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We have studied superconducting properties of compressed and doped MgB2 by performing first-principles
calculations of the normal material properties and by solving the fully anisotropic Eliashberg equations. At
each pressure or doping, electronic structures, phonon spectra, and momentum-dependent electron-phonon
coupling strengths are calculated. Then using the fully anisotropic Eliashberg equations, the superconducting
transition temperatures �Tc�, the superconducting energy gaps ���k���, and the specific heats are obtained. Our
results show that the multiple-gap nature of ��k�� in MgB2 is robust with applied pressure although Tc and ��k��
decrease substantially and that electron doping reduces Tc and degrades severely the superconducting energy
gap in the � bands.
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The compound MgB2 is a phonon-mediated supercon-
ductor with a remarkable superconducting transition tem-
perature Tc which can be as high as 40 K.1–4 Since the first
discovery, the effects of pressure and doping on its supercon-
ducting properties have been studied extensively in order to
obtain more information about its superconductivity and to
search for interesting changes in the superconducting prop-
erties such as higher Tc.

5

Measurements of Tc of compressed MgB2 have been
widely performed and reported values of dTc /dP ranging
from −0.35 to −2 K /GPa.5–10 A relatively weak pressure de-
pendence was observed by Monteverde et al.6 and their data,
showing dTc /dP�−0.7 K /GPa on average from 0 to 25
GPa, were analyzed either with a linear plus quadratic de-
pendence having initial slope of −0.35 K /GPa or with a
linear dependence of −0.8 K /GPa depending on the
samples.6 While a much stronger dependence of dTc /dP
=−2.0 K /GPa is also observed,7–9 the values around
−1.1 K /GPa are often measured in experiments using he-
lium as the pressure medium.10,11 It has been suggested that
the variation in reported values of dTc /dP may result prima-
rily from shear-stress effects in nonhydrostatic pressure me-
dia rather than from the differences in the samples and that
−1.1 K /GPa is the intrinsic value of the material under hy-
drostatic pressure.10

A key factor determining dTc /dP is the frequency change
d� /dP of B-B bond-stretching modes �E2g modes� that me-
diate the strong attractive interaction between holes in the
boron � bands. The E2g modes are Raman active and are
observed to produce anomalous one- or two-peak feature in
Raman spectra with pressure from 0 to 15 GPa.12–14 In the
case of Raman measurements showing a one-peak feature,12

a very broad peak near 620 cm−1 at 0 GPa moves to
790 cm−1 at 15 GPa resulting in very large mode-Grüneisen
parameter �=d ln � /3d ln a=3.9�0.4. Here a is the in-
plane lattice constant. On the other hand, in the case of Ra-
man spectra showing two-peak features,13,14 the overall
shape of the spectra changes with pressure. As pressure in-
creases, the broad peak near 620 cm−1 becomes gradually
weaker in intensity, being shifted quite slowly to higher en-

ergy, and a new peak develops at much higher energy.13,14 In
this case, the value of � could be almost the same as that in
the former case if one would estimate � from the lower-
energy peak position at 0 GPa and the higher-energy one at
15 GPa.13,14 Thus, it has been discussed that the two Raman
measurements may observe essentially the same feature, that
is, the two-peak feature, but with different broadening of the
Raman signal.13

Doping effects have been studied mainly with Al- or
C-doped samples. With Al doping, the unit-cell volume
decreases,15–17 the Raman spectra show two-peak features,18

and Tc decreases.15–20 The superconducting energy gaps ��

and �� in Al-doped samples are measured by specific-heat
measurements15,21 and by point-contact measurements.19

Carbon doping produces similar effects as Al doping. With C
doping, the unit cell shrinks,22,23 Tc decreases,19,22–27 and the
peak in Raman spectra is shifted substantially.27 The super-
conducting energy gaps �� and �� in C-doped samples are
measured by point-contact measurements19,25 and by angle-
resolve photoemission spectroscopy.26

