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Response of electronic systems in intense lights �ac electric fields� to dc source-drain fields is formulated
with the Floquet method. We have then applied the formalism to graphene, for which we show that a nonlinear
effect of a circularly polarized light can open a gap in the Dirac cone, which is predicted to lead to a
photoinduced dc Hall current. This is numerically confirmed for a graphene ribbon attached to electrodes with
the Keldysh Green’s function.
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I. INTRODUCTION

Nonlinear phenomena in electronic systems are fascinat-
ing since they can lead to transport properties qualitatively
distinct from those in equilibrium. In this Rapid Communi-
cation we seek such a possibility by combining �i� the geo-
metric phase argument extended to electron transports in in-
tense ac fields with �ii� physics of graphene involving chiral
states associated with two Dirac cones. Indeed, the geometric
phase has become an important ingredient in the modern
theory of electric transport,1 which goes back to Thouless’s
idea of charge pumping where he showed that an adiabatic
deformation of the system may lead to quantized transport.2

Extensions along several directions have been done subse-
quently. Thouless et al. �TKNN� �Ref. 3� have shown that the
Kubo formula for the Hall conductivity can be expressed as
a topological density. Berry4 then showed that such phases
are present in general quantum systems, and the topological
density in the TKNN formula is now called the Berry curva-
ture. Aharonov and Anandan5 further extended the notion of
geometric phases to nonadiabatic situations, i.e., Aharonov-
Anandan �AA� phase.

With these as a background, the concept of the present
study, with graphene in mind, is simple. Let us put a crystal
with a Dirac band in a circularly polarized light. As in Fig.
1�a�, an intense ac field Aac�t� will deform the single-body
Hamiltonian, and each k point will follow a circle in the
Brillouin zone. If the loop encircles the Dirac point, nona-
diabatic charge pumping should take place, in which the
wave function acquires a nontrivial AA phase. So the ques-
tion is: can this be detected with a dc transport measure-
ment? In order to answer this, we have formulated the Kubo
formula for the dc response for systems in intense ac fields,
which is accomplished with the Floquet-matrix formalism by
which we can solve the time-dependent dynamics of k points
within a static approach. We shall show that a TKNN-type
formula for the Hall conductivity is obtained, where the
Berry curvature is now expressed in terms of Floquet states
which depend on the AA phase. We apply this formula to a
single Dirac band first, then a graphene. For graphene,6,7

which is dominated by the chirality, we conclude that a
photoinduced Hall current �despite the absence of uniform
magnetic fields� should appear in graphene irradiated by cir-
cularly polarized light and attached to two electrodes, where
the Hall current can exceed the longitudinal current in mag-
nitude.

II. KUBO FORMULA IN THE PRESENCE OF
STRONG LIGHT FIELDS

We first derive the Kubo formula for electric transport for
systems in strong ac fields, where we concentrate on the
one-body problem for simplicity. The ac electric field is in-
troduced as a time-dependent gauge potential Aac�t�, which
satisfies Aac�t+T�=Aac�t� with T the periodicity �while the
frequency is �=2� /T�. On top of this we introduce, as in
the linear response, a weak gauge potential A�t�=Et that
changes slowly to represent an infinitesimal dc electric field
E, where we have set e=1, �=1. Thus we have a time-
dependent Hamiltonian,

H�t� =� dk

�2��d�†�k�h�k + Aac�t� + A�t����k� , �1�

where h�k� is the one-body Hamiltonian and � a state vector
�which is multidimensional for multibands�. To represent the
states in ac fields, we can employ the Floquet operator �see
Refs. 8 and 9� H�k ,Aac�t� ,A�t��=h�k+Aac�t�+A�t��− i�t,
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FIG. 1. �Color online� �a� A trajectory of k+Aac�t� around a
Dirac point in a circularly polarized light field. �b� The Floquet
quasienergy �black curves� plotted against kx with ky =0 for F /�
=0.2. The color coding represents the weight of the static �m=0�
component. �c� Density of states for various field strengths. �d� The
photoinduced Berry curvature ��k�A��k��z for �= �1,m� for
F /�=0.2. The series �= �2,m� have a similar behavior with an
inverted sign. Frequency is � /v=1 throughout.
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with which the time-dependent Schrödinger equation reads
H�k ,Aac�t� ,A�t�����k ; t��=0. Since A�t� is infinitesimal and
adiabatically changing, we take it as the adiabatic parameter,
while the ac field is intense and rapidly oscillating. So, for
each interval of time over which A may be considered to be
constant, we can introduce the Floquet states �a time analog
of Bloch states� satisfying the Floquet equation
H�k ,Aac�t� ,A��	��k ;A , t��=
��k ;A��	��k ;A , t�� with a pe-
riodicity �	��k ;A , t+T��= �	��k ;A , t�� �Ref. 10�, where

