, is determined by the h-phonon cre-
ation rate just becoming negligible at angle �A and at a dis-
tance of several millimeters from the heater. The end of the
intermediate region and the beginning of the B region is
determined by the phonon number density being high
enough for there to be a significant rate of 3pp up scattering
at angle �B.

Close to the heater, the angular range of the three regions
will depend on the distance from the heater. However, at
distances beyond Rh, where phonon creation has dropped to a
negligible rate, Rh is around 5 mm,26 the angular ranges do
not change much with distance. So the angular width of the
mesa top is approximately constant for R�Rh as is evident
in Fig. 9.

The angular width of the mesa is equal to 2�A. We esti-
mate the angular width, �A, of region A at R=Rh in the fol-
lowing way. We calculate the phonon density in the interme-
diate region assuming that the phonon-energy flux is
ballistic. As we have discussed, this is an approximation as
there is small-angle 3pp scattering. Using Eq. �5� we find the
energy density in the phonon shell at R=Rh. It is a strong
function of angle due to the finite size of the heater. We then
find the angle where the energy density is equal to the critical
energy Eh density, where h-phonon creation becomes
negligible.

This critical energy density corresponds to the
l-phonon-energy density that is appropriately large enough to
give a 3pp scattering rate which is appropriately high enough
to create an equilibrium distribution, at a temperature and
cone angle where h-phonon creation is negligible. Eh is ap-
propriately the energy density, at Rh, of the mesa top at
heater power W. Equating the energy density, given by Eq.
�5�, to the critical energy density at R=R+h, we get

�Wtp cos �A

�Rh
2�ctp + h sin �A�

= Eh, �6�

where � is different from  as it includes the fraction of the
heater pulse energy that is lost from the l-phonons by
h-phonon creation. From experiments we know that usually
�A is large enough that ctp
h sin �A.

We now consider why the critical energy density Eh de-
pends on the heater power W. The scattering rate of a
l-phonon with q1 is proportional to the number density of
phonons with which it can scatter by 3pp, i.e., those phonons
in a cone in momentum space with a cone angle �3. If the
l-phonon system has an occupied cone in momentum space,
with a cone angle �c, then only the fraction �3 /�c of
the l-phonons interact with phonon q1, where �i
=2��1−cos �i� is the solid angle associated with the cone
angle �i. The minimum-energy density Emin for h-phonon
creation is when �c=�3, as in anisotropic system in equilib-
rium, �c cannot be smaller than �3. Emin is a constant which is
independent of heater power. The corresponding total-energy
density is then Eh=Emin�c /�3.

As the l-phonon pulse propagates, its cone angle increases
due to it losing energy by creating h-phonons.12 At a fixed
distance of say 10 mm from the heater, the occupied solid
angle in momentum space increases with the initial energy in
the helium, i.e., with heater power. So as the heater power
increases, a smaller fraction of the l-phonons interacts with
any one phonon. Hence the critical energy density Eh, for the
critical scattering rate where h-phonon creation just becomes
negligible, has to be higher at higher heater powers.

The bolometer signal is proportional to the energy in the
whole of the occupied solid angle in momentum space,14 and
so the detected energy is proportional to the energy density
in real space. As Eh=Emin�c /�3, and Emin and �3 are con-
stants, then as �c�W so Eh�W, all to zeroth order.

An expression for Eh�W� can only be found approxi-
mately. The general form for Eh�W� can be obtained from Eq.
�5�, putting �=0, R=Rh, and =�. Hence

Eh�W� � �W/�Rh
2c . �7�

We now appeal to measured results. We note that Eh�W� cor-
responds to the height of the mesa top at distance Rh. At a
distance R�Rh, the angular width of the mesa top is ap-
proximately constant and so the energy density Emesa corre-
sponding to the top of the mesa decreases as 1 /R2, i.e.,
Emesa=Eh�Rh /R�2. In Fig. 11, where the l-phonon signal is
plotted against the heater power W, we see that Emesa in-
creases slower linearly than with W. So we multiply W, in
Eq. �7�, by a factor f where f =S /gW, S is the height of the
mesa top, and g is the ratio g=S /W as W→0 in Fig. 11. So
f =1 at low heater powers but decreases a little to below one
as the heater power increases. The numerical coefficient
needed to multiply the right side of Eq. �7� cannot be deter-
mined from an integral over the half space as can be done
with Eq. �4�. Hence we introduce a proportionality constant
a. So we obtain

Eh�W� = ��fW/�Rh
2c . �8�

PHONON SHEETS IN SUPERFLUID 4He:… PHYSICAL REVIEW B 79, 144520 �2009�

144520-7



Using expression �8� in Eq. �6� and neglecting the term
ctp in the bracket, as it is found from measurements to be
small compared to h sin �A, we finally have

tan �A =
ctp

afh
. �9�

The value of a from measured widths of the mesa is �0.4.
We see from Eq. �9� that tan �A is proportional to 1 /h, tp,

and 1 / f . In Fig. 10 we see that the mesa width increases as
the heater width decreases. At the three lowest heater powers
the mesa widths show a 1 /h dependence within the experi-
mental uncertainties. At the highest power, the 1 and 0.5 mm
heaters scale as 1 /h but the mesa width for the 0.25 mm
heater, at the highest power, falls well below this scaling.
Perhaps it is due to the very high heater power density for
this data point.

