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For small-enough quantum systems numerical exact and complete diagonalization of the Hamiltonian en-
ables one to evaluate and discuss all static, dynamic, and thermodynamic properties. In this article we consider
Heisenberg spin systems and extend the range of applicability of the exact diagonalization method by showing
how the irreducible tensor operator technique can be combined with an unrestricted use of general point-group
symmetries. We also present ideas on how to use spin-rotational and point-group symmetries in order to obtain
approximate spectra.
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I. INTRODUCTION

The knowledge of energy spectra of small magnetic sys-
tems such as magnetic molecules is indispensable for the
�complete� understanding of their spectroscopic, dynamic,
and thermodynamic properties. In this respect numerical ex-
act diagonalization of the appropriate quantum Hamiltonian
is a highly desired method. Nevertheless, such an attempt is
very often severely restricted due to the huge dimension of
the underlying Hilbert space. For a magnetic system of N
spins of spin quantum number s the dimension is �2s+1�N

which grows exponentially with N. Group theoretical meth-
ods can help to ease this numerical problem. A further benefit
is given by the characterization of the obtained energy levels
by quantum numbers and classification according to irreduc-
ible representations.

Along these lines much effort has been put into the devel-
opment of an efficient numerical diagonalization technique
of the Heisenberg model using irreducible tensor operators,
i.e., employing the full rotational symmetry of angular
momenta.1–6 A combination of this meanwhile well-
established technique with point-group symmetries is not
very common since a rearrangement of spins due to point-
group operations easily leads to complicated basis transfor-
mations between different coupling schemes. A possible
compromise is to use only part of the spin-rotational symme-
try �namely, rotations about the z axis� together with point-
group symmetries7 or to expand all basis states in terms of
simpler product states.8–10 To the best of our knowledge only
few attempts have been undertaken to combine the full spin-
rotational symmetry with point-group symmetries.
Waldmann11 combined the full spin-rotational symmetry
with those point-group symmetries that are compatible with
the spin coupling scheme, i.e., avoid complicated basis trans-
forms between different coupling schemes. Especially low-
symmetry groups such as D2 are often applicable since the
coupling scheme can be organized accordingly; compare
Ref. 12 for an early investigation. Bostrem et al.13 and

Sinitsyn et al.14 followed a similar route for the square lattice
antiferromagnet by employing D4 point-group symmetry.
This already establishes a very powerful numerical method.

In this article we show how the irreducible tensor operator
technique can be combined with an unrestricted use of gen-
eral point-group symmetries. The problem, that the applica-
tion of point-group operations leads to states belonging to a
basis characterized by a different coupling scheme whose
representation in the original basis is not �easily� known, can
be solved by means of graph theoretical methods that have
been developed in another context.15,16 We discuss how these
methods can be implemented and present results for numeri-
cal exact diagonalizations of Heisenberg spin systems of un-
precedented size.

Having these methods developed we also discuss ideas of
approximately obtaining energy spectra of so-called bipar-
tite, i.e., nonfrustrated, antiferromagnetic spin systems. The
idea is to perform numerical diagonalizations in the orthogo-
nal Hilbert subspaces characterized by spin and point-group
quantum numbers using only a restricted but carefully cho-
sen basis subset. We demonstrate how this idea works for
archetypical spin systems such as bipartite or slightly frus-
trated spin rings. The advantage compared to alternative ap-
proximate methods such as density matrix renormalization
group17–19 �DMRG�, Lanczos,20 or quantum Monte
Carlo21–23 �QMC� techniques is that one obtains many en-
ergy levels together with their spectroscopic classification
which can be of great use for the discussion of electron para-
magnetic resonance �EPR�, nuclear magnetic resonance
�NMR�, or inelastic neutron scattering �INS� spectra. In this
respect our idea can provide a valuable complement to the
already established approximate methods.

