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The spin-relaxation length in quantum wires with spin splitting due to the lack of the structure inversion
symmetry is numerically studied using a tight-binding model. The spin-relaxation length is sensitive to the
spin-split subband structure in quantum wires. When the spin splitting is smaller than the subband separations,
the quantized one-dimensional subbands have a well-defined spin and the spin-relaxation length is consider-
ably enhanced with the decrease in the width.
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I. INTRODUCTION

Development of spintronics which utilizes the spin degree
of freedom in electronics devices makes spin-related phe-
nomena in semiconductor highly interesting.1,2 To achieve
this new electronics, long spin coherence or long relaxation
length should be required. The purpose of this paper is to
numerically study the spin-relaxation length in quantum
wires.

In the presence of spin-orbit interaction, lack of inversion
symmetry causes spin splitting in the absence of magnetic
field. In two-dimensional �2D� systems, the asymmetry in the
confining potential causes splitting linear in the wave
vector.3,4 This so-called Rashba term can be controlled by a
gate voltage.5,6 In a zinc-blende crystal, bulk inversion asym-
metry causes the so-called Dresselhaus term,7 cubic in the
wave vector in bulk semiconductors, giving rise to linear and
cubic terms in a heterostructure. It is known that the Rashba
term is dominant over the Dresselhaus term in heterostruc-
tures consisting of narrow-gap semiconductors.

The existence of the Rashba spin splitting has a contro-
versial history because the average field should vanish for a
bound state, i.e., the gate electric field must be canceled by
the field associated with the conduction-band offset at the
interface.8,9 In fact, the spin splitting is quite sensitive to
boundary conditions at the surface in space-charge
layers.10–12 In quantum wells or heterostructures, the spin
splitting can appear as a result of difference in band gaps and
spin-orbit interactions between two materials.13–28

In the presence of the Rashba term, the electron spin pre-
cesses around the effective magnetic field perpendicular to
the momentum. Controlling of this spin precession by the
gate voltage is the key ingredient of the spin field effect
transistor.29 The spin Hall effect may be used for nonmag-
netic spin-generation devices.30–41 In such systems, even
spin-independent impurity-scattering causes spin relaxation.

In this paper spin-relaxation length is calculated numeri-
cally in quantum wires, and its dependence on the wire
width, the mean free path, and the strength of the spin-orbit
interaction is elucidated. In Sec. II, the formulation to per-
form numerical calculations is presented. The subband struc-
ture and spin quantization are discussed in Sec. III. Some
examples of the calculated results are given in Sec. IV and
are discussed in Sec. V. A brief summary is given in Sec. VI.
A method of actual numerical calculations is discussed in the
Appendix.

II. FORMULATION

A. Quantum wires with spin-orbit interaction

The Hamiltonian of a two-dimensional system in the pres-
ence of spin-orbit interaction is given by

H =
�2k2

2m�
+ ��kx�y − ky�x� , �1�

where m� is the effective mass, k is the wave vector, and �x
and �y are the Pauli spin matrices. The parameter � can be
controlled by the gate electric field. This Hamiltonian shows
that an effective Zeeman field for the spin depends on the
electron momentum.

The eigenenergy of this Hamiltonian �Eq. �1�� is given by

�ks =
�2k2

2m�
+ s��k� , �2�

with spin index s= �1. The strength of the spin-orbit inter-
action is characterized by the ratio of spin splitting at the
Fermi level to the Fermi energy

� =
�kF

EF
, �3�

where kF is the Fermi wave vector and EF is the Fermi en-
ergy. For typical semiconductor 2D systems, the strength of
the spin-orbit interaction is given by ��0.05.

Let us consider a wire with width W. We shall take the x
axis along the wire direction. In the absence of spin-orbit
interaction, the subband energy is given by

�n�k� =
�2

2m��n	

W
�2

+
�2k2

2m�
, �n = 1,2, . . .� , �4�

where k is the wave vector in the wire direction. The channel
number per spin of the wire, i.e., the number of occupied
subbands below the Fermi level, is

N = �2W


F
	 , �5�

where �x� is an integer part of x. For sufficiently narrow
wires, in which the subband separation is much larger than
the spin splitting at the Fermi level, each subband can be
regarded as having its own spin splitting proportional to �k.
The subband energy is approximately given by
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�ns�k� 

�2

2m��n	

W
�2

+
�2k2

2m�
+ s�k, �n = 1,2, . . .� . �6�

With the increase in the wire width, the subband structure
exhibits complicated behavior depending on the spin split-
ting and the subband separation. In fact, the subband anti-
crossing starts to take place at the Fermi level when the spin
splitting at the Fermi level 2�EF exceeds the minimum sub-
band spacing, �2�kF�−�1�kF�=3
F

2EF / �4W2�. This condition
can be written as W�W1 with W1 /
F=�3 / �8��, showing
that the anticrossing can play important roles in quantum
wires.

