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Equation of state and phase diagram of water at ultrahigh pressures as in planetary interiors
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We present QMD simulations of water in the ultra-high-pressure regime up to conditions typical for the deep
interior of Jupiter and Saturn. We calculate the equation of state and the Hugoniot curve and study the
structural properties via pair correlation functions and self-diffusion coefficients. In the ultradense superionic
phase, we find a continuous transition in the protonic structure. With rising density, the mobile protons stay
with increasing probability at the octahedral sites while leaving the ice X positions to the same degree
unoccupied. Water forms a fluid dense plasma at the conditions of Jupiter’s core (i.e., 20 000 K, 50 Mbar,
11 g/cm?), while it may be superionic in the core of Saturn. We expect a substantial amount of superionic

water inside Neptune.
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I. INTRODUCTION

Water is not only one of the prevalent materials in nature
but also a prime example for a material having a rich phase
diagram with a variety of structural transitions.! Especially,
quantum molecular dynamics (QMD) simulations predict the
existence of a superionic phase in the high pressure regime at
several megabars.” Here, we present QMD simulations of
water in the ultra-high-pressure regime up to 100 Mbar
(15 g/cm?) and several thousand Kelvin. Of special interest
is the identification and location of the phase transition be-
tween superionic water and dense water plasma. We find,
within the superionic phase, a rearrangement in the hydrogen
structure with increased density. The exotic superionic phase,
described in detail by Cavazzoni et al.? and later by Goldman
et al.,’ is characterized by highly mobile protons diffusing
through a solid bcc oxygen lattice. It is expected to have
boundaries with high pressure ice phases for temperatures
less than 2000 K>*3 and supercritical fluid water which
transforms to an electronically conductive dense plasma
above 4000 K.® The knowledge of the behavior of water at
high pressures has wide applications in astrophysics and
shock physics. Water is known to be a major constituent of
giant planets.”® The cores of Jupiter and Saturn are believed
to consist of a mixture of hot ices (mostly water but also
methane and ammonia) and rocks.”!? Planetary models!!-1>
predict different temperatures of about 16000-21000 K and
pressures of 40-50 Mbar for the core of Jupiter; the respec-
tive numbers for Saturn are 8000-12000 K and 8—18 Mbar.
It is also expected that Uranus and Neptune as well as some
extrasolar planets contain major amounts of water in their
envelopes along with comparable amounts of methane and
ammonia.”®!® Models of giant planets require accurate equa-
tions of state (EOS) data up to ultrahigh densities as input to
produce realistic results which meet the observational
constraints.'> Thermodynamic conditions as occurring in the
cores of Jupiter and Saturn have not been realized experi-
mentally yet, so that ab initio calculations (see Ref. 17 for
general information) as performed here are an important step
forward to a better understanding of matter under such ex-
treme conditions.
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II. QUANTUM MOLECULAR DYNAMICS SIMULATIONS

We employ the Vienna Ab Initio Simulation Package
(VASP 4.6)'® for the QMD simulations. It includes electronic
structure calculations based on finite temperature density-
functional theory (DFT)!-2! while regarding the ions as clas-
sical particles. We use the PBE (Ref. 22) exchange-
correlation functional and projector augmented wave (PAW)
pseudopotentials®® for the electron-ion interactions in the
DFT calculations. Extensive convergence tests, see Appendix
A for details, are performed, e.g., with respect to the cutoff
energy, the simulation time, particle number and k points
yielding an accuracy of better than 2% in the EOS data.
Especially, the proper function of the pseudopotentials has to
be ensured since we perform simulations for ultradense sys-
tems. Within the range of our calculations (295-130000 K
and 1-20 g/cm®), we use the standard hydrogen (1 free
electron per ion) and oxygen (6 free electrons per ion) po-
tentials provided by VASP 4.6'% with an energy cutoff of 900
eV and evaluate the electronic states at the I" point. The
highest temperatures as well as selected high-density points
were investigated using an all-electron PAW core potential.>*
The all-electron PAW core potential requires an energy cutoff
of 2000 eV and yields EOS results within 1.5% accuracy
compared with the standard oxygen potential and the same
structural properties as well. Most simulations are performed
with 54 H,O molecules in a canonical ensemble with the
temperature 7, volume V, and particle number N as indepen-
dent variables. The ion temperature is controlled by a Nosé
thermostat.?> We calculate the thermal EOS p(T,V,N), the
caloric EOS U(T,V,N), and the principal Hugoniot curve.
We also obtain the self-diffusion coefficient of the ions by
the mean square displacement method, see Appendix B for
details. Furthermore, the radial ion-ion pair correlation func-
tions are calculated to examine structural information. The
location of the plasma-to-superionic phase transition is quali-
fied by using an equilibrated superionic starting ion configu-
ration and performing a simulation at a constant but high
enough temperature to allow a melting of the oxygen lattice,
thus equilibrating the system. The procedure is then repeated
in the opposite way to enable the formation of an oxygen
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FIG. 1. (Color) QMD pressure isotherms (solid lines) in com-
parison with the SESAME 7150 EOS (Ref. 26) (dashed lines) for
temperatures of 1000 K (black), 4000 K (red), 6000 K (green), and
10000 K (blue). The cyan line is a 300 K QMD isotherm to com-
pare with DAC measurements of Sugimura er al. (Ref. 27) repre-
sented by the dots. The inset shows the 8000 K (black) and 24000 K
(red) isotherms for higher densities.

lattice again from a fluid configuration. This method requires
very long simulation times of up to 20 ps in each direction,
but soundly narrows down the width of the phase boundary.
To get converged EOS data away from the phase boundary,
shorter simulation times of 0.5-2 ps, depending on density
and temperature, are sufficient.

