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In the present paper we report inelastic neutron scattering measurements on solid low-pressure hydrogen
deuteride at three different temperatures �between 4.5 and 15.6 K� using the time-of-flight spectrometers
BRISP at ILL �France� and TOSCA-II at ISIS, RAL �UK�. The measured double-differential cross sections
give access to the proton component of the HD self-inelastic structure factor. Processed BRISP data were
employed to verify the applicability of the generalized Young and Koppel model to solid HD in our kinematic
range and to obtain the mean-square displacement of the molecular centers of mass. In addition, a large
broadening of the first two rotational peaks was observed. A reasonable result for the density of phonon states
from TOSCA-II data has been obtained, although a rigorous extraction was not possible, due to the overlap
among the various spectral components. The intensity loss in the extracted density of phonon states was
interpreted as the effect the phonon-roton resonance in solid hydrogen deuteride. Finally the two Bose-
corrected moments of the HD phonon spectrum, related to the molecular mean-square displacement and mean
kinetic energy, were simulated through a path integral Monte Carlo code. The former quantity was compared
to the mentioned experimental estimates.
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I. INTRODUCTION

The lattice properties of quantum crystals �3He, 4He, H2,
D2, etc.� have been the subject of a large number of experi-
mental investigations and theoretical studies. However, de-
spite the great improvement in the understanding of these
quantum systems, some of their aspects are still unclear, as
proved by recent neutron scattering results on 4He.1 More-
over, if the theoretical point of view is considered, the
achievements in describing quantum crystals appear even
less satisfactory. It is true that the static properties of these
solids �e.g., mean kinetic and potential energies, lattice con-
stants, bulk modulus, etc.� seem reasonably well described
by a number of quantum simulation methods, working either
at zero temperature �such as diffusion and Green’s-function
Monte Carlo2�, or at T�0 �such as path integral Monte
Carlo �PIMC� �Ref. 3��. The former Monte Carlo methods
make use of an approach, attributed to Fermi and Wigner,
based on analogy between the Schrödinger equation in the
imaginary time domain and a classical diffusion equation,
while the latter method exploits the isomorphism between a
quantum particle and a peculiar type of interacting classical
“ring polymer.” However, as far as the quantum crystal lat-
tice dynamics is concerned �i.e., phonon dispersion curves
and density of phonon states�, the scenario looks rather in-
complete: the well-known self-consistent phonon theory is
an excellent pragmatic method to tackle these dynamic prob-
lems, but it cannot be considered sufficiently general, and it
has been recently shown that its prediction on the mean ki-
netic energy of high-density solid 3He is not accurate.4 On
the other hand, both the path integral centroid molecular
dynamics �PICMD� �Ref. 5� and the ring polymer molecular

dynamics �RPMD�,6 relatively new and promising tech-
niques, surely need further development and a more rigorous
theoretical validation, at least regarding the dynamical prop-
erties of quantum crystals. These two similar approaches are
still based on the isomorphism between quantum systems
and interacting classical ring polymers; but, differently from
PIMC, they are capable of evaluating real-time correlation
functions from the classical-like trajectory of the polymer
centroids evolving on the Feynman-Hibbs effective potential
surface. An analogous situation can be envisaged for the
competitors of the cited dynamical methods, namely, the
various versions of the linearized semiclassical initial value
representation �LSC-IVR�.7 They provide a practical way for
adding quantum effects to classical molecular-dynamics
simulations by replacing the nonlinear boundary value prob-
lem of the semiclassical theory with an average over the
initial conditions of classical trajectories.

In a new study on solid para-hydrogen,8 an accurate de-
termination of the density of phonon states was extracted
from inelastic neutron scattering spectra and compared to the
most recent PICMD calculations.9 An overall agreement was
found, but yet a number of spectral shape details were miss-
ing or misplaced in the simulated data. These results on solid
para-H2, demonstrating the power of the method, persuaded
us to continue the experimental studies on the self-dynamics
of solid hydrogen isotopes, exploiting the intrinsic incoher-
ence of the neutron scattering from protons. In fact, it is
generally assumed10 that if a sample contains some protons
and some other nuclei in a similar concentration, then the
result will basically consist in incoherent signal from the
protons only. A topic of particular relevance in this respect is
the hydrogen deuteride �HD� lattice and rotational dynamics,
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which has never been studied through incoherent neutron
scattering. Actually the only existing inelastic neutron spec-
tra of HD �Ref. 11� have been obtained at very high momen-
tum transfer in the so-called the neutron Compton regime,
where only the single-nucleus dynamics �mainly intramo-
lecular� is probed. HD is peculiar since it is not only a cross-
over molecule between H2 and D2, with an intermediate
quantum character owing to its mass �MHD=3 amu�, but,
due to the noncoincidence between the molecular center of
mass and center of charge, the HD intermolecular potential is
far from being isotropic with respect to the former �even in
the rotational ground state�. Because of this fact, conspicu-
ous rototranslational effects have been detected through the
Raman spectroscopy,12 confirming so far the validity of the
theoretical model devised by Bose and Poll.13 The use of
incoherent neutron scattering allows us to corroborate these
experimental findings through a more quantitative technique
and to extend the optical observations to nonzero
momentum-transfer values even though the present measure-
ments are focused on a region of the neutron spectrum char-
acterized by low energy and momentum transfers. A compre-
hensive and extended test of the HD scattering law would
have surely needed a different type of neutron spectrometer.
In other words, within the limits of our instrumentation, we
could access information on the interplay between molecular
rotations and lattice anharmonic phonon distribution in a
quantum crystal where the decoupling approximation,14–16

normally used for H2 and D2, is more critical.
The rest of the paper will be organized as follows. The

experimental procedure will be described in detail in Sec. II.
In Sec. III, we will work out the scattering law for hydrogen
deuteride from the experimental spectra. In addition, we will
obtain information both on the HD density of phonon states
�using the isotropic Gaussian approximation to estimate the
unwanted multiphonon contributions�, and on the rotational
form factors for the j=0→ j�=0 and j=0→ j�=1 transitions
�j and j� are the initial and final rotational quantum numbers,
respectively�. In Sec. IV we will discuss the experimental
results, and some physical quantities derived from the ex-
perimental spectra will be compared to their estimates ob-
tained from original PIMC simulations. Section V will fi-
nally be devoted to conclusions and perspectives.

