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Theoretical model for the growth of semiconductor nanowires is developed, which enables one to determine
the growth conditions under which the formation of nanowires is possible. General expression for the nanowire
growth rate as function of its radius and the growth conditions is obtained and analyzed. The model also
describes the transformation from cubic to hexagonal crystal phase of nanowires. It is shown that the observed
crystal structure is controlled mainly by the growth kinetics. Structural diagrams and probabilities of cubic and
hexagonal phase formation are calculated as functions of supersaturation and nanowire radius within the
plausible range of material parameters. Numerical estimates for the domains of phase mixing and phase purity
are presented and analyzed.
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I. INTRODUCTION

A rapidly growing interest in self-standing semiconductor
nanowires �NWs� ranges from the fundamental physics of
their growth,1–3 transport,4 and optical5 phenomena to many
promising applications in nanoelectronics,6,7 nanophotonics,8

and nanosensing.9 Highly anisotropic Si crystals with micro-
metric radii were first fabricated by the so-called vapor-
liquid-solid �VLS� mechanism in 1964.10 Using modern ep-
itaxy techniques, NWs with radii of the order of ten
nanometers and lengths up to several tens of micrometers
can be obtained. Usually, NWs are grown on the surfaces
activated by metal �e.g., Au� seed drops. NW materials in-
clude Si,2,9 Ge,4 III-V,1,3,5–7 and II-VI �Refs. 8 and 11� com-
pounds.

For fundamental studies as well as applications, it is
paramount to investigate the NW growth properties as they
�in largest measure� determine the morphology and crystal
structure of NW ensembles. Experiments show that NWs
can be grown only within a restricted domain of deposition
conditions.1,12–15 Taking the example of the Au-assisted
molecular-beam epitaxy �MBE�, the temperature window
for NW formation extends from 400 to 620 °C for GaAs
�Ref. 12� and only from 380 to 430 °C for InAs.13 The
upper temperature limit cannot be explained entirely by the
re-evaporation, which remains relatively small at such
conditions.16 The lower limit cannot be attributed only to
the solidification of catalyst particle. In particular, the
temperature domain of epitaxial InAs NW is below the melt-
ing point of bulk Au-In alloy �454 °C�, so the growth should
at least partly proceed via the vapor-solid-solid �VSS�
mechanism.14 Understanding of these growth limitations,
therefore, requires a more detailed analysis of kinetic growth
processes, among which nucleation17–19 and surface
diffusion1–3,12,13,15,20 are generally recognized to play an im-
portant role. It is also vital to understand the role of Gibbs-
Thomson �GT� effect,1,17 influencing the domains of NW
formation, particularly for small radii.

One of the most surprising features of NWs is that their
crystal structure may differ from the bulk form. Recent stud-

ies demonstrate that III-V NWs of cubic �CUB� zinc-blende
materials often adopt hexagonal �HEX� wurtzite structure.
This phenomenon has been reported for most zinc-blende
compounds and epitaxy techniques both for Au
assisted13,19,21 and selective area22 growth. Recently, HEX
diamond lattice was experimentally observed in Si NWs.23 In
many cases, the structure of NWs is not stable and exhibits a
spontaneous switching between different phases, creating ro-
tational twins and stacking faults.14 This clearly impedes ma-
terial properties, so the control over the phase purity is now
considered as one of the main challenges in NW technology.
The prevalence of the HEX phase might be due to a large
contribution of sidewall facets24 or the edges between the
facets25 into the overall formation enthalpy. The specific en-
ergies of these features must be indeed smaller in HEX
phase.19,23–27 However, pure equilibrium considerations yield
values of critical radius of CUB to HEX transition well be-
low the experimentally observed values.19,25,27 The model
developed in Ref. 19 demonstrates the effect of liquid super-
saturation on the crystal structure and is supported by recent
experimental findings.21,28 Since supersaturation during the
NW formation is determined by the deposition process, the
NW phase will also depend on the growth kinetics.