III. EQUATION OF STATE AND PHASE DIAGRAM
A. Equation of state data

In Fig. 1, we compare the QMD pressure isotherms with
the SESAME 7150 EOS.?® The QMD isotherms have a
steeper slope with the density than the SESAME 7150
curves. While the QMD pressures are lower than SESAME
at about 1 g/cm’, they exceed the SESAME pressures by a
factor of 1.5 at 4 g/cm?>. At even higher densities, this dif-
ference decreases again and both pressure curves approach
each other. For instance, the deviation is less than 5% at
15 g/cm?®. Sugimura et al.,”’ and also other groups before,
have measured the thermal EOS along the 300 K (ice VII/X)
isotherm up to pressures of 1.26 Mbar using diamond anvil
cells. The QMD 300 K isotherm agrees within 6% or better
with the measurements of Sugimura et al.?’ while the experi-
mental 300 K isotherm intersects with the 1000 K SESAME
isotherm at 2.8 g/cm?.

The caloric QMD EOS predicts significantly higher ener-
gies than the SESAME 7150 EOS at high densities when
normalizing both EOS tables to each other at low tempera-
tures and densities. The thermal and caloric EOS data are
tabulated in Appendix E.

B. Principal Hugoniot curve

To probe water under extreme conditions experimentally,
many shock-wave experiments have been performed. We
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FIG. 2. (Color) Principal Hugoniot curves based on the QMD
simulations in comparison with the SESAME 7150 predictions and
experiments of Mitchell and Nellis (Ref. 28), Volkov et al. (Ref.
29), Celliers er al. (Ref. 30) and Podurets et al. (Ref. 31). Orange
squares are calculations with the 8e-potential. At high temperatures,
the system is a disordered plasma, reducing the need for large simu-
lation cells: the results for 16 and 54 molecules converge.

calculate the principal Hugoniot curve via the equation
2(u—up)=(p+po)(vy—v), which relates all possible final
thermodynamic states generated by a planar shock waves to
the initial (subscript 0) thermodynamic state. The thermody-
namic variables are the specific internal energies u and u,
the pressures p and p,, and the specific volumes v and v.
The principal Hugoniot uses water at ambient conditions
(Ty=295 K, py=1 bar, v;'=0,=0.998 g/cm’, specific in-
ternal energy uy=-77.98 kJ/g acquired via the QMD simu-
lations) as initial state. In Fig. 2, we present the calculated
Hugoniot curve and compare with available experiments and
the curve based on the SESAME 7150 EOS.?° For weak
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FIG. 3. (Color) Phase diagram of warm and ultradense water for
temperatures above 3000 K. Each colored point represents a QMD
simulation in equilibrium. The plasma-to-superionic phase bound-
ary (black dashed line), the principal Hugoniot curve (black solid
line), and two Neptune isentropes are also shown. The electronic
conductivities are taken from Ref. 6.
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FIG. 4. (Color online) Radial oxygen-oxygen pair correlation
functions at 16000 K. The picture includes also an ideal bce lattice
at 20 g/cm?® (L,,,=5.76 A) to illustrate the appearance of a bce-
like short-range order already in the plasma.

shocks, both the QMD and the SESAME 7150 EOS repro-
duce experiments of Mitchell and Nellis?® and Volkov et al.>®
very well. For very strong shocks Podurets et al3' ap-
proached nearly fourfold compression, and our results are in
nice agreement with this data point, whereas SESAME 7150
predicts a higher compressibility. A deviation between both
theoretical Hugoniot curves occurs in the intermediate region
where Celliers et al.’® recently performed laser-driven shock-
wave experiments. These experiments agree with both EOS
models but suggest a softer Hugoniot curve than QMD pre-
dicts, a behavior that already has been observed for
deuterium.?

C. Phase diagram of ultradense water

We have determined the phase diagram of water from
3000 K to 24000 K and for densities up to 15 g/cm?® which
is shown in Fig. 3 (o-T plane) as well as in the Appendix C
(p-T-plane). The regime of the various solid high-pressure
phases at lower temperatures is outside the scope of our
present study. Our main result is that superionic water and

TABLE 1. EOS data comparison for plane-wave cutoft energies
of 900 eV and 1500 eV at the I' point. 54 water molecules are
considered in the simulation box. The absolute statistical errors are
also given.

