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Analyzing the nonlinear part of a signal generated by the response of a sample to an elastic excitation is a
powerful tool to gain information on the material microstructure, including the presence of damage. Analysis
using band-pass filtering or equivalent methods is often difficult due to the low amplitude of the harmonics
contained in the signal. This is the case for the detection of early damage in granular samples with damage
induced by a quasistatic loading, as analyzed in this paper. An experimental study, based on the scaling
subtraction method, is presented here, showing the possibility of monitoring the variation in the sample
nonlinearity during the evolution of damage and allowing linking it to different physical processes. The
efficiency of the method in eliminating nonlinear contributions due to the experimental setup is proved through
a numerical analysis.
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I. INTRODUCTION

The presence of nonlinear terms in the elastic response of
a granular medium to a wave excitation is considered a mi-
crostructure indicator related to the presence of
microcracks.1–6 Depending on the modality of the experi-
ment, features such as higher-order harmonics,7

subharmonics,8 or sidebands9 are known to provide an indi-
cation of the interaction between the injected wave and the
nonlinear scatterers present in the sample. A very sensitive
nonlinear contribution may be identified in the attenuation as
well.10,11

Many methods have been presented in the past to extract
nonlinear features from the elastic response of a specimen
impinged by an ultrasonic wave, in particular band-pass
filtering,3,12,13 classical fast Fourier transform �FFT�
analysis14–17 and phase-coded subtraction methods.18 All of
the above-mentioned methods consider only part of the non-
linear signature, in general, that is due to higher-order har-
monics or sidebands, excluding therefore the contribution
observable at the fundamental frequency. As a result, in par-
ticular when dealing with early/small damage, these methods
need very accurate measurements to be performed in a con-
trolled environment. In fact, the features to be extracted have
a small amplitude �few percent of the recorded signals�, and
the nonlinear contribution to the signal decay rapidly when
moving far from the nonlinearity source. As a result, the
signature of the nonlinear scatterers can easily fall below the
noise level.

At the state of the art, nonlinear ultrasonic measurements
are not easy to perform for solid samples, in which different
sources of nonlinearity can be present at the same time. In
particular, measurements can be easily contaminated by the
nonlinearity intrinsic in the acquisition system, which poses
serious limits in the voltage amplitudes that can be used in
experiments. An accurate testing of the linear limit of trans-
ducers, electronics, and power amplifier must always be per-
formed to define a priori the maximum upper voltage level.

Proven that the acquisition system is linear, any break in
proportionality between the input and the output can be to-

tally associated to the nonlinear elastic elements in the
sample. This can be due to different causes which can be
grouped into three main classes of phenomena:

�1� amplitude dependence of the elastic constants and,
consequently, of the wave speed, which causes changes in
the phases of the recorded signal;

�2� nonlinear attenuation mechanisms, which influence
the amplitude of the recorded signal;

�3� nonlinear coupling in the wave equation, which allows
the generation of higher-order harmonics, sidebands, or sub-
harmonics.

It is interesting to note that filtering methods only capture
the last of the three mechanisms. On the opposite, amplitude
effects on attenuation and wave speed have influence mostly
on the component of the signal at its fundamental frequency,
resulting, e.g., in a shift of the resonance frequency with the
excitation amplitude. Extracting these three contributions
from a single signal is important for a better understanding
of the mechanisms involved when the nonlinearity is gener-
ated.

To this purpose, a valid alternative to the traditional fil-
tering techniques is given by the scaling subtraction method
�SSM�, which consists of a simple difference between sig-
nals once a reference signal has been defined for the exam-
ined sample.11 Besides the advantage of not needing param-
eters for the analysis �e.g., number of periods, sampling rate,
etc� which are influent for a successful filtering approach, the
SSM analysis also accounts for nonlinear attenuation and
phase delays in the recorded signals, i.e., nonlinear effects at
the fundamental frequency. These effects have been shown to
be much stronger than those on harmonics �at least in granu-
lar samples such as concrete�.11 It follows that the analysis
can be easily conducted in a narrow frequency band, with
obvious advantages from the point of view of the choice of
the transducers to be used.

We show in this paper that by using the SSM approach as
it will be presented in Sec. II, we can extract information on
the nonlinearity �and its evolution� from experimental data
and correlate this information to the presence of an underly-
ing microstructure. The signals recorded by a transducer can
be analyzed in order to provide four nonlinearity indicators,
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each sensible to a different microfeature �Sec. III�. In Sec.
IV, a discussion is presented through numerical examples to
indicate how the method and the separation of the effects can
support the solution of problems emerging in different appli-
cations of ultrasound in damage diagnosis. In particular, we
prove that the SSM approach can be used to separate physi-
cal nonlinear signatures from the artifacts due to the mea-
surement system, such as equipment nonlinearity or noise.

II. THEORY

A. Scaling subtraction method

Propagation of elastic waves in a nonlinear medium �or in
a portion of it� is governed by a nonlinear stress-strain con-
stitutive equation. In general, for a one-dimensional wave
propagating in a nonlinear elastic medium with hysteresis,
the stress-strain equation �constitutive law� can be obtained
by the expansion of the elastic strain energy in powers of the
strain tensor, with additional contributions due to hysteresis.
Of course, different equations can be used to model different
types of nonlinearity: classical nonlinear models,19 hysteretic
models,20–23 bond models,24 elastoplastic models,25 etc.

Given the material constitutive law, the equation of mo-
tion can be obtained as

�
�2�

�t2 =
�2�

�x2 + f�x,t� , �1�

where � is the medium density, � is the stress, � is the strain,
and the function f defines the source.