This work addresses two issues of NW formation dis-
cussed above. We present a theoretical model that �i� formu-
lates general conditions under which the NW growth is pos-
sible and �ii� describes the probabilities of CUB and HEX
phase formations depending on the material constants, the
supersaturation, and the radius. Since the conditions of NW
formation impose certain limitations on the supersaturation
and NW size, influencing the crystal structure, the two issues
above cannot be studied separately. In other words, we com-
bine the criteria under which NWs actually grow and form in
HEX phase. We consider the NW materials which, under
bulk form, have stable CUB structure. We study the NWs
growing on the �111� surface �e.g., Si NWs on the Si�111� or
GaAs NWs on the GaAs�111�B substrate�. In the case of
III-V materials, the V/III fluxes ratio is assumed to be fixed
at group V �As� rich conditions.3,12,13 The following analysis
will be referred to the most common case of VLS mecha-
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nism, although the conclusions drawn will also apply to VSS
growth. While referring to experimental data we will con-
sider, for concreteness, the results for the Au-assisted MBE
of GaAs NWs.19,28

II. MODEL

In our model we account for the following generally rec-
ognized facts. �i� The formation of NWs is strongly influ-
enced by the GT effect of elevation of chemical potential in
the drop1,17 and in the NW �Refs. 17, 27, and 29� with a
curved surface. �ii� The growth of NWs is mediated by two-
dimensional nucleation of crystal phase from a supersatu-
rated alloy in the drop.17–19 �iii� The growth of Si and III-V
NWs during MBE,2,3,12,13 chemical beam epitaxy,1,15 metal
organic vapor pressure epitaxy,30 and magnetron sputtering
deposition31 is strongly dependent on the diffusion of ada-
toms from the substrate surface to the drop. �iv� NWs of
CUB materials can form in HEX phase.13,19,21–23

The model of NW formation via the VLS mechanism is
illustrated in Fig. 1. We consider stationary growth of a pris-
matically or cylindrically shaped NW with constant radius R.
The latter approximately equals the radius of the drop RL so
that the contact angle � is close to 90°. In view of experi-
mental facts �iii� and �iv�, we generally need to consider five
phases of semiconductor material: vapor �V� with chemical
potential �V, adatoms �A� with chemical potential �A, liquid
�L� with chemical potential �L, NW �W� with chemical po-
tential �W, and substrate �S� with chemical potential �S. The
thermodynamic driving force for the growth is the difference
of chemical potentials between the vapor and the substrate,
��VS=�V−�S, determined by the surface temperature T and
deposition rate V �nm/s�: ��VS=kBT ln�V /V0

S�=EA+�
−kBT ln�h�A /V�.32,33 Here, V0

S is the equilibrium deposition
rate at given temperature at which the deposition equalizes
the desorption from the substrate surface, EA is the activation
energy of desorption, � is the specific condensation heat of
the adatom-substrate phase transition, �A is the vibration fre-

quency, h is the height of a monolayer �ML�, and kB is the
Boltzmann constant. The chemical potential of adatoms far
away from the NW, �A

�, is lower than �V due to surface
nucleation. For the difference of chemical potentials between
the adatoms and the substrate far away from the NW, ��AS
=�A

�−�S, one can write

��AS = ��VS − 2kBT ln��0/�� . �1�

Here, �0 is the diffusion length of adatom at the equilibrium
condition between a bare substrate and the vapor phase,
while � is the effective diffusion length when the growth
occurs �which implies �	�0�.