II. EXPERIMENTAL DETAILS

Neutron scattering measurements were carried out on
BRISP and TOSCA-II spectrometers. BRISP �Ref. 17� is a
so-called hybrid-geometry spectrometer, where a crystal-
monochromator fixes the incident neutron energy �E0� and a
chopper system determines the final neutron energy �E1� by
time-of-flight analysis. The access to the low-momentum-
transfer inelastic region is made possible by the combination
of such an instrumental geometry with a two-dimensional
small-angle detector array. The inclined thermal neutron
beam emerging from the reactor is first collimated �diver-
gence: 0.4°� before impinging, with a Bragg angle of 17.1°,
on the focusing monochromator having an average mosaic
spread of 0.4°. In the case of our experiment the selected
value of incident energy was 49.92 meV, exploiting the �111�

Bragg reflection from a copper crystal. A rotating disk chop-
per is generally used to minimize background neutrons from
the beam and, by a proper phasing with respect to a Fermi
chopper further downstream, to suppress contaminations
from higher-order monochromator reflections. From the disk
chopper onwards, neutrons are traveling in vacuum in order
to get rid of small angle scattering from air. The long neutron
pulses produced by the disk chopper travel through a 2-m-
long honeycomb collimator, which causes the neutron beam
to converge at the detector position. Neutrons leaving the
collimator are finally reduced to short pulses by the Fermi
chopper. Neutrons scattered by the sample are then collected
by the multitube position-sensitive 3He detector, covering a
2.1 m2 area around the direct beam. A small-angle range
between 1.0° and 13.4° can be continuously covered after
fixing the sample-to-detector distance to 4.5 m. In our ex-
periment data have been collected in the �−19–37� meV
energy-transfer range with resolution �E=1.40 meV at the
elastic line. This made possible the collection of inelastic
spectra in the thermal region at momentum-transfer values
��Q� approximately ranging in the following interval: 0.2
�Q�1.2 Å−1 �see Fig. 1 for details�.

TOSCA-II is a crystal-analyzer inverse-geometry spec-
trometer operating at the ISIS pulsed neutron source �Ruth-
erford Appleton Laboratory, Chilton, Didcot, UK�.18 The in-
cident neutron beam spans a broad energy range, and the
energy selection is carried out on the secondary neutron
flight path using the �002� Bragg reflection of ten graphite
single crystals, five placed in backscattering around a scat-
tering angle of 137.7° and five in forwardscattering around a
scattering angle of 42.6°. This arrangement fixes the average
Bragg angles on graphite to 47.7° and 47.4° �in backscatter-
ing and forwardscattering, respectively�, corresponding to
scattered neutron energies of 3.32 and 3.35 meV. Higher-
order Bragg reflections are filtered out by 120-mm-thick be-
ryllium blocks, covered with cadmium and cooled down be-
low T=35 K. This geometry allows to span an extended
energy-transfer range even though the fixed positions of the
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FIG. 1. Kinematic trajectories in the energy-momentum-transfer
plane explored by the two neutron spectrometers employed. All the
trajectories for the BRISP detectors are comprised between the two
limiting curves �reported as full line�, while the TOSCA trajectories
are separately plotted for forwardscattering �dashed line� and back-
scattering �dotted line� detectors.
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crystal analyzers and the small values of the final neutron
energy imply a variation in the momentum transfer, which is
a function of the energy transfer. In this way, the two parts of
TOSCA-II �namely, the backscattering and forwardscattering
sections� explore two narrow stripes in the �Q, E� kinematic
space, starting at E=0, respectively, from Q=2.36 and
0.92 Å−1, then both increasing approximately as
�2mnE�1/2�−1, where mn is the neutron mass �see Fig. 1 for
details�. The resolving power of TOSCA-II is quite good
�1.5%��E /E0�3%� in the energy-transfer region presently
accessible by the spectrometer �3�E�500 meV�.

The BRISP experimental measurements were performed
at two different temperature values �namely, T=4.53 K and
T=15.61 K�, both at low pressure and in the hcp solid
phase. A comprehensive description of the HD samples �in-
cluding temperature, pressure, and molecular density� can be
found in Table I. As far as the molecular density is con-
cerned, the reported estimates were obtained from the most
reliable, although scarce, thermodynamic data available in
the literature.19 After performing a background measurement
of the empty orange cryostat used for the experiment, we
cooled the sample container to T=30–37 K and we re-
corded its neutron spectrum. Then hydrogen deuteride �97%
assay from Cambridge Isotope Laboratories� was allowed to
condense in the scattering cell kept at a temperature of about
21 K. This container was made of aluminum �1.0-mm-thick
walls� with a rectangular-slab geometry. The sample thick-
ness was 1.65 mm and the internal size �i.e., 40.7
�65.4 mm2� was rather larger than the actual beam cross
section �25.0�45.0 mm2�. The pressure of the gas handling
system was set to p=1.0 bar in order to make sure that the
cell was filled up with liquid �the saturated vapor pressure of
1.013 bar corresponds to T=22.14 �Ref. 19��. When the cell
was completely filled with liquid HD the solid sample was
obtained by quickly cooling the cryostat to 5 K. This proce-
dure guaranteed the formation of a real polycrystalline solid,
which was actually checked on TOSCA-II �see below for
details� by comparing spectra taken at similar values of the
equatorial scattering angle � but at completely different azi-
muthal angles �. No differences larger than the data statisti-
cal uncertainties were ever detected. The second sample
�namely, the hcp solid at T=15.61 K� was prepared simply
by quickly heating the previous sample. This second spec-
trum was recorded following a procedure similar to the one
outlined above. Additional measurements including a vana-
dium plate, a cadmium absorber, and a cadmium mask were
also performed. As for the TOSCA-II measurement, operated
at low pressure and T=10.6 K, the experimental procedure
was similar to that employed on BRISP, with the only no-

