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The complete isotope effect and quantum paraelectricity in hydrogen-bonded crystals of the K3H�SO4�2

group are usually attributed to the proton tunneling and geometric isotope effect. However, a mechanism of the
quantum effects is not unambiguously determined because neutron-scattering experiments indicate different
forms of hydrogen-bond proton potential. The quantum effects and contradictory experimental results are
accounted for by the model where the proton potential is strongly affected by a low-frequency heavy-atom
mode.
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The H-bonded crystals of K3H�SO4�2 �KHS� group are of
great technological and theoretic interest because they ex-
hibit the superprotonic conductivity at high temperatures1

and the intriguing quantum effects at low temperatures.2,3

Several KHS crystals show a complete H/D isotope effect,
which means that they undergo a low-temperature antiferro-
electric phase transition in the deuterated, but not in proto-
nated form. Also, the absence of phase transition is usually
ascribed to the quantum paraelectric state of protonated crys-
tals, in which quantum fluctuations of atoms suppress the
phase transition. Similar effects were observed in the more
widely investigated material SrTiO3, which is a quantum
paraelectric in its natural form and a ferroelectric in the
18O-enriched form.4,5 However, while the ferroelectricity in-
duced by 16O / 18O substitution in SrTiO3 is simply attributed
to the suppression of zero-point energy by the mass increase
of O atoms,6 the mechanism of quantum effects in KHS crys-
tals is not so straightforward. To elucidate this mechanism, as
well as the mechanism of proton conductivity, the essential
step is to determine the proton potential in H bond. However,
the neutron-scattering experiments, which are the best meth-
ods for providing this information, give controversial
results.2,7,8 The strong low-energy peaks observed in the in-
elastic neutron-scattering spectra of KHS and Rb3H�SO4�2
�RHS� were ascribed to the proton-tunneling splitting in
double-well H-bond potential,7 which supports the proton-
tunneling mechanism of quantum effects.3 Also, the neutron-
diffraction data for K3H�SeO4�2 �KHSe� imply that the pro-
ton is disordered over two positions along the H bond above
the critical temperature Tc, which indicates a double-well
proton potential.8 However, the double-well potential that re-
produces the inelastic neutron-scattering spectra of RHS is

too wide to reproduce the proton momentum distribution in
RHS measured by the neutron Compton scattering, which
corresponds to the ground-state momentum distribution of
proton in a single-well potential.2 On the other hand, the
double Morse potential that approximates well this single-
well potential shows some inconsistencies with experimental
data.2 It is so narrow that we can hardly explain the fact that
the proton position distribution in KHSe is two-peaked.
Additionally, the proton excitation energies in this potential
��100 meV� are much higher than the energies of strong
peaks in inelastic neutron-scattering spectra ��5 meV�. Fi-
nally, this potential implies that the H-bond length R �O-O
distance� has the value 2.4 Å in RHS, while the diffraction
data8–11 imply quite longer H bonds in KHS crystals �see
Table I�. In the present Brief Report, we provide an explana-
tion of the quantum effects and contradictory results in KHS
crystals by employing a simple model, which uses the idea12

that the H-bond potential in a local dimer is strongly affected
by a vibrational mode of heavy atoms.

In the concept of quantum temperature, the effect of quan-
tum fluctuations are taken into account by replacement of the
temperature T by a quantum temperature TQ=Ts coth�Ts /T�
with the saturation temperature Ts.

13 Thus, a ferroelectric
system susceptibility follows the Barrett law4 rather than the
classical Curie-Weiss law and Tc decreases from a classical
critical temperature T0 to Ts / tanh−1�Ts /T0�. The small effect
of quantum fluctuations in a classical ferroelectric regime
Ts�T0 /2 becomes significant in a quantum ferroelectric re-
gime T0 /2�Ts�T0; finally, the phase transition is sup-
pressed in the quantum paraelectric regime Ts�T0. Since the
susceptibility of many quantum paraelectrics follows the
Barrett law, the concept of quantum temperature has a strong

TABLE I. Experimental values in protonated �H� and deuterated �D� KHS crystals for the critical tem-
perature Tc, the temperature T1 corresponding to excitation energy in calorimetric measurements and inelastic
neutron-scattering spectra �in parentheses�, and the hydrogen-bond length R near Tc �or 0 K if the phase
transition is absent�.