[ P90o P1500
T (K) (g/cm?) (kbar) (kbar)
1000 1.5 88.1£0.6 88.6*+1.0
4000 15 88930+ 30 88860 =40
6000 5 6144+ 10 6135+ 10
8000 2.75 1351£9 1348+ 10
24000 5 9030+ 30 9050 = 30
24000 15 98640 = 50 9861040
T Y Ugo0 U500
(K) (g/cm?) (k/g) (kJ/g)
1000 1.5 -74.01 £0.03 -74.04 £0.06
4000 15 304.00£0.12 303.88£0.13
6000 5 —-12.22*0.11 -12.22+0.13
8000 2.75 -34.76 +-0.23 -348+04
24000 5 62.2+0.5 62.2+0.5
24000 15 396.5+0.5 396.7+0.5
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FIG. 5. (Color online) Protonic pair correlation functions with
octahedral sites gy ., and ice X positions gy x in the bcc oxygen
lattice at 6000 K. For comparison, we plot the same correlation
functions of ice X at 4 g/cm? and 1000 K (dotted lines). Only the
symmetric positions are occupied in ice X.

strongly dissociated fluid water are the only occurring phases
above 4000 K. Dissociation is inferred from the systematic
difference between the diffusion coefficients of both ion spe-
cies. The coexistence line of the plasma-to-superionic phase
transition is bending and shows changes in the curvature at
3.5 and at about 11 g/cm?. The bend at 3.5 g/cm? is related
to the ionization in the dissociated fluid above 4000 K.® We
attribute the change of curvature at 11 g/cm? to a change in
the proton order within the superionic phase which will be
discussed in Sec. V. Because of the finite particle number in
the QMD simulations, the plasma-to-superionic phase
boundary can only be narrowed down to a zone. However,
extrapolating the internal energies over the phase boundary
along isochores, we find convincing evidence for a first-order
phase transition; see Appendix C.

IV. CONSEQUENCES FOR THE GIANT PLANETS

In Fig. 3, the ovals embrace the range of conditions in the
cores of Jupiter and Saturn as predicted by different plan-
etary models.!?"!533 We find that water at present Jupiter
core conditions is in a fluid dense plasma phase, regardless
of the planetary model. Hence, the initial Jupiter core may
have been larger than today due to erosion of its water com-
ponent. However, the Saturn core conditions are very close

TABLE II. Ground state energy ([u]=€eV/molecule) of Ice X at
o=4 g/cm?® for supercell sizes containing 2, 16, 54 or 128 mol-
ecules. A plane-wave cutoff of 900 eV was used.

k pOiIltS Uy Uyg Usy Ujag

r -2.144 -10.565 -10.960 -10.977
2X2X2 -11.278 -10.979 -10.978 -10.978
3X3X3 -10.959 -10.978 -10.978 -10.978
4X4X4 -10.978 -10.978 -10.978 -10.978
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FIG. 6. Mean square displacements for protons in superionic
water at 6000 K. The simulation box contained 54 molecules.

to the superionic phase boundary. For instance, the result of
Gudkova and Zharkov!? favors a superionic core, while other
models!>!*15 predict a fluid core. Thus, superionic water
may exist in Saturn’s core which offers an explanation why it
is larger than that of Jupiter—as predicted by interior models
of their present state.!>3

Giant planets are assumed to consist of several layers con-
taining different concentrations of materials.'> Fluid layers
are usually convective (and thus isentropic) which is caused
by a heat flow from the hotter interior to the surface while
cores are isothermal. The superionic phase boundary inter-
sects with the Neptune isentropes from earlier work? as well
as with an isentrope that we present here. It was calculated
using a three-layer model with QMD EOS data for water
(present; taken also for methane) as well as for hydrogen and
helium (for details, see Ref. 33 and Appendix D). It leads to
core temperatures which are more than 20% lower than those
from earlier results.">3> The first-order phase transition of
water along the planetary isentrope may also help to justify
more sophisticated planetary models of Uranus and Neptune,
such as thin-shell dynamo models that have been proposed to
explain their unusual magnetic field geometries.*® Our find-
ings are likely to spur intensive modeling on the structure
and evolution of water-rich giant planets in and outside our
solar system, e.g., like GJ 436b.3738

V. IONIC STRUCTURE AND CORRELATIONS

In order to gain more insight into the phase transforma-
tions in ultradense water, we analyze the radial ion-ion pair
correlation functions. In the superionic phase, the bcc oxy-
gen lattice? was found to persist up to at least 15 g/cm?
without any change. The protons show very little correlation
among each other, but there is always a dominant first peak
in the hydrogen-oxygen pair correlation function. This sug-
gests strong correlations between these species which we
will examine below. With increasing temperature the oxygen
lattice melts but some features of the pair correlation func-
tion remain in the plasma phase. Figure 4 displays the pair
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FIG. 7. Mean square displacements for protons and oxygen ions
in water plasma at 16000 K and 20 g/cm?.

correlation functions for the fluid 16000 K isotherm up to
20 g/cm®. A bce-like oxygen short-range order emerges
with increasing density in the fluid neighboring the superi-
onic phase.

