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Structural phase transitions and superconducting properties in three phases �9R, fcc, and cI16� of solid Li are
investigated using a pseudopotential plane-wave method based on density functional perturbation theory. In
particular, it is shown that phonon softening is responsible for a pressure-induced fcc→cI16 transition as well
as for a significant enhancement of electron-phonon coupling and superconducting transition temperature Tc

preceding this structural transformation. The nature of superconductivity in the fcc and cI16 phases is exam-
ined by solving the Eliashberg equations with the spectral function �2F��� obtained from first-principles
calculations and by evaluating the functional derivative �Tc /��2F���. The calculated Tc reaches a maximum
at pressure close to the fcc→cI16 transition and is significantly reduced in the cI16 phase, in agreement with
the trend observed experimentally. The variation in Tc as a function of pressure is explained in terms of the
functional derivative and shifts of the spectral weight.
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I. INTRODUCTION

Under ambient conditions, Li crystallizes in the body-
centered-cubic �bcc� structure. Although bcc Li is often con-
sidered as a “simple” metal, electronic structure calculation
has revealed a strong participation of weakly degenerate 2p
orbitals in the chemical bonding already at ambient
pressure.1 Upon cooling, bcc Li goes through a martensitic
transition to 9R Li �R-3c� at around 75 K.2–5 Upon compres-
sion, bcc Li transforms successively from bcc→ face cen-
tered cubic �fcc�→hR1�SG R-3c�→cI16 �SG I-43d or
Ia-3d�.6–9 There is evidence found in ac susceptibility and
Raman spectroscopic measurements that cI16 Li further
transforms into a new phase at around 50 GPa and stabilizes
into another high-pressure polymorph above 62 GPa.10 Re-
cent theoretical studies, however, predict that cI16 Li is
stable up to pressure higher than 88 GPa and then transforms
to an orthorhombic structure �Cmca-24 Li�.11 Significantly, it
has been observed that Li is superconducting for pressures
from 20 to 80 GPa.12–15 The pressure dependence of the su-
perconducting transition temperature Tc suggests that there
may be three distinct superconducting phases within this
pressure range. Moreover, theoretical studies predicted su-
perconductivity in Li also under ambient pressure.16–22 For a
long time, however, this prediction was not verified.23,24 This
puzzle has finally been resolved recently by a susceptibility
measurement showing that solid Li at ambient pressure is
weakly superconducting with Tc�0.4 mK.25

The temperature- and pressure-induced phase transitions
and superconductivity in high-pressure Li have been investi-
gated experimentally. Theoretical works on pressure-induced
superconductivity so far, however, have focused on the fcc
phase only.26–37 The only exception is the study on fcc and
cI16 by Christensen and Novikov26 based on a rigid muffin-
tin approximation—which proved to be inadequate for Li

�Ref. 34�—and without calculation of the phonon spectra for
cI16. The predicted Tc was much too high for fcc as well as
cI16 even by introducing an additional term modeling spin
fluctuations in the McMillan equation.26 In the present work,
the pressure-induced fcc→cI16 transition and superconduc-
tivity near this transition and in the cI16 phase are investi-
gated by means of first-principles calculation. The phonon
spectra and the electron-phonon spectral function �2F��� are
calculated by linear response theory and density functional
perturbation theory �DFPT�. The Tc is evaluated by solving
the Eliashberg equations directly and numerically. The effec-
tiveness of phonons in various frequency regions in raising
Tc is also studied in terms of the functional derivative
�Tc /��2F���. It is found that Li undergoes the fcc→cI16
phase transition at around 33 GPa, and for pressure close to
the transition point, substantial phonon softening occurs. A
drastic variation in Tc across the fcc→cI16 transition, con-
sistent with the observed trend,14,15 is found and explained in
terms of shifts of the spectral weight. For completeness, we
also revisit the 9R→bcc phase transition and examine its
mechanism and the superconducting behavior at ambient
pressure.

The paper is organized as follows. In Sec. II computa-
tional details are described. The 9R and bcc phases at ambi-
ent pressure are discussed in Sec. III A, the fcc→cI16 tran-
sition in Sec. III B, and superconductivity in the cI16 phase
in Sec. III C. The work is summarized in Sec. IV.

II. COMPUTATIONAL DETAILS

The electron-phonon interaction is investigated by means
of the Eliashberg theory,38 with the spectral function ob-
tained by first-principles calculation. The electron-phonon
coupling �EPC� parameter � is evaluated by a weighted av-
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erage over the mode EPC parameters �qj for all phonon
modes �qj� of a complete q-point mesh in the first Brillouin
zone �BZ�,

� = �
qj

�qjw�q� , �1�

where w�q� is the weight of phonon mode �qj�. For each
mode j and wave vector q, �qj is calculated by linear re-
sponse theory and DFPT �Refs. 39 and 40� using the pro-
gram package QUANTUM-ESPRESSO.41 The electron-phonon
spectral function, �2F���, is defined in terms of the phonon
linewidth �qj of mode �qj� as

�2F��� =
1

2�N�	F��qj

�qj

�qj
��� − �qj�w�q� , �2�

where �qj is the mode frequency and N�	F� is the density of
states �DOS� at the Fermi level 	F. The �qj is given by