Typical graphs of ��VS and ��AS as functions of T at
fixed V are presented in Fig. 2. In calculations by means of
Eq. �1�, we used the parameters of MBE of GaAs on the
GaAs�111�B surface from atomic Ga and dimer As2 beams
�at V/III ratio=3�: EA=1.8 eV, �=0.22 eV, �A=1010 s−1,
and �0=1.5 �m for Ga atom at T=550 °C. We took the
Arrhenius temperature behavior of the diffusion length �0

exp��EA−ED� /2kBT� with the activation energy for diffu-
sion ED=0.4 eV.34 We also utilized the self-consistent
model of Refs. 20 and 33 for the T and V dependences of
�0 /�. As seen from the curves in Fig. 2, ��VS decreases
linearly with T and increases logarithmically with V. The
behavior of ��AS at low vapor supersaturation �large T and
small V� matches ��VS because the growth rate of the sur-
face tends to zero and the adatoms are at the chemical po-
tential of the vapor. At high vapor supersaturation �small T
and large V�, ��AS is much lower than ��VS because the
effective diffusion length � is limited by the surface nucle-
ation, whose rate generally increases with decreasing T and
increasing V.20 As a result, the T dependence of ��AS
reaches the maximum at a certain temperature. In the case of
GaAs MBE at V=0.6 ML /s the maximum is reached at ap-
proximately 570 °C.

Our plan is to determine the conditions of NW formation
by surface diffusion �fact �iii�� in the presence of GT effect
�fact �i��, which is consistent with the nucleation-mediated

FIG. 1. �Color online� Schematics of growth model: diffusion-
induced VLS growth of wire �W� from the vapor phase �V� on the
cubic �111� substrate �S� through the liquid �L� in the drop and
through the surface adatoms �A�; the dotted line shows adatom
concentration profile at �A��L.

FIG. 2. �Color online� Dependences of ��VS and ��AS on T at
fixed V=0.6 ML /s for the parameters of GaAs described in text.
The dotted line is the liquid-solid chemical potential used in the
calculations in Sec. III.
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growth on the NW top �fact �ii��. We will consider in detail
the free enthalpy of island formation in different positions.
The vapor and adatom chemical potentials are considered
below as known functions of the growth conditions, similar
to those presented in Fig. 2. We will then introduce different
material constants for CUB and HEX NWs and investigate
the relationship between the growth conditions and the crys-
tal structure of NWs �fact �iv��.

III. DIFFUSION-INDUCED GROWTH AND GT EFFECT

The diffusion-induced growth of NWs is possible only at
�A

���L when the diffusion flux of adatoms is directed from
the surface to the NW top, as shown in Fig. 1. As stated
above, �A

� is the chemical potential of adatoms and �L=�L
�

+2�LLV /RL is the chemical potential in the drop, which is
modified by the GT effect, with LV as the liquid-vapor sur-
face energy, �L as the elementary volume in the liquid
phase, and RL=R /sin � as the drop radius.1,17,35 Counting
chemical potentials from �S and using Eq. �1� for ��AS, the
condition of diffusion-induced growth can be presented in
terms of liquid chemical potential at RL→�, ��LS

� =�L
�

−�S, in the form

��LS
� � ��VS − 2kBT ln��0

�
� −

2LV�L sin �

R
� ��max.

�2�

This yields the upper limit for the liquid supersaturation cor-
responding to a positive diffusion flux to the NW top. The
condition given by Eq. �2� contains two corrections to the
obvious inequality ��LS���VS: one is caused by the sur-
face nucleation and another by the curvature of drop surface.

We now show how the above condition influences the
formation of NW and modifies the previously obtained re-
sults of Refs. 1, 3, 20, 36, and 37 concerning the NW growth
rate, dL /dt. In a steady state, the adatom concentration on
the substrate surface, denoted hereafter by n, obeys the dif-
fusion equation

D�n + J −
n

�
= 0. �3�

Here, D is the diffusion coefficient, J=V /�S is the imping-
ing flux ��S is the elementary volume in the CUB substrate
phase�, and � is the effective lifetime on the substrate surface
such that �=�D�. The solution to Eq. �3�, consistent with the
condition n�r�→0 at r→� �r is the distance from the NW
center in the substrate plane�, is given by

n�r� = J� + CK0�r/�� , �4�

where K0 is the modified Bessel function of the second kind.
The constant C should be determined by the second bound-
ary condition at the NW foot. Different boundary conditions
lead to different expressions for the growth rate.1,36,37 As-
suming, for simplicity, that all adatoms arriving at the NW
foot are transferred to the top, we impose the condition
��AS�r=R�=��LS=��LS

