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Electronic structure calculations are employed in order to investigate the cohesive properties �lattice param-
eter, enthalpy of formation, and bulk modulus� of random Fe-Cr alloys as a function of composition and
magnetic state, as well as to derive the chemical and magnetic exchange interactions of the constituent atoms.
The calculations predict certain anomalies in the cohesive properties of ferromagnetic alloys at a concentration
of about 7 at % Cr; these anomalies may be related to the changes in Fermi-surface topology that occur with
composition in this alloy system. The obtained interatomic interactions are used as parameters in the configu-
rational �Ising� and magnetic �Heisenberg� Hamiltonians for modeling finite-temperature thermodynamic prop-
erties of the alloys. We discuss the approximations and limitations of similar modeling approaches, investigate
the origin of existing difficulties, and analyze possible ways of extending the theoretical models in order to
capture the essential physics of interatomic interactions in the Fe-Cr or similar alloys where magnetism plays
a crucial role in the phase stability.
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I. INTRODUCTION

Understanding phase equilibria in the body-centered-
cubic �bcc� Fe-Cr based alloys is of vital importance for the
development of new high-chromium steels. These steels,
containing more than 12 wt % Cr, possess good corrosion
resistance in very aggressive environments.1 However, they
are known to suffer from a phenomenon called 475 °C em-
brittlement, which is related to a decomposition of the Fe-Cr
solid solution onto the Fe-rich and Cr-rich fractions.2,3 The
decomposition often occurs via the spinodal mechanism.4–7

A particular class of steels with almost equal amounts of
ferrite �� phase� and austenite �� phase�, so-called duplex
stainless steels �DSSs�, has rather recently received attention
owing to their combination of attractive properties such
as toughness, resistance to various types of corrosion, and
mechanical strength.8 To increase the resistance to pitting
corrosion the concentration of chromium, molybdenum,
and nitrogen is increased but this inevitably leads to
microstructural instability. In particular, there is reason to
believe that these alloying additions will render also the fer-
rite in DSS more prone to spinodal decomposition. This is a
serious problem for steel makers as well as end users as the
upper service temperature, usually 250 °C, is limited by the
instability of ferrite. Figure 1 shows an example of the alloy
microstructure produced by spinodal decomposition of the �
phase �ferrite� in the weld metal of high-chromium duplex
stainless steel.9

The 475 °C embrittlement problem has motivated exten-
sive experimental studies of the miscibility gap and spinodal

decomposition in the Fe-Cr system.10–17 Stability of bcc
Fe-Cr solid solutions has been extensively studied theoreti-
cally, mostly by the empirically based Calphad
approach.18–21

Considerable attention of materials scientists is attracted
again to the problem of stability of Fe-Cr based ferrite, now
in connection with the development of new types of �ther-
mo�nuclear power reactors.22 These new studies mostly rely
on first-principles calculations and atomistic modeling23–27

rather than experiments. Although these calculations give
some insights into the interplay between magnetism and

FIG. 1. Modulated contrast due to spinodal decomposition in the
ferrite �to the left in the image� obtained using a transmission elec-
tron microscope. The contrast is visible in the �001� direction of
ferrite �see the diffraction pattern in the inset�. Duplex stainless-
steel weld metal �Ref. 9� aged for 243 h at 450 °C.
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chemical interactions in Fe-Cr alloys, they often ignore some
of the important features of the present system: �i� changes in
the electronic and magnetic structures of the alloys with
composition and temperature; �ii� dependence of the chemi-
cal and magnetic interactions on the global magnetic state;
�iii� acute concentration dependence of the interactions �in
the ferromagnetic state�.

The main purpose of the present paper is, therefore, to
give a detailed account of the electronic structure and cohe-
sive properties of random Fe-Cr alloys, as well as to show,
by means of first-principles perturbation-theory calculations,
how the effective chemical and magnetic exchange interac-
tions of atoms in the alloy depend on the concentration and
on the global magnetic state. The dependence on magnetic
state was addressed in our recent publication.28 Therefore, in
this paper, we focus our attention on the concentration de-
pendence of interatomic interactions. We discuss the origin
of these dependencies and analyze their consequences for
modeling the finite-temperature properties of Fe-Cr alloys.

II. DETAILS OF CALCULATIONS

A. Electronic structure and total-energy calculations

The locally self-consistent Green’s-function �LSGF�
method29,30 has been employed in order to determine the
parameters of screened Coulomb interactions,31–33 as well as
to investigate the local environment effects in random bcc
Fe-Cr alloys. Total-energy calculations have been done by
means of the exact muffin-tin orbital �EMTO� method34 in
the Green’s-function formalism which enables one to use the
coherent-potential approximation �CPA� �Refs. 35–37� for
calculating the electronic structure of substitutionally disor-
dered alloys. The CPA is also employed in this study for
modeling the paramagnetic state of the alloys within the dis-
ordered local-moment �DLM� approach.38

The total energies were calculated in the generalized gra-
dient approximation �GGA� for the exchange-correlation
energy,39 while self-consistent electron densities were ob-
tained within the local-density approximation �LDA�.40 That
is, we switched off the gradient corrections to the exchange-
correlation potential during the self-consistent calculations,
since the GGA is known to overestimate the magnetic mo-
ment of bcc iron. The basis functions were expanded up
lmax=3 in the self-consistent LSGF and EMTO calculations,
with expansion to higher orbital quantum numbers for the
EMTO full charge-density calculations.34 Multipole mo-
ments of the electron density, up to lmax

Mad=6, were determined
during the self-consistent calculations of the multipole mo-
ment corrections to the Madelung potential and energy.

The on-site screening contributions to the electrostatic po-
tential, vscr

i , and energy, Escr, of a random alloy were included
in the electronic structure and total-energy calculations in
order to take into account the effects of charge transfer be-
tween the alloy components, within the single-site density-
functional theory approximation:33

vscr
i = − e2�scr

i qi

S
, �1�

Escr
i =

1

2
�scr�

i

ciqivscr
i . �2�

Here ci is the concentration and qi the net charge of the
atomic sphere of ith alloy component, S is the Wigner-Seitz
radius, and �scr

i and �scr are screening constants. The values
of the screening constants have been determined on the basis
of LSGF calculations33 for 512-atom supercells modeling
random Fe-Cr alloys with varying composition of Cr. In gen-
eral, �scr

i is considered to be component-specific; its value
can be obtained from the average net charges, �qi�, and
Madelung potentials, �vi�, of the alloy components in a su-
percell modeling the random alloy:33

�scr
i = −

S��vi� − v̄�
e2�qi�

. �3�

Here v̄=�ici�vi� is the total average Madelung potential,
which has a small nonzero value even in a highly symmetric
cubic crystal due to the contributions arising from nonzero
higher-order multipole moments of the electron density. It
can be shown that in the case of a binary alloy the on-site
screening constants for the two alloy components are equal
to each other, i.e., there is only one on-site screening param-
eter �scr in a binary alloy. In Fig. 2 we show the calculated
values of the on-site potential screening constants �scr as a
function of concentration in the ferromagnetic �FM� and
paramagnetic �DLM� states of bcc Fe-Cr alloys. One can see
that the screening constants are very different for the two
different magnetic states. The on-site screening constant �scr
exhibits a pronounced concentration dependence in the FM
state of Fe-rich alloys, whereas in the DLM state the concen-
tration dependence is much weaker. As will be shown below
in Sec. III D, the difference in screening parameters may be
traced back to the existence of magnetic moments on the Cr
atoms in the FM state, as well as to their disappearance in the
DLM state, of Fe-rich Fe-Cr alloys.

Let us note that all the previous CPA calculations for
Fe-Cr alloys have either completely ignored the screening
contribution or treated it very approximately. However, the
effective charge transfer between Fe and Cr �qeff= �qFe
−qCr�� is on the order of 0.2 electrons so that the correspond-
ing electrostatic contribution is a sizable part of the mixing
energy in this alloy system.

