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We investigate subgap transport through a single-level quantum dot tunnel coupled to one superconducting
and two normal-conducting leads. Despite the tendency of a large charging energy to suppress the equilibrium
proximity effect, a finite Andreev current through the dot can be achieved in nonequilibrium situations. We
propose two schemes to identify nonlocal Andreev transport. In one of them, the presence of strong Coulomb
interaction leads to negative values of the nonlocal conductance as a clear signal of nonlocal Andreev transport.
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I. INTRODUCTION

The entanglement of electrons in Cooper pairs of a super-
conductor can generate nonlocal transport effects. A promi-
nent example is crossed Andreev reflection �CAR� at the con-
tact between a superconductor and two normal leads. There
the two electrons with opposite spins and symmetric energies
with respect to the Fermi level of the superconductor, that are
transferred through the normal-superconductor interface via
Andreev reflection,1 originate from or end up in different
normal leads. This is a nonlocal transport phenomenon
which has been extensively studied both theoretically2–11 and
experimentally.12–16

The main problem to identify the nonlocality of CAR in a
transport measurement is to separate it from other transport
channels. In this paper, we study nonlocal Andreev transport
through a single-level quantum dot. The quantum-dot level
energy can be tuned by a gate voltage, which opens the pos-
sibility to control the Andreev transport channels. At first
glance, strong Coulomb interaction in the quantum dot seems
to be counterproductive: the formation of a finite equilibrium
superconducting pair amplitude is suppressed since a large
charging energy prevents the equilibrium state to be a coher-
ent superposition of dot states with particle numbers differ-
ing by two and Cooper pairs can be transferred through the
dot by higher-order tunneling processes �cotunneling� only.
On the other hand, a finite nonequilibrium pair amplitude in
the dot can be achieved with a bias voltage.17,18 A large
charging energy provides even the key ingredient for identi-
fying nonlocal Andreev transport in one of the schemes we
propose.

Andreev reflection through quantum dots, a problem
which combines Coulomb interaction, superconducting cor-
relations, and nonequilibrium, has been extensively studied
theoretically.17–24 Here, we apply the diagrammatic real-time
transport theory of Ref. 17 and 18. The relevance from the
experimental point of view is proven by the recent success in
coupling superconductors to quantum dots in either a carbon
nanotube25–28 or a semiconductor nanowire.29–31 In particu-
lar, we propose to investigate nonlocal effects in Andreev
transport through a single-level quantum dot with one super-
conducting and two normal-conducting leads, which may be
�i� ferromagnetic with collinear magnetization or �ii� non-

magnetic �see Fig. 1�. Thereby we identify nonlocality either
�i� by the dependence of the Andreev current on the relative
orientation of the two ferromagnets that are biased with the
same voltage or �ii� by the response of the current in one
normal lead to the applied voltage in the other one.

II. MODEL

The Hamiltonian of the system is H=Hdot+���H�

+Htunn,��. The label �=L ,R ,S corresponds to the left, right,
and the superconducting lead, respectively. The dot is de-
scribed by the Anderson-impurity model

Hdot = �
�

�d�
†d� + Un↑n↓, �1�

where d�
�†� is the annihilation �creation� operator for a dot

electron with spin �, n�=d�
†d� is the corresponding number

operator, � the energy of the spin-degenerate single-particle
level, and U the on-site Coulomb repulsion. The Hamiltonian
of the lead � reads

H� = �
k�

��k�c�k�
† c�k� − g��

k,k�

c�k↑
† c�−k↓

† c�−k�↓c�k�↑, �2�

where the single-particle energies ��k� are spin dependent in
the case of ferromagnetic leads �with the quantization axis
for � being along the magnetization direction of the left lead�
and the BCS pairing-interaction strength g� is nonvanishing
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FIG. 1. �Color online� Setup: a quantum dot is tunnel coupled to
one superconducting and two normal-conducting leads. The latter
may be ferromagnetic with magnetization directions m̂L and
m̂R= �m̂L.
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only for �=S. The lead-electron operators are c�k� and c�k�
† .