The dependence of �A on heater power is only through f
which is a slowly decreasing function of W. From Fig. 10,
we see that the gradients of the curves at different powers are
fairly similar which shows that the mesa width is only
weakly dependent on heater power. However as the heater
power increases, f decreases and, from Eq. �9�, the mesa
width increases. This is the behavior of the gradients in Fig.
10.

In the present experiments we did not measure the pulse
length dependence of the mesa width but it was measured
previously.14 There it was found that the mesa width doubled
as tp increased from 50 to 100 ns. This again is in agreement
with Eq. �9�. For tp�100 ns the mesa width did not increase
linearly with tp but this is to be expected as the heater pulse
ceases to be a short pulse for tp�100 ns. In which case the
h-phonons are not completely lost from the l-phonon pulse
and so the process for creating the mesa is increasingly less
effective. Hence for tp� �100 ns the mesa width only
slowly increases with tp, as was seen.

V. CONCLUSIONS

In this paper we have presented measurements of the an-
gular dependence of the flux of low energy phonons from
three different size heaters into liquid 4He which is in such a
low temperature that there are a negligible number of ther-
mal excitations. The liquid helium is at 0 bar pressure so that
the low energy phonons strongly interact by three phonon
scattering when their density is sufficiently high.

Over the distance range of 8.2–12.3 mm we found that the
signal varies as the inverse square of the distance R, see Fig.
5. This is the dependence one would expect from a point
source from which the phonons propagate ballistically. How-
ever at angles close to the symmetry axis the phonons are
interacting very strongly. Nevertheless the 1 /R2 dependence
strongly suggests that, at distances far from the heater, the
energy is radiating out in a thin shell in a near ballistic way.
We use this idea in the model to obtain Eq. �7�.

The measured angular dependencies for the three heaters
are shown in Figs. 3, 4, and 6–8, and they all show a mesa
shape. The width of the mesa top is well defined by the
height of the top and the steep slopes on each side. Their
angular width varies as the inverse of the heater width. This

striking result is shown in Fig. 10 at a distance of 12.3 mm.
The mesa angular widths are weak functions of heater power
and distance, see Figs. 9 and 10.

The height of the mesa measures the areal energy density
of the phonon sheet. It increases with heater power but in a
below linear way, as shown in Fig. 11. The widest heater
shows the highest mesa which is to be expected as the widest
heater keeps the energy concentrated in the narrowest angu-
lar range. However the product of the width and height of a
mesa is not the same for all the heaters at a constant distance;
it is largest for the narrowest heater. This product for the
three heaters, at a given distance, increases with heater
power density, and is approximately a universal function of
heater power density rather than heater power.

A phenomenological model is proposed which explains
the inverse relationship between sheet width and the heater
width. The central feature of the model is that there is a
critical energy density in the phonon shell which defines the
edge of the mesa. This energy density is the critical energy
density Eh for strong 3pp scattering which leads to an inter-
acting l-phonon system, in anisotropic equilibrium, that just
ceases to create h-phonons.

To obtain an expression for the energy density in the shell
we make the approximation that the low energy phonons, in
the angular regions where the l-phonons are noninteracting
or weakly interacting, travel approximately in ballistic direc-
tions. This is justified by the fact that the three phonon inter-
actions only involve small angles, especially for low energy
phonons with energy well below 10 K. The energy density in
the shell is then calculated assuming noninteracting ballistic
propagation and is given in Eq. �5�. The energy density is a
strong function of angle because of the nonzero width of the
heater, which means that phonons emitted from different
points of the heater have different distances traveling to a
point on the shell. The shell width is approximately the dif-
ference in distance traveled from the two edges of the heater,
and is given by Eq. �3� and is illustrated in Fig. 12.

The edge of the mesa top is defined by the angle at which
the energy density is equal to the critical energy density.
However the critical energy density Eh is approximately pro-
portional to the heater power. This can be seen in Fig. 11 by
recognizing that the detected signal from the mesa top is
proportional to the energy density in the shell. Hence the
heater power nearly cancels out completely from Eq. �6� and
we obtain the simple Eq. �9�, where the weak heater power
dependence is contained in the factor f . This explains why
the size of the phonon sheet is only weakly dependent on
heater power.

The model shows that the mesa width, which is 2�A, is
inversely proportional to the heater width, as we found ex-
perimentally. It also shows that the mesa width is propor-
tional to the heater pulse length, and data from Ref. 14 shows
that this is so as long as the pulse length is short so that the
h-phonons can escape the l-phonon pulse. The simple model
has several approximations but nevertheless gives a reason-
able description of all the measurements.

We thank I. N. Adamenko for useful discussions, R.V.
Vovk for making the heaters and bolometers, and C. D. H.
Williams for use of his program for some data analysis.
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