In the superionic phase, although the protons are highly
mobile they do not move freely through the bce oxygen lat-
tice. Cavazzoni et al.> found that the protons prefer to jump
in between the symmetric sites between two next oxygen
neighbors. This is a remnant of the ice X crystal structure
which becomes superionic above 2000 K. By analyzing pair
correlation functions, Goldman et al.® observed the protons
to occupy also off-centered positions similar to the ice VII
phase, though at densities below 3 g/cm? and at 2000 K.
Our simulations also show such a transition between both
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FIG. 8. Thermodynamic functions and oxygen diffusion during
the formation of the superionic phase at 8000 K and 7 g/cm?. The
simulation cell contains 54 molecules and the initial configuration
was a fluid at 12000 K and 7 g/cm?®. The system remains a fluid
until there are simultaneous changes in energy, pressure and diffu-
sion after 1000 fs. This particular simulation rapidly changed phase,
a sign that 8000 K is deep in the superionic phase. Other points
required several tens of ps long simulations before the phase tran-
sitions were observed. In the majority of our calculations the tem-
perature difference between the initial configurations and the simu-
lations was 2000 K.
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TABLE III. Comparison of EOS data for different system sizes (N: number of water molecules) and
k-point samplings. A 900 eV plane-wave energy cutoff was used in all calculations. The absolute statistical

errors are also given.

T (K) o (g/cm?) N k-points p (kbar) u (kl/g)
1000 1.5 54 r 88.1+0.6 -74.01£0.03
1000 1.5 54 2X2X2 87.4*0.6 -74.01£0.03
1000 1.5 128 r 88.0*+1.0 -73.98£0.03
4000 15 54 r 88930 =30 304.00£0.12
4000 15 54 2X2X2 89890 £ 50 307.68 £0.10
4000 15 54 3X3X3 89950 £ 30 307.81£0.10
4000 15 128 r 89560 £ 30 303.50%0.17
4000 15 128 2X2X2 89800 £ 30 304.66 £0.10
6000 5 54 r 6144+10 -12.22%0.11
6000 5 54 2X2X2 6178+9 -11.90£0.12
6000 5 54 3X3X3 6178+9 —-11.88*£0.11
6000 5 128 r 6174+8 -11.74*£0.07
8000 2.75 54 r 13519 -34.76£0.23
8000 2.75 54 2X2X2 1350+ 10 -35.0x0.5
8000 2.75 128 r 1345+ 6 -34.69+0.20
24000 5 54 r 9030+ 30 62.2+0.5
24000 5 54 2X2X2 9055+ 25 62.6£0.5
24000 5 128 r 9080 =30 63.0£0.5
24000 15 54 r 98640 = 50 396.5+0.5
24000 15 54 2X2X2 98850 = 50 397.5+0.5
24000 15 54 3X3X3 98830 =50 397904
24000 15 128 r 98810 =40 397.9+0.4
100000 3.5 16 r 11960 = 60 369.6 1.0
100000 3.5 27 r 11990 =70 369.0*+1.2
100000 4 16 r 14450 £ 60 373.2%£0.9
100000 4 16 2X2X2 14390 = 60 372.1+0.9

proton structures at 4000 and 6000 K between 4 and
5 g/cm?. Furthermore, protons can be located at octahedral
sites in the bce oxygen lattice. Since both the symmetric and
octahedral sites have similar nearest oxygen distances, we
compute special pair correlation functions between the pro-
tons and both the octahedral sites gy ,., and with the sym-
metric (ice X) positions between the nearest oxygen neigh-
bors gy x which are shown in Fig. 5.

Below 5 g/cm?, the protons are mainly found close to the
symmetric sites, while passing the octahedral sites less fre-
quently. With increasing density, they tend to avoid succes-
sively the symmetric positions and instead occupy the octa-
hedral sites. Above 13 g/cm?, protons are no longer found at
the symmetric positions and only the octahedral sites are
occupied. The protons on octahedral sites have larger dis-
tances to the nearest oxygens compared to the symmetric
positions, so that this rearrangement likely stabilizes the oxy-
gen lattice in the superionic phase by weakening the repul-
sive forces between the ions. The change in the curvature of
the melting curve around 11 g/cm® in the phase diagram
occurs in the same density regime. The protons are strongly
diffusive throughout the phase diagram shown here.

In this paper, we do not discuss the region of the phase
diagram where Benoit et al.> predict an orthorhombic ice

phase at high densities above 4 g/cm® and below 2000 K.
Such a crystal structure could in principle not occur in the
cubic simulation cell that is used in all our simulations. How-
ever, starting e.g., from an ice X configuration we observed a
deformation of the bcc oxygen lattice but only in that par-
ticular region of the phase diagram. This supports the con-
clusion that if a non-bcc oxygen lattice was present in the
superionic phase at densities above 4 g/cm® and tempera-
tures of 4000 K or higher, an observable distortion in the
oxygen lattice would have occurred. This was not the case,
nor did the oxygen ions freeze into an amorphous solid when
cooling the plasma.