When the spin splitting 2�kF at the Fermi level is close to
the typical subband spacing �EF /N, subbands with different
spins become mixed with each other considerably, and the
system looses the feature of the quantum wire and essentially
turns into 2D. This condition is written as W�W2 with
W2 /
F=1 / �2��. For typical strength of the spin-orbit inter-
action, this corresponds to channel number N�20, for which
the subband quantization has no strong influence on its elec-
tronic properties. Therefore, most quantum wires are in the
regime W�W2, showing that many of the subbands still
have their own spin splitting and that the anticrossing can
take place only for a few low-lying subbands.

B. Tight-binding model

In this study, a square-lattice tight-binding model with
lattice constant a is used to simulate a quantum wire with
spin splitting due to structure inversion asymmetry.42 The
Hamiltonian is given by

H = − 
n


=�x,�y

cn+e

† Tcn + 4t1
n

cn
†cn, �7�

where T’s are the hopping integrals between the nearest-
neighbor atoms in each direction, given by

T�x = � t1 �t2

�t2 t1
�, T�y = � t1 �it2

�it2 t1
� , �8�

and cn
† and cn are creation and annihilation operators at site

n, respectively. For this matrix representation, the spin basis
has been chosen to be

�↑� = �1

0
�, �↓� = �0

1
� . �9�

In the momentum representation, this Hamiltonian can be
written as

H�k� = 4t1 − 2t1�cos�kxa� + cos�kya��

+ 2t2�sin�kxa��y − sin�kya��x� . �10�

In the continuum limit �k�a�1 this Hamiltonian is reduced to
Eq. �1� with m�=�2 /2t1a2 and �=2t2a.

We shall measure almost all quantities in units of corre-
sponding quantities in the continuum limit at the Fermi level
instead of the tight-binding parameters. The diagonal hop-
ping integral t1 is given by

t1

EF
= � 
F

2	a
�2

, �11�

with the Fermi wavelength 
F. The off-diagonal hopping in-
tegral is written as

t2

EF
=

�

4	


F

a
. �12�

It should be noted that because of the presence of small
nonparabolicity present in the tight-binding model, i.e., slight
deviation in the dispersion from Eq. �1�, the channel number
is slightly different from that given by Eq. �5� and that anti-
crossing starts to occur at W slightly different from W1 /
F

=�3 / �8��.
The disorder effect is included by random on-site poten-

tial un which is uniformly distributed in the region −U /2
�un�U /2. The disorder strength is characterized by mean
free path � in 2D, i.e.,

U

EF
=� 6
F

3

	3a2�
. �13�

For ��W, the one-dimensional subbands are well defined,
while they are completely destroyed for ��W. The former
will be called the quantum-wire regime and the latter the
dirty-wire regime.

We consider a system with M sites in width and N sites in
length, described by Hamiltonian H. An ideal lead consisting
of an infinitely long wire with the same width without spin-
orbit interaction, i.e., t2=0, is connected to each end. We
calculate the transmission coefficient through the system us-
ing a recursive Green’s function technique.43,44 In the present
system, the transmission-coefficient matrix becomes spin de-
pendent due to the spin-orbit interaction and is written as

t = �ti�,j�� , �14�

where i and j represent channels of transmitted and incident
waves, respectively, and � and � represent the spin direction
�↑ or ↓�. More details on the actual method will be discussed
in the Appendix. In a continuum limit, the length of the wire
is given by L=Na and the width is given by W= �M +1�a.

The ideal leads connected to the quantum wire should not
have spin-orbit interaction for the calculation of spin-
dependent transmission coefficients. There appears small
probability of reflection at the boundary between the quan-
tum wire and the ideal lead because of the discontinuous
change in the value of t2. This does not influence the spin-
relaxation length defined by the exponential length depen-
dence of the spin-correlation function.