The article is organized as follows. In Sec. II we explain
the idea of a combined usage of spin-rotational and point-
group symmetries. Section III provides examples for full di-
agonalization studies. Our approximate diagonalization
scheme is introduced in Sec. IV, whereas Sec. V provides
example calculations on bipartite systems. The paper closes
with a summary.
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II. THEORETICAL METHOD

A. Irreducible tensor operator approach

The physics of many magnetic molecules can be well un-
derstood with the help of the isotropic Heisenberg model
with nearest-neighbor coupling. The action of an external
magnetic field is accounted for by an additional Zeeman
term. The resulting Hamiltonian then looks like

H> = − �
i,j

Jijs>�i� · s>�j� + g�BS> · B� . �1�

The sum reflects the exchange interaction between single
spins given by spin operators s> at sites i and j. For the sake
of simplicity we assume a common isotropic g tensor. Then
the Zeeman term couples the total-spin operator S> =�i=1

N s>�i�
to the external magnetic field B� . A negative value of Jij refers
to an antiferromagnetic coupling.

For the following discussion an antiferromagnetic nearest-
neighbor exchange coupling of constant value J�0 is as-
sumed �which can easily be generalized�, then the Heisen-
berg part can be written as

H> Heisenberg = − J�
�i,j�

s>�i� · s>�j� , �2�

where the summation parameter �i , j� indicates the summa-
tion running over nearest-neighbor spins counting each pair
only once. Since the commutation relations,

�H> Heisenberg,S> � = 0, �3�

hold it is possible to find a common eigenbasis �	��
 of
H> Heisenberg, S> 2, and S> z. We denote the corresponding eigenval-
ues as E�, S�, and M�. Due to spin-rotational symmetry �Eq.
�3��, the eigenvalues of Hamiltonian �1� can be evaluated
�later� according to

E��B� = E� + g�BBM�, �4�

where the direction of the external field B� defines the z axis.
Calculating the eigenvalues here corresponds to finding a

matrix representation of the Hamiltonian and diagonalizing it
numerically. A very efficient and elegant way of finding the
matrix elements of Eq. �2� is based on the use of irreducible
tensor operators. Apart from its elegance it drastically re-
duces the dimensionality of the problem because it becomes
possible to work directly within the subspace H�S ,M =S� of
the total Hilbert space H characterized by quantum numbers
S and M =S; for typical dimensions compare, for instance,
Ref. 24.

The calculation of matrix elements of the given Hamil-
tonian using irreducible tensor operators is compulsorily re-
lated to the application of the Wigner-Eckart theorem. The
Wigner-Eckart theorem

��SM	T> q
�k�	��S�M�� = �− 1�S−M��S		T> �k�		��S��

�� S k S�

− M q M�
� �5�

states that a matrix element of the qth component of an irre-
ducible tensor operator T> �k� of rank k is given by the reduced

matrix element ��S		T> �k�		��S�� and a factor containing a
Wigner-3J symbol.25

It should be emphasized that the reduced matrix element
is completely independent of any magnetic quantum number
M. The basis in Eq. �5� is given following the well-known
vector-coupling scheme. The quantum number � within the
ket 	�SM� refers to a set of intermediate spin quantum num-
bers resulting from the coupling of single spins s to the total-
spin quantum number S. In order to apply the Wigner-Eckart
theorem it is necessary to express the Heisenberg Hamil-
tonian in Eq. �2� with the help of irreducible tensor opera-
tors. Therefore the single-spin vector operators s>�i� can be
seen as irreducible tensor operators of rank k=1 with com-
ponents q=−1,0 ,1. The relation to the components of the
vector operators is given by

s>0
�1� = s>z,s>�1

�1� = �1

2
�s>x � is>y� . �6�

Writing the Heisenberg exchange term as a tensor product of
the single-spin irreducible tensor operators results in2

H> Heisenberg = 3J�
�i,j�

T> �0���kl
,�k̄m
	ki = kj = 1� . �7�

T> �0� is a zero-rank irreducible tensor operator depending on
the set �kl
, l=1, . . . ,N, which gives the ranks of single-spin

irreducible tensor operators and �k̄m
, m=1, . . . ,N−1, which
refers to the ranks of intermediate irreducible tensor opera-
tors. In a successive coupling scheme within a system of N
spins an irreducible tensor operator of this kind would look
like

T> �0���kl
,�k̄m
� = �¯��s>�k1��1� � s>�k2��2���k̄1�
� s>�k3�

��3�
�k̄2�. . .
�k̄N−2�
� s>�kN��N��0�. �8�

The notation T> �0���kl
 , �k̄m
 	ki=kj =1� corresponds to the situ-
ation in which the ranks of all single-spin tensor operators
are zero except those at sites i and j which are tensor opera-
tors of rank 1.