FIG. 2. �Color online� On-site potential screening constant in
the FM and DLM states of bcc Fe-Cr alloys.
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Another screening constant, �scr, is a fitting parameter �on
the order of unity� that just renormalizes the electrostatic
energy in the single-site CPA calculations in order to make it
the same as in the corresponding supercell calculations. �The
constant is not exactly equal to 1 because there is an addi-
tional electrostatic energy contribution in supercell calcula-
tions, as compared to single-site CPA calculations, due to
multipole-multipole electrostatic interactions within the alloy
configurations that have reduced local symmetry.� The calcu-
lated screening constant �scr is found to depend quite
strongly on the concentration, as well as on the global mag-
netic state, of Fe-Cr alloys. For instance, its value in the
ferromagnetic state is found to vary from 1.03 to 1.14 upon
varying the Cr concentration between the Fe-rich and Cr-rich
alloy limits, respectively.

B. Effective chemical interactions

Lavrentiev et al.27 recently applied the structure inversion
method �SIM� in order to determine the effective cluster in-
teractions �ECIs� in Fe-Cr alloys from the calculated enthal-
pies of formation for a set of Fe-Cr superstructures, which
were all considered in the FM state. Unfortunately, the inter-
actions of such kind cannot be directly related to the effec-
tive interactions that are, for instance, responsible for the
atomic short-range ordering effects in random Fe-Cr alloys
�at fixed volume, temperature, and composition� as studied
experimentally by Mirebeau et al.41 This is so because the
interactions derived using SIM are just fitting parameters of a
cluster expansion to the enthalpies of formation of a �limited�
set of alloys with different compositions, each having a cer-
tain atomic configuration and being in a certain magnetic
state. As we will see below, the magnetic state and concen-
tration strongly influence the interactions, changing them so
dramatically that a transformation of the concentration- and
magnetic-state-dependent interactions to the usual
concentration- and magnetic-state-independent forms, as as-
sumed in SIM, seems to be a formidable and hardly achiev-
able task.

In this work we calculate the effective cluster interactions
using the screened generalized perturbation method
�SGPM�,33,42 which is a first-principles generalization of the
generalized perturbation method �GPM�.43,44 The approach is
based on the force theorem and on the single-site coherent-
potential approximation, which are applied within the frame-
work of density-functional theory. The SGPM allows one to
calculate the effective cluster interactions in a random alloy
having fixed volume and composition and being in a certain
magnetic state. An advantage of this method is that any given
interaction can be calculated directly and independently from
the other interactions. Therefore, the SGPM allows one to
investigate the effective chemical interactions in greater de-
tail than is possible using a fitting-based method such as the
SIM.

For example, the effective pair interactions are deter-
mined within the SGPM as33,42,44

Vi � V�R� = Vone-el�R� + Vscr�R� , �4�

where Vi is the SGPM interaction at the ith coordination
shell given by a set of vectors R. Vone-el�R� is the one-

electron contribution to the SGPM interaction and Vscr�R� is
the electrostatic screening contribution,

Vscr�R� = e2�scr�R�
qeff

2

S
. �5�

Here �scr�R� are the intersite screening constants.33,42 Their
values for different alloy compositions and magnetic states
have been determined from the corresponding supercell cal-
culations. For instance, the values for the first eight coordi-
nation shells in Fe75Cr25 FM �DLM� random alloy are 0.1256
�0.1244�, 0.0542 �0.0443�, −0.0091 �−0.0077�, −0.0024
�−0.0013�, 0.0005 �−0.0006�, 0.0013 �0.0�, 0.0017 �0.0013�,
and 0.0015 �0.0007�. The screening constants for more dis-
tant coordination shells are small and, therefore, the contri-
butions from the corresponding screened Coulomb interac-
tions can be neglected. Multisite interactions contain only
one-electron contributions.

III. GROUND-STATE PROPERTIES AND ELECTRONIC
STRUCTURE OF RANDOM ALLOYS

A. Lattice parameter and bulk modulus

The lattice parameters of random bcc Fe-Cr alloys have
been studied both experimentally45,46 and theoretically.25 In
general, theory reproduces the experimental lattice param-
eters with an accuracy of about 1%, which may be consid-
ered satisfactory. However, the total change in the lattice
parameter in bcc Fe-Cr alloys is less than 1%. Therefore, it is
important to discuss the existing discrepancy between theory
and experiment in the present system.

The room-temperature experimental lattice parameter mo-
notonously increases with composition, from 2.866 Å in
pure Fe to 2.884 Å in pure Cr, but its compositional depen-
dence is strongly nonlinear.45 Gradient-corrected ab initio
calculations �our present results are similar to those obtained
by Olsson et al.25� systematically underestimate the lattice
parameter of bcc Fe-Cr alloys. The discrepancy is not totally
removed even after the atomic vibrations are taken into ac-
count �we evaluate the phonon contributions within the
Debye-Grüneisen model47,48 based on the ab initio calculated
equations of state�. Thus for pure iron our calculations give
2.837 Å �static lattice� and 2.857 Å �including phonons,
300 K�. The corresponding theoretical values for pure chro-
mium are 2.849 and 2.858 Å.

In order to eliminate the systematic difference between
theory and experiment, as well as to focus on the nonlinear
behavior of the lattice parameter in the Fe-Cr system, in Fig.
3�a� we plot a relative deviation from Vegard’s rule, �a
− ā� / ā, where ā= �1−cCr�aFe+cCraCr is the concentration-
weighted average of the �experimental or calculated� lattice
parameters of pure Fe and Cr, as discussed above.

Both the experimental and calculated �FM� lattice param-
eters exhibit positive deviations from Vegard’s rule for Fe-
rich compositions and negative deviations for Cr-rich com-
positions. �It should be kept in mind that the experimental
samples containing less than 70 at. % Cr are in the FM state
at room temperature.� Moreover, there is a marked anomaly
in the concentration dependence of lattice parameter, which
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is present in both the experimental and the calculated �FM�
data. The initial steep slope of the concentration dependence
�which suggests a relatively large effective size of a Cr im-
purity in pure Fe� changes abruptly to a lower value corre-
sponding to a smaller size of the Cr atoms added to Fe-Cr
alloys in excess of 7 at % Cr. The lattice parameter of Fe-Cr
alloys in the DLM state exhibits a regular concentration de-
pendence, with negative deviations from Vegard’s rule in the
whole concentration range.

Figure 3�b� shows the calculated bulk modulus of random
bcc Fe-Cr alloys together with available experimental
data.49–52 The theoretical values have been obtained from the
calculated equations of state for FM alloys on a static lattice
�i.e., without phonon contributions�. The plotted experimen-
tal bulk moduli include the data for ferromagnetic alloys at
room temperature �RT� and at a low temperature �LT� of 77
K,49 the RT data for paramagnetic Cr-rich Fe-Cr alloys,50 an
experimental estimate of the RT bulk modulus of “paramag-
netic” Cr,50,51 as well as the RT and LT data for antiferro-
magnetic Cr.51,52

The calculated bulk moduli of Fe-rich alloys, in the FM
state, exhibit an anomaly with a sharp minimum at 6 at %
Cr. Experimental data for Fe-rich Fe-Cr alloys49 suggest a

similar nonmonotonous concentration dependence, with a lo-
cal minimum at 7 at % Cr. The calculated concentration de-
pendence of the bulk modulus for Fe-Cr alloys in the DLM
state is monotonous.