The nonlinear contributions in the stress-strain relation
break the proportionality between the excitation �defined by
f� and the response. Note that nonlinear contributions rise
only if a high amount of energy is injected in the sample. In
this case the superposition principle is violated. The SSM
exploits the loss of scaling properties of the recorded signals.

To explain the procedure, we start considering that in
most cases the elastic response of the excited medium to an
elastic wave can be expressed as a superposition of cosinu-
soidal waves. Formally, given a pure tone excitation with
amplitude A and frequency �0, when stationary conditions
are reached, the received signal vA�t� can be expressed as

vA�t� = �
n=1

�

Bn�A�cos�n�0t + �n�A�� . �2�

The response amplitudes Bn�A� are governed by an
amplitude-dependent damping 	�A�. For simplicity, the fre-
quency dependence of the damping is neglected in this dis-
cussion. Note that also phases of each harmonic contribution
in the summation are a function of the amplitude.

In order to separate the nonlinear signature in signals in
the form of Eq. �2�, a linear “reference signal” is needed,
which represents the linear response associated to an equiva-
lent linear �undamaged� medium. The definition of such a
“reference” is not trivial since it must be defined with an
experimental procedure on the same sample �without chang-
ing the coupling of the transducers�. It must correspond to
the linear �ideal� response at the very same amplitude A.

Being the nonlinear signature a small effect, in particular for
early damage, defining a physical reference specimen identi-
cal �except for nonlinearity� to that analyzed is completely
unfeasible.

Let us then consider that in the limit of small excitations
the strain is small and nonlinear contributions in the stress-
strain equation are negligible. It follows that the system is
described by a linear wave equation. Thus, when the sample
is excited with a sufficiently low amplitude Alin, the resulting
recorded signal does not contain higher-order harmonics,

vlin�t� = B1�A → 0�cos��0t + �0� . �3�

Without loss of generality and for simplicity of notation, in
the following we will assume �0=0.

Once measured vlin�t�, the reference signal at amplitude
A=kAlin�k
1� can be defined in a post processing proce-
dure. In fact, if the system was linear, the superposition prin-
ciple would hold and the output signal would be expected to
be

vref�t� = kvlin�t� � vA�t� . �4�

In the following, vref�t� will be assumed as the linear “refer-
ence.”

The SSM defines the nonlinear response of the specimen
through the scaled subtracted signal �SSM signal�

wA�t� = vA�t� − vref�t� , �5�

where the signal vA�t� is a high-amplitude �A=kAlin� signal,
which can be expressed in the form of Eq. �2�. From Eqs. �3�
and �4� we obtain

wA = − kB1�Alin�cos��0t� + B1�A�cos��0t + �1�A��

+ �
n=2

�

Bn�A�cos�n�0t + �n�A�� . �6�

Of course wA�t� vanishes �except for noise effects� if the
material is perfectly linear.

Given a material model based on the classical Landau
theory, it is possible to extract the well-known � and �
parameters26 from the SSM signal wA�t�, at least in principle.
An example of derivation is reported in the Appendix. This
issue is not further investigated here since, in our opinion,
the nonlinearity of the samples studied in this paper is not of
the classical type, but on the contrary, the cause of the non-
linear behavior of the specimen is mainly due to hysteresis1

or transitions to nonequilibrium states21,27,28.
From the SSM signal wA�t�, we can define a quantitative

parameter 
�A� to represent and quantify the nonlinear sig-
nature of the investigated sample. The parameter, which from
now on will be called the SSM indicator, has been defined as
the “energy” of the SSM signals wA�t�,


�A� =
1

nT
�

0

nT

wA
2�t�dt . �7�

Of course, 
�A� is dependent on the amplitude of the large
excitation used in the analysis, as will be discussed in the
results �Sec. II D�.
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The scaling subtraction method has the advantage with
respect to FFT analysis or similar approaches that the non-
linear signature is derived by a simple subtraction method
and without the introduction of mathematical parameters,
usually present in the filtering procedures �e.g., time window
length, zero padding, etc.�. We also remark that, for an ex-
perimental procedure based on SSM, recorded signals must
be triggered and synchronized in order to avoid any effect
caused by measurement delays.

B. Properties of the SSM signals

Three contributions in the SSM signal can be distin-
guished, corresponding to the three sources of nonlinearity
previously introduced. From Eq. �6�, simple trigonometric
calculations indicate that wA�t� can be written as

wA�t� = w1�t� + w2�t� + w3�t� , �8�

where
�i� w1�t�=2kB1�Alin�cos��0t+

�1�A�
2 �cos�

�1�A�
2 � is the nonlin-

ear contribution due to the phase �1 of the component at the
fundamental frequency �0. It only depends on the �linear�
“reference signal” amplitude B1�Alin�. The energy of such
signal can be defined, equivalently to what reported in Eq.
�7�, as the phase nonlinear indicator


1 = 2k2B1
2 cos2��1�A�

2
� . �9�

In a given material the phase of a wave is related to the wave
speed and to the length of the traveled path, which in this
case remains constant �except for a second-order term due to
changes in the attenuation�. Assuming the material to be non-
dispersive, the velocity is directly related to the bulk modu-
lus K through the relation v=	K

� . Thus 
1, which depends on
the phase of the large amplitude signal only, reflects a varia-
tion in the stiffness of the medium when excited at the am-
plitude A, with respect to the stiffness when the material is
excited at amplitude Alin. Less often a variation in velocity
can be related to a variation in density. Note that the idea
remains valid also in the case of dispersive media, being the
phases evaluated at fixed input frequency.