��k ;A� is called the Floquet quasienergy which is a sum of
the dynamical phase and the AA phase �see Eq. �6� below�,
and � labels the eigenstate. The solution of the time-
dependent Schrödinger equation for a fixed A can be ex-
pressed as ����t��=e−i
�t�	��t��. If we define an inner prod-
uct averaged over a period by ��� ����	 1

T
0
Tdt���t� ���t��,

the Floquet states form an orthonormal basis, i.e.,
��	��k ;A� �	��k ;A���=���. With these as a basis the solu-
tion to the time-dependent Schrödinger equation for the slow
change in A is

���k;A�t�,t�� = e−i
0
t dt�
��k;A�t���

���	��k;A�t�,t�� + �
���

�	��k;A� �t�,t��

�

��	��k;A�t���
�A

�t
·

�

�A
�	��k;A�t����


��k;A�t�� − 
��k;A�t��  ,

up to first order in time derivatives, with the �th Floquet
state taken to be the initial state. One can readily derive this
result with the two-time method.11,12 We can immediately
notice that the geometrical phase appears in a form

��	��k;A�t���
�A

�t
·

�

�A
�	��k;A�t����

= �
���

��	��k;A�t���
�A

�t
·
�H
�A

�	��k;A�t����
��
��A�t�� − 
��A�t���−1.

Since the current operator is J=�h�k+Aac�t�+A� /�A, the
above formula for the dc transport in an intense ac back-
ground field is rewritten as

ab�Aac� = i� dk

�2��d �
�,���

�f��k� − f��k��

��k� − 
��k�

�
��	��k��Jb�	��k�����	��k��Ja�	��k���


��k� − 
��k� + i�
, �2�

where f��k� is the nonequilibrium distribution �occupation
fraction� of the �th Floquet state, � is a positive infinitesi-
mal, and we have put the perturbation A=0 as in the linear-
response theory. The essential difference from the conven-
tional Kubo formula in the absence of ac fields is that the
energy is replaced with the Floquet quasienergy, and the in-
ner product with a time averaged one. We note that similar
expressions were obtained by Torres and Kunold13 in their

study of microwave-assisted zero-resistance states. The Hall
conductivity can be further simplified to a TKNN-type for-
mula,

xy�Aac� = e2� dk

�2��d�
�

f��k���k � A��k��z, �3�

where A��k�	−i��	��k���k�	��k���. We note that if we
separate the Floquet index into �= �i ,m� where i labels the
original band and m is the Floquet index, then A��k� is
independent of m. However, the occupation f��k� depends on
both indices. In equilibrium, f �i,m��k�=�m0fFD�Ei�k�� holds
where Ei�k� is the energy of ith state and fFD the Fermi-Dirac
distribution. In nonequilibrium, however, the distribution is
nonuniversal and depends on the detail of the system such as
how the electrodes are attached, etc., so that a case-by-case
study should be needed to determine the distribution and
hence the dc transport of the system.

III. APPLICATION TO A DIRAC BAND

Now we study the effect of ac fields on the two-
dimensional Dirac band. The Hamiltonian is H�t�=�zv
�kx+Aac

x �t��x+v�ky +Aac
y �t��y, where �z= �1 labels the

chirality �K and K� points in graphene�, v is the velocity �set
to v=1 hereafter�, and i are the Pauli matrices. The circu-
larly polarized field is given as �Aac

x ,Aac
y �=A�cos �t , sin �t�

where A	F /� with F being the field strength. Here we
neglect the momentum of light since v�c, and consider di-
rect transitions, which is a situation different from the
Volkov solution.14 With Fourier transformed Floquet states
�	�t��=�me−im�t�u�

m� the Floquet equation becomes

�
n

Hmn�u�
n� = �
� + m���u�

m� , �4�

where the Floquet Hamiltonian Hmn= 1
T
0

TdtH�t�ei�m−n��t has
Hmm= �

0 kx−iky

kx+iky 0 � for the diagonal components, whereas the
off-diagonal components depend on �z, i.e., Hmm+1

= � 0 A
0 0 � , Hmm−1= � 0 0

A 0 � for �z=1 and Hmm+1= � 0 0
−A 0 � , Hmm−1

= � 0 −A
0 0 � for �z=−1. This defines an eigenvalue problem for a

block tridiagonal matrix that can be solved numerically with
a truncation at certain �m�.