B. Enthalpy of formation

The calculated enthalpies of formation of Fe-Cr alloys, in
the FM state as well as in the DLM state, are presented in
Fig. 3�c�. Note that standard states of Fe are different for the
FM and DLM curves; the calculated energy difference be-
tween the FM and DLM configurations of pure Fe is about
15 mRy/atom. Both the FM and DLM calculations for pure
Cr converge to a nonmagnetic solution, which is the standard
state for both calculated curves. The experimental enthalpy
of formation has been determined relative to Fe and Cr in
their respective high-temperature paramagnetic states.53

Naturally, good agreement is found between the experimen-
tal enthalpies of formation of paramagnetic Fe-Cr alloys53

and our DLM results �see Fig. 3�c�	.
In this respect, it should be mentioned that the experimen-

tal enthalpy of formation, measured in the paramagnetic
state, cannot be compared to the enthalpies of formation ob-
tained as a result of high-temperature Monte Carlo �MC�
simulations by Lavrentiev et al.27 This is so because the ef-
fective cluster interactions in Ref. 27 were obtained from the
total energies of Fe-Cr superstructures in the ferromagnetic
state. Indeed, the atomic configuration in the MC simulation
at a high enough temperature approaches that of a random
alloy. Therefore, as T→�, their MC computed enthalpy of
formation should approach the enthalpy of formation of ran-
dom Fe-Cr alloys in the FM state. This is why the enthalpies
of formation calculated by Lavrentiev et al.27 for Fe-Cr al-
loys at 1800 K exhibit exactly the same anomalous mixing
behavior, with the sign change of the enthalpy of formation
in the Fe-rich region, as our calculations predict for random
FM alloys �the black solid curve in Fig. 3�c�	. Note also that
one experimental point �the one that is supposed to lie at
10 at % Cr� has been displaced toward more Cr-rich com-
positions by Lavrentiev et al.27 in Fig. 5 of their paper.

Real Fe-Cr alloys are, of course, in the paramagnetic state
at 1800 K, and their enthalpy of formation �the dashed curve
and rhombi in Fig. 3�c�	 is not expected to exhibit any
anomalies in the Fe-rich region. The existence of a mixing
tendency in Fe-rich Fe-Cr alloys is a feature, as now well
understood,25 of the FM state and must disappear above the
Curie temperature.

Let us also note, in passing, that in the Fe-rich region the
effect of atomic short-range order �ASRO� is small due to the
fact that the energy contribution from the ASRO of ordering
type is proportional to c2, where c is the concentration of the
minority element in the alloy �c�cCr in our case�. At the
same time, the contribution from the ASRO of clustering
type is proportional to c�1−c�, so it gives quite substantial
contribution close to the equiatomic composition, as well as
in the Cr-rich region. This means that the MC results of Ref.
27 for 1800 K should underestimate the enthalpy of forma-
tion of the ferromagnetic random alloy due the substantial
amount of ASRO of clustering type in their simulation box at
that temperature.

FIG. 3. �Color online� �a� Calculated and experimental �Refs. 45
and 46� deviations of the lattice parameter in bcc Fe-Cr alloys from
Vegard’s rule. �b� Calculated and experimental �Refs. 49–52� bulk
moduli. �c� Calculated and experimental �Ref. 53� enthalpy of for-
mations. �d� Calculated density of states at the Fermi level in the
FM and paramagnetic �DLM� Fe-Cr alloys.
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Our results for the thermodynamic properties are, of
course, similar to those obtained earlier by Olsson and
co-workers24,25 who also used the EMTO method in combi-
nation with full-potential supercell calculations. However,
there are slight numerical differences between the two sets of
EMTO results, which are caused by the more sophisticated
treatment of the electrostatic screening contributions in the
present study, as has been described in Sec. II A. In particu-
lar, our calculations yield a value of −0.25 mRy
�−3.3 meV� for the enthalpy of formation of Fe-Cr alloys in
the FM state at the minimum located near 3 at % Cr, while
the enthalpy of formation is calculated to change sign close
to 7 at % Cr. Ironically, these results are in very good agree-
ment with the above-mentioned MC results by Lavrentiev et
al.27

C. Density of states and Fermi surface

Thermodynamic properties of any material derive from its
electronic structure.54 Metallic alloys are no exception: the
electronic structure is well known to play an important role
in the structural stability of metallic alloys,55–58 as well as to
affect other physical properties of metals near the points
where the electronic structure undergoes a discontinuous
change.59–65 Let us now consider how the electronic structure
of Fe-rich Fe-Cr alloys �in the FM state� evolves with chemi-
cal composition in order to see the origin of the anomalous
concentration dependence of their thermodynamic proper-
ties. An abrupt discontinuity in the slope of concentration
dependence of the density of states �DOS� at the Fermi level
has been noticed in the CPA-based electronic structure
calculations24,25,66 of random Fe-Cr alloys. As Fig. 3�d�
shows, the discontinuity occurs only in the spin-up channel25

and is located near the concentration �7 at % Cr� at which
the thermodynamic properties of ferromagnetic alloys ex-
hibit the anomalous behavior �see Figs. 3�a�–3�c�	. Hereafter,
the majority-spin channel of Fe in the FM state of Fe-Cr
alloys is referred to as the “spin-up” channel. Chromium
tends to align its magnetic moment antiparallel to that of
iron, therefore, the majority-spin channel for Cr is the “spin-
down” channel. The reader is referred to paper by Olsson et
al.25 for more details about the DOS of Fe-Cr alloys.

A simple relationship between the DOS at the Fermi level
N�EF� and the thermodynamic stability �against spinodal de-
composition� of a random solid solution can readily be es-
tablished using arguments based on the rigid-band model and
Fermi-surface topology.67 Although the rigid-band model is
only approximately valid even for sp-valent metal alloys,68

the simple relationship �between N�EF� and the second con-
centration derivative of total energy	 has been found to make
qualitatively correct predictions of spinodal instability even
in the case of Fe-Cr alloys.25 This result is surprising be-
cause, as is well known and will once again be illustrated
below, the electronic structure of d-transition metal alloys
such as Fe-Cr does not exhibit a rigid-band behavior.

In Fig. 4 the calculated densities of electron states on Fe
and Cr atoms in random alloys Fe98Cr02 and Fe90Cr10 are
shown. An important observation is that a shoulder, which is
located at EF in the Fe-projected spin-up DOS of Fe98Cr02

alloy, disappears in the DOS of Fe90Cr10 alloy. At the same
time there is an increase in the Cr-projected spin-up DOS at
Fermi level upon changing the Cr concentration from 2 to
10 at %. Other important observations are that both the Fe-
and Cr-projected DOS, in the spin-down channel, have deep
minima at the Fermi level and that their shape in the vicinity
of EF depends very little on the alloy composition.

Figure 5 shows the Fe- and Cr-projected DOSs in the
paramagnetic �DLM� state of random bcc alloys Fe98Cr02
and Fe90Cr10. The most striking feature of the DLM densities
of states is that the Fe-projected DOS in the minority-spin
channel �labeled spin down in Fig. 5� is aligned in energy
with the Cr-projected DOS �the latter is the same in both spin
channels as the magnetic moment on Cr vanishes in the
DLM state�. Furthermore, due to the presence of magnetic
disorder, all the DOSs look somewhat smeared out, as com-
pared to the FM case presented in Fig. 4. One also notices
that the DLM densities of states are almost insensitive to the
Cr concentration from 2 to 10 at %.

The Fermi-surface �FS� evolution with composition in fer-
romagnetic Fe-rich Fe-Cr alloys is presented in Fig. 6. The
figure shows FS cross sections by the �001� plane, visualized
using the calculated density of electron states in reciprocal
space �Bloch spectral function� for the two spin channels �up
and down� at the Fermi energy.69,70 Our calculations indicate
that the change in composition from 0 to 15 at % Cr has no
significant effect on the Fermi surface of the Fe-Cr alloys in
the spin-down channel. This is a consequence of the fact that
the spin-down electron states of Fe and Cr in the FM Fe-Cr
alloys are almost perfectly aligned in energy in the vicinity
of EF �see Fig. 4�. Therefore, electron scattering off the Fe
and Cr atoms is very coherent in this spin channel so that the
electron states near the Fermi energy preserve their band
character �see Fig. 7�.