The set �k̄m
 results from the chosen coupling scheme, for
example, of the form of Eq. �8�, with known ranks of single-
spin tensor operators taking into account addition rules for
spin quantum numbers of the vector-coupling scheme such

as k̄1= 	k1−k2	 , . . . ,k1+k2.
After writing the Heisenberg Hamiltonian as a sum of

irreducible tensor operators, the matrix elements within a
basis of the form 	�SM� can be calculated by the application
of the Wigner-Eckart theorem. The reduced matrix elements
are determined using the so-called decoupling procedure.3,4

Since the irreducible tensor operator T> �k� is given as a tensor
product of irreducible tensor operators with regard to a cer-
tain coupling scheme �comp. Eq. �8��, the reduced matrix
element ��S		T> �k�		��S�� can successively be decomposed
into a product of single-spin irreducible tensor operators and
Wigner-9J symbols.
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B. General point-group symmetries

The use of irreducible tensor operators for the calculation
of the matrix elements of the Hamiltonian and as a result also
of the energy spectrum is essential for the treatment of mag-
netic molecules containing many interacting paramagnetic
ions. Nevertheless, it is sometimes necessary to further re-
duce the dimensionality of the problem, either because com-
putational resources are limited or a labeling of certain en-
ergy levels becomes advantageous, e.g., for spectroscopic
classification.26,27 Such a reduction can be done if the Hamil-
tonian remains invariant under certain permutations of spin
centers. Often the spin-permutational symmetry of the
Hamiltonian coincides with spatial symmetries of the mol-
ecule, i.e., point-group symmetries; therefore the term point-
group symmetry is used while one refers to the invariance of
the Hamiltonian under permutations of spins.

Using point-group symmetries of the system results in a
decomposition of the Hamilton matrix ��SM	H> 	��SM� into
irreducible representations ��n��G� of a group G whose ele-
ments G> �R�, i.e., the operators corresponding to the symme-
try operations R, do commute with H> . The symmetrized basis
functions that span the irreducible representations n are
found by the application of the projection operator P�n� to the
full set of basis vectors 	�SM� and subsequent orthonormal-
ization. The overcomplete set of basis states �	�SM��n��

spanning the nth irreducible representation ��n��G� is gener-
ated by28

P�n�	�SM� = � ln

h
�
R

�	�n��R���G> �R��	�SM� , �9�

where ln is the dimension of the irreducible representation
��n�, h denotes the order of G, and 	�n��R� is the character of
the nth irreducible representation of the symmetry operation
R.

Equation �9� contains the main challenge while creating
symmetrized basis states. The action of the operators G> �R�
on basis states of the form 	�SM� has to be known. Of
course, one could expand 	�SM� into a linear combination of
product states 	m1m2 . . .mN�. Then the action of G> �R� leads to
a permutation of magnetic quantum numbers mi within the
ket 	m1m2 . . .mN�. But, the recombination of the symmetry-
transformed product states into basis states 	�SM� will then
be much too time consuming for larger systems.

Following Ref. 11 the action of G> �R� on states 	�SM� can
directly be evaluated without expanding it into product
states. Suppose there is a certain coupling scheme a in which
spin operators s>�i� are coupled to yield the total-spin operator
S> . Generally the action of operators G> �R� on states 	�SM�
leads to a different coupling scheme b. Now those states
which belong to the coupling scheme b have to be recon-
verted into a linear combination of states belonging to a.
This is technically a rather involved calculation, and one
would not like to do it by hand and for every coupling
scheme separately. To the best of our knowledge it has never
been noted or even used that the conversion from any arbi-
trary �!� coupling scheme b into the desired coupling scheme
a can be well automatized. Suppose there is a state 	�SM�a
belonging to the coupling scheme a. The action of an arbi-

trary group element G> �R� results in a state 	�SM�b belonging
to a different coupling scheme b. Then the re-expression
takes the following form:

G> �R�	�SM�a = �
��

	��SM�a a���SM	�SM�b, �10�

where a term like a���SM 	
SM�b is known as general re-
coupling coefficient. The calculation of general recoupling
coefficients and the evaluation of Eq. �10� can be performed
with the help of graph theoretical methods.15,16