�ii� w2�t�= �B1�A�−kB1�Alin��cos��0t+�1�A�� is the non-
linear contribution due to nonlinear attenuation. It depends
on both the �linear� reference signal amplitude and the higher
amplitude. Since nonlinear attenuation increases with ampli-
tude, we always expect the amplitude of the scaled linear
signal to be slightly higher than that of the high-amplitude
signal, except for effects related to the shift of the resonance
curve of the specimen. The corresponding nonlinear attenu-
ation indicator is


2 =
1

2
�B1�A� − kB1�Alin��2. �10�

The indicator 
2 exploits the dependence of the attenuation
coefficient 	�A� on the amplitude. The origin of nonlinear
attenuation is likely to reside in a combination of several
effects, mainly spectral broadening, hysteresis, and reso-
nance frequency shift �usually negligible�. To date, it is hard

to isolate each single contribution and to link attenuation to
nonlinear parameters, such as beta or delta. A specific analy-
sis using broadband transducers might allow providing evi-
dence of the link between energy transferred to higher-order
harmonics and loss of energy due to attenuation.

�iii� w3�t�=�n=2
� Bn�A�cos�n�0t+�n�A�� represents the

contribution of higher-order harmonics. It corresponds to sig-
nals defined using band-pass filtering and a corresponding
harmonics indicator 
3 can be introduced as well. It contains
information on the nonlinear and hysteretic parameters of the
wave equation.

The first two contributions highlight how part of the
stronger nonlinear feature resides at the fundamental fre-
quency. When the fundamental frequency is omitted from the
analysis of the signals �e.g., by band-pass filtering�, the
stronger nonlinear effects are neglected.

C. Experimental separation of the wi(t) contributions

Given an experimental set of data, the three components
wi�t� can be individually analyzed. We discuss here a method
to separate the three individual signals wi�t� �i=1,2 ,3� from
the total SSM signal wA�t�, given only the measured experi-
mental signals vA�t� and vlin�t�.

To this purpose we first derive three intermediate signals
from vA�t�:

�a� vA��t�: the original signal vA�t� is filtered around the
fundamental frequency �band-pass filter 0.5�0���1.5�0�.
The result is normalized to the same amplitude of the refer-
ence signal �vref=A /Alinvlin�t��. It follows that, assuming the
experimental signals approximately corresponding to those
theoretically expected from Eqs. �2� and �3�, vA��t�
=kB1�Alin�cos��0t+��A��. Therefore w1�t�=vA��t�−vref�t�.

�b� vA��t�: the original signal vA�t� is filtered around the
fundamental frequency �band-pass filter 0.5�0���1.5�0�.
The resulting signal is phased with the reference signal, i.e.,
vref�t� is shifted in time to obtain maximum correlation with
vA�t�. Assuming the experimental signals to approximately
correspond to those theoretically expected from Eq. �3�, the
shift corresponding to maximum correlation is �t
=�1�A� /�0 and vA��t�=B�A�cos��0�t−�t�+�1�A��
=B�A�cos��0t�. Therefore w2�t�=vA�t�−vA��t�.

�c� vA
F�t�: the original signal vA�t� is high-pass filtered

�1.5�0���7.5�0�. It follows that w3�t�=vA
F�t�.

D. Results

To illustrate the procedure to define the SSM signal and to
separate the three independent contributions, we analyze here
a given set of two experimental signals obtained by exciting
a nonlinear mortar sample with a sinusoidal wave at fre-
quency �0. The experimental signals used in this paragraph
are obtained in the same experimental conditions of those
described in Sec. III, therefore, we postpone the description
of the experimental setup to Sec. III A.

A linear signal vlin�t� has been measured, corresponding
to the output generated by a low input amplitude excitation
�Alin=4 Volts� and a nonlinear signal vA�t�, resulting from a
higher input amplitude �A=20 Volts�. The two have been
recorded once stationary conditions have been reached. The
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reference signal vref�t� is created in a post processing proce-
dure by scaling vlin�t� to the amplitude of vA�t� by the am-
plification factor k=A /Alin=5.

Figure 1�a� shows the superposition of vref�t� �solid line�
and vA�t� �dotted line�. Nonlinear attenuation and phase shift
are present in the signal at the larger amplitude. By subtract-
ing the two signals we obtain the SSM signal wA�t�, which is
also reported in Fig. 1�a�. Note that wA�t� has the same con-
tent of higher harmonics as vA�t�, while the fundamental one,
even if it has been largely reduced �Fig. 1�b��, is still present
and dominant. The emergence of higher-order harmonics
here is detectable from the deformation of the shape of the
signal wA�t� in Fig. 1�a�.

Figures 2�a� and 2�b� show, respectively, the superposition
of the signals vA��t� and vA��t� �dotted lines� on the reference
signal �solid line�. The agreement of the experimental results
with the expectations described in Sec. II C is remarkable.

The contributions w1�t�, w2�t�, and w3�t� are reported in
Figs. 2�c�–2�e�. It is clear that w1�t� and w2�t� are dominant
with respect to w3�t�: the latter is only about 2% of the signal
recorded at the larger amplitude. The amplitude of the SSM
signal �Fig. 1�a�� is higher than that of the signal in Fig. 2�e�,

which corresponds to the pure contribution of higher-order
harmonics, thus demonstrating the SSM signal to be a richer
and more reliable signature of nonlinearity than the filtered
signals. Further discussion about this issue will be presented
also in Sec. III.

Finally, as expected, the SSM signal w�t� can be recon-
structed by the summation of the three independent contri-
butions: wR�t�=w1�t�+w2�t�+w3�t�. Figure 3 shows that the
recalculated total signal wR�t� matches well the measured
signal wA�t�. Zooming in a small time window to better ap-
preciate the signals waveform, we notice no significant dif-
ferences between the two.

III. EXPERIMENTS

A set of experiments has been conducted to demonstrate
the efficiency of the scaling subtraction method for the de-
tection of specimens’ nonlinearity through ultrasonic mea-
surements. In addition, experiments have been performed to
illustrate the sensitivity of the four SSM signals to the pres-
ence and progression of microdamage.