�qj = 2��qj�
nm
� d3k


BZ
�gkn,k+qm

j �2��	kn − 	F���	k+qm − 	F� ,

�3�

where the integral is taken over the first BZ, with 
BZ as the
volume of the BZ. The 	kn and 	k+qm are the Kohn-Sham
eigenvalues with wave vectors k and k+q in the nth and mth
bands, respectively. The electron-phonon matrix elements,
gkn,k+qm

j , are determined from the linearized self-consistent
potential. The �qj is related to the mode EPC parameter �qj
by

�qj =
�qj

��N�	F��qj
2 . �4�

The EPC parameter � can also be given in terms of the
spectral function by

� = 2� �2F���
�

d� . �5�

The Eliashberg equations38,42 are solved numerically to
find the superconducting transition temperature Tc. On the
imaginary frequency axis, they consist of coupled nonlinear
equations for the frequency-dependent order parameter
��i�n� and renormalization factor Z�i�n� at the Matsubara
frequencies,

��i�n�Z�i�n� = �T �
m=−





���i�m − i�n� − ����c����c

− ��m���
��i�m�

��m
2 + �2�i�m�

�6�

and

Z�i�n� = 1 +
�T

�n
�
m

��i�m − i�n�
�m

��m
2 + �2�i�m�

, �7�

where �n=�T�2n−1��n=0, �1, �2, . . .� with T as the tem-
perature and ���c− ��m�� is the Heaviside step function. The
cutoff frequency �c is taken to be some multiple �typically

six� of the maximum phonon frequency and ����c� is the
Coulomb pseudopotential scaled to the cutoff frequency. The
��i�m− i�n� is determined from the spectral function by

��i�m − i�n� = 2�
0




d�
��2F���

�2 + ��n − �m�2 . �8�

Defining �̃n	�nZ�i�n� and �̃�i�n�	��i�n��̃n /�n, Eqs. �6�
and �7� become

�̃�i�n� = �T�
m

���i�m − i�n� − ����c����c

− ��m���
�̃�i�m�

��̃m
2 + �̃2�i�m�

�9�

and

�̃n = �n + �T�
m

��i�m − i�n�
�̃m

��̃m
2 + �2�i�m�

. �10�

In the limit T→Tc, these equations are linearized and a pair-
breaking parameter � �Refs. 43 and 44� is introduced,

��̃m
2 + �2�i�m� 
 ��̃m� + � � → 0, �11�

so that one has an eigenvalue equation,

��̄n = �Tc�
m
���i�m − i�n� − ����c����c − ��m��

− �m,n

��̃n�
�Tc

��̄m 	 �
m

Knm�̄m, �12�

where �̄n	 �̃�i�n� / ���̃n�+��. The matrix Knm is diagonalized
for each T and Tc is obtained as T for which the largest
eigenvalue �=0.

One can examine the contributions from phonons in vari-
ous frequency regions to Tc in terms of the functional deriva-
tive with respect to the spectral function defined by43

�Tc = �
0




d�
�Tc

��2F���
��2F��� . �13�

It is given by

�Tc

��2F���
= −

�̄�

�̄�2F���
/� ��

�T
�

Tc

, �14�

where the numerator on right-hand side implies variation in �
with respect to �2F��� only through the explicit dependence
of Knm on �2F���.

Another property of considerable interest is the energy
gap, which appears in the superconducting state as the order
parameter becomes nonzero. An efficient calculation of this
quantity proceeds in two steps. First the order parameter on
the imaginary axis is solved by iterating Eqs. �9� and �10� to
convergence. Then a hybrid set of equations is converged to
solve for the order parameter ���+ i�� �and the renormaliza-
tion function, Z��+ i��� on the real axis �� here is a real and
positive number and �→0�.45 The �zero-temperature� energy
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gap is then defined by the point at which the quasiparticle
density of states,

N���
N�0�

= Re
�

��2 − �2�� + i��
, �15�

becomes nonzero. This occurs when �=Re ���+ i��; the
frequency that satisfies this equation is identified as the en-
ergy gap, �0. The N�0� above is the Fermi-surface �FS� den-
sity of states.

The dimension of the matrix Knm in Eq. �12� is deter-
mined by the maximum Matsubara frequency that satisfies
��n���c and thus becomes significantly large for low tem-
perature. As will be discussed below, Tc for both 9R and bcc
Li at ambient pressure is very low, and solving Eq. �12�
becomes increasingly difficult as the Coulomb pseudopoten-
tial �� increases. In such a case, one can utilize the approxi-
mate McMillan equation46 with the Allen-Dynes
modification47 to calculate Tc,

Tc =
�log

1.2
exp�−

1.04�1 + ��
� − ���1 + 0.62��� , �16�

where

�log = exp� 2

�
�

0


 d�

�
�2F���ln �� . �17�

Corresponding to a given ��=����c� in the Eliashberg equa-
tion, the choice of the value of �� in Eq. �16� is somewhat
arbitrary. One choice is to scale �� to �log, i.e.,

����log� 

�

1 + � ln�	F/�log�
, �18�

where � is the direct Coulomb repulsion parameter.48,49

III. RESULTS

A. Ambient-pressure 9R\bcc transition

At ambient pressure and below 75 K, bcc Li undergoes a
martensitic phase transition to a close-packed structure. The
low-temperature structure was initially assumed to be hex-
agonal close packed �hcp� �ABABAB� �Ref. 2� but eventually
identified to be the samarium-type 9R structure3–5 with a
nine-layer stacking sequence ABCBCACAB. The supercon-
ductivity of Li under ambient pressure has been a subject of
many experimental and theoretical investigations. A theoret-
ical analysis using the Eliashberg theory has predicted a Tc
close to 1 mK for 9R Li �0.1 K for bcc Li�, assuming ��


0.2 �scaled to the maximum phonon frequency�.20,21 This
prediction is consistent with the measured Tc of 0.4 mK.25

Moreover, this value has correctly been predicted by means
of the Eliashberg theory in which electron-electron interac-
tions are treated before electron-phonon coupling is
included.19

The 9R→bcc transition is an entropy-driven structural
transformation. Since the experimentally observed transition
temperature �
75 K� is far below the melting point of
Li �
454 K� at ambient pressure, anharmonic effects are not

expected to play an important role. This transition may then
be described within a quasiharmonic approximation by tak-
ing into account the static internal energy and the vibrational
entropy. The free energy is given by

F�V,T� = E0�V� + kBT�
0




g���ln�2 sinh� ��

2kBT
��d� ,

�19�

where E0�V� is the static crystal energy, the second term is
the vibrational energy Ephonon, and g��� is the phonon den-
sity of states �PHDOS� at frequency �.

The equilibrium lattice parameters, the static crystal en-
ergy, and the PHDOS of 9R and bcc Li have been computed
using DFPT with the plane-wave �PW� pseudopotential
method.39–41 All the calculations were performed using the
QUANTUM-ESPRESSO package,41 employing a norm-
conserving pseudopotential with local density approximation
�LDA�. The electronic calculations were performed with
12�12�12 and 16�16�16 MP k meshes50 for the 9R
and bcc phases, respectively. For both phases, the PHDOS
was obtained from individual phonons calculated on a
8�8�8 MP q mesh using the tetrahedron method.51

Figure 1�a� displays the free energy difference between
9R and bcc Li as a function of temperature. At T=0 K, the
9R structure is more stable than bcc by 1.4 meV/atom. The
free energy difference decreases as temperature increases and
the energetic order is reversed with the bcc phase becoming
more stable at 
220 K. The difference in the free energy of
9R and bcc Li shown in Fig. 1�a� can be understood by
examining the PHDOS in the two phases. As shown in Fig.
1�b�, compared to 9R, the PHDOS of the bcc phase is
weighed more heavily in the low-frequency �below
140 cm−1, acoustic branch� region. It can be seen in Eq. �19�
that at a given temperature, low-frequency vibrations are
more effective in reducing the vibrational energy, Ephonon,
than high-frequency vibrations are. Thus the difference in the

FIG. 1. �Color online� The phase transition from 9R to bcc Li
estimated with the harmonic approximation at ambient pressure.
�a� Calculated free energies of bcc and 9R Li as a function of
temperature. The free energy of bcc Li is taken as a reference, and
the estimated critical temperature is marked. �b� The phonon DOS
for bcc and 9R Li. �c� The integrated vibrational energy Ephonon for
bcc and 9R Li as a function of vibrational frequency � calculated at
220 K.
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PHDOS in the low-frequency region between the 9R and bcc
phases yields a notable difference in Ephonon. To demonstrate
this, the integrated vibrational energy of 9R and bcc Li cal-
culated at 220 K are plotted as a function of � in Fig. 1�c�.
As can be seen in this figure, at low frequencies, integrated
vibrational energy drops much faster in bcc than in 9R, re-
sulting in a smaller total integrated value over the entire fre-
quency range. At sufficiently high temperature �
220 K in
this case� the vibrational energy difference becomes larger
than the difference in the static crystal energy �not shown�.
Consequently the 9R phase transforms into the bcc structure.
The transformation temperature of 
220 K is consistent
with the result of the earlier theoretical study,20 while it is
substantially higher than the experimentally observed transi-
tion temperature, 75 K, upon cooling.2–5 However, since the
transformation upon cooling starts with nucleation of the 9R
phase within the bcc matrix, the observed starting tempera-
ture of 75 K represents a lower bound on the transition
temperature.20

The EPC parameter and the spectral function in the 9R
and bcc phases have been calculated by Eqs. �1� and �2�,
respectively. For both structures, the mode EPC parameter
�qj has been calculated in the first BZ on an 8�8�8 MP
q-point mesh. Individual �qj at each wave vector q was
evaluated with a 24�24�24 MP k-point mesh for 9R Li
and a 32�32�32 MP k-point mesh for bcc Li. From Eq.
�1� the total EPC parameter � is found to be 0.41 and 0.52
for 9R and bcc, respectively. These � values are in fair agree-
ment with the previously predicted values of 0.34 for 9R and
0.45 for bcc.20,21 Our � value for bcc Li is also comparable to
0.4 reported in Ref. 33 but deviates significantly from 0.19
reported in Ref. 32. A possible reason for slightly larger � in
the present study is that the LDA exchange correlation tends
to underestimate the equilibrium volume and hence overes-
timate the overall phonon frequencies. As a result, our super-
conducting transition temperature Tc discussed below is
higher than that found in Refs. 20 and 21.