Crystal TcH �K� TcD �K� T1H �K� RH �Å� RD �Å�

KHSe 21 105 52�−� 2.495 2.533

RHSe no 92 53 �58� 2.473 2.518

KHS no 84 −�82� 2.468 2.498

RHS no 71 62 �63� 2.465 2.505
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experimental support.4–6,13–15 The theoretical considerations
show that T0 mainly depends on �anti�ferroelectric interac-
tion between elementary dipoles and that T1=2Ts corre-
sponds to an excitation energy of the dipole.13,14 In the order-
disorder �anti�ferroelectrics, the dipole is subjected to a local
double-well potential and T1=� /k, where � is the quantum-
tunneling energy splitting. In the displacive �anti�ferroelec-
trics, the dipole is an anharmonic oscillator and T1=��0 /k,
where �0 is renormalized frequency. The mass change of
atoms upon isotope substitution generally affects the excita-
tion energy of elementary dipole more than the interaction
energy between the dipoles, so that Ts is expected to be more
sensitive than T0 to isotope exchange. This expectation is
confirmed in the 18O-enriched SrTiO3, where Ts decreases
with increasing 18O exchange rate, while T0 remains
constant.6 Similarly, the H/D isotope effect in H-bonded �an-
ti�ferroelectrics was ascribed to the isotope-dependent Ts that
corresponds to the tunneling energy of proton �deuteron� in a
double-well H-bond potential.3 Both the tunneling energy
and Ts increase upon D/H replacement due to the mass de-
crease, which explains why the phase transition has lower Tc
or is absent in the protonated crystal. However, recent ex-
perimental results for ferroelectric KH2PO4 �KDP�, whose Tc
strongly increases upon H/D substitution, contradict this
mechanism.14,16 They indicate a low value of Ts compared
with the proton-tunneling energy � /k and Tc, which suggests
that Ts does not correspond to the proton-tunneling energy
and does not cause the isotope effect. These unexpected re-
sults have been explained by a simple model where the tun-
neling protons in H bonds interact with the dipoles produced
on neighboring PO4 groups,17 using the idea that the excita-
tion energy of dipole is much lower than �, so that the pro-
tons adiabatically follow changes of the dipoles.18 Here, a
similar mechanism is applied for the KHS crystals.

The KHS crystals contain a 0D network of H bonds,
which link two SO4�SeO4� tetrahedra into isolated dimers.19

The room-temperature symmetry is the same for all crystals,
except for Cs3H�SeO4�2 which is not considered here. The
deuterated crystals undergo antiferroelectric phase transition
at 71–105 K, and a large effect of D/H replacement is mani-
fested by both the small value of Tc in KHSe and the absence
of phase transition in RHSe, KHS, and RHS �Table I�.8,19

The calorimetric measurements indicate a classical order-
disorder type of phase transition in the deuterated crystals
and an excess heat capacity at low temperatures in the pro-
tonated crystals.3,20–22 The excess heat capacity was attrib-
uted to the excitation energy kT1 responsible for the quantum
paraelectricity and the estimated values20–22 of T1 correspond
well with the positions of strong low-energy peaks in inelas-
tic neutron-scattering spectra7,12 �Table I�. The energy kT1 is
ascribed to the proton-tunneling energy � in the proton-
tunneling mechanism of complete isotope effect, where a
high value of � in protonated crystal causes the quantum
paraelectric state T1�2T0, while a reduced value of � in
deuterated crystal causes the classical order-disorder phase
transition T1�T0�Tc.

3,20 However, the neutron Compton
scattering data indicate a single-well H-bond potential in
RHS,2 which supports an alternative mechanism where a
single-well H-bond potential in protonated crystal prevents
the phase transition, while a double-well potential in deuter-

ated crystal, resulting from the increase in R �geometric iso-
tope effect�, promotes the phase transition.9 The double
Morse potential that approximates well the H-bond potential
from neutron Compton scattering study has the parameters
D /k=3.39�104 K, a=1.96 Å−1, and r0=0.9 Å,2 which are
used here to construct a simple proton model for KHS crys-
tals. In this model, the proton moving along the H bond has
the Hamiltonian Hp= p2 /2m+VDM�x�, where m is the proton
mass, x is its displacement from the H-bond center, p is its
momentum, and the double Morse potential is