VI. CONCLUSIONS

We have extended the known phase diagram of water to
an extreme density of 15 g/cm’® and temperatures up to
24000 K. Although superionic water and water plasma domi-
nate the phase diagram under these conditions, we identify a
gradual structural change in the proton distribution of the
superionic phase and a corresponding shift in the phase
boundary at high density. We have performed all-electron
calculations to validate these findings and to acquire EOS
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TABLE IV. Comparison of EOS data for the all-electron PAW
core potential (2000 eV cutoff) with the six-electron PAW core
potential (900 eV cutoff). The I" point was used for all calculations.
The internal energies are defined to be equal at the 1000 K
simulation.

e Dée D3ge
T (K) (g/cm?) N (kbar) (kbar)
1000 2.0 54 246+2 247+2
4000 3.0 54 1259+6 1266 =12
4000 15.0 54 88930 £ 30 8815070
6000 5.0 54 6144+10 6127*9
8000 7.0 54 15280 15 15220 £ 15
14000 9.0 54 30140 £25 29970 £ 25
24000 15.0 54 98640 = 50 97440 = 50
100000 3.0 16 9690 *+ 40 9560 = 50
100000 3.5 16 11960 = 60 11800 =50
100000 4.0 16 14450 = 60 14400 = 50
T Y Uge uge
(K) (g/cm?) N (kl/g) (kJ/g)
1000 2.0 54 7240015  £-724+03
4000 3.0 54 -52.37£0.09 -52.31£0.25
4000 15.0 54 304.00£0.12 302.7x£0.3
6000 5.0 54 -12.22£0.11 -12.19£0.3
8000 7.0 54 44.88+0.15 4497+0.3
14000 9.0 54 137.2£0.5 136.5*£0.5
24000 15.0 54 396.5*0.5 395.5+£0.7
100000 3.0 16 368.6 0.7 367.7%£0.9
100000 3.5 16 369.6 1.0 369.3*t1.2
100000 4.0 16 373.2*+1.0 3742+1.2

data and detailed structural information. The QMD simula-
tions reproduce shock-wave experiments well while display-
ing significant differences to the SESAME 7150 EOS. We
predict superionic water to exist in Neptune. It can probably
be found also in Saturn’s core but not in that of Jupiter. Our
results are of great importance for planetary physics, espe-
cially for interior models of water-rich giant planets.
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APPENDIX A: CONVERGENCE OF THE EOS DATA

The convergence of first-principles calculations has to be
studied in detail®® since that determines and limits their qual-
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TABLE V. Thermal p(T,@) and caloric u(T,@) EOS of water
with 54 molecules in the simulation box. (Isotherms 1000 K, 2000
K, 3000 K, and 4000 K.)

T (K) o (g/cm?) p (kbar) u (kJ/g)
1000 (fluid) 1.0 18.6 -74.48
1000 (fluid) 1.108 28.4 -74.42
1000 (fluid) 1.246 43.5 -74.43
1000 (fluid) 1.5 88.1 -74.01
1000 (fluid) 1.75 158 -73.32
1000 (fluid) 1.9 207 =72.77
1000 (fluid) 1.994 246 -72.40
1000 (ice VII) 2.5 436 -71.29
1000 (ice VII) 3.0 918 —-67.68
1000 (ice X) 3.5 1720 -62.16
1000 (ice X) 4.0 2840 -54.52
2000 (fluid) 1.0 36.8 -70.83
2000 (fluid) 1.108 49.1 -70.81
2000 (fluid) 1.151 56.3 -70.81
2000 (fluid) 1.36 87.9 -70.34
2000 (fluid) 1.5 120 —-69.96
2000 (fluid) 1.76 196 —-69.20
2000 (fluid) 2.0 304 -67.90
2000 (fluid) 2.301 478 -66.20
2000 (superi.) 2.5 593 —-65.18
2000 (superi.) 2.75 790 —-63.88
2000 (superi.) 3.0 1050 -62.78
2000 (ice X) 3.25 1400 -60.57
2000 (ice X) 3.5 1830 -57.64
2000 (ice X) 3.75 2340 -54.05
2000 (ice X) 4.0 2900 -50.24
3000 2.5 694 -60.4
3000 3.0 1180 -56.5
3000 3.5 1950 -50.5
3000 4.0 2960 -42.9
4000 0.9972 59.5 -63.3
4000 1.36 126 -62.0
4000 1.994 385 -59.4
4000 2.5 776 -55.7
4000 3.0 1260 -52.4
4000 3.324 1730 —48.7
4000 3.5 2040 -46.4
4000 4.0 3060 -38.8
4000 5.0 5870 -19.9
4000 6.0 9660 3.3

4000 7.0 14400 29.6

4000 9.0 27030 88.7

4000 11.0 44050 155.8
4000 13.0 64160 228.7
4000 15.0 88930 304.0
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FIG. 9. (Color online) The 3 g/cm? isochore showing disconti-
nuities in the thermodynamic functions. For this example, the tran-
sition temperature was determined to an accuracy of 200 K. This
required simulation times of 15 ps. The symbol sizes represent the
statistical error of the pressure and energy, see Sec. L.

ity. We show that the accuracy of our thermal EOS is better
than 2% including statistical uncertainties. No relative error
can be given for the internal energy, but the results are of the
same quality. In our analysis we focus on the influence of the
finite system size, the number of k points, the cutoff energy
and the validity of the pseudopotentials, which contribute to
the systematic errors. The statistical errors (95% confidence
interval) are calculated as well. After thermalization, the av-
eraging of EOS data was performed with 2500 time steps for
16 molecules, 1500 time steps for 54 molecules, and 800
time steps for 128 molecules in the simulation box.