FIG. 4. �Color online� Calculated atom-projected densities of
electron states in random bcc alloys Fe98Cr02 and Fe90Cr10 in the
FM state.
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In sharp contrast, the FS for the spin-up electron states
undergoes dramatic changes in a narrow concentration inter-
val between 5 and 10 at % Cr: the hole arms �multicon-
nected parts embracing the first Brillouin zone�,71–78 as well

as the hole pockets �located at the vortices, points H, k
= 
100� of the Brillouin zone�,79,80 of the spin-up FS of pure
Fe completely disappear from the Fermi surface when the
alloy concentration reaches 10 at % Cr. Only the central part
of the spin-up FS �enclosing electron states� does preserve its
band character in the 10 at % Cr alloy.

The hole pockets at points H close up in a rigid-band
manner with increasing the Cr concentration as if the holes
in the spin-up �majority� channel of Fe were filled up by
chromium spin-up �minority� electrons. Figure 7 shows that
these pockets become closed at approximately 5 at % Cr
where the corresponding states at the Fermi energy near
points H can still be distinguished as band states. At a higher
concentration of 10 at % Cr the band structure near these
points becomes “smeared out.” Because of a strong differ-
ence between the scattering properties of the Fe and Cr ionic
potentials in the spin-up channel, the electron spectrum loses
its band character and becomes imaginary in a certain do-
main of wave vectors and energies near the Fermi energy. In
Fig. 7�c� this domain is seen as a gray “cloud” of states at
energies between 0.0 and 0.1 Ry. The states within the cloud
have lost their band character to form a break in the E�k�
dependence. Thus, strong scattering induces a “band gap” in
the spin-up electronic spectrum of FM Fe-Cr alloys. One can
anticipate that the presence of a scattering-induced band gap
in one spin channel must affect spin-dependent transport
properties of FM Fe-Cr alloys. For example, the electrical
conductivity in the spin-up channel may be expected to be-
come much lower than in the spin-down channel.

FIG. 5. �Color online� Calculated atom-projected densities of
electron states in random bcc alloys Fe98Cr02 and Fe90Cr10 in the
paramagnetic �DLM� state.

FIG. 6. Evolution of the Fermi surface of bcc Fe-Cr alloys with composition.
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D. Magnetic moments

The results to be presented in this section have been cal-
culated at a fixed lattice parameter of a0=2.875 Å, which is
the average of the room-temperature lattice parameters of
bcc Fe and bcc Cr. We have checked, however, that the vol-
ume dependence of magnetic moments is weak and can
safely be neglected in the present case, also taking into ac-
count the small difference between the lattice parameters of
bcc Cr and Fe. The calculation procedure to be described
below in this section yields configuration-averaged values of
magnetic moments, which are suitable for making compari-
sons with experiment. Fluctuations of magnetic moments,
due to local environment effects, will be considered sepa-
rately in Sec. V.

1. Ferromagnetic state

In the practice of electronic structure calculations the spin
moment on an individual atom is usually associated with the
imbalance between the spin-up and spin-down components
of the electron density integrated over the spatial region
�Wigner-Seitz cell or sphere� that is ascribed to that particu-
lar atom. This procedure becomes ambiguous when the crys-
tal is made of more than one type of atom �or its structure
has inequivalent sites� because the electron densities of
neighboring atoms in the crystal overlap. Only the total mag-
netic moment of all the atoms in the primitive cell of the
crystal is unambiguously defined. In order to determine the
individual magnetic moments of the Fe and Cr atomic spe-
cies �MFe and MCr, respectively� we use a standard procedure
for calculation of partial molar properties from the concen-

tration dependence of an extensive thermodynamic
quantity.81 In this particular case, this quantity is the total
magnetic moment of the alloy �normalized per atom�, mtot�c�,
considered as a function of concentration c. It may be repre-
sented as the weighted sum of individual magnetic moments
of the atomic species, Fe and Cr,

mtot = �1 − c�MFe + cMCr. �6�

Hereafter we omit to explicitly show the concentration de-
pendence of magnetic moments mtot�c�, MFe�c�, and MCr�c�.
The variation in total magnetization with the alloy composi-
tion may be represented as a result of substitution of a chro-
mium atom for an iron atom

dmtot

dc
= − MFe + MCr. �7�

Combining Eqs. �6� and �7� one can determine the magnetic
moments of the Fe and Cr atoms as

MFe = mtot − c
dmtot

dc
,

MCr = mtot + �1 − c�
dmtot

dc
. �8�

Their concentration dependencies are shown in Fig. 8 as the
dashed �dot-dashed� line for Fe �Cr�. The negative sign of the
Cr magnetic moment reflects the fact that, in the ferromag-
netic state of random bcc Fe-Cr alloys, the Cr magnetic mo-
ment is aligned antiparallel to the Fe magnetic moment, as
well as to the global magnetization vector.

2. Paramagnetic state

The total magnetic moment averages to zero in the para-
magnetic state. Therefore, the procedure that was applied to
determine the atomic magnetic moments the FM state, Eqs.
�6� and �7�, should be modified in order to handle this new
situation. Paramagnetic moments are the microscopic param-
eters that describe the magnitude of fluctuations of the spin
moment orientation in the paramagnetic state. A natural defi-
nition of the �para�magnetic moment, associated with the

FIG. 7. Evolution of the electronic spectrum of bcc Fe-Cr alloys
with composition.

FIG. 8. �Color online� Calculated concentration dependencies of
the magnetic moments on the Fe and Cr atoms in the ferromagnetic
�lines� and paramagnetic �symbols� states of Fe-Cr alloys.
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given atom, may be obtained if one considers the change in
total magnetization of the system upon a reversal of the
magnetic-moment orientation on that particular atom.

In our calculations this magnetization reversal process
was modeled by flipping the spin moment direction of a
small fraction � of, say, Fe↓ �thereby creating a small spin
imbalance 2�� and calculating the deviation of the total mag-
netic moment mtot from zero for this new spin structure.
Thus, in order to calculate the magnetic moment of Fe in the
paramagnetic state of the Fe60Cr20 alloy, we calculated the
magnetic moment per atom, mtot, for the following spin
structure: Fe↑30+�Fe↓30−�Cr↑20Cr↓20. The paramagnetic mo-
ment of Fe is then obtained as

MFe =
mtot

2�
. �9�

The paramagnetic moment of Cr may be calculated using the
same procedure. In the calculations we used �=0.5 at % if
the concentration of the component in question was 5 at %,
�=1 at % if the concentration of the component in question
was 10 at %, and �=2 at % in all the other cases.

The calculated concentration dependencies of the Fe and
Cr magnetic moments in the paramagnetic state are shown in
Fig. 8 as open symbols �circles and squares, respectively�.
The values of the Fe and Cr magnetic moments in the FM
state are also shown in Fig. 8 for comparison.

Two important observations are the following:
�i� The magnetic moment of Cr vanishes in the paramag-

netic configuration of the bcc Fe-Cr alloys. A similar behav-
ior of the Cr magnetic moments in paramagnetic fcc Fe-
Cr-Ni based alloys has been obtained in ab initio
calculations.82,83 We note that the paramagnetic configura-
tions have been considered at T=0 K in this as well as in the
previous studies, so that the temperature-induced longitudi-
nal fluctuations84–87 of magnetic moments are ignored here.