table exception of the scattering cell: this was made of alu-
minum �1.0-mm-thick walls� with a circular-slab geometry.
The sample thickness was 1.0 mm and the cell internal di-
ameter �57.0 mm� was slightly larger that the TOSCA-II
beam cross section �squared, 40.0�40.0 mm2�.

III. DATA ANALYSIS

The experimental time-of-flight data were transformed
into energy-transfer spectra, detector by detector, making use
of standard routines available on the two spectrometers in-
cluding the removal of the �E1 /E0�1/2 kinematic factor. Then
spectra were corrected for the detector efficiency or the in-
coming neutron flux, respectively, in the case of BRISP and
TOSCA-II. At this stage data were added together following
two different procedures: on BRISP, considering the poly-
crystalline character of the sample, 11 data blocks were pro-
duced by summing spectra recorded by detectors placed at
similar � values �	0.5°� but at different � values. In this
way we ended up with eleven fixed-angle spectra along the
kinematic paths comprised between the two limiting curves
�i.e., those representing data blocks 1 and 11� reported in Fig.
1. On the contrary, only two distinct data blocks were ob-
tained for TOSCA-II: one including the backscattering detec-
tors and the other the forwardscattering ones. This procedure
was justified by the narrow angular � range spanned by each
set of detectors.18 Thus we worked out two fixed-angle spec-
tra along the TOSCA-II kinematic paths plotted in Fig. 1.
Subsequently the empty cryostat and the sample container
contributions were removed from all the HD measurements
properly taking into account the sample and cell
transmissions.20 After this subtraction the important correc-
tion for the HD self-attenuation was performed. It is applied
to the experimental measurements through the analytical ap-
proach suggested by Agrawal21 in the case of a flat slablike
sample: no simplified model was employed for the hydrogen
deuteride total scattering cross section, which, on the con-
trary, was obtained from the experimental results of direct
neutron measurements.22 In addition BRISP data blocks were
also normalized to the same arbitrary constant making use of
the ancillary vanadium measurement performed. At this
stage of the analysis, BRISP and TOSCA fixed-angle spectra,
I�E ,��, appeared as in Fig. 2 and still contained four main
unwanted contributions: �a� multiple-scattering events; �b�
single-scattering events due to the deuterium self-dynamics;
�c� single-scattering events due to the dynamic correlation
between H and D in the same molecule; �d� single-scattering
events due to all the dynamic correlation between atoms be-
longing to different molecules. The first three terms were
removed after simulating them in the framework of the
simple generalized Young and Koppel �GYK� model14–16 for
the rotational dynamics �adapted to HD�, together with the
isotropic Gaussian approximation23,24 for the HD center-of-
mass dynamics. The adaptation of GYK model to HD means
that we have employed the same assumptions of this model
for the orbital nuclear motion but not for the spin and
scattering-length parts, which are influenced by the indistin-
guishable nature of the two nuclei in H2 and D2. Actually the
spin and scattering-length parts of the HD-adapted GYK

TABLE I. Thermodynamic conditions of the measured HD
samples, including temperature T, pressure p, and molecular density
n.

No. T �K� p �bar� n �nm−3�

�1� 4.53�3� 0.008�6� 29.2�2�
�2� 15.61�3� 0.05�1� 28.4�2�
�3� 10.6�1� �1.0 28.9�2�
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model are simple and do not differ from those of an ordinary
heteronuclear diatomic molecule.25 On the contrary the forth
term was found irrelevant in the present context and ne-
glected. Details of this kind of procedure, already success-
fully employed in the case of other hydrogen isotopes �i.e.,
solid parahydrogen,26 solid normal deuterium, and parahy-
drogen impurities in D2 �Ref. 27�� can be obtained in the
literature. The three aforementioned contributions were
found of modest intensity, but not negligible, both in the case
of BRISP and TOSCA-II data. The rationale behind this part
of the data correction and the various approximations in-
volved is based on the fact that the incoherent neutron scat-
tering cross section for H �
inc�H�=80.26 b� is 2 orders of
magnitude larger than its coherent counterpart �
coh�H�
=1.7568 b� and 1 order of magnitude larger than the total
�coherent plus incoherent� cross section for D �
tot�D�
=7.64 b�.28 In order to provide quantitative figures for
BRISP, we report the average percentage �over the single
scattering from H� of double scattering and D single scatter-
ing for sample �1� in the range between −10 and 25 meV at
�=7.75°: 3.4% and 9.1%, respectively. As for TOSCA-II, the
average percentages of double scattering and single D scat-
tering for sample �3� in the range between 3.5 and 50 meV in
forwardscattering are about 14.4% and 5.1%, respectively.
Concerning the H-D cross scattering, its absolute value came
out slightly lower than the D one, but due to its “distinct”
character its sign was not always positive. So in some spec-
tral parts the two terms summed up, while in other parts they
almost cancelled each other. Details about the meaning and
the origin of the various neutron scattering terms in a hetero-
nuclear diatomic molecule can be found in Ref. 29.