We treat the superconductor on a mean-field level, which
introduces the notion of fermionic quasiparticles and a
Cooper-pair condensate. The coupling between the dot and
the leads is taken into account by the tunneling Hamiltonians

Htunn,� = V��
k�

�c�k�
† d� + H.c.� , �3�

where for simplicity the tunnel matrix elements V� are con-
sidered to be spin and wave vector independent.

The spin-resolved tunnel-coupling strengths are defined as
���=2��V��2�k��	−�k��=2��V��2
��, with 
�� being the
density of states of the spin species � in lead �, which we
assume to be constant. We also define the mean level broad-
ening ��= 1

2�����. The spin polarization of lead � is defined
as p�= �
�+−
�−� / �
�++
�−�, with +�−� denoting the major-
ity �minority� spins.

III. METHOD

We integrate out the leads’ degrees of freedom to obtain
an effective description of the quantum dot, whose Hilbert
space is spanned by the four basis states ���
� ��0� , �↑ � , �↓ � , �D��d↑

†d↓
†�0��, with energies E0, E↑=E↓, and

ED corresponding to an empty, singly, and doubly occupied
dot. It is useful to define the detuning �=ED−E0=2�+U.
The dot is described by its reduced density matrix, 
red,
whose matrix elements are P�2

�1 �	�1�
red��2�. The supercon-
ducting proximity effect induces a finite pair amplitude on
the dot, expressed by the off-diagonal matrix element P0

D

= �PD
0 ��.

In the stationary limit, the elements of the reduced density
matrix obey the generalized master equation

i�E�1
− E�2

�P�2

�1 = �
�1��2�

W
�2�2�
�1�1�P

�2�
�1�, �4�

with generalized rates W
�2�2�
�1�1� that can be computed by means

of a real-time diagrammatic technique.17,18,32–35 The station-
ary current out of lead � can be expressed as

J� = −
e

�
�

��1��2�

W
��2�
��1��

P
�2�
�1�, �5�

where W
��2�
��1����ssW

��2�
��1�s�

and W
��2�
��1�s�

is the sum of all gen-

eralized rates that describe transitions in which in total s
electrons are removed from lead �.

The diagrammatic rules to compute the diagrams contrib-
uting to the rates in the presence of superconducting leads
are given in Ref. 18, those for diagrams in the presence of
ferromagnetic leads are given in Refs. 34 and 35. In the
following, we assume small and equal tunnel-coupling
strengths �L=�R��NT to the left and right leads, which
we keep up to first order in the calculation of the current. The
chemical potential of the superconductor is chosen as the
reference for the energies, i.e., �S=0. To study subgap trans-
port, we consider the limit of a large superconducting order
parameter �→�, which we choose to be real. In this case,

all orders in the tunnel-coupling strength with the supercon-
ductor �S can be resummed exactly.18,36 In the absence of a
superconducting lead, the excitation energies of the dot, �
and �+U, are split by the charging energy U. Due to the
tunnel coupling to a superconductor the particle and hole
sector of the Hilbert space are mixed, leading to four An-
dreev bound-state energies, defined as poles of the retarded
Green’s function of the dot for �N=0,

EA,��,� = ��
U

2
+ �
�� +

U

2
�2

+
�S

2

4
, �6�

with ��, �= �1 �see Fig. 2�. In the following, we also make

use of the definition �A�
��+ U
2 �2+

�S
2

4 . The Andreev trans-
port is largest for small detuning ���. We consider the regime
���
U2−�S

2, for which the inequality EA,+,+�EA,+,−�0
�EA,−,+�EA,−,− holds.

The Andreev channel supporting transport from a normal
lead to a superconductor through a quantum dot can be
switched between different states by an applied bias voltage
�N.18 In the following we consider �N�0 �the case �N0 is
obtained from the symmetry transformation �N→−�N, �→
−�, and JN→−JN�. The different states are characterized by
how they influence and probe the state of the quantum dot.