Previous theoretical studies of compressed or doped
MgB2 are based on the McMillan formula14,28–31 and two-
band Eliashberg equations.32–34 The change of Tc with pres-
sure is estimated to be d ln Tc /dP�−0.036 /GPa by using
McMillan formula with assumed �=0.7 and 	�=0.1,28

claiming that the increase in the characteristic phonon fre-
quency is the dominant contribution to the decrease of Tc
under pressure.14,28 A more rigorous study of the pressure
effect on Tc is performed using two-band Eliashberg equa-
tions with scaled 
2Fij���.33 Doping effects are also studied
using McMillan formula30 and the two-band Eliashberg
equations with 
2Fij��� scaled by the electronic density of
states at the Fermi level �N�EF�� and the E2g phonon
frequencies.32,34 For the multiple-gap nature of the supercon-
ductivity in MgB2, anisotropic Eliashberg equations are more
appropriate for analyzing or predicting the pressure or dop-
ing effect on Tc; but the McMillan formula is widely used
because of its simplicity. At this point, none of the previous
theoretical work is based on the fully anisotropic Eliashberg
equations except for a few based on two-band Eliashberg
equations with scaled 
2Fij���.
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In this paper, we report on theoretical determinations of
the superconducting properties of compressed and doped
MgB2 obtained using fully anisotropic Eliashberg
equations35,36 constructed on the basis of first-principles
calculations.37–40 We obtain electronic structures, phonon
dispersions, and electron-phonon interaction for each pres-
sure or doping and calculate Tc, the superconducting energy
gap ��k��, and the specific heat as functions of temperature.
Our results show that the two-gap nature of the superconduc-
tivity persists when pressure is applied and that the electron
doping strongly reduces the superconducting energy gap on
the Fermi surface of the � bands.

We perform ab initio pseudopotential density-functional
calculations to obtain lattice parameters, electronic struc-
tures, and phonon frequencies under pressure or doping.37–40

Ab initio norm-conserving pseudopotentials37 are used to de-
scribe the ionic potentials of boron and magnesium, and the
local-density approximation �LDA� is applied to calculate
the exchange and correlation energies, using plane waves of
up to 60 Ry for the wave-function expansion. We use a 12
�12�12 k-point grid in the Brillouin zone �BZ� for self-
consistent calculations and then used a 18�18�12 grid and
the linear tetrahedron method for the Fermi-surface proper-
ties.

To study the effect of pressure, we first calculate the lat-
tice parameters of MgB2 under pressure up to 30 GPa. Equi-
librium lattice constants are calculated by relaxing the stress
on the lattice except for applied hydrostatic pressure. The
lattice parameters obtained show a monotonic decrease, as
shown in Fig. 1�a� and Table I. At 30 GPa, the lattice con-
stants a and c and the unit-cell volume V are decreased by
4.0%, 6.6%, and 14%, respectively. These results agree well
with experimental results41,42 and previous theoretical
results.42

As the volume decreases with applied pressure, the over-
all bandwidth increases �Figs. 1�b� and 1�c�� and the density
of states at the Fermi level N�EF� decreases �Fig. 1�d� and
Table I�. At 30 GPa, N�EF� is reduced by 8.4% �Table I�, in
good agreement with previous theoretical results.28 When
N�EF� is decomposed into the densities of states of the � and
� bands �N��EF� and N��EF��, the former decreases slightly
faster than the latter �Fig. 1�d� and Table I�.

The phonon frequencies are calculated at high-symmetry
points by a frozen-phonon method and then their dispersions
in the full BZ are obtained by interpolating the dynamical
matrix. Phonon anharmonicity is extracted from the frozen-
phonon calculations and then used in the frequency
calculations.3 Matrix elements for electron-phonon coupling
are obtained for phonons at the high-symmetry points and
then they are interpolated in the full BZ.

Figure 2 shows the calculated phonon dispersions at vari-
ous pressures. Anharmonicity is included in the dispersions
by the method described in detail in Ref. 3. Compared with
corresponding values at 0 GPa, frequencies at 30 GPa of the
E1u, A2u, E2g, and B1g modes at � are increased by 30%,
32%, 27%, and 11%, respectively. We note that at 30 GPa,
the frequencies of the E2g modes are even higher than those
of the B1g mode �Fig. 2�c��. In particular, the rate of fre-
quency change of the E2g modes at � is d�
�a� /dP
=0.70 meV /GPa or equivalently d ln�
�a� /dP=0.008 /
GPa �Table I and Fig. 2�d��. In the measured Raman spectra
showing a one-peak feature,12 the corresponding rate is
d ln�
�a� /dP=0.018 /GPa; so our phonon calculation seem-
ingly underestimates the effect of pressure, even though our
theoretical framework predicts the lattice constants of com-
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FIG. 1. Calculated lattice constants and electronic structures of
compressed MgB2: �a� lattice parameters and cell volume, �b� elec-
tronic band structure at 0 GPa, �c� electronic band structure at 30
GPa, and �d� the density of states at the Fermi level in states/eV/unit
cell. In �a�, the lattice parameters and unit-cell volume at 0 GPa are
a0, c0, and V0, respectively. In �d�, the total density of states at the
Fermi level is N�EF�, and N��EF� and N��EF� are the densities of
states of the � and � bands, respectively.