Once isolated the single-scattering H contribution,
I1,H�E ,��, BRISP and TOSCA-II spectra were further ana-
lyzed following two distinct guide-lines: BRISP data, exhib-
iting a broader resolution �of the order of 1.4 meV� and
lower Q-values �see Fig. 1�, were employed to test the va-

lidity of the GYK model applied to HD, which in the low-
temperature limit implies the following:

�H�E,Q� =

H

4�
exp�− 2Wv,H�Q��

� �
j�=0

�2j� + 1�j j�
2 �Q�r�H − R� ��
�E − Ej��

� Ss�Q,E� , �1�

where �H�E ,Q� is the generalized proton scattering law �ac-
tually proportional to I1,H�E ,�� once Q is taken as an appro-
priate function of E and ��, 
H is the H total scattering cross
section, exp�−2Wv,H�Q�� is the intramolecular Debye-Waller
factor16 for H, jl�x� is the l-order spherical Bessel function,

�r�H−R� � is the distance between H and the center of mass in
HD, Ss�Q ,E� is the center-of-mass self-inelastic structure
factor, and Ej� is the energy of the j� final rotational state. It
is worth reminding that, as mentioned in the introductory
section, the GYK model implies the decoupling between ro-
tons and phonons, and its applicability to solid HD is not a
consequence of its validity for �low-pressure� solid parahy-
drogen and normal deuterium since HD has a quite stronger
anisotropic interaction. So GYK has to be experimentally
tested. This has been done by fitting BRISP spectra in the
−9�E�18 meV range �where the HD spectral features are
localized� through a three-peak function obtained by sum-
ming two Gaussian profiles, G�x ,
�, and one exponentially
modified Gaussian profile,30 M�x ,
 ,��, that is,

I1,H�E,Q�E,��� = �
k=1,2

AkG�E − �k,
k�

+ A3M�E − �3,
3,�3� + B�E� , �2�

where Ak, �k, 
k, and �k are all functions of �, but this de-
pendence has been dropped for brevity. The first peak, the
most intense, represents the elastic line and corresponds to
j�=0, the second, the weakest and broadest, describes ap-
proximately the HD density of phonon states �DoPS�, and the
third is the inelastic line corresponding to j�=1. In Eq. �2� a
small linear background, B�E�, has been added to the fitting
function. As for the other symbols employed above, Ak�k
=1,2 ,3� are the peak areas, �k�k=1,2 ,3� are the energy
shifts, 
k�k=1,2 ,3� are the Gaussian components of the
standard deviations, and �3 is the decay constant of the third
peak. The reason to make use of M�x� instead of G�x� for the
j�=1 feature will be discussed in Sec. IV. At this stage it is
only important to remember that the mean value for M�E
−�3 ,
3 ,�3� is given by �3+�3, while its total standard devia-
tion is given by �
3

2+�3
2.30 Fitted area results, A1 and A3, are

plotted in Fig. 3 for samples �1� and �2� as a function of the
Q value determined by the peak mean energy and the detec-
tor angle, while the other parameters, namely, mean and total
standard deviation, are rather independent of the detector
angle so that they have been averaged and reported in Table
II. Parameters describing the second peak will not be dis-
cussed in this context since DoPS estimates can be better
obtained from TOSCA-II.
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FIG. 2. Examples of solid-HD fixed-angle spectra from BRISP
�a� and TOSCA-II �b� plotted as histograms. In panel �a� sample-�1�
spectra �as in Table I� are reported for angles of 1.01°, 7.75°, and
13.37° �bottom to top�; while in panel �b� sample-�3� spectra �as in
Table I� are reported for forwardscattering and backscattering de-
tectors �bottom to top�. In both panels curves are vertically shifted
for graphic reasons.
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TOSCA-II data, exhibiting a narrower energy resolution
�e.g., about 0.37 meV at E=14.42 meV �Ref. 18� but larger
Q-values �see Fig. 1�, were analyzed assuming as a working
hypothesis that Eq. �1� holds satisfactorily in the energy- and
momentum-transfer range of interest. So the two TOSCA-II
spectra, I1,H�E ,�F� and I1,H�E ,�B�, where �F and �B are the
forwardscattering and backscattering angles, respectively, are
interpreted in the 3�E�30 meV range according to the
following GYK equation:

I1,H�E,Q�E,��� = C exp�− 2Wv,H�Q�� �
j�=0

1

�2j� + 1�j j�
2 �QdH�

� �exp�− 2W�Q��
�E − Ej��

+ S1,s�Q,E − Ej��

+ Sm,s�Q,E − Ej��	 � Rj��E� , �3�

where C is an instrumental sample-dependent constant �dif-
ferent in the case of �F or �B�, dH=0.6664r0 is the mean
distance between the HD center of mass and the proton with
r0 being the HD effective internuclear separation �namely,
0.074118 mm �Ref. 16��, exp�−2W�Q�� is the center-of-mass

Debye-Waller factor, 
�E� is the elastic line of the center-of-
mass dynamics, S1,s�Q ,E� is the one-phonon component of
the center-of-mass self-inelastic structure factor, Sm,s�Q ,E� is
the multiphonon component of the same structure factor,
while Rj��E� describes both the experimental resolution and
the rotational broadening. In practice, two replicas of
Ss�Q ,E�, one centered in the origin of the energy scale �E0
=0� and the other shifted to the right by the quantity E1, are
present in the TOSCA-II spectra. Unfortunately the two rep-
licas do not exhibit exactly the same shape since the respec-
tive weighting functions �2j�+1�j j�

2 �QdH� are not identical,
and, moreover, the associated Q values, i.e., Q�E ,�F� and
Q�E ,�B�, are different, modifying both the Ss�Q ,E� them-
selves and the aforementioned weighting functions �as well
as the tiny intramolecular Debye-Waller factor�. In addition,
as it will be made clearer in Sec. IV, the rotational broaden-
ing comes out to be rather different in the two cases j�=0
and j�=1. For all these reasons a rigorous extraction of
Ss�Q ,E� and, from it, of S1,s�Q ,E� does not seem to be fully
achievable; however some important features of the
solid-HD DoPS could be still extracted. In the rest of the
data analysis we will consider only forwardscattering data
since they are recorded at lower Q values, and so they are
affected by smaller multiphonon components. The following
step of the data reduction is to get rid of C and exp�
−2Wv,H�Q�� and to simulate and subtract the Sm,s�Q ,E� part
of the spectra, ending with both the elastic line and the one-
phonon component, which according to GYK read as fol-
lows:

Ĩ1,H�E,Q�E,�F�� = �
j�=0

1

�2j� + 1�j j�
2 �QdH��e−2W�Q�
�E − Ej��

+ S1,s�Q,E − Ej��� � Rj��E� . �4�

To this aim we make use of independent estimates of the
mean-square displacement of the HD center of mass 
u�2�HD,
and of the HD center-of-mass mean kinetic energy 
Ek�HD.
From the former quantity the center-of-mass Debye-Waller
factor is obtained in the framework of the isotropic pseudo-
harmonic approximation,26 while both 
u�2�HD and 
Ek�HD are
indirectly used to simulate Sm,s�Q ,E�. The method implies

the construction of a preliminary model-DoPS, Z̃HD�E�,

TABLE II. Parameters from the fitting procedure of the BRISP
data operated through Eq. �2�, including: peak mean energy
�namely, �1 for the elastic line and �3+�3 for the j�=1 inelastic
peak�, square root of the total peak variance �namely, 
1 for the
elastic line and �
3

2+�3
2 for the j�=1 inelastic peak�. Only averaged

values are provided because of their independence of the detector
angle.

No.
�1

�meV�

1

�meV�
�3+�3

�meV�
�
3

2+�3
2�1/2

�meV�

�1� 0.006�1� 0.582�1� 11.38�6� 0.87�5�
�2� 0.006�1� 0.583�1� 11.36�7� 0.88�6�
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FIG. 3. Area of the rotational peaks in solid HD measured on
BRISP as a function of the corresponding momentum-transfer
value. Panel �a� shows A1, the area of the elastic line �i.e., exhibit-
ing final rotational quantum number j�=0�, while panel �b� reports
A3, the area of the rotational inelastic peak with j�=1. Full squares
stand for sample �1�, while empty circles for sample �2�, as ex-
plained in Table I.
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making use of the parahydrogen DoPS,26 whose energies are
properly scaled in order to simultaneously optimize the well-
known sum rules for 
u�2�HD and 
Ek�HD.27 The rationale of
this approach is the fact that Sm,s�Q ,E� is generally not very

sensitive to the minute details of the DoPS �as shown in Fig.
4�, but, on the contrary, seems dominated by its initial mo-
ments. Thus plugging Z̃HD�E� into the following equation
�isotropic Gaussian or pseudoharmonic approximation�:

Sm,s�Q,E� � exp�− 2W�Q��

−�

� dt

2��
e−iEt/��exp� �2Q2

2MHD



−�

� d�

�
Z̃HD����cos��t/�� coth� �

2kBT
� + i sin��t/���� − 1

−
�2Q2

2MHD



−�

� d��

��
Z̃HD�����cos���t/�� coth� ��

2kBT
� + i sin���t/���� , �5�

one obtains the desired multiphonon component. The appli-
cability of the aforementioned approximations to quantum
solids such as parahydrogen or HD is explained in details in
Refs. 24, 26, and 27, while I1,H�E ,Q�E ,�F�� and its mul-
tiphonon contributions are reported in Fig. 4. At this stage it
is worthwhile to remind that in a quantum crystal what has
been called DoPS, Z�E�, is not a simple phonon number
distribution per energy units but is given by a more complex
expression:

Z�E� =
1

6N
�
q,j

6N
EA�q, j ;E�
2����q, j�

1 − exp�− E/kBT�
1 − exp�− ���q, j�/kBT�

, �6�

where q is a phonon wave vector contained in the first Bril-
louin zone of the crystal, N the number of wave vectors
there, j labels the six phonon branches of an hcp lattice,
��q , j� is the phonon frequency, and A�q , j ;E� is the so-
called anharmonic one-phonon response function. Equation
�6� coincides with the usual DoPS in the harmonic limit as
shown in Ref. 27.

IV. RESULTS AND DISCUSSION

The parameters obtained from the fitting procedure of the
BRISP data operated according to Eq. �2� have been em-
ployed to study the validity of the GYK model in low-
pressure solid HD. Let us start from the positions of the two
peaks �namely, j=0→ j�=0 and j=0→ j�=1� reported in
Table II. These observed figures have to be compared to the
model predictions: E0=0 meV and E1=11.06 or 10.91 meV
�using isolated molecule data31 or infrared solid data,32 re-
spectively�, showing a fairly good agreement. As for the
asymmetric j=0→ j�=1 peaks, if instead of the total means
�3+�3, the spectral maxima are considered �placed between
10.9 and 11.1 meV�, then the agreement noticeably im-
proves. However, dealing with the peak widths, the situation
appears substantially different: GYK assumes, as in Eq. �1�,
resolution-limited rotational lines, which, in the present ex-
perimental configuration, exhibit an average standard devia-
tion of 0.594�8� meV �from the vanadium calibration run�.
This figure is almost compatible with that of the elastic line
�namely, 0.582�1� meV in sample �1�� but is clearly much