For small bias voltage, EA,+,−��N, all rates �to first order
in �N� involving an electron transfer from or to the normal
lead are not affected by the superconductor. The current can
be written in the simple form JN= 2e

� �N�1+Q /e�, indepen-
dent of the pair amplitude P0

D, where Q / �−e�= 	��d�
†d��

= P↑+ P↓+2PD �with −2e�Q�0� is the average quantum-
dot charge. The latter can be affected by the proximity effect
in the quantum dot. In the stationary limit, the dot is singly
occupied, Q=−e, and the Andreev channel is Coulomb
blocked, JN=0. A current can only flow for Q�−e, which,
e.g., could be achieved by attaching a voltage-biased third
lead. For large bias voltage, �N�EA,+,+, the Andreev channel
is also independent of the dot pair amplitude, with JN

= 2e
� �N�1+Q /2e�. In both cases, the subgap transport in-

volves Andreev processes at the interface between quantum
dot and the superconducting lead only. As a consequence, the
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FIG. 2. Andreev bound-state energies as a function of the level
position �, with �S /U=0.2 and �N=0.
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current is, in both cases, insensitive to the sign of the detun-
ing �. This is different for the regime of intermediate volt-
ages, EA,+,+��N�EA,+,−. In this case the rates involving an
electron transfer to or from the normal lead do depend on �
and �S, the rates W0�

D� and WD�
0� describing proximization of

the quantum dot are nonvanishing, and the current in the
normal lead also depends on the pair amplitude P0

D. An in-
teresting feature of this regime is that a positive detuning
drives the dot to an average occupation of less than one
electron, thus overcompensating the effect of the finite bias
voltage.18

IV. CROSSED ANDREEV REFLECTION

We first consider the case of ferromagnetic leads with
equal polarization strengths �pL�= �pR�= p kept at the same
chemical potential �N and characterized by the same Fermi
distribution fN���= 1+exp��−�N� /kBT�−1. Crossed Andreev
transport is identified by its dependence on the relative ori-
entation of the ferromagnets, quantified by the tunneling
magnetoresistance �TMR� TMR��JS

AP−JS
P� /JS

AP, where
JS

P�AP�= �2e�S /��Im P0
D is the current in the superconductor

for parallel �antiparallel� alignment of the magnetizations.
The stationary pair amplitude P0

D= 	d↓d↑�, in zeroth order in
�N and in the �→� limit, is calculated from the equation
P0

D=��W0�
D�P�

� / W00
DD− i�2�+U��. In the inset of Fig. 3 we

show the current in the superconducting lead for both the
parallel and antiparallel alignments of the magnetizations as
a function of the gate voltage for �N=U �large-bias regime�.
The current shows a peak around zero detuning, �=−U /2,
with a width given by �S. The subgap current for the parallel
alignment is clearly suppressed, indicating the presence of
CAR. The TMR is plotted in Fig. 3 as a function of the
polarization strength p for different values of the detuning �.
For small values of p the TMR exhibits a quadratic depen-
dence on p,

TMR �
�1 − ��=����=�

��fN�EA,��,�����S
2p2

4�A
2 − ���,��=�

����� +
U

2
+ �A� fN�EA,��,���2 ,

�7�

which simplifies in the regime of large bias voltage to
TMR� p2 for �����S and TMR� p2�S

2 /�2 for �����S, and
in the regime of intermediate �positive� bias voltage to
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FIG. 4. �Color online� Current JR in the right lead as a function
of the chemical potential �L of the left lead for different values of
the detuning � and �S=0.2U, �L=�R=0.001U, pL= pR=0, kBT
=0.01U, and �a� �R=0 �small bias�, �b� �R=0.5U �intermediate
bias�, and �c� �R=U �large bias�.
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FIG. 3. TMR as a function of the polarization p for different
values of the detuning �=2�+U. Inset: Current JS in the supercon-
ducting lead as a function of �, for polarization p=0.5 and parallel
and antiparallel alignments of the leads’ magnetization. For both
graphs, we chose �L=�R=�N=U, �S=0, �S=0.2U, �L=�R

=0.001U, and kBT=0.01U.
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TMR�4p2 /3 for �����S, TMR� p2�S
2 /�2 for −���S, and

TMR�2p2 for ���S.

V. NEGATIVE NONLOCAL CONDUCTANCE

We now look for nonlocal effects in Andreev transport for
nonmagnetic leads, pL= pR=0, by studying the current in the
right lead, JR, as a function of the voltage applied to the left
lead �L. For a three-terminal device, we define a nonlocal
conductance, Gnl�JR / ��S−�L�, as the current response in
the right lead to a voltage bias between superconductor and
left lead. In particular, we will consider the nonlocal differ-
ential conductance Gdiff

nl �−�JR /��L. Direct transport be-
tween the two normal leads contributes with a positive sign
to Gdiff

nl . Nonlocal transport channels such as CAR may con-
tribute with a negative sign. For a large class of such three-
terminal devices, however, it has been shown37 that the sum
of all contributions to Gdiff

nl remains positive. In contrast, we
find for our system regimes with negative values of Gdiff

nl and,
even more striking, negative values of Gnl.