The Tc for 9R and bcc Li evaluated from Eq. �16� is
plotted as a function of �� in Fig. 2. The �log are 251 K for
9R and 161 K for bcc. The Tc for bcc Li is substantially
higher than that of 9R for a given ��, and for bcc one would

need an unrealistic value of �� to reproduce the experimental
value of Tc�0.4 mK.25 For 9R Li, on the other hand, our
calculation can reproduce the experimental Tc with ��

�0.234 �shown as a red circle in Fig. 2�. This relatively
large value of �� is supported by the estimate ���
0.24� by
Richardson and Ashcroft for 9R Li,19 who have found that
the effects of the Coulomb repulsion can be significant in this
low-density metal and underestimated substantially if the
nominal value of ��
0.1 is used in the McMillan equation.
The fact that 9R is more stable than bcc at low temperature
and Tc is consistent with the experimental value strongly
suggest that 9R is indeed the superconducting phase. The
substantial difference in Tc between 9R and bcc is due to
large � in the latter structure. The spectral function �2F���,
shown in Fig. 3 as a function of �, has more weight in the
low-frequency region in the bcc phase than in the 9R phase.
Also plotted in Fig. 3 is the integrated EPC parameter ����.
Since low-frequency phonons contribute more effectively to
EPC, the larger value of �2F��� at low frequencies results in
a rapid rise of ���� for small � and enhances the total � in
bcc Li.

B. High pressure fcc\cI16 transition

In contrast to the nearly free electron behavior under am-
bient conditions, high-pressure phases of Li are expected to
possess very different physical and electronic properties. It
has been predicted that a dramatic change in the electronic
structure leading to a reduced-symmetry phase with a
“paired-atom” structure may occur at very high pressure.52

This suggestion motivated an x-ray diffraction experiment
performed at T=180 K.7 It was observed that bcc Li trans-
forms to an fcc phase at around 7.5 GPa. Further compres-
sion leads to a mixture of two structures, hR1 and cI16, at
39.8 GPa. Initially the hR1 structure is the dominant compo-
nent, while it gradually transforms to cI16 with increasing
pressure and the hR1 component disappears at 42.5 GPa.
Approximate electronic structure calculations based on a
rigid muffin-tin approximation predicted that fcc Li is super-
conducting with Tc increasing rapidly with pressure and
reaching 50–70 K.26 Superconductivity was confirmed by
subsequent experiments.13–15 However, in all these experi-
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FIG. 2. �Color online� The superconducting transition tempera-
ture Tc evaluated from the Allen-Dynes �Ref. 47� modified Mc-
Millan equation �Eq. �16�� as a function of �� for �a� 9R Li and �b�
bcc Li at ambient pressure. The observed Tc�0.4 mK �Ref. 25� is
marked as a circle.
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ments the observed Tc was much lower than predicted by the
work in Ref. 26. The Tc was found to be strongly pressure
dependent,13–15 but the detailed behavior is not consistent
among these different experiments.

In the experiment in Ref. 15, ac susceptibility and electri-
cal resistivity measurements up to 67 GPa in a nearly hydro-
static environment were performed. The Tc determined by
this experiment is expected to be more precise compared to
the earlier experiments,13,14 and it was found that the onset of
the superconducting state is at 20.3 GPa. The Tc increases
rapidly as pressure increases from 5.4 to 14 K at 30 GPa.
Then it decreases with pressure up to 50 GPa. At pressure
higher than 50 GPa, Tc increases again and superconductivity
disappears abruptly at 62 GPa. A maximum in Tc has also
been observed in the earlier experiment under nonhydrostatic
conditions14 but at a slightly higher pressure of 33 GPa.
Changes in Tc reflected in vibrational frequencies in the Ra-
man spectra have also been observed.10 These changes have
been attributed to structural transitions. The peak in Tc at 30
GPa �Ref. 15� is most likely related to the fcc→cI16 /hR1
transition. It is possible that at 50 and 62 GPa, two succes-
sive phase transitions occur to new unknown structures.15

There have been extensive theoretical studies of super-
conductivity in the fcc phase of Li under pressure.26,28–37 In
particular, it has been suggested that superconductivity in fcc
Li is driven by Fermi-surface nesting30,31 and Kohn
anomalies,30 resulting in an unusually high Tc. On the other
hand, no theoretical investigation has been made on super-
conductivity of the high-pressure cI16 phase based on first-
principles calculation of the phonon spectra and the electron-
phonon spectral function. Furthermore, the observed
maximum in Tc close to the fcc→cI16 phase transition has
not been explained. In this work, the phase transition fcc
→cI16 and superconductivity in both of these phases are
studied.

The enthalpies of fcc, hR1, cI16, and Cmca-24 Li have
been calculated at different pressures with stringent criteria.
Total-energy calculations were performed with the program
VASP �Ref. 53� using the projected augmented wave �PAW�
pseudopotential,54 with 1s and 2s as valence states and a
plane-wave energy cutoff of 350 eV. The LDA exchange-
correlation functional was used. For fcc and cI16 Li, a
24�24�24 MP k-point mesh was used to sample the first
BZ. For hR1 and Cmca-24 Li, a smaller 16�16�16 MP
k-point mesh was found to be sufficient. The calculated en-
thalpies as a function of pressure for the four polymorphs are
compared in Fig. 4. Below 46 GPa, the enthalpy difference
between hR1 and fcc Li is not discernible in the scale shown.
The hR1 structure has a rhombohedral cell that can be re-
lated to a distorted fcc cell with larger cell angles ���60°�
increasing with pressure.7 As shown in Fig. 5, the cell angle
of hR1 Li increases very gradually at low pressure, indicat-
ing minor distortions of the fcc cell ��=60°�. Therefore, the
energy difference between the two phases is small. At pres-
sure higher than 46 GPa, the rhombohedral cell angle in-
creases rapidly and the energy difference between the two
phases becomes significant. In the x-ray experiment at T
=180 K in Ref. 9, the hR1 structure was found to coexist
with cI16 Li in a narrow pressure range near the fcc→cI16
phase transition. However, our calculation of the phonon