lower than the corresponding standard deviation of the j=0
→ j�=1 peak �i.e., 0.87�5� meV�. This proves the existence
of an intrinsic broadening of about 0.64�7� meV, which, as
we have seen in the previous section, appears to be Q inde-
pendent between 0.6 and 1.2 Å−1. In addition, from the
TOSCA-II spectra we can derive slightly lower values for
this quantity: 0.44�2� meV in forward scattering �i.e., at Q
=1.91 Å−1� and 0.39�2� meV in backscattering �i.e., at Q
=3.67 Å−1�. It is worth reminding that all the mentioned
broadening values are given as standard deviations. This rel-
evant broadening of the j=0→ j�=1 rotational line is not
observed, for instance, in the solid para-H2 spectrum,27 and
can be generically ascribed to a larger anisotropic interaction
in HD than in para-H2 but also to the fundamental difference
of the character of this rotational excitation in the two solids.
As a matter of fact, while in para-H2 this line is due to a
single molecule �localized� excitation that cannot propagate
in the solid because this would imply an orthopara transition
of the neighbor molecules, in HD the j�=1 roton is a collec-
tive excitation, which should manifest some dispersion. Our
experimental broadening values have to be compared to in-
dependent determinations, either from optical spectroscopy
or from computation. To our knowledge, no optical spectro-
scopic results are present in the literature, from which one
could derive some information on the dispersion of the j�
=1 roton. The bandwidth �full width at half maximum
�FWHM�, assuming a rectangular band shape� of this exci-
tation has been estimated to be around 2 cm−1 �i.e., 0.25
meV�.33 A larger value, namely, 0.65 meV, is quoted in Ref.
34. A more recent calculation, which takes into account an
additional term in the expansion of the intermolecular inter-
action potential but considers only rotons with wave vector
parallel to the crystallographic c axis, gives a smaller value
for this bandwidth �FWHM�, namely, 1.16 cm−1 �i.e., 0.14
meV�.35

Of particular interest is the line corresponding to the tran-
sition j=0→ j�=2, appearing in the TOSCA-II spectra at
about E�33 meV, which is quite intense in HD, in contrast
with para-H2, due to the contributions of the incoherent pro-
ton cross section to this molecular transition. Large standard
deviations are extracted from this feature, namely, 0.91�6�
meV in forward scattering and 0.95�6� meV in backscatter-
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ing, where some trace of a multiple peak structure is visible.
The same transition is not easily observed in solid para-H2
because, in this case, only the coherent neutron cross section
of the proton contributes. The width and shape of this line
represent the density of roton states for the j�=2 band. The
allowed �q=0�S0�0� transition in solid HD, observed by
means of Raman scattering, has three components, and a
FWHM of 0.764 meV.36 Rotons at q�0 contribute, in infra-
red and Raman spectra, only to combination bands, which
have not been observed so clearly in solid HD �Refs. 32 and
37� as in solid para-H2.38–40 Concerning the width of this
band, our determination �i.e., FWHM�2.77 meV� is similar
to the ones found by optical spectroscopy both for HD
�FWHM=2.36 and 2.51 meV, respectively, from Refs. 32
and 37� and for para-H2 �FWHM=2.43, 2.51, and 2.15 meV
from Refs. 38–40�� as shown in Fig. 5. This confirms that
also in solid HD the j�=2 roton band is mainly broadened by
the quadrupole-quadrupole interaction,41 which is almost the
same for HD as for para-H2.

A more extensive test of the GYK model can be operated
on the BRISP experimental data making use of the fitted
peak intensities, A1�Q� and A3�Q� �as in Eq. �2��. These
quantities, reported in Fig. 3 for both samples �1� and �2�,
have to be compared to the following GYK predictions:

A1�Q� = D exp�− BQ2�j0
2�QdH� ,

A3�Q� = 3D exp�− BQ2�j1
2�QdH� , �7�

where D and B, which are free parameters to be optimized,
represent the overall instrumental scaling constant and the
one-dimensional H mean-square displacement, respectively.
The agreement between experimental data and GYK predic-
tions is very satisfactory for both samples �exhibiting a re-
duced �2 equal to 0.91 and 0.64, respectively� and proves

that the GYK model is substantially able to describe the
inelastic neutron scattering from low-pressure solid HD in
the present �Q–E� range. The sample-�1� case is reported in
Fig. 6. From the optimal value of the B parameter, if the
isotropic pseudoharmonic approximation is employed, it is
possible to extract an estimate of the HD center-of-mass
mean-square displacement: 
u�2�HD=0.27�3� and 0.33�2� Å2,
respectively for samples �1� and �2�. Naturally it is not
enough to assess the good fit quality since it is also important
to verify if these mean-square displacement estimates are
realistic and sound. An analogous figure can be derived from
the TOSCA-II data by comparing the areas of the j=0→ j�
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=1 inelastic peaks in the forwardscattering and backscatter-
ing banks. After carefully taking into account the detector
efficiency �see Ref. 27 for details�, the following value has
been obtained for sample �3�: 
u�2�HD=0.32�2� Å2. This
quantity concerns an HD sample whose density and tempera-
ture are actually in between those of samples �1� and �2�,
and, understandably, 
u�2�HD turns out to be intermediate be-
tween the two previous estimates despite the large statistical
uncertainty of all these data. Thus this last finding might be
also meant as an indirect proof of the GYK validity in a
wider Q range, namely, 1.91�Q�3.67 Å−1, even though a
single point-test has a limited reliability. We will further dis-
cuss TOSCA-II data at the end of the present section.