FIG. 1. �Color online� SSM signal. �a� Superposition of the linear reference signal vref �solid line� on the nonlinear signal vA �dotted line�.
The SSM signal w is also reported; w is given by the difference of the reference and nonlinear signals. �b� FFT of the nonlinear signal vA

�solid black line� and of the SSM signal w of Fig. 1�a� �dashed black line�; harmonics amplitude remains the same while the amplitude of
the fundamental is attenuated.
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A. Experimental setup

In our study, linear �steel and lead� and nonlinear �con-
crete and mortar� samples have been characterized using the
SSM approach. All samples, except for mortar, were in the
shape of a 16 cm cylinder with 6 cm diameter. Mortar
samples were in the shape of a 4�4�16 cm3 prisms. All
samples have been tested in their undamaged state. Also, one

mortar sample has been damaged with a quasistatic compres-
sion load along its maximum dimension, using a servo-
controlled mechanical testing system �MTS�, and ultrasonic
measurements have been performed with the specimen under
loading at different loading levels.

To perform ultrasonic measurements, each sample has
been equipped with two identical piezoelectric transducers,

FIG. 2. The SSM contributions. �a� Solid line is the reference linear signal vref and dotted line is the scaled nonlinear signal vA��t�. Notice
that signals have the same amplitude but a difference in phase. �b� Solid line is the reference linear signal vref and dotted line is the phased
nonlinear signal vA��t�. Signals have here the same phase, but a difference in amplitude. �c� Phase contribution signal w1, given by the
difference of the signals in subplot �a�. �d� Nonlinear attenuation contribution w2, given by the difference of the signals in subplot �b�. �e�
Harmonic contribution w3, given by filtering the nonlinear signal vA excluding the fundamental frequency. Notice that its magnitude is very
small if compared to signals in plots �c� and �d�. All data are experimental data taken on a mortar sample.

FIG. 3. �Color online� Reconstruction of the SSM signal. The red dashed-dot line is the total SSM signal w ; the blue solid line is the
reconstructed SSM signal wR; the blue dotted line is the phase signal w1; the red solid line is the nonlinear attenuation signal w2 contribution
and the blue dashed-dot line is the harmonics signal w3. The reconstructed total SSM signal wR is given by the summation of the w1, w2, and
w3 signals and it well corresponds to w.
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one acting as emitter and the other as receiver, with diameter
of 4 cm. In the first experiment, transducers have been
coupled to the tips of the specimen with a thin layer of plas-
ticine. It follows that the distance between transducers is 16
cm in both cylindrical and prismatic samples. The quality
�and linearity� of the bonding and the repeatability of mea-
surements have been verified. In the second experiment,
transducers were placed on the sides of the specimen for
measurements under loading.

The emitter was connected to a function generator
through a linear amplifier; the function generator excited the
transducer with a continuous sinusoidal wave centered at fre-
quency �0=55 kHz. In the case of measurements under
loading, because of the shorter distance available between
transducers �4 cm�, a higher frequency was chosen: �0
=165 kHz. The linear amplifier had a 20� gain and made it
possible to reach excitations up to 160 V peak to peak.

The amplifier’s output was connected to the oscilloscope
in order to record and use the input signal to synchronize
signals. The receiving transducer was connected to the oscil-
loscope as well, through a linear preamplifier. Signals have
been recorded after stationary conditions were reached, with
a sampling rate of 5 MSa/s and a time window of 500 �s
�around 30 wavelengths�. See Fig. 4 for a schematic repre-
sentation of the experimental setup.

For each sample, experiments have been conducted vary-
ing the amplitude of the excitation between 2 and 160 V peak
to peak, after amplification, with increasing voltage levels
and for a total number of N steps. The recorded output sig-
nals have been labeled as vi, where i=1,2 , . . . ,N. The v1
signal is the lower voltage level signal and it corresponds to
the linear output signal previously named vlin, while signals
from v2 to vN correspond to the nonlinear responses at dif-
ferent input amplitudes, each of them corresponding to the
nonlinear signal vA.

B. Data analysis

The output signals for ultrasonic measurements, both in
unloaded and under loading conditions, have been synchro-
nized and recorded. For each specimen, signal analysis as
described in Sec. II made it possible to calculate the total
SSM signal w�t� and the partial contributions wi�t� at each
voltage level. For each sample, the nonlinear indicators �the
one defined by Eq. �7� and the ones corresponding to the
partial contributions� were calculated and plotted as a func-
tion of amplitude. In the case of unloaded �and undamaged�

specimens, a curve of 
 versus the output signal amplitude
was built for each sample. For the loaded progressively dam-
aged mortar specimen, a set of curves, each proper to a spe-
cific loading step, was defined.

An increase in the nonlinear indicator as a function of
amplitude is characteristic of samples with marked nonlin-
earity, as discussed below. A faster rate of increase indicates
a stronger nonlinearity in the corresponding sample. The
curves obtained from the experimental data have been fitted
using polynomial equations. In the following, each plot
shows both experimental data and fitting curves. The poly-
nomial fitting in this context does not have a physical mean-
ing. Rather it constitutes a guide to the eyes and allows ex-
trapolating the values of the parameters 
 and 
i for
amplitude values different than those at which experiments
have been performed.

C. Results

1. Unloaded specimens

As introduced in Sec. III A., two linear �steel and lead�
and two nonlinear �mortar and concrete� unloaded specimens
have been tested, with the aim of enlightening the efficiency
of SSM in characterization of materials. Appropriate mea-
surements on the equipment have been conducted too, in
order to ensure linearity of the ultrasonic testing system. In
particular, the same procedure followed for the four speci-
mens has been applied to directly coupled transducers, i.e.,
without interposition of any propagation medium, except for
the plasticine layer.