An implementation of these methods within a computer
program is a straightforward task �follow directions given in
Refs. 15 and 16�. Nevertheless, we would like to provide
some practical comments. Since such a program should be as
general as possible, it does not employ analytical solutions
�as done for the D4 symmetry in Refs. 13 and 14� but nu-
merical solutions. This concerns the reorthogonalization of
the overcomplete set of basis states �	�SM��n��
 spanning the
nth irreducible representation ��n��G�, which is performed
with a Gram-Schmidt orthogonalization procedure, as well
as the evaluation of the generalized recoupling coefficients
which is numerically done as described in Refs. 15 and 16. A
considerable computational speedup can be achieved by
tabulating Wigner-9J symbols beforehand since they are
heavily used during the calculations.

III. NUMERICAL EXACT DIAGONALIZATION

In this section we would like to present two applications
for realistic spin systems that can be treated using irreducible
tensor operator techniques and point-group symmetries, but
not otherwise. Both systems—cuboctahedron and truncated
tetrahedron—consist of N=12 spins of spin quantum number
s=3 /2 �Hilbert space dimension 16 777 216�. The two spin
systems, which are realized as antiferromagnetic
molecules—cuboctahedron30 and truncated tetrahedron31

�see Fig. 1 for the structure�—belong to the class of geo-
metrically frustrated spin systems32–34 and are thus hardly
accessible by means of quantum Monte Carlo.

Figure 2 shows the energy spectrum of the antiferromag-
netic cuboctahedron with s=3 /2. This spectrum was ob-
tained using only D2 point-group symmetry which is already
sufficient in order to obtain sufficiently small Hamilton ma-
trices. In addition Fig. 3 demonstrates for the subspaces of

(a) (b)

FIG. 1. Structure of the cuboctahedron �l.h.s.� and the truncated
tetrahedron �r.h.s.� �Ref. 29�.
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total spin S=0 and S=1 that a representation in the full Oh
group can be achieved which yields level assignments ac-
cording to the irreducible representations of this group.

A complete energy spectrum allows to calculate thermo-
dynamic properties as functions of both temperature T and
magnetic field B. For the cuboctahedron this was already
done elsewhere.34 Therefore, we would like to discuss an-
other frustrated structure: the truncated tetrahedron which
was synthesized quite recently.31 In principle this geometry
permits two different exchange constants: one inside the tri-
angles �J1� and the other between the triangles �J2� �compare
Fig. 1�. A practical symmetry for this molecule is, for in-
stance, C2v, whereas the full symmetry is Td. Figure 4 dis-
plays the complete energy spectrum for the case J1=J2=J.
The inset of Fig. 4 magnifies the low-energy sector. As in the
case of many other frustrated antiferromagnetic systems the
spectrum exhibits more than one singlet below the first
triplet.32

In Fig. 5 we show the zero-field specific heat �top� as well
as the zero-field differential magnetic susceptibility �bottom�.
The fine structure of the specific heat, which is especially
pronounced for s=3 /2, results from the low-energy gap
structure. The sharp peak is an outcome of the gap between
the lowest singlet and the group of levels around the second
singlet and the first two triplets, the latter being highly de-
generate �both ninefold including M degeneracy�. This un-
usual degeneracy of the lowest triplets is also the origin of
the quick rise and subsequent flat behavior of the suscepti-
bility in the case of s=3 /2.

In connection with the truncated tetrahedron it might be
interesting to realize the technical progress. The truncated
tetrahedron with s=1 /2 was investigated in 1992.35 The di-
mension of its Hilbert space is 4096, whereas the dimension
for s=3 /2 is 16 777 216.

IV. APPROXIMATE DIAGONALIZATION

Sections I–III demonstrate that numerical exact diagonal-
ization in connection with irreducible tensor operators is a
powerful tool to investigate thermodynamical properties of
large magnetic molecules. Nevertheless, sometimes the use
of total-spin and point-group symmetries is not sufficient to
obtain small-enough matrices. For such cases we suggest an
approximate diagonalization in this section. The approxima-
tion is partially based on perturbation theory arguments. First
ideas along this line were already suggested in Ref. 36. We
will generalize and largely extend this idea.