1. Cutoff energy

The simulations were performed with the standard PAW
pseudopotentials provided by VASP 4.6 for hydrogen (1 free
electron) and oxygen (6 free electrons). In an earlier
work,% it was shown that a plane-wave cutoff energy of
900 eV was sufficient to converge the pressure to better than
2% at lower densities. It was found that the internal energy
converged already using lower cutoffs. In this work, we con-
firm and specify those results by comparing several of our
EOS data points in Table I with simulations using a 1500 eV
cutoff energy. Table I shows that the deviations between the
900 eV and the 1500 eV calculations are statistically insig-
nificant. A systematic over- or underestimation of the pres-
sure or energy does not exist.

2. Particle number and k points

The number of k points and of particles are not indepen-
dent quantities for convergence issues. A higher particle
number leads to a smaller first Brillouin zone and, thus, de-
creases the influence of band dispersion. The necessary
amount of k points can be reduced. In Table II, we show the
convergence of the ground state energy for Ice X supercells
containing different numbers of unit cells with respect to
Kk-point sets using the method of Monkhorst and Pack.*!
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FIG. 10. (Color online) Mean square displacements for the oxy-
gen ions at the 3 g/cm? isochore. The oxygen movement is diffu-
sive at 4500 K and higher temperatures. At 4300 K or lower tem-
peratures they can only vibrate around their bec lattice positions
and, thus, show no diffusive movement.

The results show clearly that the energy converges rapidly
if enough particles are considered. For a 54 molecules super-
cell the deviation from the I'-point value to the converged
result is less than 0.02 eV. We have also checked the conver-
gence of our QMD simulations using both higher k-point and
particle numbers. The results for the respective EOS data are
given in the Table IIl. For instance, calculations with 54
molecules at the I'-point are sufficient to get a maximum
deviation of the pressure of about 1%. This occurs in the cold
dense region of the phase diagram (4000 K, 15 g/cm?)
where the pressure is underestimated. The deviations are
smaller in regions where the temperature is higher and the
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FIG. 11. (Color online) Phase diagram of warm and ultradense
water for temperatures above 3000 K. Each colored point represents
a QMD simulation in equilibrium. The principal Hugoniot curve
(black solid line) is also shown. The electronic conductivities are
taken from Ref. 6. The arrows represent the slope of the phase
boundary calculated by the Clausius-Clapeyron equation above
4 g/cm?,
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density lower. The internal energy converges in the same
manner. For the very high temperature states on the Hugo-
niot curve, simulations performed with 16 molecules pro-
duced already well converged results.

3. Pseudopotentials

Our QMD calculations extend also to extreme areas of the
phase diagram, i.e., densities of 15 g/cm? as well as tem-
peratures up to 130000 K using the standard VASP PAW
pseudopotentials. The standard oxygen pseudopotential treats
only 6 of 8 electrons within the DFT algorithm. The 1s elec-
trons are very strongly bound to the core (AE(O®— O"*)
~740 eV). The core electrons are located, assuming a hy-
drogenlike atom, at a distance of (ls|r|lsy=3az/16
~0.10 A.*2 In our simulations such small ion-ion distances
were not observed and we do not expect the 1s electrons to
be ionized. We have nevertheless performed several QMD
runs with an all electron PAW core potential®* which requires
a plane-wave energy cutoff of 2000 eV, to test the validity of
our calculations. We compare the results in Table IV for
different thermodynamic conditions. The employment of the
standard oxygen potential results in an overestimation of
pressure and energy by up to 1.5% at the very high densities.
The deviation does not occur at lower densities as well as for
very high temperature Hugoniot states.

4. Conclusions on the EOS convergence

In conclusion, the statistical error, ranging from below 1%
to 0.05% dominates at lower densities, while k points, higher
particle numbers, and the pseudopotentials make little con-
tributions to the error. We conclude that the QMD EOS is
accurate up to 1% for the conditions relevant for the giant
planet’s interiors of our solar system. At higher densities and
low temperatures, the evaluation at the I' point leads to an
underestimation of pressure and energy while the use of the
standard oxygen potential causes an overestimation of the
EOS. This leads to an overall error of up to 2% for the entire
QMD EOS.

APPENDIX B: DIFFUSION COEFFICIENTS

We use the self-diffusion coefficients in order to identify
different phases in the phase diagram. After thermodynamic
equilibration, the mean square displacement is recorded for
both ion species and the self-diffusion coefficient is obtained.
Depending on the location in the phase diagram, we either
observed a diffusive behavior ((r’)~t, see Fig. 6) or no
movement ({(r*)=const., e.g., oxygen ions in the superionic
phase).

The proton self-diffusion coefficient behaves systemati-
cally in the whole phase diagram. It increases with the tem-
perature but decreases with the density. The plasma-to-
superionic phase transition yields no abrupt changes of the
proton self-diffusion coefficients. In the plasma phase, the
oxygen mean square displacement behaves linearly even
when the pair correlation functions depict similarities to a
bec lattice, as e.g., at 16000K and 20 g/cc, see Fig. 4 and Fig.
7.
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TABLE VI. Thermal p(7, ) and caloric u(T,@) EOS of water
with 54 molecules in the simulation box. (Isotherms 6000 K, 8000
K, 9000 K, and 10000 K.)