Let us first consider the total nonlinear signature of the
four specimens. Figure 5�a� reports the plot of 
 versus the
output amplitude of the vi signals. Linear and nonlinear be-
haviors can be distinguished. In particular, nonlinear signa-
tures of lead �triangle—black line� and steel �diamond—
green line� are negligible if compared to those of mortar
�square—red line� and concrete �circle—blue line�. The
equipment �star—brown line� has a perfectly linear behavior
as well. Regarding mortar and concrete, a nonlinear signa-
ture is evident and both samples show a nonlinear depen-
dence of 
 from the output amplitude.

Considering the partial contributions and the correspond-
ing indicators, i.e., phase �
1�, nonlinear attenuation �
2�, and
harmonics content �
3�, the above observations are still valid.
Notice that the harmonics contribution �Fig. 5�d�� is negli-
gible if compared to the contributions of phase and nonlinear
attenuation; in particular its magnitude is one order lower
than that of the attenuation contribution and two orders lower
than phase and total contributions, although it is still clearly
distinguishable the nonlinear from the linear behavior. The
set of results presented seems to indicate that most of the
nonlinear signature resides in the phase mechanism, hence
being related to the dependence of the elastic constants from
amplitude.

2. Damaged specimen

We intend here to highlight the efficiency of the SSM
method in the detection of variations in nonlinear features in

FIG. 4. Schematic representation of the experimental setup. One
of the oscilloscope channels measures the output of the power am-
plifier for synchronization purposes.
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a specimen and thus in the analysis of damage progression.
To this purpose, a mortar sample has been damaged through
a servo-controlled MTS. Compressive load was increased in
steps of 3 kN until rupture occurred, at 38 kN. The MTS
worked in displacement control and with a loading velocity
of 0.2 �m /s. Ultrasonic measurements were performed at
every loading step, leaving the sample under constant load-
ing condition.

First, we will consider the mechanical behavior of the
specimen through the analysis of the quasistatic loading
curve. Figure 6 shows a quasistatic curve related to a mortar
specimen nearly identical to the one analyzed in the ultra-
sonic testing: indeed, it has been produced using the very
same mixing, in the same day and with the same geometry
and size. The analysis of the quasistatic curve shows a com-
paction stage �hardening�, followed by a linear behavior and
a nonlinear softening. Rupture occurs at the end of the non-
linear softening stage, at 35 kN.

For the sample investigated with the SSM approach, ul-
trasonic measurements have been taken in the time interval
between one loading step and the following. Figure 7 shows
the results of the SSM analysis of the recorded signals vi.
The different colored curves represent the total and partial
contributions at different loading steps.

Let us first consider the total SSM contribution �Fig.
7�a��. The curve of the nonlinear parameter 
 does not show
a monotonous behavior. At first, a decrease in the nonlinear
content in the analyzed signals is manifested �circle-blue and

square-red curves�. For higher loads 
 returns to the same
values as those of the virgin sample �diamond-green curve�,
with a very similar behavior. For even larger loads, 
 in-
creases further �stars-yellow and triangles-brown curves�. A

FIG. 5. �Color online� Classification of different specimens by
means of their nonlinear signature through the SSM nonlinear indi-
cators �
 and 
i versus output amplitude�. �a� The total SSM con-
tribution shows clear distinction between linear �diamonds-green,
triangles-black, and stars-brown lines� and nonlinear �squares-red
and circles-blue lines� specimens. �b� Phase contribution seems to
play a dominant role only for concrete. �c� Nonlinear attenuation
shows clear distinction between linear and nonlinear specimens. �d�
Harmonics content is sensitive to the nonlinearity of specimens,
though its energy content is lower that that of the other contribu-
tions �note the different scales on the y axes�.

FIG. 6. Quasistatic loading curve for a mortar sample recorded
by the acquisition system of the MTS working in displacement
control and at a loading velocity of 0.2 �m /s. Notice the three
stages of hardening �slope increase up to 8kN�, quasilinearity �con-
stant slope up to 14kN�, and damage �slope rapidly decreases up to
33kN�. Rupture of the sample occurred at 35 kN.

FIG. 7. �Color online� Damage progression in a mortar speci-
men under quasistatic load. �a� The total SSM indicator highlights
three stages: hardening �the nonlinear parameter decreases up to a
load of 9 kN�, quasilinear elastic region �the nonlinear parameter
remains approximately constant up to 20kN: the lines correspond-
ing to 12 and 18 kN, not reported, are very similar to that at 15kN�,
and softening caused by damage �the nonlinear parameter is larger
for 27 and 30 kN�. �b� Phase indicator is a magnifying lens on the
bulk modulus variations and the hardening stage is very evident. �c�
Nonlinear attenuation does not discern the hardening stage, though
it shows damage. �d� Harmonics content shows a first decrease in
nonlinearity, corresponding to closure of existing cracks in the
sample, but it is not sensitive either to hardening or to softening
stages.
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similar observation is also valid for the phase contribution
�Fig. 7�b�� and for the nonlinear attenuation indicator �Fig.
7�c��, although the latter seems to be less sensitive to
changes up to loads close to 50%–60% of the rupture load.
On the contrary, the harmonics content contribution �Fig.
7�d�� does not seem to give any useful information, either for
the hardening stage or for the progression of damage. From
the second load level on, all curves group in one indistin-
guishable sheaf. This observation is due to the fact that the
harmonics amplitude is very small and probably within the
noise level. Notice also the major role played by the phase,
enlightened by the higher magnitude of the corresponding
indicator.