�ii� The magnetic moments on iron atoms in the paramag-
netic and ferromagnetic states of bcc Fe-Cr alloys have very
similar values. This result shows that it is not unreasonable
to view the ferromagnetic-to-paramagnetic transition in iron
as occurring by disordering the local moments of individual
Fe atoms.

The compositional dependence of the iron magnetic mo-
ment in the paramagnetic state is somewhat stronger than
that in the ferromagnetic state. This dependence is, neverthe-
less, smooth and continuous. The magnetic moment of Fe is
close to 2 �B for the alloy concentrations up to 80 at % Cr.
A comparison of Figs. 2 and 8 allows one to explain the fact
of strong concentration dependence of the on-site screening
constant �scr in bcc Fe-Cr alloys. Formation of a local spin
moment on Cr impurities in the Fe-rich matrix may be
viewed as localization of valence electrons, which reduces
the number of valence electrons and makes the screening less
efficient �a lower value of �scr corresponds to a larger effec-
tive screening radius�. On the Cr-rich end of the alloy com-
positions, the decreasing magnetic moment on Fe impurities
produces a corresponding increase of the on-site screening
constant as a function of Cr concentration. Thus, the ob-
served screening anomalies are direct consequences of the

quantum-mechanical relationship between spin and
valence.88

IV. EFFECTIVE CHEMICAL INTERACTIONS

The effective chemical interactions are microscopic pa-
rameters of configurational Ising Hamiltonian, which is the
basis for statistical thermodynamic modeling of substitu-
tional alloys on a fixed lattice. The effective chemical inter-
actions characterize the tendency of an alloy toward ordering
or phase separation. For instance, the effective pair interac-
tion at a given coordination shell is the energy preference of
having pairs of unlike atoms to having pairs of like atoms at
a distance of the coordination shell radius. Thus, if the pair
interaction energy is positive �negative�, ordering �separa-
tion� should occur on the corresponding coordination shell at
sufficiently low temperatures.

The effective chemical interactions in the Fe-Cr alloys
were first obtained theoretically by Hennion89 who used for
this purpose the GPM �Ref. 43� implemented in the frame-
work of tight-binding Hartree-Fock theory. Mirebeau et al.41

predicted that there should be ordering in the FM state of
Fe-rich alloys up to 25 at % of Cr, and later this theoretical
result was confirmed experimentally in the diffuse-neutron-
scattering measurements; however, the transition from order-
ing to clustering behavior was found at about 10 at % Cr. A
more detailed discussion of this issue is given in Ref. 28.

More accurate first-principles GPM calculations of the ef-
fective interactions in equiatomic Fe-Cr alloys were per-
formed later by Turchi et al.,90 and the results appeared to be
in excellent agreement with those deduced from the anoma-
lous x-ray-scattering data using the inverse Monte Carlo
method.91 In a subsequent work Turchi et al.23 determined
the effective pair interactions in the whole concentration
range and used them in the first ab initio evaluation of the
miscibility gap on a fixed bcc lattice. Their results were in
reasonable agreement with experimental data. However, if
the results for Cr-rich compositions can probably be trusted,
in the case of Fe-rich compositions they are questionable
since all the calculations were spin unpolarized �i.e., as-
sumed a nonmagnetic state of the alloys�.

In the present work we use the SGPM �Refs. 33 and 42�
for obtaining the effective cluster interactions, as a function
of concentration and magnetic state, in bcc Fe-Cr alloys.
This issue is very important because such interactions are
directly related to interatomic potentials, which are being
intensively developed for the Fe-Cr alloy system in connec-
tion with a strong need for modeling such alloys using large-
scale molecular-dynamics simulations.92–101 Of course, the
SGPM, being based on the single-site mean-field approxima-
tion, has its own limitations and errors.102 We will see below
that it presents a simplified version of real physics. Neverthe-
less, this simplified picture is qualitatively correct and, there-
fore, it gives a very important insight into the physics of
interactions in Fe-Cr alloys.

Let us first discuss the effective pair interactions �EPIs�
�all the data presented here have been obtained at a fixed
lattice spacing of 2.875 Å, regardless of composition or
magnetic state of Fe-Cr alloys, thereby neglecting the effect
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of volume, which is anyway small in this system�. In Fig. 9
we show the calculated EPIs for Fe95Cr05 and Fe80Cr20 alloys
in the FM state. A scale is chosen such as to show the be-
havior of a long-range tail of the EPI; therefore, the EPI at
the first two coordination shells for Fe95Cr05 �V1

�2�=14.8 and
V2

�2�=4.8 mRy� and the nearest-neighbor EPI for
Fe80Cr20�V1

�2�=−2.9 mRy� cannot be seen in the figure. It is
clear that interactions decay reasonably fast with the dis-
tance. At the same time one notices that interactions at 9th
and 19th coordination shells are strong relative to their
“neighbors.” These EPIs correspond to vectors R= �3,3 ,3�
and �4,4,4� �in units of a /2, where a is the lattice constant�,
i.e., to vectors aligned in the close-packed direction.

This is, in fact, a very common situation for the EPI in
metallic alloys, independently of the underlying lattice: the
strongest EPIs for distant coordination shells are usually
found for the vectors that are aligned in the close-packed
direction. Exactly the same rule applies to multisite interac-
tions: the strongest multisite interactions are usually those
that correspond to atomic clusters aligned in the closed-
packed direction. In Tables I and II we show the values of
selected three-site and four-site effective interactions for the
Fe95Cr05 and Fe80Cr20 alloys in the FM state. The clusters are
designated by vectors connecting the first site �positioned at
the origin� to the other sites that belong to the cluster. Also
specified in the tables are the coordination shell index �CSI�,
which gives the coordination shell number for every edge of
the cluster �triangle or tetrahedron�, as well as the total num-
ber of clusters of the given type �degeneracy�.

The clusters aligned along the closed-packed direction are
three-site cluster 
�1,1,1�,�2,2,2�� and four-site cluster

�1,1,1�,�2,2,2�,�3,3,3��. Indeed, our calculations show that
the magnitudes of interactions corresponding to these clus-
ters are comparatively large. Of course, it is not only the
magnitude that plays a decisive role in the configurational
energetics: the number of clusters �degeneracy� is also im-
portant. Anyway, it is clear that there are quite many three-
site and four-site interactions that are strong enough to be
necessarily taken into account when describing the thermo-
dynamics of the present alloy system.

It is obvious from the results presented above that there is
quite strong concentration dependence of the effective clus-

ter interactions, which is a natural consequence of the
changes in the electronic and magnetic structures with com-
position of Fe-Cr alloys. In order to illustrate this connection,
we show in Fig. 10 the strongest EPI at the first coordination
shell, as well as the two strongest three-site interactions,


�1,1 ,1� , �1,1 , 1̄�� and 
�1,1,1�,�2,2,2��, one four-site interac-
tion 
�1,1,1�,�2,2,2�,�3,3,3��, and one five-site interaction

�1,1,1�,�2,2,2�,�3,3,3�,�4,4,4�� calculated in the whole com-
positional range of Fe-Cr alloys. The EPI is shown for three
different magnetic states: FM, DLM,28,42 and nonmagnetic
�NM�.

First of all one can see that values and the behavior of V1
�2�

are substantially different in the FM state from those in the
DLM or NM states. In the latter two cases the interactions
are weaker and change only slightly with alloy composition,
while in the FM state all the ECI exhibit very strong concen-
tration dependencies for the Fe-rich compositions. The
nearest-neighbor EPI, V1

�2�, is large and positive in this re-
gion, in the FM state, which corresponds to atomic ordering
and should lead to alloying between Fe and Cr. This is the
effect predicted by Hennion89 long time ago; it can also be
seen from the calculated enthalpy of formation of Fe-Cr al-
loys in the FM state �Fig. 3�c�	. In the DLM state, the
nearest-neighbor interaction is practically independent of

FIG. 9. �Color online� Effective pair interactions in Fe95Cr05 and
Fe80Cr20 alloys in the FM state.

