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We studied the impurity scattering on the �s-wave superconductor �SC�, with realistic parameters for the Fe
pnictide SCs. Using the T-matrix method, generalized for the two bands, we found that the strong scattering
limit of impurities forms an off-centered resonance state inside the superconducting �SC� gap, which modifies,
surprisingly, the density of states �DOS� of a fully opened gap to a V-shaped DOS as if in the case of a d-wave
SC. This behavior provides coherent explanations to the several conflicting experiments of the Fe-based SC:
�1� the V-shaped DOS observed in photoemission and tunneling spectroscopy but with an isotropic gap; �2� the
power-law behavior of the nuclear-spin-lattice relaxation rate �1 /T1�T� with ��3� down to very low tem-
peratures. We also extended the same T-matrix method to study the impurity suppression of the critical
temperature Tc of the �s-wave pairing state. We found that both magnetic and nonmagnetic impurities sup-
press Tc with a rate that is practically indistinguishable from the standard d-wave case despite a possibly large
difference of the positive and the negative s-wave order parameter magnitudes.
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I. INTRODUCTION

The recent discovery of Fe-based superconducting
compounds1 has greatly spurred the interest of the interna-
tional research community of superconductivity. With a dis-
covery of superconducting �SC� material, the most impelling
question is to determine the SC gap symmetry. Various SC
properties were already measured to determine the gap sym-
metry of these materials but there exist serious conflicts
among data. Just to list some of them, tunneling spectros-
copy of Ref. 2, photoemission measurement of Ref. 3, and
nuclear-spin-lattice relaxation rate measurements4,5 seem to
indicate a d-wave type gap with lines of nodes. On the other
hand, tunneling spectroscopy of Ref. 6, photoemission mea-
surement of Ref. 7, specific heat,8 and the penetration depth
measurements by several groups9 all support a fully opened
s-wave type gap behavior.

On the theoretical side, it is almost agreed on that the
pairing mechanism is nonphononic,10 and most probably of a
magnetic origin. This conclusion is consistent with the over-
all phase diagram obtained by neutron scattering,11 where the
SC phase starts to develop when the antiferromagentic
�AFM� order disappears, suggesting a universal mechanism
for the unconventional superconductivity of the compounds
with d- and f-orbital elements. For the Fe-based SC com-
pounds, an AFM-correlation-induced interaction with the
specific band structure—in particular, two topologically dis-
tinct hole and electron bands widely separated in the Bril-
louin zone—favors development of the so-called �s-wave
SC state, proposed by Mazin et al.12 �these authors use no-
tation “s�”�, and reconfirmed theoretically by several
authors.13,14

Then the key question is: Is the �s-wave state consistent
with all experiments? Summarizing the current experimental

situation: Tunneling measurements and their interpretations
can be reconciled with both a d-wave type state and the
�s-wave state. Photoemission spectroscopies may now be
considered to be more consistent with the �s-wave state.
The exponentially flat behavior of the low temperature pen-
etration depth9 can only be explained by the �s-wave state.14

However, the nuclear-spin-lattice relaxation rate 1 /T1
experiments4,5 all report a power law of �T3 behavior15 and
this T3 power law is a well-known evidence of a nodal gap
SC state.

To come to the rescue, several groups16,17 including the
present authors14 recently pointed out that the unusual inter-
band coherence factor, unique to the �s-wave state due to
the �-phase difference18 of the SC order parameter �OP� be-
tween the bands, can lead to an approximate power-law be-
havior of 1 /T1 as well as the absence of Hebel-Slichter peak,
with a help of impurities. While this is an important obser-
vation, the calculations of these works14,16,17 are not com-
pletely satisfactory. First of all, the works of Ref. 16 consid-
ered only the interband scattering process while the works of
Refs. 14 and 17 showed that both the interband and intraband
processes have comparable contributions and hence both
processes should be treated on equal footing. Second, the
results of the works of Refs. 14 and 17, which correctly
included both the interband and intraband processes, repro-
duced the T3 behavior only for the limited temperature win-
dow. Therefore, it needs more quantitative and systematic
studies to settle the issue.