band structure of the hR1 phase at 33 GPa shows that it is
unstable with a very large imaginary frequency; see inset of
Fig. 5, where an imaginary frequency �negative eigenvalue�
is represented by a negative frequency. This discrepancy be-
tween the theory and the experiment suggests the possibility
that hR1 Li is entropically stabilized only at high tempera-
ture and does not exist at low temperature, for which the
superconductivity measurements13–15 were conducted. A
piece of evidence supporting this conjecture is that the ac
susceptibility measurement at low temperature15 did not
show any notable change in Tc within the pressure range
where the fcc /hR1 /cI16 are expected to coexist. Therefore,
hR1 Li is not considered further in this work. The cI16 phase
becomes more stable than fcc at around 33 and up to 110
GPa, where Cmca-24 Li becomes more stable. The calcu-
lated pressure of 
33 GPa for the fcc→cI16 transition is
lower than the transition pressure of 39.8 GPa for
fcc→hR1 /cI16 observed at T=180 K.7 On the other hand,
it is close to 30–33 GPa, at which a distinct feature was
observed in the Tc measurements.14,15 This indicates that the
peak in Tc observed in these experiments may be related to a
structural change. On the other hand, the transition pressure
predicted for cI16→Cmca-24 at 110 GPa implies that
Cmca-24 Li is not a viable candidate for the unknown su-

FIG. 4. �Color online� The enthalpies per atom for fcc, hR1,
cI16, and Cmca-24 Li as a function of pressure. The enthalpy for
fcc Li is taken as a reference. Our calculation indicates that the cI16
phase becomes more stable than fcc at roughly 33 GPa. The experi-
mentally observed pressure for the fcc→hR1 /cI16 transformation
at 180 K is 39.8 GPa.

FIG. 5. �Color online� The cell angle for the hR1 structure as a
function of pressure. The hR1 structure is in rhombohedral setting
���60°� and to be compared with fcc cell ��=60°�. �Inset� The
acoustic phonon branch for hR1 Li calculated at 33 GPa.
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perconducting phase suggested to exist for pressure from 50
to 60 GPa.11

The phonon spectra of fcc Li have been obtained by linear
response theory.41 Individual phonons were calculated on an
8�8�8 q-point mesh with a 16�16�16 k-point mesh
used for the first BZ integrations. The phonon dispersions of
fcc Li have been calculated within the pressure range of
25–40 GPa. In agreement with the previous theoretical
studies,30,31,35,36 a notable feature in the phonon band struc-
ture of fcc Li is the gradual development of a soft transverse
acoustic �TA� mode along the �→K direction with increas-
ing pressure. The upper panel of Fig. 6�a� shows the phonon
dispersion along �→K at selected pressures. The soft mode
was found to vanish at about 33 GPa. As pressure is in-
creased slightly to 34 GPa, an imaginary frequency at
50 cm−1 appears. The appearance of an imaginary mode in-
dicates that fcc Li is now mechanically unstable. This insta-
bility at 
33 GPa is in close proximity to the pressure for
the fcc→cI16 transition predicted by the enthalpy calcula-
tion described above �Fig. 4�. Thus softened phonons are
responsible for initiating the structural transition. It has also
been found in the earlier studies30,31 that softened phonons
induce strong Fermi-surface nesting and a significant en-
hancement of the EPC.

One of the objectives of this investigation is to understand
the observed maximum in Tc near the fcc→cI16 phase tran-
sition. The EPC of fcc Li has been analyzed in the pressure
range from 25 to 33 GPa. The mode EPC parameters �qj
have been computed in the first BZ on a 12�12�12 MP
q-point mesh. Individual �qj at each q point was calculated
with a 32�32�32 MP k-point mesh. The EPC parameter �
and the logarithmic average of phonon frequencies �log for
fcc Li are shown as a function of pressure in the lower panel
of Fig. 6. At lower pressure, � and �log slowly increases and
decreases, respectively. However, as pressure approaches 33
GPa, � increases rapidly, while �log decreases significantly.
From 32 to 33 GPa, � changes from 2.39 to 3.14 with a 31%

increase. The �log decreases from 153 to 118 K; it is reduced
by about 23%. This large reduction in �log is a consequence
of the softening of TA phonons near the K point. At the same
time, the EPC parameters �qj for those modes near the K
point are enhanced dramatically due to their inverse propor-
tionality to �qj, resulting in a notable increase in the total �.
The EPC is thus strongest and �=3.14 at 33 GPa.

The superconducting critical temperature Tc has been cal-
culated by solving the Eliashberg equations, i.e., by solving
the eigenvalue problem in Eq. �12�, and is shown in Fig. 7
along with the experimental data.13–15 We have used a calcu-
lated spectral function �2F��� appropriate for each pressure,
while ����log� has been chosen to be 0.23 for all pressures.
For pressure �29 GPa, our calculation reproduces the mea-
sured Tc, for which the three experimental results are consis-
tent. At higher pressure, Tc reaches a maximum at 33 GPa in
agreement with the trend found in the experiment in Ref. 14,
while Tc measured in the experiment in Ref. 15 peaks at 30
GPa. The calculated Tc increases monotonically for pressures
from 25 to 32 GPa, but its slope as a function of pressure
becomes much smaller from 32 to 33 GPa. In view of the
substantial phonon softening in fcc Li at pressure close to 33
GPa, it is not unreasonable to attribute the difference be-
tween the predicted and observed Tc for pressure 30–33 GPa
to the neglect of anharmonic effects. It has been shown
theoretically55 and experimentally56 that in the “high-
temperature” superconductor MgB2, anharmonicity plays a
significant role in reducing Tc.