C. Spin-relaxation length

In terms of the transmission coefficient t, the amplitude of
the wave function of out-going channel i for an electron,
in-coming from channel j with unit flux and spin in the �y
direction can be written as
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�i,j
��L� =

1
�2

�ti↑,j↑

ti↓,j↑
� +

�i
�2

�ti↑,j↓

ti↓,j↓
� . �15�

Therefore, the average y spin of the transmitted wave is
given by

�y
��L� = 

i,j
�i,j

��L�†�y�i,j
��L� � �

i,j
��i,j

��L��2�−1
. �16�

This function can be understood as transmitted spin �y at x
=L for an electron incident at x=0 with spin �y = �1. Then,
the spin-correlation function for �y�0� at x=0 and �y�L� at
x=L may be defined as

��y�0��y�L�� � Fyy�L� �
1

2
�

����y
��L� . �17�

As will be shown in the following, this function decays ex-
ponentially with L. Therefore, we define the spin-relaxation
length �S from the relation

�Fyy�L�� � exp�−
L

�S
� , �18�

where �¯� means the sample average. Spin-correlation func-
tions for other spin directions can be obtained by linear com-
bination of �y

��L�, but exhibit the same exponential decay
with L for sufficiently large L.

In the following, we choose the strength of the spin split-
ting as �=0.02, 0.03, and 0.05. The Fermi wavelength is
chosen to be 
F /a=7, for which the continuum approxima-
tion is valid. Then, we have W1 /
F
4.5 for �=0.02,
W1 /
F
3.7 for �=0.03, and W1 /
F
2.8 for �=0.05. In an
InGaAs/AlGaAs quantum well characterized by electron
concentration ns=2�1012 cm−2 and effective mass m� /m0
=0.05 with free-electron mass m0, we have �=5.4
�10−12 eV m for �=0.02, �=8.1�10−12 eV m for �
=0.03, and �=1.4�10−11 eV m for �=0.05 with the Fermi
energy of 95.8 meV and the Fermi wavelength of 17.7 nm.
Systematic calculations are performed for 1�W /
F�5.5
and for 1�� /
F�50. In the InGaAs/AlGaAs quantum
well, the corresponding width is 1.8 �W�9.7 nm and the

corresponding mobility is 7.6�103���3.8�105 cm2 /Vs.
The sample average is performed over more than 2000 dif-
ferent disorder configurations.

III. SPIN SPLITTING IN QUANTUM WIRE

Figure 1 shows examples of the subband structure ob-
tained in the tight-binding model for �=0.05. For a narrow
wire with weak spin splitting as in Figs. 1�a� and 1�b�, i.e.,
for W�W1, subband anticrossing does not take place below
the Fermi level. When W exceeds W1 with the increase in the
width, anticrossing of subbands with different spins occur
starting with lower subbands. For largest W /
F=4, the spin
splitting exceeds separations of several low-lying subbands.

The top panels of Fig. 2 show examples of calculated
y-spin expectation value at the Fermi level as a function of W
for �a� �=0.02, �b� 0.03, and �c� 0.05. Both x and z compo-
nents of the spin expectation value identically vanish. For
W�W1, the y-spin expectation value is close to either +1 or
−1, showing that the spin is well defined. When W�W1, the
�y = +1 branch of the lowest subband and −1 branch of the
next-lowest subband cross each other at the Fermi level, and
the spin expectation value is exchanged between the sub-
bands. This occurs at every subband anticrossing. Due to the
absence of anticrossing in the −1 branch of the lowest sub-
band, it has �y =−1 with even increase in the width.

How well the spin is assigned to each subband may be
measured by

Sy
2 = 

j

��y� j
2 �19�

or by Sy
2 /N�, where N� is the total number of subbands below

the Fermi level including spin, j denotes subbands, and the
spin expectation value ��y� j should be taken at the Fermi
level. The middle and bottom panels of Fig. 2 show Sy

2 and
Sy

2 /N�, respectively. This average spin takes a dip at each
anticrossing and gradually decreases with the increase in W.

IV. SPIN-RELAXATION LENGTH

Figure 3 shows calculated �Fyy�L�� for �=0.05 and
W /
F=3.86. The spin-correlation function decays exponen-
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FIG. 1. Calculated subband dispersion relation for �=0.05 and 
F /a=7. �a� W /
F=1.57, �b� 2.29, �c� 2.86, �d� 3.43, and �e� 4.00. The
horizontal dashed line represents the Fermi level. Subband anticrossing starts to take place at the Fermi level when W�W1
2.8
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tially with the increase in the length for sufficiently large L,
as we have mentioned before. By fitting the results to Eq.
�18�, we can determine the spin-relaxation length �S.