In this paper, we study the impurity effects on the
�s-wave state of the two band minimal model for the Fe
pnictide SCs.14 In particular, we would like to address the
following questions: �1� how robust and how low tempera-
tures the power law in 1 /T1 can extend to? �2� the nature of
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impurities to explain experiments; the weak coupling or the
strong coupling limits? Our key finding is that the strong
coupling limit of impurity scattering introduces an off-
centered resonance state inside the SC gap, which then modi-
fies the fully gapped DOS of the �s-wave SC into a
V-shaped DOS. With this evolution of DOS with impurities,
several puzzling and conflicting experimental issues such as
photoemission,7 tunneling spectroscopy,2 as well as the
power law of 1 /T1 �Refs. 4 and 5� are coherently explained.
In particular, our finding shows that the T3 power law of
1 /T1 in the Fe pnictide SCs is not due to an accidental ma-
terial property but has a rather firm physical ground.

We also studied the impurity suppression of the critical
temperature Tc of the �s-wave state. We found that the Tc
suppression rate is practically indistinguishable from the
standard d-wave case despite a possibly large difference of
the positive and negative s-wave OP magnitudes. However,
when the difference of the gap size between the bands be-
comes very large, the s-wave nature of the order parameter
renders the magnetic impurities a slightly stronger pair
breaker than the nonmagnetic impurities. In the case of the
d-wave state, there is no difference between the magnetic
and nonmagnetic impurities for the Tc suppression.

II. FORMALISM

In this paper, we employed the T-matrix approximation,
generalized to the �s-wave state of the two band model, to
study the effects of impurities. The T-matrix approximation
has been successfully applied to the various unconventional
superconductors �SCs� such as heavy fermion and high-
temperature SCs.19 For example, it predicted a resonant
bound state by unitary impurity scatterer inside the d-wave
SC gap, which was crucial to explain the penetration depth,
1 /T1, etc. of the high-Tc cuprates.19 The key principle of
forming a resonance bound sate in the d-wave gap is that the
sign-changing d-wave SC OP guarantees the absence of the
renormalization of the anomalous self-energy due to the im-
purity scattering. Therefore, we expect that a similar mecha-
nism will work with the sign-changing �s-wave state. How-
ever, there are some differences: �1� the cancellation of the
anomalous self-energy would not be perfect unless the sizes
of +s and −s gaps and their corresponding DOSs Nh�0� and
Ne�0� are exactly equal; �2� the DOS of the pure �s-wave
state is not linearly vanishing as in the d-wave case but fully
gapped and the impurity bound state is very sensitive to the
fine details of the low energy DOS. Considering these differ-
ences, it requires quantitative and transparent investigations
for the impurity effects on the �s-wave state.

Recently we had proposed a minimal two band model
with a phenomenological magnetic interaction for the Fe-
based SCs.14 Assuming two SC OPs, �h and �e, on each
band, the two coupled gap equations are written as

�h�k� = − �
k�

�Vhh�k,k���h�k�� + Vhe�k,k���e�k��� , �1�

�e�k� = − �
k�

�Veh�k,k���h�k�� + Vee�k,k���e�k��� , �2�

where Vh,e�k ,k�� is the phenomenological pairing interaction
originating from the antiferromagnetic �AFM� correlation.

The above gap equations permit two solutions: �s-wave
state and double d-wave state. When the interband pairing
interaction Vhe=Veh are repulsive and dominant over the in-
traband interactions, the state where �h and �e have the rela-
tive phase of �, referred to as �s-wave pairing state, is the
ground state. The pair susceptibility is given by

�h,e�k� = T�
n

N�0�h,e�
−�AFM

�AFM

d�
�̃h,e�k�

�̃n
2 + �2 + �̃h,e

2 �k�
, �3�

where N�0�h,e are the DOS of the hole and electron bands,
respectively, and �AFM is the cutoff energy of the pairing
potential V�q�.