As an important effect of the ac field, gaps open at �
=integer�� /2 in the quasienergy band structure �Fig. 1�b��,
reflecting a Dirac-band analog of the ac-Wannier-Stark lad-
der, as also seen in the density of states A���
=− 1

�
dk��Im
�u�

0 �u�
0�

�−
�+i� in Fig. 1�c�. The gap at �= �� /2 is
the largest, which is related to one-photon assisted transport
discussed later. We note that this gap also opens in the lin-
early polarized case as studied in Ref. 15. More importantly,
a new gap opens at k=0, 
=0 in the circularly polarized
case. Indeed, one can show that the solution of the time-
dependent Schrödinger equation at k=0 is

����k = 0,t�� � e−i
�t� 1


̃i

A
ei�t� , �5�

where the Floquet state is labeled by �= �i ,m� with i=1,2
representing the upper and lower branches of the Dirac band
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and m the Floquet index. The quasienergy is 
�= 
̃i+m�

with 
̃1=
�4A2+�2+�

2 , 
̃2= −�4A2+�2+�
2 . The �= �1,−1� , �2,0�

bands are direct descendants of the original Dirac bands, and
the dynamical gap 2� opening between them is �=
�1,−1�

=
�4A2+�2−�

2 . The dynamical gap first grows quadratically with
A, 2��2A2 /�, followed by an asymptote 2��2A−�. An
important property of the quasienergy is that it is a sum of
the dynamical phase and the AA phase, i.e.,


� = ��	��H�t��	��� + ��
AA/T , �6�

where the AA phase is given by

��
AA 	 T��	��i�t�	��� = � ���4�A/��2 + 1�−1/2 − 1� , �7�

where � refers to �= �1,−1� , �2,0�. In the adiabatic limit
��→0 with a fixed A� it approaches to ��. We note that
only the k points with �k��A acquire the AA phase, since
otherwise the Dirac cone is not encircled. In the Berry cur-
vature for the �= �2,0� Floquet state �Fig. 1�d�� there is a
conspicuous peak around k=0,

��k � A��k��z � � �z
1

2
���k�2 + �2�−3/2, �8�

where � corresponds to �= �1,m� , �2,m�. In this expression,
two geometric quantities appear, where the Berry curvature
comes from the perturbative treatment of the weak dc elec-
tric field whereas the AA phase emerges because of the time-
periodic dynamics of k points in intense ac fields. Due to the
factor �z, the contribution from K and K� points in graphene

will cancel with each other if the distribution is identical
between them. However, we shall see that, if we apply a
static dc bias across the system, chirality �the valley symme-
try� is degraded, which will lead to a nontrivial curvature,
hence to a Hall current.

IV. KELDYSH APPROACH TO PHOTOVOLTAIC
TRANSPORT IN GRAPHENE

So we move on to a Keldysh Green’s function analysis of
transport properties in a graphene irradiated by a circularly
polarized light and attached to two electrodes. The system is
described by an action, S=
Cdt�Lgraphene+Lmix+Lelectrodes�,
where Lgraphene=�i�jci

†�i�t− tije
iAij

ac�t��cj is the tight-binding
model for graphene with a hopping tij =−w for nearest neigh-
bors, while Lmix=�k,rVmix

r ��ak
r�†cr+H.c.� represents the cou-

pling between the electrodes and graphene, with the spin
degrees of freedom ignored. The ac field is introduced by
Aij

ac�t�= �ri−r j� ·Aac�t� with Aac�t�= �F /���cos �t , sin �t�,
where F=eaE is the normalized field strength �a: lattice
const.�. We assume that the electrodes are described by a
fermion operator ar �r� �L ,R� labeling the left and right
electrodes�, for which a Fermi-Dirac distribution �ar†

ar�= fr
= �e���−�r�+1�−1 is assumed with electrode-dependent chemi-
cal potential �r. They are related to the dc bias V across the
electrodes by �L=V /2, �R=−V /2. With a periodic bound-
ary condition in the direction �y� of the graphene ribbon, the
Keldysh Green’s functions for each momentum ky become a
matrix labeled by the site in the x direction �i=1, . . . ,N� and
by the Floquet index. The Green’s functions satisfy