FIG. 2. �Color online� Complete energy spectrum of the antifer-
romagnetic cuboctahedron with s=3 /2.
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FIG. 3. �Color online� Low-lying energy spectrum of the anti-
ferromagnetic cuboctahedron with s=3 /2 in subspaces of S=0 and
S=1. The symbols denote the irreducible representations of the Oh

group.

FIG. 4. �Color online� Complete energy spectrum of the antifer-
romagnetic truncated tetrahedron with J1=J2=J. The inset shows
low-lying levels in subspaces with S=0,1 ,2.
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FIG. 5. �Color online� Specific heat c�T ,B=0� �top� and differ-
ential magnetic susceptibility 	�T ,B=0� �bottom� of the truncated
tetrahedron with J1=J2=J.
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Let us assume that the spin system is described by a
Hamiltonian H> which acts in the Hilbert space H. Suppose
there is a zeroth-order Hamiltonian H> 0 and a decomposition
according to

H> = H> 0 + �H> �. �11�

In the case of nondegenerate eigenstates 	�i
�0�� of H> 0 the

series expansion,

	�i� = 	�i
�0�� + �	�i

�1�� + �2	�i
�2�� + . . . , �12�

Ei = Ei
�0� + �Ei

�1� + �2Ei
�2� + . . . , �13�

holds for the exact eigenstates 	�i� and corresponding eigen-
values Ei. The index i=1, . . . ,n denotes the states of the
system. The energy eigenvalues and eigenstates in zeroth-
order result from a �typically simple or even analytical� di-
agonalization of H> 0 within an arbitrary basis of H.

We label the eigenvalues Ei
�0� and eigenstates 	�i

�0�� in
such a manner that

Ei
�0� � Ei+1

�0� , ∀ i = 1, . . . ,n − 1 �14�

holds. Now we do not follow conventional perturbation
theory as it would lead to a successive introduction of addi-
tional terms within the series expansion in Eq. �12�, i.e.,
terms with increasing order of �. Instead, we diagonalize the
full Hamiltonian H> within a reduced set �	�i

�0��
, i
=1, . . . ,nred, of eigenstates of H> 0, where nredn is referred to
as cut-off parameter. The resulting eigenvalues and eigen-
states of this approximation are denoted as Ei

approx and
	�i

approx�. Such an approximate scheme is always converging
since for nred=n=dim�H� all basis states are incorporated
and the diagonalization corresponds to an exact treatment of
the system; i. e.,

Ei
approx →

nred→n

Ei, 	�i
approx� →

nred→n

	�i� ∀ i . �15�

It is clear that the speed of convergence depends on the
choice of H> 0.

The speed of convergence will be different for the various
states. Since the approximate diagonalization is performed
with the nred low-lying states of H> 0 according to Eq. �14�,
one expects that the low-lying energy levels converge quick-
est against their true values. As in perturbation theory this
assumption relies on the hypothesis that energetically higher-
lying levels do mix into the desired low-lying state with
decreasing weight. In perturbation theory this expresses itself
in the second-order corrections

Ei
�2� = �

i�j

	��i
�0�	H> �	� j

�0��	2

Ei
�0� − Ej

�0� , �16�

which decrease with increasing energetic distance Ei
�0�−Ej

�0�.
In our approximate diagonalization the diagonal

��i
�0�	H> 	�i

�0�� = Ei
�0� + �Ei

�1�, �17�

Ei
�1� = ��i

�0�	H> �	�i
�0�� , �18�

and off-diagonal terms ��i
�0�	H> �	� j

�0�� of perturbation theory
appear as diagonal and off-diagonal matrix elements of the

reduced Hamilton matrix. Therefore, the approximate diago-
nalization includes zeroth- and first-order by definition and
all higher orders partially up to the cutoff. The inclusion of
eigenstates belonging to degenerate eigenvalues of H> 0 poses
no problem in our scheme. One should only include all
eigenstates of a degenerate eigenvalue into the approximate
diagonalization; otherwise the convergence is unnecessarily
deteriorated.