The impurity effects are included using the T-matrix
method as

�̃n = �n + �h
0��n� + �e

0��n� , �4�

�̃h,e = �h,e + �h
1��n� + �e

1��n� , �5�

�h,e
0,1��n� = 	 · Th,e

0,1��n�, 	 =
nimp

�Ntot
, �6�

where �n=T��2n+1� is the Matsubara frequency, nimp the
impurity concentration, and Ntot=Nh�0�+Ne�0� is the total
DOS. The T matrices T 0,1 are the Pauli matrices 
0,1 compo-
nents in the Nambu space. The impurity induced self-
energies are calculated with the T matrix generalized to a two
band superconductivity as

Ta
i��n� =

Ga
i ��n�
D

�i = 0,1; a = h,e� , �7�

D = c2 + �Gh
0 + Ge

0�2 + �Gh
1 + Ge

1�2, �8�

Ga
0��n� =

Na

Ntot
� �̃n

	�̃n
2 + �̃a

2�k�

 , �9�

Ga
1��n� =

Na

Ntot
� �̃a

	�̃n
2 + �̃a

2�k�

 , �10�

where c=cot �0 is a convenient measure of scattering
strength, with c=0 for the unitary limit and c�1 for the
Born limit scattering. �. . .� denotes the Fermi surface �FS�
average. The above four T matrices, Ta

i, are numerically
solved together with the coupled gap Eqs. �1� and �2� in
Matsubara frequencies. Then Pade-approximant method is
used to obtain the real and imaginary part of self-energies
�h,e

0,1��+ i
�, with which various physical quantities can be
straightforwardly calculated.

Note Eq. �8�, which is the denominator of T matrices Ta
i.

The last term of it, �Gh
1+Ge

1�, would exactly vanish for a
d-wave SC because of the FS average over the d-wave OP
and that is the technical reason for the formation of the reso-
nance bound state at zero energy when c=0. For the
�s-wave case, a cancellation still occurs because Gh

1 and Ge
1

have opposite signs �see Eq. �10��. However, this cancella-
tion is never perfect unless 
�e
= 
�h
 and Nh�0�=Ne�0�. With
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an incomplete cancellation, the finite remnant acts as weak-
ening impurity scattering strength �increasing the effective
value of c�. For the middle term �Gh

0+Ge
0� of D, Gh

0, and Ge
0

always have the same sign, so that the normal scattering
process is additive with number of bands.

With the typical band structure of the Fe-based
pnictides,20 Nh�0� and Ne�0� are not equal. Then the coupled
gap Eqs. �1� and �2�, using realistic band parameters, resulted
in the gap solution such that 
�e
 / 
�h
�2.5 with
Nh�0� /Ne�0��2.6 in the previous calculations of Ref. 14.
Notice the substantial difference of the size of two gaps for
the hole and electron bands and the inverse relation between
two ratios Nh�0� /Ne�0� and 
�h
 / 
�e
 �Ref. 21�. For most cal-
culations in this paper, we used the above parameters but the
physical results of this paper are independent of the specific
choice of theses parameters.

III. NUCLEAR-SPIN-LATTICE RELAXATION RATE 1 ÕT1

In this paper, we are particularly interested in the effects
of impurity scattering on the nuclear-spin-lattice relaxation
rate 1 /T1 of the �s-wave state, which is calculated by