In order to gain a better understanding of the center-of-
mass mean-square displacement in solid HD, simulations are
accomplished for HD at the same thermodynamic conditions
of samples �2� and �3�, making use of the PIMC technique.
The choice of these thermodynamic conditions is motivated
by the well-known advantage of doing PIMC calculation on
systems at temperatures not too low if compared to their
Debye temperatures. The crystallographic structure of the
simulated samples is chosen according to the actual experi-
mental situation �namely, an hcp structure with ideal c /a
=1.633�. Among the various outputs obtainable from a PIMC
simulation, mainly the radial pair-correlation function, g�r�,
and the mean kinetic energy, 
Ek�HD, will be taken into ac-
count and discussed in the following. An NVT �i.e.,
isochoric-isothermal� PIMC code is employed, setting the
molecular number density, n=N /V, and temperature, T, to
values identical to the experimental ones. Simulations are
carried out using the semiempirical isotropic pair potential
derived by Silvera and Goldman,42 and still considered one
of the most reliable for hydrogen isotopes �i.e., H2, HD, and
D2� in low-temperature condensed phases. The PIMC algo-
rithm is accomplished by extending the number of mono-
mers �the so-called Trotter number, P� of N=384 ring poly-
mers, which in the PIMC isomorphism43 represent the
quantum particles of HD, from P=16 to P=50. However,
only small differences, mainly at short distance, are observed
between these two results in the g�r�. Thus the P=16 calcu-
lation is subsequently carried in a larger box �N=3072� in
order to evaluate the long-range part of the radial pair-
correlation function, namely, from r=11 to 22 Å, while the
first part �r�11 Å� is obtained from the slightly more accu-
rate P=50 simulation. The final PIMC result for the radial
pair-correlation function is plotted at large values of r in Fig.
7 for samples �2� and �3�. Another important physical quan-
tity derived from simulations is 
Ek�HD, which turned out
�after a P→� extrapolation� to be 66.22�4� and 67.1�1� K,
respectively, for samples �2� and �3�. It is worth recalling
here that this code has been already successfully employed in
a large number of simulations, for example, on solid H2,44

liquid and solid D2,45,46 and H2 impurities in solid D2.27 The
extraction of the HD mean-square displacement can be more
easily obtained through a comparison of the PIMC g�r� to a
simple numerical uncorrelated calculation than by a direct
evaluation of mean-square displacement.47 In the uncorre-
lated calculation, the pair-correlation function is worked out
from an ideal hcp lattice where the HD centers of mass are
distributed around their equilibrium positions according to a

three-dimensional isotropic Gaussian function, totally ne-
glecting the behavior of the neighbor molecules. Assuming
lattice constants identical to the PIMC ones, one ends up
with a single free parameter, namely, the mean-square dis-
placement of a molecule from its equilibrium position. De-
spite the great simplicity of this uncorrelated model, we ex-
pect that it becomes progressively more and more realistic as
the molecule-molecule correlation decreases with the dis-
tance. Thus, neglecting, for example, the first three shells of
neighbors, it is possible to estimate the value of 
u�2�HD that is
the one which maximizes the agreement between PIMC data
and the uncorrelated model. The calculated mean-square dis-
placement value turns out to be �after a P→� extrapolation�:

u�2�HD=0.42�3� and 0.38�1� Å2, respectively, for samples
�2� and �3�. The quality of the agreements is clearly visible in
Fig. 7, where the uncorrelated model appears able to repro-
duce the simulated pattern in a satisfactory way. Further de-
tails about the center-of-mass mean-square displacement
evaluation can be found in Ref. 46. The agreement between
the PIMC estimates of the HD mean-square displacement
and the experimental ones from BRISP and TOSCA data
turns out to be only fair with a discrepancy �including both
the experimental and simulation uncertainties� of about 14%
and 11%, respectively, for samples �2� and �3�. This is clearly
in contrast with our findings in the mentioned cases of solid
parahydrogen and deuterium, where the two methods yielded
fully compatible values of mean-square displacement. This
discrepancy could be related to a possible inaccuracy of the
generalized Young and Koppel model when applied to HD.
In particular, as we will see later in the present discussion,
one could consider that the interplay between lattice phonons
and the first rotational peak affects the 
u�2�HD evaluation too.
However, this explanation seems more plausible in the case
of TOSCA-II data, where only the j=0→ j�=1 rotational
transition is used, than in the case of BRISP, where the very
intense elastic line plays an important role in the mean-
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FIG. 7. Radial pair distribution functions r�g�r�−1� derived
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quantities �lines� obtained through a simple uncorrelated lattice cal-
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square displacement determination. So at the present stage
there is no fully convincing mechanism for our 11–14 %
underestimation of 
u�2�HD.

In the last part of this section we aim to discuss the
TOSCA-II results concerning the solid HD DoPS. As we
have observed in Sec. III, a complete and straightforward
extraction of this distribution, Z�E�, from the present experi-
mental data is not possible because of the overlap among the
relatively broad purely rotational transition j=0→ j�=1 and
the two Z�E� replicas �one starting in the origin and the other
shifted by the aforementioned rotational jump�. However,
one can try to derive a semiexperimental DoPS through this
simple procedure:

�1� Constructing a DoPS through the following relation-
ship applied to the first replica �3.5 meV�E�9.5 meV�:

Z��E�� = exp�2W�Q��
2MHD

�2Q2 ES1,s�Q,E��1 − exp�− E/kBT�� ,

�8�

and completing the missing parts with a Debye-like onset
and a long-tail high-energy decay;48

�2� Evaluating the reconstructed one-phonon component
of the neutron spectrum �in the framework of the usual iso-
tropic pseudoharmonic approximation� through a combined
use of Eq. �4� and the reverse of Eq. �8�;

�3� Comparing this reconstructed quantity to the corre-
sponding experimental one derived from the forwardscatter-
ing TOSCA-II data �reported in Fig. 4�.