TABLE I. Calculated lattice parameters, cell volumes, density of
states at the Fermi level, phonon frequencies, Tc’s, and supercon-
ducting energy gaps � of compressed MgB2. The total density of
states at the Fermi level is N�EF�, and N��EF� and N��EF� are the
densities of states of the � and � bands, respectively. The harmonic
and anharmonic frequencies of E2g modes at � are �h and �a,
respectively, and �� and �� are the average values of ��k�� on the �
and � Fermi surfaces at low temperature, respectively.

Pressure 0 GPa 10 GPa 20 GPa 30 GPa

a �Å� 3.07 3.02 2.98 2.95

c �Å� 3.57 3.48 3.40 3.34

V �Å3� 29.2 27.6 26.3 25.2

N� �EF� 0.30 0.29 0.28 0.27

N� �EF� 0.39 0.38 0.37 0.36

N �EF� 0.69 0.67 0.65 0.63

�h �meV� 63.7 74.5 82.3 89.2

�h �cm−1� 506 601 664 720

�a �meV� 75.9 83.7 90.7 96.7

�a �cm−1� 612 675 732 780

Tc �K� 39 33 28 24

�� �meV� 6.7 5.4 4.5 3.9

�� �meV� 1.8 1.3 1.03 0.85

2�� /kBTc 4.0 3.9 3.8 3.8

2�� /kBTc 1.1 0.93 0.86 0.83
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pressed MgB2 very well. Since the measured Raman spec-
trum may change in spectral shape under pressure,13,14 the
Green’s function method might be appropriate to describe
more correctly the E2g phonons which are strongly interact-
ing with the electrons. A model of this kind is beyond the
scope of our present work, so we use our frozen-phonon
calculations although it may reduce the effect of pressure on
Tc.

We obtained the isotropically averaged electron-phonon
coupling constant �=2�d�
2F��� /� from the calculated
electronic and phononic structures and electron-phonon in-
teraction at each pressure. The obtained coupling constant �
decreases with pressure, as shown in Fig. 3�a�, and this is
consistent with the decrease of N�EF� and hardening of E2g
phonons. At 30 GPa, � decreases by 23%.

Figure 3�b� shows the superconducting transition tem-
perature Tc obtained from the fully anisotropic Eliashberg
equations at each pressure. The anisotropic Eliashberg equa-
tions at imaginary frequencies are43,44

Z�k,i�n� = 1 + fnsn �
k�n�

Wk���k,k�,n − n��

�
�n�

��n�
2 + ��k�,i�n��

2
, �1�

Z�k,i�n���k,i�n� = �T �
k�n�

Wk����k,k�,n − n�� − 	���c��

�
��k�,i�n��

��n�
2 + ��k�,i�n��

2
, �2�

where �n= �2n+1��T is the fermionic Matsubara frequency
at temperature T, Z�k , i�n� and ��k , i�n� are the momentum-
dependent renormalization function and the gap function, re-
spectively, and ��k ,k� ,n� represents the momentum-

dependent electron-phonon interaction. Definitions of
symbols and details of the numerical method are described in
Refs. 3, 43, and 44. Here, we assumed that the Coulomb
pseudopotential 	� does not vary with pressure45 and used
	���c�=0.12 for the cut-off frequency �c=0.5 eV. We also
assumed that 	� is isotropic since its momentum dependence
is not as significant as that of the electron-phonon
interaction.46–48 At 30 GPa, the calculated Tc is 24 K, which
is 15 K lower than that of the uncompressed case, so we have
dTc /dP	−0.5 K /GPa. This value does not deviate much
from the wide range of the measured values, but it is about
one half of −1.1 K /GPa which is suggested to be the intrin-
sic value under hydrostatic pressure experimentally. This dis-
crepancy may originate from the anomalous effect of pres-
sure on E2g phonons, which is observed in the Raman spectra
but not captured accurately in our phonon calculation.