T (K) o (g/cm?) p (kbar) u (kJ/g)
6000 0.9972 77.7 -52.5
6000 1.5 212 -51.6
6000 1.994 478 -49.6
6000 2.5 901 -45.9
6000 3.0 1530 -41.5
6000 3.324 2030 -38.0
6000 3.5 2340 -36.1
6000 3.739 2710 -34.7
6000 4.0 3290 -30.9
6000 5.0 6140 -12.2
6000 6.0 9980 10.8
6000 7.0 14850 37.4
6000 9.0 27670 97.0
6000 11.0 44790 164.3
6000 13.0 65160 237.6
6000 15.0 90140 313.3
8000 1.0 108 -41.3
8000 1.36 213 -42.1
8000 1.994 565 -40.1
8000 2.301 821 -38.5
8000 2.5 1030 -37.2
8000 2.719 1300 -35.1
8000 2.75 1350 -34.8
8000 2.992 1690 -32.4
8000 3.5 2590 26.2
8000 4.0 3680 -18.9
8000 6.0 10300 18.6
8000 7.0 15270 44.9
8000 9.0 28260 104.8
8000 11.0 45510 172.7
8000 13.0 66000 246.1
8000 15.0 91170 321.9
9000 4.0 3820 -14.3
9000 5.0 6790 4.7
9000 7.0 15480 48.8
9000 9.0 28540 109.0
9000 10.0 36620 142.0
9000 12.0 55390 213.3
10000 0.9972 139 -32.1
10000 1.36 266 -33.6
10000 1.994 654 -31.9
10000 2.301 960 -30.5
10000 2.719 1450 -27.4
10000 3.0 1880 -23.9
10000 3.5 2810 -17.4
10000 4.0 3960 -9.7
10000 5.0 6970 9.4
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TABLE VI. (Continued.) TABLE VII. Thermal p(T, @) and caloric u(T, @) EOS of water
with 54 molecules in the simulation box. (Isotherms 11000 K,
T (K) o (2/cm’) » (kbar) u (kJ/g) 12000 K, 13000 K, 14000 K, 16000 K, 20000 K, and 24000 K.)
10000 6.0 10920 31.6 T (K) 0 (e/cm?) » (kbar) u (kJ/g)
10000 13.0 66850 254.0
10000 15.0 92150 330.1 11000 7.0 16170 63.1
11000 9.0 29230 122.6
11000 12.0 56160 221.4
APPENDIX C: PLASMA-TO-SUPERIONIC PHASE 12000 4.0 4200 -19
TRANSITION 12000 5.0 7300 18.3
The boundaries of the phase transition were located by 12000 6.0 11320 40.7
performing QMD simulations at constant densities. Starting 12000 7.0 16370 67.1
with a fluid ion configuration, the temperature is lowered and 12000 9.0 29520 1275
equilibration reached at the new temperature. The movement 1500 10.0 37640 160.7
of the i'ons is followed, but the structure is more i'mporte.mtly 12000 13.0 67680 262.4
determined wher} the system has reached .equlhbrlum: either 12000 15.0 93110 138.5
the system remains fluid or a bcc lattice is formed. If a bee
lattice is formed, the new temperature constitutes a lower 13000 9.0 29820 132.0
bound for the metastability of the supercooled fluid. The 13000 11.0 47110 2002
same protocol is followed to locate the upper bound of the 13000 12.0 57290 236.2
phase transition. An initial superionic configuration is used 13000 15.0 93590 342.6
and the temperature increased; but kept constant over the 14000 4.0 4440 5.9
simulation. If the oxygen lattice melts, the new temperature 14000 50 7620 26.3
is an upper bound for the stability of the superionic phase. In 14000 6.0 11750 500
the phase diagram (Figs. 3 and 11), this applies for all color
coded points close to the phase boundary: blue means that a 14000 7.0 16830 76.0
fluid structure turned superionic while a red point means that 14000 2.0 30140 137.2
a superionic structure turned fluid. The points thus represent 14000 10.0 38310 170.8
the boundaries of the phase transition. The methodology 14000 11.0 47500 205.8
closely resembles the technique of ramping the temperature 14000 13.0 68860 278.4
in an isochoric simulation. 14000 15.0 04340 354.6
Figure 8 shows a typical example of the converging pres- 16000 4.0 4660 12.9
sure, internal energy, and oxygen 'd1ffu5101.1. The bcc.: oxygen 16000 50 7900 335
lattice can be identified by computing a pair correlation func-
tion with time-averaged oxygen positions. No amorphous 16000 6.0 12110 77
phase has been observed. 16000 7.0 17280 84.4
The location of the phase boundary can only be deter- 16000 9.0 30720 1459
mined with finite accuracy. To identify the order of the phase 16000 11.0 48190 214.0
transition, we plot the specific internal energy as well as the 16000 13.0 69660 287.0
pressure versus the temperature along isochores crossing the 16000 15.0 95260 364.0
phase boundary, see Fig. 9. For the displayed isochore, the 20000 4.0 5140 278
oxygen mpvement is plotted in Fig. 10, respectively. When 20000 5.0 8490 480
extrapolating the EOS across the phase boundary, we find
strong evidence for a discontinuity and hence a first-order 20000 6.0 12810 72.6
phase transition. Since the transition from superionic to fluid 20000 7.0 18120 100.0
involves the melting of the oxygen lattice, it is not surprising 20000 9.0 31820 161.8
that the phase transition is first order. On the contrary, given 20000 11.0 49470 230.4
the large increase in entropy between a lattice structure and a 20000 13.0 71180 303.6
fluid, a second order transition is unlikely. The respective 20000 15.0 96980 3814
heat of ~transmon can be §st1mat§d. . 24000 4.0 5550 412
In Fig. 11 the phase diagram is presented in the pressure
vs temperature plane. At about 3.5 g/cm’® (2 Mbar) the 24000 30 2030 62.2
phase boundary shows a change in the curvature. Such a 24000 6.0 13470 86.9
bending of the phase boundary is caused by changes of the 24000 7.0 18890 114.3
thermodynamic variables in at least one of the phases which 24000 9.0 32790 177.2
have its origin in the changes of the microscopic properties 24000 11.0 50650 245.0
of the system. The ionization process and, thus, the increase 24000 13.0 72610 319.9