Figure 4 shows resulting �S as a function of W for �a� �
=0.02, �b� 0.03, and �c� 0.05. In the quantum-wire regime
��W, �S becomes shorter when the Fermi energy is close
to the subband edge. This is caused by strong scattering due
to the singular density of states of one-dimensional sub-
bands. With the increase in disorder or with the decrease in
�, this variation within each channel number decreases and
�S decreases smoothly with W when ��W.

In the quantum-wire regime, in particular, �S has a large
dip structure near W /
F
4.5 for �=0.02 in Fig. 4�a�, near
W /
F
3.7 for �=0.03 in Fig. 4�b�, and near W /
F
2.8 for
�=0.05 in Fig. 4�c�, as indicated by vertical arrows. These
dips correspond well to those of Sy

2 /N� shown in the middle

and bottom panels of Fig. 2, i.e., W�W1. For �=0.05, in
particular, the dip structure starts to disappear for � /
F=20
and becomes nearly absent for � /
F=5 within error bars.
Therefore, the critical mean free path is larger than width W.
This is to be expected because the anticrossing occurs be-
tween low-lying subbands, with an energy difference smaller
than the mean subband spacing EF /N. The critical mean free
path is larger than W for �=0.02 and 0.03, although it cannot
clearly be determined.

There is a general tendency that �S decreases with the
increase in width W or channel number N. For largest �, in
particular, the relaxation length at energies away from sub-
band edges decreases with width W almost exponentially for
W smaller than the anticrossing point W1 denoted by the
arrows, and the reduction with W becomes weaker after the
anticrossing as more clearly seen for �=0.05. With the de-
crease in �, the W dependence of �S becomes similar for
�=0.02, 0.03, and 0.05 with absolute values roughly propor-
tional to �−2. In the dirty limit � /
F=1, in particular, �S
exhibits a near-power-law dependence on W except in the
region of small W. Figure 4 contains �S /
F� �W /
F�−3/2 for
comparison. The exponent 3/2 is different from that expected
in a 2D system with finite width as will be discussed in
Sec. V.

Figure 5 shows �S averaged over those of the same chan-
nel number as a function of mean free path � for �a� �
=0.02 and �b� 0.05. The error bars denote the range of the
maximum and minimum values for each channel number.
For the smallest channel number N=2 corresponding to
W /
F
1, �S is proportional to � for all cases �=0.02, 0.03
�not shown here�, and 0.05. Although we have numerical
data only for three different values of �, it is safe to conclude
that �S�� /�2 �actually, �S�0.5�� /�2�.

When the spin in each one-dimensional subband is purely
in the +y or −y direction, the scattering processes conserving
spin do not cause any spin relaxation. In actual narrow wires,
however, the spin makes a slight precession around the y axis
due to mixing between different subbands and the precession
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frequency varies slightly between different subbands. This
variation, giving rise to spin relaxation, is proportional to �2

because it appears in the second order with respect to the
term −�ky�x of the Hamiltonian.

In the case of very small channel number, the electron
wave function is localized exponentially and the localization
length is of the order of the mean free path �, i.e., the wave
function decays exponentially like ��L��exp�−L /��.44–51

This means that the spatial dependence of the electron wave
function is characterized by a single length scale of �.
Therefore, the dependence �S�� /�2 obtained here is quite
natural.

The spin-relaxation length for small N is more than two
orders of magnitude larger than the mean free path and,
therefore, larger than the localization length, showing that
the spin is hardly relaxed even when the wave function be-
comes exponentially small. In the regime of strong localiza-
tion, the localization length is known to depend on the way
of averaging,44,46 and the situation is likely to be the same for
the spin-relaxation length. However, this does not affect the
above conclusion that the spin relaxation does not practically
take place for the transmitted electron wave in sufficiently
narrow quantum wires.