1

T1
� − T�

0

�

d�
� fFD���

�� � �
a=h,e

Na
2�0�

���Re
�̃

	�̃2 − �̃a
2�k�



k

2

+�Re
�̃a�k�

	�̃2 − �̃a
2�k�



k

2�
+ 2Nh�0�Ne�0�

���Re
�̃

	�̃2 − �̃h
2�k�



k

�Re
�̃

	�̃2 − �̃e
2�k��



k�

+�Re
�̃h�k�

	�̃2 − �̃h
2�k�



k

�Re
�̃e�k��

	�̃2 − �̃e
2�k��



k�

�� ,

�11�

where �̃ and �̃h,e��� are the real frequency quantities ob-

tained from �̃n and �̃h,e��n� by analytic continuation i�n
→�+ i
. The Eq. �11� of 1 /T1 consists of three scattering
processes: two intraband scattering processes in the hole
band and electron band, respectively, and one interband scat-
tering process between the hole and electron bands. The
unique feature of the �s-wave state is the interband scatter-
ing process. Having the opposite signs for �h and �e, this
process �the last term in Eq. �11�� substantially cuts out the
1 /T1 relaxation rate below Tc.

14,16,17 It is contrasted to the
usual coherence peak contribution from the intraband scat-
tering processes �the first two terms in Eq. �11�� as shown by
recent papers.14,17 We reemphasize that the correct theory
should include both inter- and intraband processes on equal
footing, and when we do that, we found that the interband
process is not sufficiently strong to completely suppress the
coherence peak from the two intraband process contributions
and it is necessary to introduce impurities to kill the re-

mained coherence peak.14,17 For the temperature dependence
of the gaps �h,e�k ,T�, we use a phenomenological formula,
�h,e�k ,T�=�h,e�k ,T=0�tanh��	Tc /T−1�. By choosing the
values of �h,e

max /Tc, we can partially take into account of the
effect of the strong coupling superconductivity. We fix �
=1.74 as usual, which is not a sensitive parameter for final
results.

Numerical results and discussions

All energy scales are normalized by 
�e
 in this paper.
Figure 1�a� shows the total DOS of two bands with different
impurity concentrations 	 /�e=0.0, 0.01, 0.04, and 0.08 of
the unitary scatterer �c=0�, and Fig. 1�b� shows the corre-
sponding impurity induced self-energy Im �tot

0 ���=Im �h
0

+Im �e
0. Figure 1�a� shows how the fully opened gap of the

pure state is filled by impurity states; the pattern of filling is
very unusual and the 	 /�e=0.04 case displays a perfect V
shape down to zero energy similar to a pure d-wave SC
DOS. The origin of this behavior is easily seen in Fig. 1�b�;
the impurity bound state is never formed at zero energy but
away from it because of the incomplete cancellation of

FIG. 1. �Color online� �a� Normalized DOS Ntot��� for different
impurity concentrations, 	 /�e=0.0, 0.01, 0.04, and 0.08. Thin dot-
ted line is of the pure state for comparison and other lines are offset
for clarity �the zero baselines of the offset are marked by the narrow
horizontal bars of the corresponding colors�. �b� Impurity induced
self-energies Im �tot

0 ���=Im �h
0+Im �e

0 with the same parameters
as in �a�. These curves are not offset.
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�Gh
1+Ge

1�, so that the full gap around �=0 is protected until
this off-centered impurity band spills over to the zero energy
with increasing impurity concentration. When it touches the
zero energy limit, the �s-wave SC will thermodynamically
behave like a pure d-wave SC, and this happens with the
critical impurity concentration 	crit /�e=0.04 for our specific
model parameters. Increasing impurity concentration beyond
	crit, the DOS still keeps the V shape but now Ntot��=0�
obtains a finite value �see the 	=0.08�e case in Fig. 1�a��.
This manner of evolution of the DOS with impurity concen-
tration results in the following consequences: �1� beyond the
critical impurity concentrations, direct measurements of the
DOS at low temperature such as photoemission3,7 and tun-
neling spectroscopy2 would see a V-shape DOS, but at the
same time would extract isotropic gaps;7 �2� temperature de-
pendence measurement such as 1 /T1�T� would see three dif-
ferent types of behavior. First, when 	=	crit �	=0.04�e
case�, the system sees the linear in � DOS for whole tem-
perature region of 0�T�Tc. Second, when 	�	crit �	
=0.08�e case�, the linear in � DOS will prevail in the high-
temperature region, but at low temperatures the finite DOS
of Ntot��=0� makes the system as a gapless SC. Finally,
when 	�	crit �	=0.01�e case�, the system behaves always
as a fully gapped SC although the gap is weakened by im-
purities. In passing, note that Im �tot