TABLE I. Three-site interactions in Fe95Cr05 and Fe80Cr20 al-
loys in the FM state.


R1 ,R2� CSI No. Fe95Cr05 Fe80Cr20


�1,1 ,1� , �1,1 , 1̄�� 1 1 2 36 0.819 1.427


�1,1 ,1� , �1, 1̄ , 1̄�� 1 1 3 36 −0.231 −0.414


�1,1 ,1� , �2,2 ,2�� 1 1 5 12 3.113 1.443


�1,1 ,1� , �2̄ ,0 ,0�� 1 2 4 72 0.256 −0.940


�2,0 ,0� , �0,2 ,0�� 2 2 3 36 −0.414 −0.077


�2,0 ,0� , �2̄ ,0 ,0�� 2 2 6 9 0.556 −0.040


�1,1 ,1� , �2̄ ,2 ,0�� 1 3 4 144 0.005 −0.022


�1,1 ,1� , �2̄ , 2̄ ,0�� 1 3 7 72 0.064 −0.007


�2,0 ,0� , �0,2 ,2�� 2 3 5 72 0.069 −0.050


�2,0 ,0� , �2̄ ,2 ,0�� 2 3 8 72 0.018 −0.003


�2,2 ,0� , �2,0 ,2�� 3 3 3 24 −0.048 0.022


�2,2 ,0� , �2, 2̄ ,0�� 3 3 6 36 −0.065 0.017


�1,1 ,1� , �3, 1̄ , 1̄�� 1 4 5 72 0.192 −0.020


�1,1 ,1� , �3̄ ,1 ,1�� 1 4 6 72 0.071 0.044


�1,1 ,1� , �3̄ ,1 , 1̄�� 1 4 8 144 0.025 0.000


�2,0 ,0� , �1,3 ,1�� 2 4 4 72 0.047 0.024


�2,0 ,0� , �1̄ ,3 ,1�� 2 4 7 144 −0.040 0.007


�2,2 ,0� , �1,1 ,3�� 3 4 4 108 0.059 −0.018


�2,2 ,0� , �1, 1̄ ,3�� 3 4 7 144 0.004 0.011


�3,1 ,1� , �1,3 , 1̄�� 4 4 5 72 0.036 0.019


�3,1 ,1� , �1̄ ,3 ,1�� 4 4 8 144 −0.002 0.007


�1,1 ,1� , �2, 2̄ , 2̄�� 1 5 7 72 0.121 −0.022


�1,1 ,1� , �2̄ , 2̄ , 2̄�� 1 5 11 24 0.133 0.368
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concentration and is negative everywhere, which means that
Fe and Cr atoms tend to avoid each other at the nearest-
neighbor distance in the paramagnetic DLM state of the al-
loy, thereby inducing a phase separation. This result is again
in accordance with the calculated enthalpies of formation for
Fe-Cr alloys in the paramagnetic DLM state �Fig. 3	.

The chemical interactions in the NM state of Fe-Cr alloys
are shown in Fig. 10 for the sake of comparison only. The
NM state is too crude a model for the paramagnetic state of
Fe-rich Fe-Cr alloys, since, as has been noted above, the Fe
atoms retain substantial magnetic moments in the paramag-
netic state above the Curie temperature.103 One can see that
the effective interaction within the first coordination shell is
actually positive in the NM state up to 60 at % Cr, which
contradicts the existing experimental data about ASRO in the
paramagnetic alloys.91

The origin of strong concentration dependence of the ECI
in Fe-rich Fe-Cr alloys is now well understood.26 Cr atoms
interact antiferromagnetically with each other and with the
Fe atoms. Therefore, as soon as two or more Cr impurities in
bcc Fe become nearest neighbors, there will be a frustration;
as a result the Cr atoms decrease �or completely lose� their
magnetic moments, thereby altering the magnetic and chemi-
cal interactions between Fe and Cr. In Fig. 11 we show the
concentration dependence of the local magnetic moment on
Cr mCr �here, in contrast to MCr discussed in Sec. III D, the
local moment is defined as the integral spin imbalance inside
the Cr atomic sphere� and the magnetic exchange interaction
parameters of the Heisenberg Hamiltonian at the first coor-
dination shell, J1, in the FM state. It is clear that the concen-

tration dependencies of J1
Fe-Cr and mCr are very similar to that

of V1
�2�.

It is important to note that such a straightforward connec-
tion to the concentration dependence of mCr cannot be made

TABLE II. Four-site interactions in Fe95Cr05 and Fe80Cr20 alloys
in the FM state.


R1 ,R2 ,R3� CSI No. Fe95Cr05 Fe80Cr20


�1,1 ,1� , �2,0 ,0� , �1,1 , 1̄�� 1 1 2 2 1 1 24 −0.381 0.625


�1,1 ,1� , �2,0 ,0� , �1, 1̄ , 1̄�� 1 1 2 3 1 1 24 0.793 0.802


�1,1 ,1� , �1,1 , 1̄� , �1̄ ,1 ,1�� 1 1 1 2 2 3 96 −0.815 0.393


�1,1 ,1� , �1̄ ,1 , 1̄� , �1, 1̄ , 1̄�� 1 1 1 3 3 3 32 0.110 −0.118


�1,1 ,1� , �1,1 , 1̄� , �1̄ , 1̄ ,1�� 1 1 1 2 3 5 96 0.580 −0.079


�1,1 ,1� , �1̄ ,1 , 1̄� , �2,0 ,0�� 1 1 2 3 1 4 192 0.115 0.009


�1,1 ,1� , �1,1 , 1̄� , �1̄ ,3 ,1�� 1 1 4 2 3 5 192 −0.072 −0.041


�1,1 ,1� , �2,2 ,2� , �3,3 ,3�� 1 5 11 1 5 1 8 2.414 1.635


�1,1 ,1� , �1̄ , 1̄ , 1̄� , �2,0 ,0�� 1 1 2 5 1 4 96 0.801 −0.249


�1,1 ,1� , �1̄ ,1 , 1̄� , �2,2 ,0�� 1 1 3 3 1 4 96 −0.394 −0.041


�1,1 ,1� , �1̄ , 1̄ , 1̄� , �2, 2̄ ,0�� 1 1 3 5 4 4 96 0.111 −0.059


�1,1 ,1� , �1,1 , 1̄� , �3,1 , 1̄�� 1 1 4 2 2 3 192 0.091 −0.152


�1,1 ,1� , �1,1 , 1̄� , �1,1 ,3�� 1 1 4 2 2 6 96 0.091 0.132


�1,1 ,1� , �1,1 , 1̄� , �1̄ ,3 ,1�� 1 1 4 2 3 5 192 −0.072 −0.041


�1,1 ,1� , �1̄ ,1 , 1̄� , �1,3 , 1̄�� 1 1 4 3 3 3 96 −0.134 0.104


�1,1 ,1� , �1̄ ,1 , 1̄� , �3,1 , 1̄�� 1 1 4 3 3 6 192 −0.047 −0.003


�1,1 ,1� , �1̄ , 1̄ , 1̄� , �3, 1̄ , 1̄�� 1 1 4 5 5 6 96 0.306 0.084


�1,1 ,1� , �1,1 , 1̄� , �4,0 ,0�� 1 1 6 2 4 4 96 −0.019 −0.107

FIG. 10. �Color online� Top panel: EPI at the first coordination
shell in three different states: FM, paramagnetic �DLM�, and NM.
Bottom panel: The strongest three-site, V�3��112�
=V�3�(
�1,1 ,1� , �1,1 , 1̄��) and V�3��115�=V�3�(
�1,1 ,1� , �2,2 ,2��),
four-site, V�4�(
�1,1 ,1� , �2,2 ,2� , �3,3 ,3��), and five-site
V�5�(
�1,1 ,1� , �2,2 ,2� , �3,3 ,3� , �4,4 ,4��) interactions.