The phonon softening is reflected in the spectral function
�2F���, and the increase in Tc as a function of pressure from
25 to 33 GPa can be understood in terms of �2F��� com-
pared with the functional derivative �Tc /��2F���. In Fig. 8,
�Tc /��2F��� is presented as a function of frequency � in the
fcc phase for pressure 25–33 GPa. As a function of � /Tc, the
functional derivative is expected to have a universal form
that is positive for all frequencies and linear in the low-
frequency limit, and peaks at � /Tc
2�.43,57 As can be seen
in Fig. 8, �Tc /��2F��� for fcc Li indeed has such a universal
form for all pressures, and its overall magnitude decreases
monotonically as pressure is increased. In Fig. 9 the spectral
function and the functional derivative are plotted together for

(a)

(b)

FIG. 6. �a� The evolution of the acoustic phonon branch for fcc
Li along the �→K direction within the pressure range of 25–40
GPa. �b� The calculated � and �log for fcc Li as a function of
pressure up to the critical point 33 GPa for the transition to cI16 Li.
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FIG. 7. �Color online� The calculated Tc as a function of pres-
sure for fcc and cI16 Li in comparison with the experimental data
�Refs. 13–15�. The numerical results are represented in solid sym-
bols and lines, and the experimental data in open symbols and
dashed lines.
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pressures �a� 25 and �b� 29 GPa. As pressure increases from
25 GPa, the spectral weight, mainly focused on the range
�
100–300 cm−1, shifts toward lower frequencies. In par-
ticular, the highest peak in the region �
100–120 cm−1 at
25 GPa makes a notable shift toward lower frequencies and
becomes higher as pressure increases. It can be seen in Fig.
9�b� that at 29 GPa, a substantial amount of the spectral

weight has moved to the region where �Tc /��2F��� is larg-
est, i.e., where phonons are most effective in raising Tc. At
the same time, a secondary strong peak has developed at
�
150 cm−1. As pressure is increased further, the spectral
weight is concentrated more in the low-frequency region sur-
rounding the maximum in �Tc /��2F���, with the two high-
est peaks shifted to lower frequencies and becoming higher.
This feature becomes most significant at 33 GPa, as shown in
Fig. 10�a�.

The value ����log�=0.23 is substantially larger than the
“usual” value of 
0.1–0.13.58 However, as mentioned
above, at ambient pressure it has been estimated that
��
0.24 in the McMillan equation,19 and the effects of
Coulomb interactions are expected to be large also under
pressure. If we assume the usual prescription for reducing the
direct Coulomb repulsion � to the pseudopotential ��, then
the “maximum” value of �� is given by taking the limit
�→
 in Eq. �18� as

�max
� ��log� 


1

ln�	F/�log�
. �20�

In the fcc phase, �max
� 
0.19 at 25 GPa and slightly de-

creases as pressure increases, reaching 0.17 at 33 GPa. How-
ever, the ln�	F /�log� reduction in Eq. �18� can easily be
modified by details of Coulomb interactions.59 The fact that
the measured Tc can be reproduced with ����log�=0.23 �for
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FIG. 8. �Color online� The functional derivative �Tc /��2F���
as a function of frequency � /Tc for various pressures in the fcc
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FIG. 9. �Color online� The spectral function �2F��� and the
functional derivative �Tc /��2F��� as a function of frequency � for
fcc Li for pressures �a� 25 and �b� 29 GPa. As pressure increases, a
significant amount of the spectral weight is shifted toward the low-
frequency region where �Tc /��2F��� is largest.
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FIG. 10. �Color online� The spectral function �2F��� and the
functional derivative �Tc /��2F��� as a function of frequency � for
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pressure �29 GPa� indicates that Coulomb effects are sig-
nificant in this material and cannot be fully taken into ac-
count by simply applying Eq. �18�.

It is interesting to compare Tc calculated by solving the
Eliashberg equations and that obtained from the Allen-Dynes
modified McMillan equation47 �Eq. �16�� as listed in Table I.
Interestingly, the Eliashberg equations and the McMillan
equation yield similar Tc for 9R and bcc Li at ambient pres-
sure: 0.06 �0.42� K and 0.06 �0.47� K for 9R �bcc� for
����log�=0.18, respectively. For fcc and cI16, however, the
approximate Tc from the McMillan equation is always higher
than the Tc calculated from the Eliashberg equations �except
near the fcc→cI16 transition at 33 GPa�. This may be un-
derstood due to the considerable amount of spectral weight at
low frequencies, especially in the fcc phase, which results in
a large EPC parameter � given by Eq. �5� and leads to over-
estimation of Tc by the McMillan equation.

In Fig. 11�a� the energy gaps �0 at T=0.1Tc �solid lines�
and Tc �dashed lines� are plotted as a function of pressure for
the fcc and cI16 phases. The lines are guides for the eyes.
The temperature T=0.1Tc is low enough so that �0 is the
same as for zero temperature. The energy gap increases mo-
notonously as pressure increases up to almost 4 meV at 33

GPa. In the cI16 phase, the gap is much smaller and has
similar behavior as Tc as a function of pressure. The
2�0 /kBTc as a function of pressure is shown in Fig. 11�b�.
The BCS value, 3.53, is indicated as a dotted line. For both
fcc and cI16, 2�0 /kBTc is larger than the BCS value, and in
particular, in the fcc phase the ratio increases rapidly as pres-
sure is increased, reaching 2�0 /kBTc�5 at 33 GPa and in-
dicating strong electron-phonon coupling in this phase. In
contrast, in the cI16 phase, the ratio stays almost constant as
a function of pressure and slightly larger than the BCS value.