0 ��� in Fig. 1�b� shows
two peaks on each side of the � axis. Apparently, a smaller
energy peak ���0.2�e� with a larger spectral density is
formed inside of the small gap �h of the hole band which has
a larger DOS and the larger energy peak ���0.7�e� is
formed inside of the larger gap �e of the electron band.

Figure 2 shows the calculations of 1 /T1�T� with the varia-
tion in the impurity concentration as in Fig. 1. It is clear that
the puzzling T3 behavior of 1 /T1 can be understood with the
�s-wave state; it has the same origin as in the d-wave SC,
i.e., the linearly rising DOS. With 	=	crit=0.04�e, the T3

behavior extends to the lowest possible temperatures as ex-
pected. With 	�	crit, the T3 behavior occurs only at high
temperatures and at lower temperatures the system probes
the finite DOS of Ntot��=0�, hence displaying the T-linear
behavior of 1 /T1. With 	�	crit, 1 /T1 displays a full gap
behavior below Tc, but somewhat weakened by impurities.
As a result a very much weakened exponential drop occurs
for the extended temperature region below Tc. We emphasize
that in order to capture this systematic evolution of 1 /T1 with
impurity concentration, it is absolutely necessary to include
both interband and intraband scattering process on equal
footing. Also this wide range of variation occurs with the
impurity concentration 0�	 /�e�0.08 and the reduction in
Tc, �Tc /Tc

0, due to impurities is proportional to �	 /�e� / �c2

+1�, which is less than 10% reduction as will be discussed
more in detail in Sec. IV.

With the results of Fig. 2, we need to carefully reexamine
the experimental situation. Figure 2 shows that the experi-
mental data of Kawasaki et al.5 are best fit with 	crit /�e
=0.04 down to the lowest temperature. However, most ex-
perimental data up to now are limited for the temperature
range of 0.2–0.3Tc�T or even narrower range. Our calcula-
tions show that although the T3 behavior over the whole
temperature range below Tc occurs only with a critical con-
centration 	crit, if we limit the temperature range for

0.2–0.3Tc�T, there is a finite window of impurity concen-
tration around 	crit where our calculated 1 /T1 behaves as
�T3. As a stringent test for our theory, experiment should be
done with cleaner samples to observe a hint of the presence
of gap which will show a steeper decrease in 1 /T1 than T3

below Tc.
Figure 3 shows an artificial case of the equal size

�s-wave case �
�e
= 
�h
 and Nh�0�=Ne�0��. Because of the
perfect cancellation of �Gh

1+Ge
1�=0 in D, any small amount

of the unitary �c=0� impurities immediately induces a bound
state at zero energy as in the case of a d-wave SC. But this
impurity bound state is isolated inside of the full gap �see
Fig. 3�b��. Therefore, the superconductivity behaves as a full
gap SC until the spectral density of the impurity bound state
grows and touches the edge of the gap with increasing im-
purity concentration. The inset of Fig. 3�b� also clearly
shows this zero energy bound state in Im �tot���. It should
be contrasted with the off-centered bound state of the un-
equal size gap case in Fig. 1�b�. As a result, the SC state in
this case shows an activated behavior in the high-
temperature region below Tc and then abruptly changes to
the T-linear regime where impurity band starts being sensed
at low temperatures. This behavior is well captured with
1 /T1�T� in Fig. 3�a�. It shows that even the Hebel-Slichter
peak around Tc is not completely suppressed despite the per-
fect cancellation of �Gh