FIG. 11. �Color online� Upper panel: Local magnetic moment
on Cr atoms mCr. Lower panel: Exchange interaction parameter J1

of the magnetic Heisenberg Hamiltonian for different pairs of atoms
in the FM state.
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for the other ECI. However, the presence of anomalies can
be clearly seen in the case of multisite interactions in Fig. 10.
The picture is quite instructive: the concentration depen-
dence of the ECI becomes stronger with increasing order of
interactions. For instance, the five-site interaction
V�5�(
�1,1 ,1� , �2,2 ,2� , �3,3 ,3� , �4,4 ,4��) exhibits a pro-
nounced maximum around 7 at % Cr in a very narrow con-
centration range. Such a behavior is suggestive of effects
connected with the Fermi-surface topology changes, which
indeed occur near that composition. Changes in the Fermi-
surface topology are known to produce peculiarities, espe-
cially in the properties that are high order derivatives of the
free energy with respect to external parameters.

The important point here is that such strongly
concentration-dependent n-site interactions can be trans-
formed into the concentration-independent form only
through the interactions of even higher order, n+m, where m
is the minimum degree of a polynomial that can fit the ob-
served concentration dependence. From the results presented
above it follows that finding an accurate concentration-
independent cluster expansion for FM Fe-Cr alloys is a for-
midable task, as it requires taking into consideration high-
order multisite interactions, in order to be able to capture the
physical effects related to the Fermi-surface topology and its
sudden changes with composition.

V. LOCAL ENVIRONMENT EFFECTS IN Fe-RICH
ALLOYS

The results for ECI, presented in Sec. IV, have been ob-
tained within the CPA, i.e., within the single-site mean-field
approximation for the electronic structure of random alloys,
which neglects local environment effects. From the previous
discussion it is clear, however, that such effects must be very
pronounced in the Fe-rich region due to frustrated magnetic
exchange interactions of the Fe-Cr and Cr-Cr pairs. In order
to investigate these effects, we have calculated the electronic
structure and the effective interactions using a 432-atom su-
percell, which models a random Fe87.5Cr12.5 alloy. The cal-
culations have been done by the LSGF method, with the
local interaction zone that includes the nearest- and next-
nearest-neighbor shells of atoms around each site in the su-
percell.

In Fig. 12 we show the magnetic moment �integrated over
the atomic sphere� of Cr atoms, plotted as a function of the
number of Cr atoms in the nearest-neighbor coordination
shell. One can see that the dependence is very strong: the
magnetic moment on Cr atoms changes linearly from −1.5�B
to almost zero when the number of the nearest-neighbor Cr
atoms increases from 0 to 4. This result is very similar to the
result obtained by Klaver et al.26 in the supercell projector
augmented wave �PAW� calculations. This also means that
Cr atoms having different local environments should also
have different effective interactions with the Fe atoms.

In Fig. 13 we demonstrate the EPI at the first coordination
shell obtained by SGPM for an inhomogeneous random alloy
modeled by supercell LSGF calculations. The CPA effective
medium in this case is built on the basis of all the atoms in
the supercell. One can see that the interactions are very sen-

sitive to the local environment of Cr atoms. In particular,
there is a substantial drop of the interaction when the second
Cr atom appears at the first coordination shell of the central
Cr atom. We can also conclude from the results of our su-
percell calculations that local environment of Fe atoms plays
less important role, at least for this particular alloy composi-
tion.

The obtained dependence of interactions on the local en-
vironment indicates that the usual Ising-type model of con-
figurational energetics breaks down for Fe-rich Fe-Cr alloys
in the FM state. The point is that there is no other way to
represent the local environment effects in the model than to
include the corresponding nine-site interactions directly in
the Hamiltonian. An additional complication is that, as we
have seen above for the FM state, the multisite interactions
in the Fe-rich region become anomalously large and strongly
concentration dependent due to changes of the Fermi-
topology. It is then clear that an accurate ab initio description
of the configurational energetics in the FM Fe-rich Fe-Cr
alloys is a highly nontrivial problem. We will address this
issue in a separate investigation. Here we would also like to
note that, although the CPA completely neglects the local

FIG. 12. �Color online� Magnetic moment of Cr atoms in ran-
dom Fe87.5Cr12.5 alloy in the FM state as a function of the number
of nearest-neighbor Cr atoms.

FIG. 13. �Color online� EPI at the first coordination shell for
pairs Fe and Cr atoms with different numbers of Cr atoms in their
first coordination shell �Fe87.5Cr12.5 alloy in the FM state�.
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environment effects, it yields quite accurate values for
configuration-averaged quantities, such as local magnetic
moments of Cr atoms �Fig. 12�, as well as for the EPI. The
latter is illustrated in Fig. 13: the CPA value coincides with
the EPI for Fe and Cr atoms having one Cr atom at the first
coordination shell, which is the average local environment in
a random bcc Fe87.5Cr12.5 alloy.

VI. FINITE-TEMPERATURE MAGNETISM AND
MAGNETIC ENERGETICS IN bcc Fe-Cr

Following the insightful works of Zener,104 it has been
generally recognized that any serious theoretical consider-
ation of the phase equilibria in Fe-based alloys should
take the magnetic �spin� degrees of freedom into
account.18–20,105–108 First of all, this concerns the ferromag-
netic ordering transition, which causes a strong change of the
thermodynamic properties near the Curie temperature.
Therefore in the present paper we investigate this transition
as a function of Cr concentration for Fe-rich Fe-Cr alloys.

As a starting point we assume that the magnetic configu-
rational energy near the Curie temperature in these alloys is
given by a classical Heisenberg Hamiltonian

H = − �
ij

�Jij
�2��i� j , �10�

where �i and � j are unit vectors in the directions of spin
moments at sites i and j, respectively, and Jij

�2� is the ex-
change interaction parameter. Although the Heisenberg
Hamiltonian assumes independence of the exchange interac-
tion parameters on the magnetic state, this condition is rarely
satisfied in real systems. In particular, for bcc Fe it was dem-
onstrated, first by Heine et al.109 and more recently by Ruban
et al.,42 that the exchange interactions differ substantially in
ferromagnetic and paramagnetic states. This means that the
exchange interactions are functions of the corresponding glo-
bal magnetic state and, consequently, they must be tempera-
ture dependent.

Near the ferromagnetic ordering transition, which is a
second-order phase transition, the global magnetic state may
be considered to be close to the paramagnetic state, which, in
turn, may be represented �in the mean-field consideration� by
the homogeneous disordered-local-moment state. Therefore,
we calculate the exchange interaction parameters relative to
the DLM state using a perturbation-theory technique.110 In
these calculations we neglect the Fe-Cr and Cr-Cr magnetic
interactions because the magnetic moments on Cr atoms van-
ish in the DLM state.111 This result �disappearance of mag-
netic moments on Cr� feels somewhat artificial because it is
obtained for a disordered magnetic state �DLM� considered
at T=0. We note that local magnetic moments on Cr atoms
appear quite naturally either as a result of ferromagnetic or-
dering or due to thermally induced longitudinal spin fluctua-
tions at high temperatures. Nevertheless, in the present work,
we consider that in Fe-rich Fe-Cr alloys the effect of these Cr
moments on the ferromagnetic ordering transition is small
relative to the leading contribution due to the Fe-Fe ex-
change interactions.