� +2LV�L sin � /R. We therefore
ignore the direct impingement, the desorption, and the nucle-

ation at the sidewalls. Since the adatom gas is dilute, one can
use the formula ��AS�r�=kBT ln�n�r� /neq�, where neq=J0

s�0
= �V0

s /�S��0 is the equilibrium adatom concentration and �0
is the mean lifetime of an adatom on the bare substrate.32

The latter expression is consistent with Eq. �1� at r→� in
view of n���=J�, � /�0=�2 /�0

2, and ��VS=kBT ln�V /V0
S�. We

therefore get

n�R� = neq exp���LS
�

kBT
+

RGT

R
� , �5�

where RGT=
2LV�L sin �

kBT is the characteristic radius describing
the GT effect in the drop. After equalizing the values of n�R�
from Eqs. �4� and �5�, the solution for n�r� is obtained as

n�r�
J�

= 1 − 	1 − exp���LS
� − ��AS

kBT
+

RGT

R
�
 K0�r/��

K0�R/��
.

�6�

The diffusion flux to the base of the NW, which in our ap-
proximation equals the flux to the top, is

jdiff = 2�RD�dn

dr
�

r=R
. �7�

Using Eq. �6� in Eq. �7� and dividing the result by the factor
��R2 /�S�, the diffusion-induced contribution to the NW
growth rate writes

�dL

dt
�

diff
= V	1 − exp���LS

� − ��AS

kBT
+

RGT

R
�
2�

R

K1�R/��
K0�R/��

,

�8�

where K1 is the modified Bessel function of the second kind
of first order. The sign of the bracket term in Eqs. �6� and �8�
is positive when the inequality of Eq. �2� is satisfied and
negative otherwise. The form of Eqs. �6� and �8� is similar to
that of Refs. 1, 20, 36, and 37; however, the GT correction is
different. It is also different from the conventional
Givargizov-Chernov expression29 since it contains the liquid-
vapor surface energy rather than the solid-vapor one.

The adsorption-desorption contribution to the growth rate,
caused by the direct interaction with the drop surface, in the
case of MBE is determined by ��R2 /�S��dL /dt�A-D
=�RL

2�J−Jdes
L �. This equation is written for beams that are

strictly perpendicular to the surface. It can easily be modified
in the case of vapor pressure epitaxy. The desorption rate
from the drop increases with the curvature of its surface as
Jdes

L =J�
L exp�RGT /R�, which is exactly equivalent to the el-

evation of equilibrium pressure of the vapor surrounding the
drop.1,35 Since, by definition, J /J�

L =exp���VL
� /kBT� and

��VL
� =��VS−��LS

� , the direct flux to the drop is equal to

�dL

dt
�

A-D
=

V

sin �2	1 − exp���LS
� − ��VS

kBT
+

RGT

R
�
 . �9�

The resulting growth rate is the sum of contributions given
by Eqs. �8� and �9�, from which we must subtract the growth
rate of nonactivated surface VS.3 Since 1−VS /V in our model
is exactly the probability of re-evaporation from the sub-
strate, we have 1−VS /V= �� /�0�2. Collecting all contribu-
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tions and using Eq. �1�, the expression for the NW growth
rate takes the form

1

V
�dL

dt
� = 	1 − exp���LS

� − ��AS

kBT
+

RGT

R
�


�	 1

sin2 �
exp���AS − ��VS

kBT
� +

2�

R

K1�R/��
K0�R/��
 .

�10�

Generalization of this formula that includes the adatom ki-
netics on the sidewalls can be done in line with the approach
of Ref. 36.