1+Ge
1�, because at or near Tc the im-

purity effect is only weakly sensed by the system. This result

FIG. 2. �Color online� Calculated 1 /T1�T� for different impurity
concentrations, 	 /�e=0.0, 0.01, 0.04, and 0.08 and with 2�h /Tc

=3.0. Experimental data are from Ref. 5. The curves are offset for
clarity.
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emphasizes that the assumption of the equal size gaps, as
done in Ref. 16, leads to a qualitatively different result and it
appears not consistent with experiments of the Fe pnictide
SCs. For comparison, we plot the experimental data by
Kawasaki et al.5 together with the theoretical results in
Fig. 3�a�.

IV. IMPURITY SUPPRESSION OF THE CRITICAL
TEMPERATURE Tc

To determine Tc, we take T→Tc limit and linearize the
gap Eqs. �1� and �2� with respect to the OPs �h,e. First, the
impurity renormalized Matsubara frequency Eq. �4� and the
OPs Eq. �5� are written as

�̃n = �n�1 + 
�� , �12�

�̃h,e = �h,e�1 + �h,e� , �13�

with


� =
	

1 + c2

1


�n

, �14�

�h,e =
	

1 + c2

1


�̃n

�Ñh�h + Ñe�e�

�h,e
, �15�

where Ña=Na /Ntot�a=h ,e�, and the pair susceptibility Eq.
�3� is now simplified as

�h,e�k� = �T�
n

N�0�h,e
�h,e�k��1 + �h,e�


�n�1 + 
��

. �16�

It is immediately clear that 
�=�a for a single band
s-wave gap state and there is no renormalization of the pair
susceptibility �a�k� with the impurity scattering. This is just
the Anderson theorem of Tc for the s-wave SC. In our two
band case, it is more complicated to draw any simple con-
clusion. In particular, the signs of �h and �e are opposite
because of the opposite signs of �h,e.

Before we show the numerical results, we can analyze a
simpler case. The main pairing process in the �s-wave pair-
ing state is the interband interaction so that we keep only
Vhe=Veh interactions in the gap Eqs. �1� and �2�, and use Eq.
�16� for the pair susceptibilities. Then the coupled gap Eqs.
�1� and �2� are reduced into one equation as

�h = �2T2�
n

�
m

�eff
2 �1 + �e��1 + �h�


�n�1 + 
��

�m�1 + 
��

�h, �17�

where �eff=	NhNeVheVeh is the effective dimensionless cou-
pling constant. This equation can be compared with the simi-
larly reduced gap equation without impurities as

�h = �2T2�
n

�
m

�eff
2 1


�n

�m

�h, �18�

which yields the standard single band s-wave result with
Tc

0�1.14�D exp�−1 /�eff�. Equation �17� would yield defi-
nitely smaller Tc than Tc

0 because �a is smaller in magnitude
than 
�. When both �a are set to zeros we obtain another
reduced gap equation as

�h = �2T2�
n

�
m

�eff
2 1


�n�1 + 
��

�m�1 + 
��

�h �19�

which is just the case that we would obtain for a double
d-wave gap state14 where the anomalous self-energy correc-
tions �a are absent because of the sign-changing OP with
equal sizes. The result of Eq. �17� is not straightforward. If
both �a are positive �their magnitudes are always smaller
than 
��, the Tc reduction would be simply in between the
case of a s wave �no Tc suppression� and the case of a d
wave. But in the �s-wave case, �h and �e will have always
opposite signs and as a result the Tc reduction can be faster
or slower than the d-wave case of Eq. �19�. A simple rule is
the following: in the leading approximation the reduction
rate depends on the sign and the magnitude of the quantity
��h+�e�. If it is positive, the Tc reduction is slower than the
d-wave case, and if it is negative, the Tc reduction is faster
than the d-wave case.