�Gky

R ��� Gky

K ���

0 Gky

A ��� �
ij;mn

−1

= ��� + n� + i���mn�ij − �Ĥ�ij
mn�ky� 0

0 �� + n� − i���mn�ij − �Ĥ�ij
mn�ky�

�
+ �i1�mn�i�L/2 − i�L�1 − 2fL�� + m���

0 − i�L/2 � + �iN�mn�i�R/2 − i�R�1 − 2fR�� + m���
0 − i�R/2 � ,

where GK,R,A are the Keldysh, retarded, and advanced
Green’s functions, respectively, and �r� �Vmix

r �2 is the imagi-
nary part of the self-energy due to the sample-electrode cou-
pling. The effective Floquet Hamiltonian is defined by

�Ĥ�mn�ky�= 1
T
0

Tdtei�m−n��tĤ�ky ;Aac�t��, where the indices i , j
are suppressed. The current between sites i , j is determined
from the lesser component G� by

�Jij
a �t�� = − i

e

�

1

Nky

�
ky

�
mn
�

0

� d�

2�
e−i�m−n��t

� �Jij�t��Gky

��mn;ji��� + Jji�t��Gky

��mn;ij���� , �9�

where Jij =�Ĥ /�Aij is the current operator. In practice, we do
not calculate the Keldysh component but use the Keldysh

equation �cf. Ref. 16� to relate G� with GA ,GR obtained by
diagonalizing the Floquet Hamiltonian.

In the obtained current distribution �Fig. 2�a�� the polar-
ized light induces locally circulating currents in the absence
of the bias V across the electrodes. There is no net current in
the y direction as there should be. This current resembles the
orbital magnetism which was predicted to arise when a per-
turbation induces a gap in the Dirac cone.17,18 Indeed, the
circularly polarized light in the present case opens a gap
around the band crossing �arrow in Fig. 3�b��, which has led
to a similar dc effect.

A striking finding here is that, when we switch on the bias
voltage V, we have a photoinduced dc Hall current as well as
a longitudinal ��x� current �Fig. 2�b��. The Hall current is
naturally inverted when the right circularly polarized field
Aac� �cos �t , sin �t� is changed into the left polarization
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��cos �t ,−sin �t�, or the bias voltage is inverted. The I-V
characteristics are shown in Fig. 2�c� for Jx and Jy, the aver-
aged current in the x and y directions, respectively. The
photoinduced net Hall current grows linearly with the bias V,
but saturates and then decreases when V becomes large. Fig-
ure 2�d� depicts the dependence of the conductance, Gxx
=Jx /V , Gxy =Jy /V, on the intensity F of the circularly polar-
ized light for a fixed bias V. The conductance, unlike the
conductivity discussed in the first part of this Rapid Commu-
nication, is less universal and depends on the contact �r
�here we set �L=�R=0.2w�, etc., but we expect that the ef-
fect will be qualitatively robust. As we increase F, the lon-
gitudinal Gxx first decreases and increases again �F
�0.03w�. The decrease can be explained by the gap opening
at the Dirac points, while the increase is due to photoassisted

transport. We note that similar features have been experimen-
tally observed in microwave irradiated carbon nanotubes.19

The Hall conductance Gxy, on the other hand, initially grows
quadratically with F and then increases linearly, which is a
dependence similar to the gap � in the Dirac cone �Eq. �8��,
and indicates Jy ��V. We note that a similar expression was
obtained in the case where the chirality is broken in a static
manner.20

To summarize, we have found that a combined effect of
an intense ac field of a circularly polarized light and a �weak�
dc bias can produce a photovoltaic dc Hall current in
graphene, despite the absence of a uniform magnetic field.
The typical intensity of the laser conceived here, F
�0.001w, corresponds to E�107 V /m for photon energy
��1 eV, w=2.7 eV, a=2.6 Å, which should be within the
experimental feasibility. Inclusion of dissipation, etc. will be
an interesting future problem.
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FIG. 2. �Color online� dc current distribution in an armchair
graphene ribbon attached to electrodes subject to a circularly polar-
ized light for a finite ac field F=0.025w , �=0.3w with no dc bias
�a� and with a finite bias V=0.005w �b�. �c� I-V characteristics of
the longitudinal Jx �black� and the Hall current Jy �blue� for various
values of F. �d� dc conductance G=J /V plotted against field
strength F for a fixed bias V=0.005w. System size in the x direction
N=34 throughout.
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