To analyze the low-temperature superconducting proper-
ties of compressed MgB2, we calculated the Fermi-surface
distribution of the superconducting energy gap at various
temperatures and pressures �Figs. 3�c�–3�e��, and we also
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FIG. 2. Calculated phonon dispersions at �a� 10 GPa, �b� 20
GPa, �c� 30 GPa, and �d� calculated E2g frequencies at �. In �a�–�c�,
anharmonicity is included in the dispersions. In �d�, filled and
empty circles are anharmonic and harmonic frequencies, respec-
tively. The dotted lines are guides for the eyes.
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FIG. 3. Calculated electron-phonon interaction and supercon-
ducting properties of compressed MgB2: �a� the averaged electron-
phonon coupling strength �, �b� the calculated Tc from the full
anisotropic Eliashberg equations, �c�–�e� superconducting energy
gaps at 10, 20, and 30 GPa, respectively, and �f� electronic contri-
bution to the specific heat divided by temperature Ce /T. Dotted
lines in �a� and �b� are guides for the eyes. In �c�–�e�, the distribu-
tions of the superconducting energy gap are drawn vertically at 4
and 20 K and solid lines are curves of the form ��T�
=��0��1− �T /Tc�p fit to ���T� and ���T�, respectively, using ��0�
and p as fitting parameters. Dotted lines in �c� and the thin dotted
line in �f� drawn for comparison are the corresponding values at 0
GPa.
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obtained the electronic contribution Ce to the specific heat as
a function of temperature and pressure �Fig. 3�f��. The cal-
culational methods for these superconducting properties are
described in our previous publications.4,43,44

The distribution of the superconducting energy gap shown
in Figs. 3�c�–3�e� indicates clearly that the multiple-gap na-
ture persists at high pressure, even though Tc and the mag-
nitudes of two gaps decrease substantially. Both the large gap
and the small gap decrease with pressure in very similar rate
to Tc so that 2���0� /kBTc and 2���0� /kBTc are almost inde-
pendent of pressure, as shown in Table I. At 30 GPa, the
ratios are 2���0� /kBTc=3.8 and 2���0� /kBTc=0.83, which
are 95% and 75% of those at 0 GPa, respectively.

Since the averaged electron-phonon coupling strength �
decreases with pressure, the specific heat above Tc decreases.
The height of the specific-heat jump in Ce /T at Tc also de-
creases, while the specific heat increases at very low tem-
perature because of the decrease in the small superconduct-
ing energy gap ��. At 30 GPa, the normal-state Sommerfeld
coefficient �N
Ce /T decreases by 17% and the jump at Tc
decreases by 28%. Because of the robust two-gap nature, the
temperature dependence of the specific heat under pressure is
still very different from a one-gap BCS model, although Tc is
significantly reduced.

The effect of electron doping in MgB2 is studied by in-
troducing excess electrons in the first-principles calculations
without changing the atomic structure. Figure 4 shows ma-
terial properties and superconducting properties of electron-

doped MgB2 with 0.2 excess electrons per unit cell. In cal-
culations for electronic and phononic structures, the total
number of electrons in the unit cell is changed to 8.2 and
then the system is made to be charge neutral by a compen-
sating uniform background charge, while the lattice structure
is fixed to the undoped case. The electron-doping concentra-
tion corresponds to Mg0.8Al0.2B2 or Mg�B0.9C0.1�2; that is,
20% replacement of Mg or 10% of B, assuming total charge
transfer.

In our calculation, the density of states at the Fermi en-
ergy N�EF� for 0.2 electron doping is 0.62 states/eV/unit cell
which is reduced by 10% from 0.69 states/eV/unit cell of the
undoped one. According to the theoretical result using the
virtual-crystal approximation �VCA� for Mg0.8Al0.2B2, the
lattice constant a is reduced by 0.4%, c is reduced by 2.2%,
and N�EF� is reduced by 11% to 0.64 states/eV/unit cell.49 In
the case of Mg�B0.9C0.1�2, density-functional calculations us-
ing supercells have shown that a is reduced by 1% while c is
almost constant50 and that N�EF� is reduced by 14%, with
more reduction in the � bands than in the � bands.50 By
comparing our results and the VCA results,49 we note that the
reduction of N�EF� with doping is not due to the change in
the lattice constants but due to the increase in the number of
electrons. Furthermore, if we estimate the effect of the vol-
ume change on N�EF� using the theoretical data for MgB2
under pressure, the 3% volume reduction in the VCA work
would correspond to a pressure of 5.5 GPa and would reduce
N�EF� by 0.01 states/eV/unit cell. This is negligible com-
pared with the effect of the electron doping. In our calcula-
tion N�EF� is reduced more in the � bands than in the �
bands, which is consistent with the results of the supercell
calculations.50