As the nonlinear signature is related to the presence of
microcracks, and thus to damage, it may be useful to cross-
analyze results from the quasistatic curve and from the ultra-
sonic measurements. To this purpose Fig. 8 shows the value
of 
 at a fixed output level versus the load. The 
 parameter
corresponding to the arbitrarily chosen output level was cal-
culated through the fitting equations. A fixed output ampli-
tude value of 0.4 V was chosen. Although not shown here, no
relevant differences in the behavior of the indicators were
found for other choices of this value.

The quasistatic curve �reported in Fig. 6� suggests an in-
terpretation of the evolution of the sample microstructure
when increasing the load, which is confirmed by the ultra-
sonic measurements �Fig. 8�. In fact, three stages can be
distinguished, depending on the concavity of the stress-strain
curve.

At first, in correspondence of low load levels, an increase
in the slope of the stress-strain curve �upward concavity�
highlights that hardening is taking place. In fact, several
studies29–31 have shown that a compaction phase initially oc-
curs when mortar or concrete specimens are stressed with
compressive static or cyclic loads. A rearrangement of the
internal structure takes place, with microstructures collapsing
and pores closing down, which causes a temporary increase
in stiffness and, of course, in the bulk modulus. The closure
of pre-existing microcracks, not accompanied by formation
of new microcracks, leads to a reduction in the nonlinearity
of the sample, which is very well captured by the total and
phase indicators �Figs. 8�a� and 8�b�� in the range up to 7 kN
�about 20% of the rupture load�. On the contrary, nonlinear-
ity due to attenuation is not sensitive to compaction.

Then the stress-strain curve indicates a second stage,
which can be identified as quasilinear elastic: no significant

FIG. 8. SSM nonlinear indicators versus load, calculated as discussed in the text. �a� The total nonlinear contribution shows a first
decrease, corresponding to the hardening stage. For loading steps between 7 and 21 kN the nonlinear signature may be considered as
constant, while a significant increase can be seen from 24 kN to failure. �b� The phase nonlinear signature is very sensitive to changes in the
bulk modulus, as well as to the hardening and softening stages. �c� Nonlinear attenuation signature is not sensitive to the hardening stage,
although it is very receptive to late damage.
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changes in the specimen’s stiffness occur between 15% and
30% of the rupture load �6 to 12 kN in Fig. 6�. Only a few
new microcracks are expected to be generated inside the
sample. This region is again well captured from the ultra-
sonic measurements �Figs. 8�a� and 8�b��, the nonlinear in-
dicators being approximately constant in the range 7–12 kN
�20%–30% of the rupture load�.

When nearly 30% of the maximum compressive strength
is reached, the slope of the stress-strain curve begins to
gradually decrease �softening downward concavity in the
stress-strain relation� and a nonlinear region can be distin-
guished. A decrease in slope is related to a decrease in the
bulk modulus due to the progression of damage caused by
the load. Again, the increase in the nonlinear behavior of the
sample is captured by the measured nonlinearity indicators.
The phase indicator �Fig. 8�b�� is the most sensitive to the
very early stages of damage progression �12 kN to 21 kN�,
while the nonlinear attenuation indicator �Fig. 8�c�� detects
an increase in nonlinearity only close to rupture �from 25 kN
on, i.e., after having reached 75% of the rupture load�.

The data reported in Fig. 8 seem to indicate that the non-
linear indicator 
1 is sensitive to the stages in which micro-
cracks’ density is changing �compaction and early stages of
damage progression�. Therefore we can expect that early
damage will only produce a nonlinear dependence of the
elastic constants of the sample and not nonlinear attenuation.
In fact, the indicator 
2 does change only when microcracks
are probably coalescing into macrocracks �large loading lev-
els�. In other words, it seems that in mortar the nonlinearity
in the attenuation is mostly dominated by the presence of
large damage regions, rather than from the opening of micro-
cracks in the material.

Concluding this section, we remark that changes in the
phase and attenuation at the fundamental frequency corre-
spond to a dependence on amplitude of the resonance curve
of the sample, as studied elsewhere.1,3,10,20–24 In fact, both
the resonance frequency shift and the phase dependence on
amplitude are linked to a velocity variation in the waves in
the medium. Also, the changes in the Q factor of the sample
with amplitude can be extracted from resonance measure-
ments with an often complex mathematical approach. In our
opinion, the approach presented here is faster and easier than
resonance measurements.

D. Comparison with other techniques

As mentioned in Sec. I, other methods for the analysis of
the data can be used to classify the elastic nonlinearity of the
sample based on its response to an ultrasonic excitation.
Among them, the strain dependence of the harmonics ampli-
tude and of the phase delay provide information about the
classical parameters � and �. In particular, assuming a
power-law dependence in the form

y = axb, �11�

the type of nonlinearity can be identified from the exponents
b calculated for the second harmonic, third harmonic, and
phase delay dependence on the amplitude of the fundamental
harmonic �x�. In particular, for a completely hysteretic sys-

tem, we expect the exponent b to be equal to 2 for both
second- and third-harmonic dependences and to be equal to 1
for the phase delay.

We have applied this analysis to the data presented in Sec.
III C 1 �unloaded samples�. The amplitudes of the second
�Fig. 9�a�� and third harmonics �Fig. 9�b�� are reported vs the
amplitude of the fundamental in the cases of lead, mortar,
and concrete �the experimental data correspond to symbols
in the figure�. The phase delay is reported in Fig. 9�c�. A fit
with a power law �solid line in the figure� provided the fol-
lowing exponents:

�i� lead: b=2.28 �second harmonic�; b=2.97 �third har-
monic�; b=6 �phase delay�. The very small coefficients a and
the exponents found indicate a weak classical nonlinearity;

�ii� mortar: b=2.12 �second harmonic�; b=2.57 �third har-
monic�; b=3 �phase delay�. The coefficients a are significant
and the exponents found indicate a combination of classical
and hysteretic nonlinearity;

�iii� concrete: b=2.26 �second harmonic�; b=2.12 �third
harmonic�; b=1.02 �phase delay�. The coefficients a are
large and the exponents found indicate a dominant hysteretic
nonlinearity.