We can utilize the relation 
�h
 / 
�e
=	Ne /Nh as T→Tc
found in the minimal two band model in Ref. 14, and obtain

(a)

(b)

FIG. 3. �Color online� The case of the equal size �s-wave gap
�
�e
= 
�h
 and Nh�0�=Ne�0��. �a� 1 /T1�T� with 2� /Tc=3.0. Experi-
mental data are from Ref. 5. �b� Normalized DOS Ntot���. Inset:
Impurity induced self-energy Im �tot

0 ���.
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�h � 	Ñh�	Ñh − 	Ñe� , �20�

�e � − 	Ñe�	Ñh − 	Ñe� . �21�

From this we can find that ��h+�e���	Ñh−	Ñe�2 is always
positive regardless whether Nh�Ne or Nh�Ne. Therefore,
the actual Tc reduction should be slower than the d-wave
case. How much slower will be determined by the value of
��h+�e�. When this value is 0, the suppression rate is the
same as a d-wave case, and when this value is 1, no suppres-

sion of Tc occurs. From the relation ��h+�e���	Ñh−	Ñe�2

we can guess that the mitigated rate of the Tc suppression
would be rather close to the d-wave case because ��h+�e�
�0 for most cases unless we have unrealistically large dif-
ference of DOSs between Nh and Ne. Therefore, a practical
rule is that the Tc suppression rate by nonmagnetic impurities
in the �s-wave state should be quite similar to the d-wave
case. In the following, we will show the numerical calcula-
tions of Tc obtained by directly solving the gap Eqs. �1� and
�2� including the intraband interactions, which were ne-
glected in the above analysis, and compare them with the
above analytic predictions. We found that the simplified gap
equation Eq. �17� provides excellent approximation.

A. Magnetic impurity

Let us now turn to the magnetic impurity scattering. For
magnetic impurities, if we assume only an exchange cou-
pling such as S ·�� �where S is the momentum of the impurity
atom and �� is the spin of the electrons�, we can draw a
simple result from the above analysis. Because the exchange
coupling flips the spin part of the singlet wave function,22 the
result of the magnetic impurity scattering is to change the
sign of �a in the numerator of Eq. �15�. The final result is to
replace �a by −�a but to keep 
� the same form in the re-
duced gap Eq. �17�. Remember that, for the nonmagnetic
impurity case, we had the relation

�1 + �e��1 + �h� � 1. �22�

The fact that this term is larger than 1 yields that the Tc
suppression rate with nonmagnetic impurities of the
�s-wave state is slower than the d-wave case. For the mag-
netic impurity scattering, we will have, as discussed above,

�1 − �e��1 − �h� � 1. �23�

It is then clear that the Tc suppression rate with magnetic
impurities of the �s-wave state should be faster than the
d-wave case. But with the realistic parameters for the Fe
pnictides, both Eqs. �22� and �23� will have values very close
to 1, and we can conclude that both magnetic and nonmag-
netic impurities would cause a similar Tc suppression with
the Fe pnictide SCs and the suppression rate is close to the
one of a d-wave case.

B. Numerical results and discussions

With the typical band structure of the Fe pnictide SCs,20

we obtained Nh�0� /Ne�0��2.6 in the previous calculations.14

With this realistic band parameter and all interactions in-
cluded, we numerically solved the coupled gap Eqs. �1� and
�2�. Figure 4 shows the calculation results of the normalized
critical temperatures Tc /Tc

0 vs the normalized impurity scat-
tering strength 	 /kBTc

0 with the unitary limit impurity scat-
tering �c=0�. For a weaker coupling limit of impurity scat-
tering, for example, with c=1 �Born limit�, the suppression
rate would become slower by a factor 2. As can be seen,
there are almost no differences among all three cases:
d-wave case, nonmagnetic impurity case, and magnetic im-
purity case. This is consistent with our analytic analysis be-
cause ��h+�e��0.104�1 in the case of Fig. 4. We normal-
ize the impurity scattering strength 	 by Tc

0 instead of using
the gap values �h,e at T=0 for the convenience of compari-
son with future experiments. The fact that 	 /kBTc

0�1 when
Tc /Tc

0→0 is a pure coincidence of a parameter choice, which
is clear in Fig. 6.