Figure 4�b� shows the phonon dispersions in electron-
doped MgB2. Very noticeably, the frequency of the E2g mode
increases very rapidly with electron doping. Other modes are
rather insensitive to the doping. With 0.2 more electrons,
�E2g

increases by 10%. In Raman measurements with
C-doped MgB2, the peak position is shifted more than 30%
with 10% carbon doping.27 Compared with this Raman re-
sult, our calculation significantly underestimates the fre-
quency shift of the E2g modes again as in the cases for com-
pressed structures. This may partly originate from the
reduction in the unit-cell volume which is neglected in our
calculation and/or from the anomalous behavior of E2g
modes observed in Raman spectra of doped samples as in the
case of compression.

We obtain Tc=36 K for the electron-doped MgB2 from
the fully anisotropic Eliashberg equations, with the isotropic
and constant value of 	���c�=0.12 as in the case of pres-
sure.45 Thus, our theoretical value for the drop in Tc with the
doping is 3 K, which is quite small compared with experi-
mental values of drop in Tc for Mg0.8Al0.2B2 and
Mg�B0.9C0.1�2 samples that are in the range of 5–17
K.15–20,22–27 As mentioned above, the 3% volume reduction
in the VCA calculation49 for Mg0.8Al0.2B2, which is ne-
glected in our calculation, corresponds to a pressure of 5.5
GPa in the case of compression. If we consider the volume
reduction and the experimental value of dTc /dP	−1.1 K /
GPa, we might have an additional drop of Tc by 6 K. Thus
the volume reduction neglected in our calculation may partly

-15

-10

-5

0

5

Γ M K Γ A L H A

E
(e

V
)

k

σ π π σ π π σ

e-doped

(a)

0

20

40

60

80

100

Γ M K Γ A L H A

ω
(m

eV
)

q

B1g

E2g

A2u
E1u

(b)

e-doped

0

2

4

6

8

0 10 20 30 40

∆
(m

eV
)

T(K)

(c)
e-doped
neutral

0

2

4

6

0 10 20 30 40

C
e/

T
(m

J/
m

ol
/K

2 )

T(K)

(d)
e-doped
neutral

FIG. 4. Calculated electronic, vibrational, and superconducting
properties of electron-doped MgB2: �a� electronic band dispersions,
�b� phonon dispersions, �c� superconducting energy gaps, and �d�
electronic contribution to the specific heat divided by temperature.
The doping concentration is 0.2 excess electron per unit cell, which
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explain the difference of our theoretical value and the re-
ported experimental ones. In addition, impurity scattering in-
troduced by doping may decrease Tc further by driving the
superconductivity of the material to the isotropic one,3,34

possibly resulting in better agreement between theory and
experiment.

Figures 4�c� and 4�d� show the superconducting energy
gap and the specific heat in doped MgB2. With electron dop-
ing, the small gap decreases much faster than the large gap,
resulting in ���0�=6.0 meV and ���0�=0.96 meV. Thus,
the ratio ���0� /���0� is changed significantly by doping.
Compared with experimental results for Mg0.8Al0.2B2 and
Mg�B0.9C0.1�2, �� is overestimated and �� is underestimated
in our calculations. The overestimation of �� seems consis-
tent with the small drop of Tc in our calculation; however,
the underestimation of �� does not look consistent, so it
suggests again that perhaps impurity scattering plays a role,
as mentioned above in comparing theoretical and experimen-
tal values of Tc. The impurity scattering is not considered in
our present work but does exist in real samples. Since �� is
reduced significantly, the specific heat divided by tempera-
ture Ce /T is increased strongly at temperatures below 10 K
�Fig. 4�d��.

To summarize, we have performed ab initio pseudopoten-
tial calculations for lattice parameters, electronic and
phononic structures, and electron-phonon interactions in
compressed and doped MgB2 and obtained their supercon-
ducting properties from the fully anisotropic Eliashberg
equations. Our results show a smaller reduction of Tc under
pressure and doping than the experimental results. We find a
robust two-gap nature for the case of compressed samples
and a strong suppression of �� in the case of electron dop-
ing.
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