FIG. 9. �Color online� Strain dependence of �a� the second-
harmonic amplitude, �b� the third harmonic amplitude, and �c� the
phase delay �c� for different materials. The power-law dependence
�solid lines are the fitting curves� indicates a small classical nonlin-
earity for lead, a combination of classical and hysteretic nonlinear-
ity for mortar, and a dominant hysteric nonlinearity for concrete.
Exponents of the power-law dependence are reported in the text.
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More complex is the case of the under load experiment
�Sec. III C 2�. Here, the frequency chosen is �o=165 KHz
and measurements are noisier due to the action of the MTS
machine, working during the ultrasonic measurements to
keep the load on the sample. Therefore, we expect the analy-
sis of the harmonics to be harder, both because of the de-
creased signal-to-noise ratio and because of the bandwidth of
the transducers. Indeed, as reported in Fig. 10�a�, the second
harmonic depends linearly from the fundamental one, with
no differences at the various loading levels, thus indicating
that their amplitudes fall within the noise level and cannot be
used for the characterization �a similar behavior is found also
for the third harmonic�. On the contrary, the phase delay
�Fig. 10�b�� can still be appreciated and its dependence from
the strain amplitude is different at the various loadings. In
particular, the exponent b can be plotted vs load �Fig. 10�c��.
We found a result very similar to that of Fig. 8�b�, although
the quality of the results is not as good. It is interesting to
observe that, approaching the rupture load �37 kN�, nonlin-
earity of the sample seems to approach an hysteretic depen-
dence �b=1�.

IV. DISCUSSION

The experimental results reported so far �and others, not
reported for brevity� show that the phase indicator 
1 is gen-
erally the most suitable to pin point the nonlinearity of the
sample. For instance, Fig. 8 shows that 
1 is sensitive to both
compaction and damage progression in a sample subject to
quasistatic loading. Also, during the setup of the experi-
ments, we have noticed that the phase indicator is much less
sensitive to the experimental setup than the other indicators,
with easier reproducibility under less controlled experimen-
tal procedures.

We indicate here two possible interpretations of the re-
sults obtained. The first is that 
1 is sensitive to the depen-
dence of the wave speed from amplitude, i.e., to variations in
the elastic constants of the sample. Since we do not consider
changes in amplitude, but only in phase, effects due to
changes in the resonance frequency of the sample, which can
make complex the interpretation of the full SSM signal �

indicator�, are automatically filtered out. Also, the depen-
dence of the elastic constants from amplitude is probably the
most common cause of nonlinearity in the samples consid-
ered.

A second consideration is that the phase contribution au-
tomatically filters out imperfections due to the transducers
and coupling medium. To demonstrate this item, we have
performed a set of numerical experiments, using a two-
dimensional �2D� code for the description of the propagation
of elastic waves in nonlinear solid media based on the spring
model approach.21,32–34 We have considered an aluminum
rectangular sample �20 cm by 10 cm� with a square nonlinear
inclusion centered in x=3.0 cm, y=4.2 cm �with size 1.0
cm by 0.5 cm�. A transducer has been located in x
=0.0 cm, y=5.0 cm, injecting different kind of pulses, as
detailed below. 26 receivers have been located at various
distances from the source, and the nonlinearity indicators
defined previously have been calculated from the signals re-
corded at the different positions. The ratio Anonlin /Alin=10
�ratio between the large and low amplitudes of the signals
injected in the simulation� has been used, but results are
qualitatively independent from this ratio. Also, we have
shown that the considerations reported in the following are
valid for different defect sizes and for an extended nonlin-
earity �i.e., distributed in the full sample�.

To characterize different forms of imperfections at the
transducer �either due to coupling or due to the transducer
nonlinearity�, we have considered three typical cases. In each
of them we have assumed the signal injected from the gen-
erator to be a Gaussian modulated cosine pulse with central
frequency �0,

f�t� = A cos��0�t − t0��e−�t − t0�2/2�2
. �12�

The width is �=2 /�0 such that the injected signal does not
contain frequencies multiple of �0.

We have assumed the signal f�t� to be distorted to a signal
f��t� before injection as follows, for the three cases:

FIG. 10. �Color online� Strain dependence of �a� the second-
harmonic amplitude and �b� the phase delay for the mortar sample
at different load levels. The linear dependence of the second-
harmonic amplitude indicates that harmonics fall within the noise
level. The exponents for the power-law dependence for the phase
delay �solid lines in subplot �b� are the fitting curves� are reported
vs load level in subplot �c�. Compare the results with Fig. 8�b�.
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�1� perfect transducer: we assume the transducer injects
exactly what is expected: f��t�= f�t�;

�2� short-time pulse transducer: we assume the transducer
induces time compression of the signal. Therefore f��t� is the
same as f�t� except that �=0.5 /�0 such that the injected
signal contains already frequencies multiple of �0. Note that
short-time signals are often chosen directly at the generator
since they are more suitable in several situations;

�3� nonlinear transducer: we assume the equipment has an
intrinsic nonlinearity so that distortions introduce nonlinear
terms with random amplitudes. Also, an instability in the
amplitude at the fundamental frequency is considered,

f��t� = 
A1 cos��0�t − t0�� + A2 cos�2�0�t − t0��

+ A3 cos�3�0�t − t0���e−�t − t0�2/2�2
. �13�

Since we are interested in small distortions, the three ran-
dom amplitudes Ai have been chosen such that A1 deviates at
most of ten percent from A, while A2 and A3 are at most 10
percent and 5 percent of A. It is important to note that, to
simulate a realistic condition, for each experiment �i.e., each
amplitude of injection� the random amplitudes have been
generated independently.