A. Approximate diagonalization based
on the rotational-band model

As a zeroth-order approximation H> 0 of isotropic Heisen-
berg Hamiltonian �2� the rotational-band Hamiltonian37–39

H> 0 � H> RB = −
DJ

2N�S> 2 − �
n=1

Ns

S> n
2� . �19�

is chosen.36 This choice rests on the observation that in bi-
partite antiferromagnetic spin systems the lowest eigenvalues
within subspaces of total spin S follow the Landé rule;40,41

i.e.,

Emin�S� − E0 � S�S + 1� . �20�

The prefactor − DJ
2N in Eq. �19� can be seen as an effective

exchange constant which couples the sublattice spins S> n to
the total spin S> of the system. The value of D,

D = 2 ·
Nb

N
·

1

1 − 1/Ns
, �21�

is chosen to match the energy of the ferromagnetic state of
the system described by an isotropic Heisenberg
Hamiltonian.37 Ns denotes the number of sublattices which
the classical ground state of the system is composed of; Nb
represents the number of bonds of the system. The eigen-
states of H> RB are analytically given in the form 	S1 . . .SNs

SM�,
which is an enormous advantage for the following calcula-
tions. The corresponding eigenvalues are

ERB�S1, . . . ,SNs
,S� = −

DJ

2N�S�S + 1� − �
n=1

Ns

Sn�Sn + 1�� .

�22�

The spectrum of the rotational-band Hamiltonian consists of
eigenvalues that form parabolas, so-called rotational bands.
In the following a rotational band is defined as a set of even-
tually energetically degenerate eigenstates 	S1 . . .SNs

SM� with
fixed values of quantum numbers Sn of the sublattice spins.

Figure 6 shows the spectrum of the rotational-band
Hamiltonian for a spin ring of N=8 spins with s=5 /2. The
lowest bands refer to a sublattice spin configuration of S1
=S2=4 ·5 /2=10. The next bands result from a deviation of
one sublattice spin from its maximum value Sn,max=N /Ns ·s.
In such a way the whole spectrum can be constructed follow-
ing Eq. �22�. The eigenstates of the rotational-band Hamil-
tonian are highly degenerate due to the many possibilities of
combining single spins s>i to the sublattice spins S> n and fur-
ther on sublattice spins S> n to the total spin S> .
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Figure 6 also shows that the rotational-band spectrum is
clustered into superbands �highlighted by color�. A super-
band contains those rotational bands for which the sum of
sublattice spin quantum numbers is the same. One clearly
sees that within the rotational-band spectrum the low-lying
superbands are well separated.

Inserting H> RB into Eq. �11� yields

H> = H> Heisenberg = H> RB + H> � �23�

as a starting point for an approximate diagonalization. With
respect to computational resources and due to the fact that
the eigenstates of H> RB are given in the form 	S1 . . .SNs

SM�,
the diagonalization is performed in subspaces H�S ,M =S�
using the irreducible tensor operator technique. In addition,
point-group symmetries can be used for a further reduction
in the dimensionality. However, only those point groups can
be applied which do not alter the sublattice structure, i.e., do
not lead to rotational bands that are not included in the ap-
proximate basis set. Then the symmetry operations on a state
belonging to a certain rotational band will always produce
states which belong to the same band.

V. BIPARTITE SYSTEMS—SPIN RING

A. Convergence

In the following we discuss the properties of the proposed
approximate diagonalization for the example of an antiferro-
magnetic spin ring of N=8 spins with s=5 /2. Figure 7
shows the convergence of the energy levels. In order to label
the levels the full symmetry group D8 of an octagon was
used. One clearly sees that the convergence within the S=0
subspace is fast and smooth �looking almost exponential�.

In subspaces of S=1 and S=2 the convergence is also
fast, but when only few bands are incorporated sharp steps
can be observed. This is highlighted by two arrows in the
bottom graph of Fig. 7. The stepwise convergence is contin-
ued in subspaces with S�2 in a very regular way. It can be
observed that with increasing energy within a certain sub-
space H�S ,M =S� the steps are slightly washed out. The oc-
currence of the steps depends on the rotational band the
states belong to. For example, the energy of the lowest state
�i.e., the first rotational band� within H�S=2,M =2� is de-
creasing if seven bands are incorporated into the approxi-

mate diagonalization while the energies of states belonging
to the second rotational band are lowered if eight bands are
incorporated; see also discussion in Sec. V B.