VDM�x� = 2D�e−2z cosh 2ax − 2e−z cosh ax� �1�

with z=a�R /2−r0�. To apply the model for KHSe and
K3D�SeO4�2 �DKHSe�, the experimental values of R are used
�Table I� and the energies Ei and wave functions �i�x� of Hp
are calculated. The calculated excitation energies �x /k
= �E1−E0� /k of the proton in KHSe �1230 K� and the deu-
teron in DKHSe �640 K� �Fig. 1�a�� are much higher than the
measured T1 �Table I�. Also, their ground-state position dis-
tributions f0�x�= ��0�x��2 are single-peaked �Fig. 1�a��, while

FIG. 1. �a� The energy levels of proton and deuteron �dashed
lines� and their ground-state distributions f0�x� �thick dashed lines�
in the double Morse potentials VDM�x� �full lines� of KHSe and
DKHSe. The distributions f�x� of proton and deuteron at Tc in the
dipole model are shown by thick full lines. �b� The energy levels of
dipole �dashed lines� and its distributions at Tcf�u� �thick full lines�
in the potentials Vd�u� �full lines� of KHSe and DKHSe in the
dipole model.
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the experimental distributions near above Tc show two peaks
separated by �=0.32 Å in KHSe and �=0.55 Å in DKHSe.8

Because other protonated and deuterated KHS crystals have
shorter H bonds than KHSe and DKHSe, respectively, they
have higher �x and narrower f0�x�, which implies that the
model cannot explain properties of the KHS crystals.

To improve the model, a coupling between the proton and
a dipole moment 	 produced by a vibrational mode of dimer
is introduced.12 In the simplest case, the dipole is harmonic
oscillator coupled through the bilinear term −K	x to the pro-
ton displacement, where K is the dipole-proton coupling con-
stant. Defining the dimensionless variable proportional to the
dipole moment u=K	 /2Da, where D and a are the param-
eters of VDM�x� from Eq. �1�, the dimer Hamiltonian can be
put in the form

H = P2/2M + p2/2m + M
0
2u2/2 − 2Daux + VDM�x� . �2�

Here, P is the momentum corresponding to u, M
0
2 is the

elastic constant, and �
0 is the bare excitation energy of
dipole. As in the case of KDP, it is assumed that �
0��x
holds and that the proton adiabatically follows the
dipole.17,18,23 In this approximation, the dipole Hamiltonian
at temperatures of interest �kT��x� is

Hd = P2/2M + Vd�u� , �3�

where Vd�u�=M
0
2u2 /2+E0�u� is the effective dipole poten-

tial and E0�u� is the ground-adiabatic-state energy of proton
obtained from the equation

�Hp − 2Daux��0�x;u� = E0�u��0�x;u� . �4�

Now, a simple dipole model is constructed, where a dipole-
dipole interaction between the dimers produces antiferreo-
electric phase transition, so that the effective single-dipole
Hamiltonian in the mean-field approximation is He=Hd
−J�u	u, where J is the effective dipole-dipole interaction
constant. The dipole model is applied for KHSe and DKHSe
by calculating E0�u� and the wave functions �0�x ;u� from
Eq. �4� for the experimental values of R �Table I�. To obtain
Tc and the proton distribution f�x�= f�u���0�x ;u��2 at Tc for
various values of the parameters M
0

2, �
0, and J in the
mean-field approximation,24 the energies �i and wave func-
tions i�u� of Hd Eq. �3� are calculated, together with the
dipole distribution at Tc given by f�u�=
ipi�i�u��2, where
pi=e−�i/kTc /
 je

−�j/kTc. For the obtained results to reproduce
Tc=105 K and �=0.55 Å in DKHSe and Tc=21 K in
KHSe,8 the model parameters are uniquely determined to be
M
0

2 /k=3.94�105 K, �
0 /k=446 K, and J /k=1.24
�104 K. The parameter �
0 /k is lower than �x /k of proton
in KHSe �1230 K� and deuteron in DKHSe �640 K�, which
justifies the applied adiabatic approximation. The results
show that Vd�u� has two wells and that f�u� has two peaks in
both crystals �Fig. 1�b��. The excitation energy �u=�1−�0
corresponds to the dipole-tunneling energy. Its value in
KHSe �u /k=72 K is close to the estimated T1 �Table I� and
its small value in DKHSe �u /k=6 K supports the classical
order-disorder phase transition. The calculated f�x� also have
two peaks �Fig. 1�a��. They are separated by �=0.55 Å in
DKHSe, as required, and by �=0.33 Å in KHSe, which is
close to the experimental value �=0.32 Å.8