For each transducer we have estimated the nonlinear in-
dicators in a linear �without the inclusion� and a nonlinear
�with the inclusion� sample. The nonlinear indicators are re-
ported in Figs. 11 and 12 for the various cases as a function
of the distance from the source. As expected, all indicators
allow distinguishing the nonlinear from the linear sample
when a perfect transducer is used �black circles and white
squares in Fig. 11�. On the contrary, when a short-time trans-
ducer is used, the harmonic indicator 
3 is of the same order
of magnitude for both the linear �yellow squares� and the
nonlinear �red diamonds� samples: see Fig. 11�c�. It follows
that a defect in the source can be erroneously interpreted as a
nonlinearity of the sample.

The situation is even worse if a nonlinear transducer is
considered �Fig. 12�. Here, the indicator 
, related to the full
SSM signal, is the same for linear and nonlinear samples
�Fig. 12�a��, due to the impossibility to normalize correctly
the low and large amplitude signals, being random the am-
plitude at the injection. Also the harmonics indicator, re-
ported in Fig. 12�c�, does not allow separating clearly the
behavior of the linear sample �yellow squares� from those of
the nonlinear samples �black circles and red diamonds�. In
particular, a receiver located far from the source can detect
the same amount of harmonics for a nonlinear sample than a
receiver located close to the source but in a linear sample.

Figures 11�b� and 12�b� show that the phase indicator 
1
is capable to distinguish a nonlinear sample from a linear
one, independently from the receiver position and from the
transducer imperfections. It is to be noted that the advantages
of the phase indicator with respect to the other two are not
always evident and strongly depend on the ratio between the
nonlinearity amplitude �or extension� and the transducer
level of imperfection. Nevertheless, from the several cases
analyzed we can state that 
1 is always as good as, or better
than, the other two.

V. CONCLUSIONS

We have shown in this paper how information about the
elastic nonlinearity of a sample can be extracted using a scal-
ing subtraction method �SSM� as an alternative to traditional
filtering or FFT analysis. Using the proposed subtraction pro-
cedure, we have identified three nonlinear indicators, which
identify, each of them, one specific consequence of the non-
linearity of the sample: dependence of the elastic constants
on amplitude, dependence of attenuation on amplitude, and
harmonics generation. Each of them, together with the indi-
cator considering the three contributions together, can pro-
vide specific information on the nonlinearity of the system
and can find useful applications in different problems.

The method has been validated experimentally and we
have shown the sensitivity of SSM to detect compaction and
damage progression in specimens �mortar� subjected to qua-
sistatic loading. The results reported here are in agreement
with other studies on concrete samples, performed without
the separation of the three contributions11 and confirm the
difficulties of extracting information on damage progression
in structural materials with the use of harmonics only.35 In-
deed, the indicator proposed connected to the phases of the

FIG. 11. �Color online� Nonlinear indicators as a function of the
distance of the detecting receiver from the source calculated from
different numerical experiments: perfect and short-time pulse trans-
ducers injecting in a linear sample �squares� or in a linear sample
with a small nonlinear inclusion �circles and diamonds�. �a� total
SSM indicator; �b� phase indicator; �c� harmonics indicator.
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signals seems to us to be the most promising in view of
applications, either in the field of nondestructive evaluation
or nonlinear time-reversal acoustics.36 In fact, it is possible
to separate the nonlinear contributions of the sample from
those due to transducers and equipment imperfections.

APPENDIX

The scaling subtraction method is based on the definition
of a reference signal vref�t�, which satisfies a linear equation

v̈ref = cl
2v�, �14�

where a dot indicates a time derivative, a prime a space
derivative and cl is the longitudinal wave velocity of the
investigated sample. Likewise, a second �large amplitude�
signal vA�t� is defined, which satisfies the nonlinear equation
governing the wave propagation in the sample. For sake of
simplicity, in this example we consider a simple nonlinear
model, based on a second-order expansion of the elastic con-
stants in terms of strain.26 The following equation holds:

v̈A = cl
2�vA� + �vA�vA�� . �15�

Simple calculations show that the scaled subtracted signal

wA�t� = vA�t� − vref�t� �16�

must satisfy the following differential equation:

ẅA = cl
2�wA� + �wA�wA�� − �cl

2�vref� wA� − �vref� + wA��vref� � .

�17�

Assuming the signal wA�t� small �i.e., of the same order of
magnitude as ��, we can neglect the nonlinear term in wA�t�.
Furthermore, being the reference signal vref�t� solution of the
linear propagation equation, it can be written as

vref�t� = B cos�kx + �t� , �18�

k = cl�; B = kAlin. �19�

Therefore, the signal wA�t� satisfies a linear nonhomog-
enous differential equation, which can be solved. We adopt a
perturbative treatment similar to that adopted in Refs. 37 and
38. We seek a solution perturbatively as

wA�t� = x0 cos�kx + �0t� + �wA,1 + �2wA,2 + ¯ . �20�

The first-order solution gives us

wA,1 = �y0 + y1t�cos�2kx + 2�0t� , �21�

y1 = −
k2	cl

8
A0

2. �22�

To perform a quantitative comparison between the SSM
nonlinear indicator 
 and the “classical” nonlinear parameter
�, further terms in the expansions and attenuation must be
included in the analysis. Furthermore, Eq. �17� must be
solved with the appropriate boundary conditions for a finite
sample. This is, in our opinion, beyond the scope of the
present paper since our samples cannot be described in the
framework of classical nonlinear models.
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