With the increase in the channel number, the spin-
relaxation length decreases and the suppression of the spin
relaxation starts to take place for short �, i.e., the depen-
dence of �S on � becomes weaker and eventually vanishes.
The figure shows that the suppression becomes appreciable
when � becomes smaller than or comparable to W �the
shaded region shows ��W�. For � smaller than W, the
one-dimensional subbands are destroyed by impurity scatter-
ing and the system becomes similar to a dirty 2D system,
where the spin-relaxation length is known to be independent
of the mean free path �see Sec. V�.52

V. DISCUSSION

The Hamiltonian �Eq. �1�� in 2D shows that the spin per-
forms precession around an effective magnetic field perpen-
dicular to the momentum. Although the spin is conserved by
impurity scattering, the spin precesses around a different di-
rection after each scattering event and spin relaxation takes
place. The important parameter is a typical spin precession
angle �� between successive collisions, where �=2�kF /� is
the spin precession frequency at the Fermi level and � is the
momentum relaxation time.52 We have ��=2�kF�� /��−1

=2	��� /
F�.
In the clean limit ���1, the spin precesses many times

before each scattering and the spin-relaxation length is pro-
portional to the mean free path, i.e., �S��. In the dirty
regime ���1, the precession angle between successive scat-
terings remains small. In 2D the spin diffuses on Bloch’s
sphere with diffusion constant DS= ����2 / �2�� and the spin-
relaxation time �S is determined through DS�S=1 as �S
=2 / ��2��.52 This is closely related to motional narrowing
effects.53–55 The spin-relaxation length, defined as �S

=�D�S with diffusion constant D=�2 / �2��, becomes �S
=vF /� independent of �.

When an electron is confined into a wire, a part of the
spin precession corresponding to the motion perpendicular to
the wire approximately cancels out due to reflection at the
wall, leading to suppression of the spin relaxation. This ef-
fect was previously studied in the regime ���1 and W
��. In fact, a classical Monte Carlo simulation56 showed
that the suppression occurs when the width becomes smaller
than the spin-relaxation length vF /� in 2D and gave the
spin-relaxation length �S� �vF /��2W−1. A similar result was
obtained by other methods such as a spin-diffusion
equation.57,58 The relaxation length in the regime W�� was
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suggested to be enhanced and multiplied by �� /W,58 i.e.,
�S� �vF /��2�1/2W−3/2, based on an analogy to the so-called
flux cancellation effect.59 Suppression of spin relaxation has
experimentally been observed using Faraday rotation in In-
GaAs submicron wire.60,61

In the numerical results, �S becomes independent of �
and increases with the decrease in W in dirty wires W��.
This is qualitatively in agreement with the behavior of 2D
systems with finite width. Quantitatively, however, we have
�S�W−� with ��1.5 for � /
F=1, different from W−1 and
rather coincident with the 2D result in the different regime
W��. As has already been discussed, the spin relaxation in
quantum wires is sensitive to the relative magnitude of the
spin splitting and the subband separation and to the associ-
ated anticrossing. The present results show, therefore, that
the importance of the nature of the spin-split subbands pre-
vails even in the dirty limit where the one-dimensional sub-
bands have mostly been destroyed.

When an electron can move only along a straight line, the
spin precession during the electron motion in one direction is
exactly canceled by that in the opposite direction, and there-
fore, no spin relaxation occurs by spin-conserving scattering.
The present numerical calculations have demonstrated that
this strong suppression of the spin relaxation is effective as
long as the quantum confinement gives severe restriction to
the electron motion perpendicular to the quantum wire and
the spin splitting is smaller than the corresponding subband
separations.

The spin relaxation exhibits a near singular dependence
on the Fermi level in a narrow quantum wire with only a
single channel. In the vicinity of the bottom of the second
subband, �S remains of the same order as that for N=2 pre-
sumably due to strong subband mixing. With the decrease in
the Fermi level, this mixing diminishes and then the spin-
relaxation length becomes extremely long and quickly ex-
ceeds the length accessible by numerical calculations. This
shows that in a practical sense the spin relaxation is perfectly
suppressed and �S becomes infinite in a narrow wire in the
quantum limit. Understanding details of the Fermi-level de-
pendence requires more elaborate numerical calculations and
is beyond the scope of the present study.

It should be noted that the time and spatial evolutions of
spin can be quite different in quantum wires. In fact, in the
quantum limit with only a single channel, the spin-relaxation
time becomes finite because the spin direction becomes at
random after a sufficiently long time. However, the spin-
relaxation length is quite long because the spin at a given
position is always the same for an electron moving in the
same direction. Therefore, the spin-relaxation length �S and
relaxation time �S can be quite different in quantum wires.