In Fig. 8 the convergence of some low-lying eigenstates
of this spin ring is presented. The convergence behaves in
analogy to the convergence of the eigenvalues. The stepwise
convergence in S=1 becomes obvious. Nevertheless, while
using only a fraction of basis states �approximately 30% of
the basis states within each subspace� the approximate low-
lying eigenstates are practically converged against the exact
eigenstates. In addition, it can be seen that states of higher
energy converge slower than low-lying states.

We also investigate the convergence for various single-
spin quantum numbers s. In Fig. 9 the relative difference
between the approximate energy values and the exact values
is displayed for various s in the subspace S=0. The levels
which have been chosen belong to the first three occupied
rotational bands. One clearly sees that the approximate di-
agonalization converges more rapidly the higher the single
spin is. This is not surprising since rotational-band model

FIG. 6. �Color online� Part of the energy spectra of the
rotational-band Hamiltonian for a antiferromagnetic spin ring N
=8, where s=5 /2. Seven superbands are colored.
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FIG. 7. �Color online� Energy levels of an a antiferromagnetic
spin ring N=8 with s=5 /2 as a function of the number of occupied
rotational bands used for diagonalization in subspaces S=0 �top�,
S=1 �center�, and S=2 �bottom�. The arrows in the S=2 subspace
refer to the steps within the convergence behavior mentioned in the
text. The states are labeled according to irreducible representations
of D8.
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�19�, which is based on classical assumptions, is itself more
accurate the larger s is.

B. Approximate selection rule

It turns out that the aforementioned occurrence of steps
can be understood and even be employed for a further reduc-
tion in the size of Hamilton matrices. The underlying reason
is that the full Hamiltonian connects states belonging to dif-
ferent rotational bands with very different strength. After
having inspected the reduced Hamilton matrices of various

bipartite systems we arrive at the following empirical selec-
tion rule.

The matrix elements �S1,aS2,aSM	H> 	S1,bS2,bSM� of the full
Hamiltonian between rotational-band states are �several� or-
ders of magnitude bigger than all other matrix elements if

	S1,a − S2,a	 − 	S1,b − S2,b	 = 0. �24�

Here S1,a and S2,a denote the total spins of sublattices one
and two in �S1,aS2,aSM	, respectively. Matrix elements that
are not compatible with this rule can be neglected which
�after a proper rearrangement� results in a new block-
diagonal structure of the reduced Hamilton matrix. These
blocks are of smaller size and can be diagonalized separately.

C. Application to {Fe12}

We now apply the approximate diagonalization to an ex-
isting molecular spin ring42 that contains 12 Fe3+ ions with
s=5 /2. The system can be modeled by an isotropic Heisen-
berg Hamiltonian with antiferromagnetic nearest-neighbor
coupling J.42,43 It was theoretically investigated in Ref. 23
with the help of QMC methods; the exchange parameter was
determined to be J=−35.2 K.

Our intention is to show that it is advantageous to com-
bine a stochastic method such as QMC and an exact or ap-
proximate diagonalization. In such a combination the role of
QMC would be to determine the exchange parameters from
thermodynamical observables as done in Ref. 23. For large
systems this is practically impossible using exact or approxi-
mate diagonalization since diagonalization requires an enor-
mous numerical effort whereas QMC methods scale much
more favorable with system size for bipartite systems or even
frustrated systems above a certain temperature. The role of
exact or approximate diagonalization then would be to use
the exchange parameters obtained by QMC for the evalua-
tion of the energy spectrum which then can be used, e.g., to
interpret INS measurements.2,44

Figure 10 shows the low-energy part of the approximate
spectrum of the �Fe12
 compound modeled by an isotropic
Heisenberg Hamiltonian. For the approximate calculation of
the spectrum full rotational symmetry as well as D2 point-
group symmetry are used. The calculations are performed
using eight occupied rotational bands in the S=0 subspace
and the corresponding number of bands in subspaces with
S�0. Overall 21 570 976 states have been taken into ac-
count, which are only about 15% of all basis states
�dim�H�=144,840,476�. Additionally the approximate se-
lection rule given in Eq. �24� was used in order to reduce the
dimensionality of the matrices which have to be diagonal-
ized.