In Fig. 5, we artificially shut down the intraband interac-
tions Vhh and Vee; without the intraband repulsions Tc

0 itself
increases by about 40%. But the normalized Tc /Tc

0 vs the
impurity scattering strength 	 /kBTc

0 are indistinguishably
similar to the case of Fig. 4. This result shows that the main
results obtained from the analytic analysis from the simpli-
fied gap Eq. �17� will be excellent approximations for more
realistic multiband model.

In Fig. 6, we used the artificially increased DOS ratio of
Nh /Ne=9 which is of course a unrealistic ratio; this unreal-
istic parameter yields ��h+�e��0.4. The calculation results
demonstrate that the suppression rate of Tc indeed follow the
trend that we expected from the analytic investigation. It
again reassures that in realistic case the Tc suppression of the
�s-wave state by either magnetic or nonmagnetic impurities
should be indistinguishably close to the case of the standard
d-wave SC.

V. CONCLUSIONS

In this paper, we studied the impurity effects on the
�s-wave pairing state based on the minimal two band model

FIG. 4. �Color online� Normalized critical temperature Tc /Tc
0 vs

normalized impurity scattering strength 	 /kBTc
0 �c=0�. The calcu-

lations are with the realistic bands Nh /Ne�2.6 and with the full
interactions Vhh, Vee, Vhe, and Veh.
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using a generalized T-matrix method. In Sec. III, we calcu-
lated the nuclear-spin-lattice relaxation rate 1 /T1 of the
�s-wave state, in particular, in the strong coupling limit of
impurity scattering �c=0�. The unique and generic feature of
the �s-wave SC, namely, the opposite signs of the s-wave
OPs with unequal sizes, results in the off-centered impurity
bound states inside the gaps. With the variation in the impu-
rity concentration, the DOS N��� evolves systematically from
a fully gapped one to the V-shape one. With this evolution of
DOS with impurities, several puzzling experimental issues
such as photoemission,7 tunneling spectroscopy,2 and 1 /T1
�Refs. 4 and 5� are coherently explained. These results dem-
onstrate that the �s-wave SC state is the most consistent
pairing state with current experimental data and the resonant
impurity scattering of the strong coupling limit plays an im-
portant role to understand the SC properties of the Fe pnic-
tide SCs.

In Sec. IV, extending the same T-matrix method, we stud-
ied the effect of impurities on the Tc suppression of the
�s-wave SC state. The main finding is that despite a possi-
bly large difference of the positive and negative s-wave OP
magnitudes, the Tc suppression rate is practically indistin-
guishable from the standard d-wave case. This is because the
scattering process is a combined effect of the DOS multi-
plied with the OP magnitude. As a by-product, we find the
subtle difference between the magnetic and the nonmagnetic
impurities for the Tc suppression, which is, however, a quite
small difference in magnitude in realistic case.

Finally, we would like to make a remark on the theoretical
aspect of the current work. For the study of 1 /T1 below Tc, it
is crucial to capture the nonperturbative process of the im-
purity scattering in the SC state that can be treated by the
T-matrix method. This process leads to the formation of the
off-centered resonant state of impurities, in particular, in the
strong coupling limit. This noble impurity effect with the
�s-wave state cannot be captured using a Born approxima-
tion. On the other hand, the Tc suppression by impurities
does not involve the nonperturbative process because �h,e
→0 as T→Tc. Therefore, this problem could be treated with
a Born approximation method if the impurity scattering is in
weak coupling limit. Envisaging a strong coupling limit, we
used the T-matrix method to treat this problem. This method
and its results can be easily extrapolated between the strong
coupling limit and the weak coupling limit; these two limits
of impurities make only a factor 2 difference for the Tc sup-
pression rate.
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