in the electronic entropy that occurs in the fluid at about
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TABLE VIIL. (Continued.) TABLE VIII. Thermal p(T,0) and caloric u(T, @) EOS of water
with 27 or 16 molecules in the simulation box for densities below
T (K) o (g/cm?) p (kbar) u (kJ/g) 1 g/em’.
24000 15.0 98710 397.1 T (K) 0 (g/cm?) p (kbar) u (eV/atom)
1000 0.3739 0.709 —4.594
4000 K, is responsible for the this bending; see Ref. 6 for 1000 0.4986 1.325 —4.609
detailed conductivity calculations in this region. A second 1000 0.7479 6.032 —4.628
o?hange in the curvature between 10 and 12 g/cm? oceurs 2000 0.3739 4.673 _4.413
Jl.lSt when the protons cease to move through'the symmetrlc 2000 0.4986 6.784 _4.415
sites and only pass through the octahedral sites. This does
not affect the entropy differences As much but has more 2000 0.5983 8.853 —4.389
drastic consequences on the volume differences Av of both 2000 0.7479 15.43 —4.407
phases. Evaluating the Clausius-Clapeyron equation d7/dp 4000 0.3739 10.48 —4.044
=Av/As, we can estimate the slope of the phase boundary 6000 0.3739 17.35 -3.424
for each isobar. The slope behaves systematically but there is 8000 0.2493 13.94 -2.376
a noticeable increase between 11 and 12 g/cm?® (about 55 3000 0.3739 22.4 2338
Mbar) by a factor of 2. Th1.s rf:sult illustrates the trends for 8000 0.4986 31.06 _2.486
the slope W.hICh are in guahtatlve agreement' with Fhe phase 2000 07479 58.79 o 446
boundary directly acquired from the QMD simulations. The
errors of Av and As are 10%-20% each, which does not 10000 0.1108 9.81 ~1.486
allow for an accurate integration of the Clausius-Clapeyron 10000 0.2493 2045 —1.548
equation. Although a first-order phase transition occurs, the 10000 0.3739 33.02 -1.855
differences Av and As are small quantities which means that 10000 0.4986 44.42 -1.734
both phases behave thermodynamically very similarly. This 10000 0.7479 79.49 ~1.937

is not surprising since only every third ion (the oxygen ions)
is involved in the melting of the superionic oxygen lattice, a
structure already significantly softened due to thermal mo-
tion.

APPENDIX D: DETAILS ON THE CALCULATION THE
NEPTUNE ISENTROPE

The Neptune isentrope (see Fig. 3 in the paper) shows the
density of water along the adiabatic temperature profile of an
interior model of Neptune. An underlying assumption of this
model is a three-layer structure with an isothermal core of
rocks and two isentropic envelopes composed of hydrogen,
helium and water. The transition pressure between the enve-
lopes is set to 21 GPa at 2150 K in accordance with the
transition to high protonic conductivity.® The water mass
fractions of 40% in the outer and 92% in the inner envelope
are fixed by the constraints to match the observed gravita-
tional moments J, and J,. Further observables!® considered
and reproduced by this model are the total mass, the aequa-
torial radius, the surface temperature, the period of rotation,

and the helium abundance (27%). According to this model,
superionic water contributes about 55% to Neptune’s total
mass; see>? for more detailed information on the modeling
procedure.

APPENDIX E: TABULATED EOS DATA

We present the water EOS data in Tables V-VIL. All
simulations were performed with 54 molecules, the standard
VASP PAW potentials with a 900 eV plane-wave cutoff and
evaluation of the electronic states at the I' point. The ther-
modynamic phase information is also given for the 1000 and
2000 K isotherms which are not displayed in the phase dia-
grams. Mattsson and Desjarlais® have decided to include ad-
ditional EOS data from their work for densities below
1 g/cm? in this supplement, see Table VIIL. These data were
obtained using the same simulation parameters except that
16 or 27 molecules were in the simulation box. Some of
these data were published in Ref. 43 but not in tabular form.
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