In Figs. 4�a�–4�c�, we show the current in the right lead as
a function of the electrochemical potential in the left lead for
the three cases of a small, intermediate, and large voltage �R
applied to the current probe, respectively. Several features of
these current-voltage characteristics indicate the strong cou-
pling of the quantum dot to a superconducting lead. First,
there are four steps �instead of two� associated with the four
Andreev bound-state energies. Second, the height of many of
the plateaus is sensitive to the detuning �. In the cases dis-
played in Figs. 4�a� and 4�c�, the plateau height of the cur-
rent, given by JR=2e�N�1+Q /e� and JR=2e�N�1+Q /2e�,
respectively, directly reflects the average quantum-dot
charge, which is strongly influenced by the proximity
effect.18,38 For �=0, the proximity effect is maximal, with
Q=−e for all values of the bias voltages, which leads to JR
=0 and JR=e�N in Figs. 4�a� and 4�c�, respectively. With
increasing ���, the proximity effect decreases and the current
approaches the value expected in the absence of the super-
conducting lead. Third, the striking feature indicating nonlo-
cal Andreev transport is the nonmonotonic dependence of JR
on �L, i.e., the appearance of a negative nonlocal differential
conductance, Gdiff

nl 0. Even more remarkable is for �R=0
the negative nonlocal conductance Gnl0 that occurs for
positive/negative detuning � at positive/negative �L in the
intermediate-bias regime. To understand this behavior, we
realize that in this regime there are combined Andreev pro-
cesses that involve both the interfaces from the quantum dot
to the superconductor and the left lead, while there are no
Andreev processes involving electron transfer between quan-
tum dot and right lead. The intermediate-voltage Andreev
transport between left lead and superconductor yields an av-

erage dot charge that is determined by the dot level’s position
relative to the chemical potential of the superconductor
rather than that of the normal lead: for positive �negative�
detuning the probability of double occupation decreases �in-
creases� and the average occupation of the dot is smaller
�larger� than one. This deviation from single occupancy is
probed by the right lead. Changing the sign of detuning leads
to a sign change in the current measured in the right lead.

We remark that the negative nonlocal conductance is not
due to CAR. In fact, making the normal-conducting leads
ferromagnetic suppresses the negative nonlocal conductance,
independent of whether the ferromagnets are aligned parallel
or antiparallel, since a finite spin accumulation on the quan-
tum dot reduces the dot pair amplitude. For CAR an en-
hanced �reduced� effect would be expected for the antiparal-
lel �parallel� alignment. The effect that we predict is rather a
consequence of combined Andreev processes between left
lead and superconductor. The negative nonlocal conductance
can only be probed because of a large charging energy that
prohibits direct transport between the normal-conducting
leads.

VI. CONCLUSIONS

We investigated nonlocal Andreev transport through an
interacting quantum dot in a three-terminal setup with one
superconducting and two normal-conducting leads. We con-
sidered two different biasing schemes. In the first one, the
normal-conducting leads are ferromagnetic with collinear
magnetizations and they are kept at the same chemical po-
tential. The key result for this case is that CAR occurs due to
the nonequilibrium proximity effect in the dot and it is char-
acterized by a finite TMR. In the second scheme, the two
normal-conducting leads are nonmagnetic and the response
of the current in one lead to the voltage applied to the other
one is studied. In that case, nonlocal Andreev transport is
identified by negative values of the nonlocal differential con-
ductance. Even more strikingly, we find regimes with nega-
tive values of the full nonlocal conductance. The virtue of
employing quantum dots lies, first, in the possibility to tune
the Andreev channels by a gate voltage and, second, in the
presence of a large charging energy which generates specific
transport regimes characterized by a negative nonlocal con-
ductance. Both aspects are advantageous for a clear identifi-
cation of nonlocal Andreev transport.
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