The statistical thermodynamic simulations of magnetic or-
dering have been performed by Monte Carlo method using a

simulation box comprised of 12	12	12 atoms �subject to
periodic boundary conditions� distributed on sites of the bcc
crystal lattice. A random distribution of Cr atoms in the su-
percell has been generated for each alloy composition in or-
der to have a common well-defined chemical configurational
state in all the considered cases. The Fe-Fe exchange inter-
action parameters have been calculated at a fixed lattice pa-
rameter of 2.87 Å. The calculated Curie temperatures are
shown in Fig. 14, where they are compared to experimental
values,112–115 as well as with the concentration dependence of
TC adopted in the Calphad modeling.21

Figure 14 shows that our simulations reproduce the gen-
eral trend of chromium to lower the Curie temperature of
Fe-Cr alloys. However, we obtain an almost linear decrease
in the Curie temperature with increasing the Cr content so
that the experimentally reported112,116,117 slight upturn of the
TC at small concentrations of Cr is not reproduced. This may
be due to several factors unaccounted in our simulations.
However, the most probable one is the influence of magnetic
short-range order on the exchange interaction parameters,
which, as discussed above, has been neglected in our calcu-
lations.

The point here is that the amount of magnetic short-range
order is quite substantial near the Curie temperature. At the
same time, as one can see from the lower panel of Fig. 14,
there is a well-pronounced maximum on the first-principles
energy difference between the ferromagnetic and DLM
states, which originates entirely from the corresponding

FIG. 14. �Color online� Upper panel: Critical �Curie� tempera-
tures of magnetic ordering in the Fe-Cr system obtained in the
present work using Monte Carlo simulations �full circles�, in com-
parison with experimental results from Refs. 112–115 �open sym-
bols� and with the compositional dependence used in Calphad mod-
eling �Ref. 21� �dot-dashed line�. Lower panel: Energy of magnetic
ordering in the bcc Fe-Cr alloys, as calculated in the present work
�solid line� and according to the Calphad description �Refs. 18 and
21� �dot-dashed line�.
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anomaly in the concentration dependence of the enthalpy of
formation of random Fe-Cr alloys in the ferromagnetic state.
This anomaly �see discussion in Sec. III B� is completely
absent in the DLM state, in which the parameters of ex-
changes have been computed. At the same time, it should be
present in the exchange interactions if one computes them
starting from the FM state. Similarly, the anomaly should be
present �although in a quite reduced form� in the interactions
close to the critical point, which corresponds to the DLM
state with a significant degree of ferromagnetic short-range
order �SRO�.

Let us finally comment on such an important thermody-
namic quantity as the energy of magnetic ordering. This en-
ergy may be defined as


Emagn = �
0

�

CmagndT , �11�

where Cmagn is a magnetic contribution to the heat capacity.
The magnetic contribution was extracted from the experi-
mental heat-capacity data for pure iron and selected Fe-Cr
alloys by several authors,105 and an analytic representation of
these data was formulated within the Calphad modeling
approach.18,20,21,108 It is interesting to check whether consis-
tency exists between the theoretically and experimentally de-
rived energies of magnetic ordering.

The energy defined by Eq. �11� corresponds to the energy
difference between the high-temperature disordered para-
magnetic and completely ordered ferromagnetic states of the
alloy. Within the simplest mean-field-like approach, the high-
temperature paramagnetic state is presented by the disor-
dered local-moment model. Therefore the energy of mag-
netic ordering in this case is 
Emagn=EDLM−EFM. Our results
for 
Emagn obtained in the LDA and GGA for a fixed lattice
parameter of 2.87 Å are presented in the lower panel of Fig.
14, where they are compared to the integrated magnetic heat-
capacity contribution from Calphad. The obtained almost
twofold difference between the calculated and the Calphad
values for pure Fe is striking, taking into consideration that
�1� there is very good agreement between theory and experi-
ment for the magnetic transition temperature and �2� the
Calphad value for pure iron is just a representation of the
experimentally derived information.

In order to illuminate the problem further, we compare in
Table III the magnetic ordering energy obtained by using
different theoretical methods �Calphad value should be con-

sidered as experimental data�. One can see that theoretical
results are very sensitive to the model used in the calcula-
tions, but the worst agreement is found for the magnetic
energy calculated from the exchange interaction parameters
obtained in this work with respect to DLM state. Let us note
that the result 
Emagn
�2–2.6�TC is, nevertheless, very well
consistent with the classical Heisenberg model. Within this
model one gets 
Emagn=J0, where J0=� jJ0j

�2� is the sum of
magnetic exchange interactions over all distances. In the
mean-field approximation TC

mf=2 /3J0.118 Taking into account
the well-known fact that the mean-field approximation over-
estimates the Curie temperature by about 30–45%, we arrive
to the abovementioned result, namely, that the difference in
ferromagnetic and paramagnetic energies is approximately
equal to �2–2.6�TC.

One reason why the same set of exchange interaction pa-
rameters gives the Curie temperature very accurately, but
fails to reproduce the value of magnetic energy, is the fact
that Fe cannot be accurately described by the classical
Heisenberg model. Indeed, our calculations show that the
magnetic exchange interactions in Fe are strongly dependent
on the global magnetic state. Therefore, the interaction pa-
rameters, determined in this work for the paramagnetic DLM
state, must be strongly renormalized in the completely or-
dered ferromagnetic state.42 Direct total-energy calculations
for both states, DLM and FM, give results that are closer to
the Calphad or experimental ones. Still, the difference be-
tween experimental and theoretical magnetic energies is too
large. As the energy of magnetic ordering is a key parameter
for ab initio based modeling of phase transformations in iron
and steel, this discrepancy calls for further theoretical inves-
tigations.

VII. SUMMARY

We have performed a detailed ab initio study of the elec-
tronic structure and physical properties of binary Fe-Cr al-
loys. In particular, we have calculated the cohesive proper-
ties of the alloys, the energies of chemical and magnetic
interactions, and the local magnetic moments of Fe and Cr,
as a function of concentration and magnetic state.

The properties of Fe-rich ferromagnetic alloys have been
found to exhibit anomalous concentration dependencies. Two
sources of these anomalies have been identified: �i� the ap-
pearance of local magnetic moments on Cr impurities in Fe-
rich alloys and �ii� the change in Fermi-surface topology in
the majority-spin channel at a composition of about 7 at %
Cr. The calculated properties of Fe-Cr alloys in the paramag-
netic DLM state exhibit no anomalies.

The established dependence of the effective interatomic
interactions on the composition and magnetic state in Fe-Cr
alloys is just one of the many complications to be dealt with
when developing ab initio based atomistic models for the
present alloy system. Another challenging problem is to de-
velop a reasonably simple and accurate model for taking into
account the longitudinal spin fluctuations, especially on Cr
atoms at high temperature.84,87 As what follows from our
Monte Carlo results, these contributions may be important in
order to reproduce the experimentally observed nonlinear

TABLE III. The energy of magnetic ordering in bcc Fe, in units
of the experimental Curie temperature TC=1043 K. The theoretical
results obtained using the GGA and LDA are compared with the
Calphad representation of experimental information.

Source 
Emagn /TC Comment

Ref. 18 1.06 Calphad, from Cmagn

This work 2.60 LDA, from J0, DLM state

This work 1.82 LDA, as EDLM−EFM

This work 2.03 GGA, as EDLM−EFM
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concentration dependence of the Curie temperature in the
present system,112,116 which, in turn, is important for obtain-
ing an accurate description of the thermodynamics of Fe-Cr
solid solution.18 Coupling between the magnetic and struc-
tural degrees of freedom is of importance for modeling de-
fects and structural phase transformations in steels.87

We would also like to draw attention to the obtained sub-
stantial difference between the first-principles results and
Calphad data concerning the energy of magnetic ordering.
The disagreement is alarming because the Calphad model for
the magnetic contribution is based on many careful assess-
ments of the existing experimental data while, on the other
hand, the existing first-principles theories seem to reproduce

other magnetic properties of 3d metals and their alloys quite
accurately.
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