The normalized quasiparticle density of states N��� /N�0�
given by Eq. �15� as a function of frequency is presented in
Fig. 12 for 33 GPa in the fcc phase �solid curve�. The BCS
density of states, Re�� /��2−�0

2�, is shown as a dashed
curve. The N��� from the Eliashberg solution exhibits a no-
table feature above the energy gap ���10 meV�, deviating
from the BCS density of states and indicating substantial
retardation effects due to strong electron-phonon coupling.60

This feature is most significant for fcc at 33 GPa, and it is
consistent with the value of 2�0 /kBTc being substantially
larger than the BCS value at this pressure.

C. Superconductivity in the cI16 phase

The electronic band structure, phonons, and electron-
phonon coupling in cI16 Li have been studied at three se-
lected pressures. Pressure of 34 GPa was chosen to investi-
gate the superconducting mechanism of cI16 Li close to the
phase transition. A second pressure point at 45 GPa was se-
lected to examine the pressure dependence of Tc in cI16 Li.

TABLE I. Eliashberg vs McMillan Tc.

Pressure
�GPa� 25 26 27 28 29 30 31 32 33 34 45 57

Tc �K� Eliashberg 10.1 11.1 12.3 13.4 14.7 15.9 17.0 18.0 18.2 13.3 10.1 9.3

Tc �K� McMillan 12.1 13.1 14.2 15.3 16.4 17.4 18.1 18.4 17.1 14.3 11.4 10.7
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FIG. 11. �Color online� The energy gap �0 along with Tc �a� and
the gap ratio �b� 2�0 /kBTc as a function of pressure for the fcc and
cI16 phase. In �b� the BCS value 2�0 /kBTc=3.53 is indicated.
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Higher pressure of 57 GPa was chosen to explore the struc-
tural stability of cI16 Li since a structural phase transition
was suggested by the Raman spectroscopy data10 near 50
GPa. The electronic band structure and DOS were computed
with a 32�32�32 MP k-point mesh. Individual phonon
calculations were performed on an 8�8�8 MP q-point
mesh with a 16�16�16 MP k-point mesh for the first BZ
integrations. The EPC parameter �qj has been computed in
the first BZ on an 8�8�8 MP q-point mesh using indi-
vidual EPC matrices obtained with a 32�32�32 k-point
mesh.

The electronic band structure and DOS of cI16 Li at 34
GPa are shown in Fig. 13. The calculated DOS agrees with
that from a previous study.9 A peak appears near the top of
the occupied states in the DOS, with the Fermi level located
in a valley. Compared with the smooth decrease in the DOS
near the Fermi level in fcc and hR1 Li �not shown�, the
substantially lower electronic density of states at the Fermi
level in cI16 Li indicates a tendency toward opening of a
band gap. The electronic bands crossing the Fermi level are
very dispersive except around �. This feature is in contrast to
fcc Li, in which the electronic bands are flat and almost
parallel to the Fermi level near the L point.32,35,36 Thus the
spherical FS in fcc Li is distorted anisotropically and has
parallel necks at the boundary of the first BZ. The Fermi-
surface nesting between these necks has been shown to be
the origin of strong EPC in fcc Li.31,32

The phonon band structures of cI16 Li at 34, 45, and 57
GPa are depicted in Fig. 14 �for clarity only the acoustic
branches are shown for the latter two pressures�. The phonon
band structure exhibits no imaginary modes, indicating that
cI16 Li is dynamically stable up to at least 57 GPa. The most
significant feature of the phonon band structure is that the
vibrational modes near H are softened as pressure increases.
In previous studies of fcc Li, the phonon softening was sug-
gested to be induced by a change in the electronic structure
near the Fermi surface that can be examined in terms of the
nesting function,30,61

��q� =
1

N
�
nm

�
k

��	kn − 	F���	k+qm − 	F�

� �
nm
� dlk

1

�v�kn � v�k+qm�
, �21�

where N is the number of k points. The 	kn and 	k+qm are the

Kohn-Sham eigenvalues with wave vectors k and k+q within
the nth and mth bands, respectively. The v�kn and v�k+qm are
the Fermi velocities. The line integral is along the intersec-
tion of the Fermi surface and its image displaced by vector q.
The ��q� represents an approximation of the phonon line-
width in Eq. �3� assuming that the strength of EPC is con-
stant in the first BZ and over all phonon modes j, i.e.,
gkn,k+qm

j =1. The calculated ��q� of cI16 Li at 34, 45, and 57
GPa are shown in Fig. 14 �top�. The large peaks around the �
point reflect the nesting of the entire FS with itself and thus
have no physical meaning. The most significant nesting oc-
curs near the H point. However, the strength of the nesting
decreases with pressure due to phonon softening. Halfway
through the �→H, H→N, and �→P directions, there are
small FS nestings that are also associated with phonon soft-
enings. The results show that FS nesting in cI16 Li is much
weaker and more localized than that in the fcc phase. In the
latter case, FS nesting was found to be very large along the
�→X direction.30 It can be seen in Eq. �4� that FS nesting
and the electron-phonon matrix elements are the two main
factors dictating the EPC strength. The EPC parameter � is
determined by a balance between ��q� and gkn,k+qm

j and is
analyzed and discussed below.