The model is applied to other KHS crystals by keeping
constant the adjusted parameters and calculating Tc, �u /2k,
and T0 �the critical temperature for classical dipoles in the
mean-field approximation� as a function of R �Fig. 2�. The
Tc-R and T0-R dependencies predict the absence of phase
transition and the quantum paraelectric regime �T0�0 K� in
the protonated crystals. Also, they reproduce well the mea-
sured Tc in the deuterated crystals and their classical regime
T0�Tc. The order-disorder regime is also reproduced be-
cause the calculated potentials Vd�u� keep a double-well
form. The dipole-excitation energy �u, which controls the
degree of quantum behavior, has sufficiently high values in
protonated crystals ��u /2k�T0� to produce the quantum
paraelectric state and sufficiently low values in deuterated
ones ��u /k�T0� for the classical phase transitions �Fig. 2�.
Its value in protonated crystals �u /k�130 K is about twice
higher than the experimental T1 �Table I�. The complete iso-
tope effect is combined effect of the higher �u and the lower
T0 in protonated systems �Fig. 2�, which is caused by the
mass effect �H having the lower mass than D� and the geo-
metric effect �the lower R in protonated crystal� on the
ground-adiabatic-state energy. This mechanism contrasts
with the proton-tunneling mechanism, where the proton-
tunneling energy �x controls quantum behavior and the in-
crease in �x upon D/H replacement causes the complete iso-
tope effect.3 The geometric effect contributes more than the
mass effect to the changes in �u and T0 between the proto-
nated and deuterated systems, which is consistent with the
alternative mechanism of complete isotope effect.9 However,
this mechanism assumes that the phase transition is absent in
KHS because the H-bond potential has a single well below
the critical H-bond length rc=2.473 Å, where the transfor-
mation from the double- to the single-peaked proton position
distribution was observed.9 Here, f�x� for protonated crystal
at T=0 K transforms at nearly same rc=2.476 Å, while the

FIG. 2. The dependencies of the critical temperature Tc �full
line�, the critical temperature for classical dipoles T0 �dotted line�,
and the temperature corresponding to the half of dipole-excitation
energy �u /2k �dashed line� on the hydrogen-bond length R of the
protonated �h� and deuterated �d� systems in the dipole model. The
full and open circles represent the experimental R and Tc from
Table I for protonated and deuterated crystals, respectively, where
Tc=0 K is taken if the phase transition is absent.
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H-bond potential VDM�x� transforms from the single- to the
double-well potential at much higher R=2.51 Å,2 which is
the result of strong dipole-proton coupling. Finally, a strong
effect of the dipole mode on the proton momentum distribu-
tion n�p� can explain why R=2.4 Å from the neutron Comp-
ton scattering study on RHS �Ref. 2� is lower than R
=2.465 Å estimated from diffraction experiments.11 To illus-
trate this, the ground-state momentum distribution of proton
in the potential VDM�x� with R=2.4 Å was calculated, cor-
responding to the measured n�p� in neutron Compton scat-
tering study. It was found that �=4.18 Å−1, where �2= �p2	.
On the other hand, n�p� in the model is given by the ground-
state momentum distribution n�p ,u� of proton in the poten-
tial VDM�x�−2Daux integrated over f�u�. This distribution
has the same � value for higher R=2.43 Å and only slightly
lower value �=4.13 Å−1 for R=2.465 Å. This indicates that
the underestimated R in neutron Compton scattering study is
the result of neglected dipole-proton coupling.

In summary, the assumed double-well H-bond potential in
KHS crystals3,7 cannot explain the wide proton momentum
distribution from the neutron Compton scattering study on
RHS,2 while the potential from this study cannot explain the

two-peaked proton position distributions8 and the low exci-
tation energies that control quantum behavior of the
crystals.7,12,20–22 This inconsistency indicates that the proton
does not reside in a well-defined single-particle potential, but
rather in a potential that is strongly affected by a local vibra-
tional mode.12 In the presented model, the proton residing in
the potential obtained from neutron Compton scattering
study couples strongly to the dipole produced by a low-
frequency mode of dimer and the dimers interact with the
dipole-dipole interaction. This leads to the mechanism of
quantum effects similar to that in KDP.17,18,23 The measured
low-energy excitations correspond to those of dipole in the
effective potential determined by the ground-adiabatic-state
energy of proton. The isotope effect is caused by different
effective potentials in protonated and deuterated crystals due
to the mass effect and the geometric effect. Also, the model
reproduces the measured proton position and momentum dis-
tributions for the experimental H-bond lengths.
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