Figure 10 also displays the magnetization curve, which is
derived from the partition function made of only the approxi-
mate energy levels. As one can see the experimental magne-
tization steps43 can be reproduced using the approximate di-
agonalization. We would like to mention that this
magnetization curve can be obtained by QMC as well since
the system is bipartite.
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FIG. 8. �Color online� Convergence of the eigenstates of an a
antiferromagnetic spin ring N=8 with s=5 /2 as a function of the
number of occupied rotational bands used for diagonalization in
subspaces S=0 �top� and S=1 �bottom�. The states are labeled ac-
cording to irreducible representations of D8.
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FIG. 9. �Color online� Relative difference between approximate
and exact energy eigenvalues for the lowest states of the first three
occupied rotational bands for an antiferromagnetic spin ring N=8
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lowest state of the first rotational band, E1 to the lowest state of the
second rotational band and E3 to the lowest state of the third rota-
tional band, respectively.

NUMERICALLY EXACT AND APPROXIMATE… PHYSICAL REVIEW B 79, 104419 �2009�

104419-7



D. Next-nearest-neighbor coupling—introducing frustration

In the previous parts we demonstrate that the approximate
diagonalization scheme based on the rotational-band Hamil-
tonian yields good results for bipartite, i.e., unfrustrated an-
tiferromagnetic spin systems. We now want to investigate
how robust the approximate diagonalization is against the
introduction of frustration. To this end we study a spin ring
with N=8 and s=5 /2 with antiferromagnetic nearest-
neighbor coupling J=Jnn and an additional antiferromagnetic
next-nearest-neighbor coupling Jnnn which acts frustrating. In
a corresponding classical system the Néel state �up-down-up-
down-…� would no longer be the ground state, instead cant-
ing can occur. One can qualitatively say that with increasing
Jnnn /Jnn also the frustration increases.

Figure 11 displays the effect of Jnnn in the subspace
H�S=0,M =S� for the same system that is discussed in Fig. 7
for Jnnn=0. The energy gap between the ground state and the
first excited state decreases with increasing frustration.
Moreover, the convergence of the ground state as well as of
excited states becomes slower. With Jnnn /Jnn=0.4 the conver-
gence is rather poor and the quantum mechanical ground
state now belongs to the irreducible representation B1 of the
symmetry group D8. This means that the true ground state is
not the result of an adiabatic continuation �� :0→1 in Eq.
�11�� from the ground state of the rotational-band model,
which belongs to A1. We would just like to mention for the
interested reader that this change in the character of the
ground state constitutes a so-called quantum phase
transition—in this case, for the antiferromagnetic chain with
next-nearest-neighbor exchange.

Summarizing, if frustration is only small the approximate
diagonalization still yields good results. Moreover, approxi-
mate selection rule �24� is also applicable which is very help-
ful in calculating the full spectrum of the system.

VI. SUMMARY

In this work we have demonstrated that the full spin-
rotational symmetry can be combined with arbitrary point-
group symmetries. This enables us to obtain exactly the com-
plete energy spectrum of Heisenberg spin systems for so far
unprecedented system sizes. Moreover, we have outlined a
scheme to approximately diagonalize the Hamilton matrix
again using the full spin-rotational symmetry and point-
group symmetries. This approximation works well for bipar-
tite antiferromagnetic spin systems. For frustrated systems
the quality reduces with increasing frustration. How such a
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FIG. 10. �Color online� The approximate spectrum of a spin ring
with N=12 spins s=5 /2 calculated using eight bands, the D2 point-
group symmetry, and the approximate selection rule in Eq. �24�
�top�. Corresponding magnetization of the system �bottom�. The
dashed red lines refer to experimental data of the first three magne-
tization steps from Ref. 43 with J=−35.2 K and kBT / 	J 	 =0.01.
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FIG. 11. �Color online� Energy levels of an a antiferromagnetic
spin ring N=8 with s=5 /2 and additional next-nearest-neighbor
coupling Jnnn as a function of the number of occupied rotational
bands used for diagonalization in subspaces S=0 with Jnnn /Jnn

=0.2 �top�, Jnnn /Jnn=0.3 �center�, and Jnnn /Jnn=0.4 �bottom�. The
states are labeled according to irreducible representations of D8.
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scheme can be refined for frustrated systems will be the sub-
ject of future investigations.
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