The � and �log at 34 GPa are 0.98 and 233 K, respec-
tively. These values are to be compared with the very large
�=3.14 for fcc Li at 33 GPa. The substantially reduced � is
particularly interesting. The spectral function �2F��� for
cI16 Li at 34 GPa and the integrated EPC parameter � as a
function of frequency � are shown in Fig. 15 �top�. The
�2F��� exhibits gross similarity with the PHDOS �Fig. 15
�bottom��. As observed from the integrated �, major contri-
butions to EPC are from the broad peak below 250 cm−1.
Incidentally, � for which the spectral function has its maxi-
mum coincides with �log. The � and �log both decrease
slowly with pressure and reach 0.92 and 211 K at 45 GPa. At
57 GPa, � increases to 0.96, while �log continues to decrease
down to 180 K. The decrease in � between 34 and 45 GPa is
consistent with the reduction in overall FS nesting shown in
Fig. 14. This indicates that the electron-phonon matrix ele-
ments gkn,k+qm

j do not vary appreciably in this pressure range.
On the other hand, from 45 to 57 GPa, the modest increase in
� indicates that the gkn,k+qm

j are enhanced.

FIG. 13. �Color online� The electronic band structure and DOS
of cI16 Li at 34 GPa.

FIG. 14. �Color online� The phonon band structure �bottom� and
nesting functions ��q� �top� for cI16 Li calculated at 34, 45, and 57
GPa. Only acoustic modes are shown in the phonon band structure
for the latter two pressures.
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The Tc obtained by solving the Eliashberg equations for
34, 45, and 57 GPa are shown in Fig. 7, which reproduces
the experimental values very well with ����log�=0.12. It is
interesting that in the cI16 phase �� is much smaller than in
the fcc phase at lower pressure and the 9R phase at ambient
pressure and within the range of the usual value of

0.1–0.13.58 The change in Tc from 34 to 45 GPa can be
traced back to simultaneous decrease in the Debye tempera-
ture and the density of electronic states at the Fermi level.
The drastic reduction in Tc from 33 �fcc� to 34 GPa �cI16�
can be understood by comparing �2F��� and �Tc /��2F���
as a function of �, as shown in Fig. 10. In contrast to fcc Li
at 33 GPa �Fig. 10�a��, in the cI16 phase at 34 GPa �Fig.
10�b��, there is little spectral weight in the low-frequency
region where �Tc /��2F��� is largest, and the phonons with
higher frequencies are not very effective in raising Tc. This
explains the sharp drop of Tc from 18 K at 33 GPa to 13 K at
34 GPa. The structural stability established by phonons and
the reasonable value of the predicted Tc hints that cI16 Li
may exist or coexist with other structures in this pressure
range.

IV. SUMMARY

The electronic structure, phonons, and superconducting
properties of three superconducting phases �9R, fcc, and
cI16� of solid Li have been studied by means of first-
principles calculations. Within the quasiharmonic approxi-
mation, it has been found that the bcc→9R transformation
occurs at T=220 K at ambient pressure. From the Eliash-
berg theory, the superconducting critical temperature Tc in

bcc and 9R Li has been estimated. The observed Tc can be
reproduced if the Coulomb pseudopotential ��
0.23 is used
in the McMillan equation for 9R Li. The Tc for bcc Li is
substantially higher than the experimental value with a rea-
sonable choice of ��. This observation supports the sugges-
tion that 9R is the superconducting phase found in the recent
experiment.25

The pressure-induced phase transition fcc→cI16 has been
investigated. The nature of superconductivity in both phases
has been examined by directly solving the Eliashberg equa-
tions with the spectral function �2F��� obtained from first-
principles calculations and by evaluating the functional de-
rivative �Tc /��2F���. The fcc→cI16 transition pressure of
33 GPa determined from the calculated enthalpies is close to
the pressure where phonon softening is found. The estimated
Tc in the fcc phase for pressure 25–33 GPa increases with
pressure until the transition to cI16 Li occurs. The predicted
Tc for fcc Li is in good agreement with the experimental
data13–15 except for close to the structural transition point,
where anharmonicity may play a dominant role. As pressure
is increased from 25 GPa, the spectral weight is shifted to-
ward the low-frequency region, where �Tc /��2F��� is larg-
est and phonons are most effective in raising Tc. This feature
is found to be most significant at 33 GPa, where Tc reaches a
maximum consistently with the trend found in the experi-
ment in Ref. 14. To reproduce the experimental Tc �for pres-
sure not too close to the transition point�, ����log�=0.23 was
needed. This indicates that as in the 9R phase at ambient
pressure, the effects of Coulomb interactions are significant
in this low-density metal.

The cI16 phase has been studied at three pressures: 34,
45, and 57 GPa. It is found that cI16 Li is stable within this
pressure range. From the solution of the Eliashberg equa-
tions, Tc that agrees very well with the experimental value
has been obtained with ����log�=0.12. There is a sudden
drop of Tc after the fcc→cI16 transition, which is due to a
significant reduction in the spectral weight in the low-
frequency region where �Tc /��2F��� is largest. The struc-
tural stability and the reasonable predicted Tc at 57 GPa in-
dicate the possibility that cI16 Li is stable beyond 50 GPa.
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