A reasonable, although still qualitative, agreement be-
tween calculated and measured spectra is obtained, and is
visible in Fig. 8. Obviously the first replica is perfectly re-
constructed, while the second is too narrow and not intense

enough. Numerically this is not surprising, since the Z�E�
DoPS �also shown in Fig. 8� exhibits an area of �0.68	0.04�
�instead of 1.00�. This is also evident by comparing Z�E� to
the preliminary model-DoPS, Z̃HD�E� �used to subtract the
multiphonon component�, whose area was rigorously set to
the unity. The two low-energy parts of the DoPSs look very
similar, while Z�E� decreases faster than Z̃HD�E� after the
main peak. The existence of a �32	4�% missing intensity in
the experimental estimate of the DoPS is not at all to be
ascribed to possible inaccuracies in the present data treat-
ment; on the contrary, it is a clear experimental proof of the
interplay between phonons and rotons in the HD lattice. As a
matter of fact, this phenomenon has been theoretically fore-
seen by Zaidi41 almost forty years ago using propagator tech-
niques. The present scenario was clearly described by this
author under the label “phonon density of states as a function
of the frequency with roton resonance near the end of the
Debye cutoff” �see Fig. 2 of Ref. 41�. Unfortunately the use
of a rather unrealistic model of DoPS �strictly of the Debye’s
type� makes a quantitative comparison between our findings
and his predictions very difficult. However, from the afore-
mentioned figure it is possible to verify that the qualitative
behavior of the resonance between phonons and rotons is just
moving intensity out of the unperturbed DoPS domain, sub-
stantially reducing its effective area. Thus the hybridization
between phonon and roton states is, in our opinion, the cause
of the presence of a dip in most of the spectroscopic obser-
vation, from combination bands, of the solid HD phonon
band. The position of this dip, calculated from the band ori-
gin, coincides with the position of the roton excitation. In
addition, the hybridization of roton states has been also ob-
served in HD adsorbed on Vycor glass.49 The mentioned dip
appeared first in the infrared S0�0� sideband measured by
Trefler et al.50 and is also observed in the Q1�0� Raman
sideband,37 but it is almost absent in the U0�0� phonon
sideband51 �see Fig. 9�. The last spectrum is actually quite
similar to the truncated neutron-measured DoPS associated
to the j=0→ j�=1 transition, which hardly shows any signs
of phonon-roton resonance. Phonon spectra of molecular
crystals derived from optical spectroscopic data stem from
the observation of spectral features due to double transitions,
where a q=0 combination of a q�0-lattice phonon with a
molecular excitation is observed. The phonon sideband of an
allowed or forbidden intramolecular transition mimics the
one-phonon density of states but often contains contributions
from two �or more� phonon bands, which are weighted by
suitable anharmonic coupling elements in the expansion of
the potential energy in terms of the normal coordinates. In
this sense a qualitative agreement of our determination of the
DoPS with optical spectroscopic data should be considered
more than satisfactory. In view of these considerations, the
really good match of the U0�0� sideband with the DoPS
might be considered fortuitous. However we believe that, in
this case, the good agreement is due to the lack of other
coupling mechanisms between the j�=4 state and the mul-
tiphonon terms.

V. CONCLUSIONS

In the present paper we have measured incoherent inelas-
tic neutron scattering from solid low-pressure hydrogen deu-
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teride at three different temperatures �ranging between 4.5
and 15.6 K� using the time-of-flight neutron spectrometers
BRISP and TOSCA-II. The measured double-differential
cross sections have provided experimental access, through an
elaborated data analysis, to the H contribution of the HD
self-inelastic structure factor. In order to achieve this aim,
measured data were corrected for the typical experimental
effects �i.e., self-shielding and multiple scattering� and sub-
tracted of the deuterium and the cross H-D unwanted signals.
Subsequently BRISP spectra were used to test the applicabil-
ity of the generalized Young and Koppel model to solid HD.
This model has been found to be fully satisfactory in the
energy-transfer–momentum-transfer range: 0�E�12 meV,
0.2�Q�1.2 Å−1, providing, in addition, experimental esti-
mates of the mean-square displacement of the HD centers of
mass. However an exceptional intrinsic broadening of the
first two rotational peaks has been verified from data from
both spectrometers, quite in contrast with the elastic line,
which was observed to be resolution limited. The HD mean-

square displacement was also determined from the
TOSCA-II spectra, where, assuming this time the general-
ized Young and Koppel model to hold, the contributions
coming from the purely rotational dynamics were separate
from those connected to the HD center-of-mass dynamics. In
addition, introducing also the isotropic pseudoharmonic ap-
proximation for the low-energy TOSCA-II spectral range
�i.e., 3�E�30 meV�, aiming to relate the HD incoherent
scattering law to the density of phonon states, we were able
to evaluate �and then to remove� the undesired multiphonon
contribution through an accurate procedure. However, due to
the overlap among various spectral components, namely, the
broad purely rotational line and two replicas of the density of
phonon state, a rigorous extraction of the latter distribution
was not possible, differently from the cases of solid bulk
parahydrogen and parahydrogen defects in solid deuterium.
Nevertheless an attempt to work out a semiexperimental den-
sity of phonon states was accomplished, yielding reasonable
results but also showing a relevant intensity deficit in the
high frequency part. This fact was not at all unexpected and
was interpreted as an effect of the phonon-roton resonance in
solid hydrogen deuteride. Finally, two Bose-corrected mo-
ments of this phonon spectral function, related to important
physical quantities concerning the molecular center-of-mass
dynamics �namely, mean-square displacement and mean ki-
netic energy�, were simulated through a path integral Monte
Carlo code. The former quantity was compared to the afore-
mentioned experimental estimates, representing an additional
check of our detailed data analysis, but provided only a fair
agreement, probably still due to the mentioned phonon-roton
resonance.
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