So far, we have completely neglected terms due to bulk
inversion asymmetry. If the strength of the linear Dressel-
haus term is comparable to the Rashba term, a strong aniso-
tropy appears in the spin splitting and also in the spin relax-
ation. This anisotropic spin relaxation is expected to be
suppressed with the decrease in the wire width. In this case,
however, cubic Dresselhaus terms can become important in
the spin relaxation.57,58 Furthermore, even if effects due to
the bulk inversion asymmetry are sufficiently weak, the so-
called Elliott-Yafet mechanism62,63 eventually takes over the
spin relaxation in narrow quantum wires.

VI. SUMMARY

The spin-relaxation length in quantum wires with the spin
splitting due to the lack of the structure inversion symmetry
has been numerically studied using a tight-binding model. In
this system spin-independent impurity causes spin relaxation.
It has been shown that the spin-relaxation length is sensitive
to the spin-split subband structure in quantum wires, in par-
ticular to the relative magnitude of the spin splitting and the
subband separations. When the spin splitting is sufficiently
smaller than the subband separations, the quantized one-
dimensional subbands have a well-defined spin, and the spin-
relaxation length is considerably enhanced with the decrease
in the width.
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APPENDIX: RECURSIVE CALCULATION

The transmission coefficient t of the square-lattice system
with M sites in width and N sites in length can be calculated
using the Green’s function GN1 given by an �M ,M� matrix,
connecting the left boundary with nx=1 and the right bound-
ary with nx=N. An explicit formula for t in terms of GN1 is
essentially the same as that given previously43,44 except that
in the ideal leads the spin-orbit interaction is absent, and
therefore, the spin is decoupled from the orbital motion. This
makes the actual calculation of t from GN1 much simpler
because both wave functions and energies of the channels in
the lead are analytically obtained. The Green’s function GN1
can be calculated by a recursive method, starting with G11,
then G21 and G31, and so on. However, this calculation
should be performed with special care as will be discussed
below.

In the presence of spin-orbit interaction, the matrix ele-
ments of the Hamiltonian and the Green’s function in spin
space is given by a quaternion real, written as

a = 
j=0

3

aj� j = � a0 + ia1 a2 + ia3

− a2 + ia3 a0 − ia1
� , �A1�

with real aj and

�0 = �1 0

0 1
�, �1 = � i 0

0 − i
�, �2 = � 0 1

− 1 0
�, �3 = �0 i

i 0
� .

�A2�

When we calculate the Green’s functions recursively using
complex matrices instead of quaternion real matrices, ele-
ments not given by a quaternion real will appear by numeri-
cal errors and may grow after many iterations, destroying the

symmetry of the system.42 In Ref. 42 direct quaternion alge-
bra was used for the recursive calculation of the Green’s
functions. Similar methods were used by other
calculations.64–67 In this study, we use complex matrices but
make frequent corrections to keep the symmetry in order to
avoid this numerical instability.

Let us consider a wire consisting of N+2 sites in length
from 0 to N+1. For the calculation of the transmission coef-
ficient, we have to attach an ideal lead to sites 0 and N+1.
The effect of attached ideal leads is included as a complex
self-energy term at site 0 and N+1.43 As a result, the effec-
tive Hamiltonians for these sites are not given by quaternion
real numbers. The symmetry is perfectly kept when we con-
nect sites 0 and N+1 after the calculation of the necessary
Green’s functions for sites 1 and N. The connection of sites 0
and N+1 attached to an ideal lead can be made in a straight-
forward manner when we have the appropriate Green’s func-
tions for sites 1 and N.

A numerical instability may occur in the recursive calcu-
lation of the Green’s functions for sites 1 and N for large N,
but can be removed as follows: Let G be an element of the
Green’s function in the spin space,

G = �A B

C D
� , �A3�

with complex number A, B, C, and D. For quaternion real G,
Im�A+D�, Re�A−D�, Im�B−C�, and Re�B+C� should iden-
tically vanish, but become nonzero after many iterations due
to round-off errors. Therefore, after each iteration, we re-
place G with a quaternion real Gcorr, given by

Gcorr =
1

2
Re�A + D��0 +

1

2
Im�A − D��1

+
1

2
Re�B − C��2 +

1

2
Im�B + C��3. �A4�

In this way, we can successfully avoid the numerical
instability.
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