The value of liquid supersaturation ��LS
� in Eq. �10�

remains unknown. It should be obtained from the equation
of material balance in the drop.38 However, the analysis
of Eq. �10� enables one to draw several general con-
clusions concerning the NW growth kinetics. First, the
NW growth rate becomes zero at minimum radius, Rmin
= �2LV�L sin �� / ���AS−��LS

� �, when both the adsorption-
desorption and the diffusion contributions disappear. The
value of Rmin is different from that of Refs. 1 and 17 because
we take into account the GT correction in the drop and im-
pose the condition ��AS�r=R�=��LS at the NW foot. Sec-
ond, the NW growth rate as a function of its radius at fixed
growth conditions is a function with one maximum, which
agrees with the result of Ref. 1. Typical R dependences for
Au-assisted MBE of GaAs NWs are shown in Fig. 3. The
curves are obtained from Eq. �10� for the substrate param-
eters of Fig. 2 with a liquid-vapor surface energy of LV
=1 J /m2, which is between the surface energies of pure
liquid Ga and Au �0.72 and 1.14 J /m2 �Ref. 16��, �L
=0.038 nm3 per pair in the liquid phase,34 �=90° and ��LS

�

shown by the dotted line in Fig. 2. The growth of thin NWs
is mainly determined by the GT effect, and dL /dt increases
with R. The maximum of dL /dt is reached due to a compe-
tition between the GT effect and the adatom diffusion. The
position and the value of this maximum depend on the sur-

face temperature. For larger R, the situation is reverse and
dL /dt decreases in normal diffusion-induced mode.1–3 Third,
the T dependences of NW growth rate at fixed R, presented
in Fig. 4 for the same parameters of GaAs, are also functions
with one maximum, which is supported by the results of
Refs. 12, 13, 15, and 20. The maximum is explained by the
nonmonotonous behavior of ��AS, which was discussed ear-
lier. The obtained temperature domain of NW growth with
dL /dt�0 is close to the experimentally observed window
ranging from 400 to 620 °C for GaAs NWs.12 The growth
domain is narrower for smaller R, while the maximum
growth rate is reached at intermediate R �25 nm in Fig. 4�.

IV. NUCLEATION

For the analysis of nucleation at the NW top �fact �ii��, we
should calculate the free enthalpy �more precisely, the mini-
mum work35� of isothermal �T=const� formation of a crystal
island of arbitrary shape with linear size �“radius”� r, mono-
layer height h, area A=c1r2, and perimeter P=c2r. This is not
a simple problem because, due to the small size of the drop,
the characteristics of metastable �liquid� phase are generally
perturbed by the island formation. If the liquid pressure re-
mains approximately constant during nucleation, the free en-
thalpy of the “drop-island” system changes due to �i� the
decrease in chemical potential of i= �Ah� /�S semiconductor
particles from �L

� in the liquid alloy to �W
� in the NW; �ii� the

formation of island lateral surface Ph; and �iii� the transfor-
mation of drop surface �SL due to the island formation

�Gwire = − ��L
� − �W

� �i + �IPh + LV�SL. �11�

The first volume term does not contain the GT correction
since the latter is already taken into account in the surface
energy terms. As discussed in Ref. 19, the island surface
energy depends on the island position and is generally given
by �I= �1−x�SL+xWV, where SL is the solid-liquid surface
energy, WV is the wire-vapor surface energy, and x is the
fraction of the island perimeter at the triple line �TL� �see

FIG. 3. �Color online� Radius dependences of normalized
growth rate, �dL /dt� /V, at fixed V=0.6 ML /s for the parameters of
GaAs described in text and three different temperatures T=500,
550, and 600 °C.

FIG. 4. �Color online� Temperature dependences of normalized
growth rate for the parameters described in text and three different
radii R=15, 25, and 40 nm.
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Fig. 5�b��. The values of �W
� , WV, and �I depend on the

crystal structure of NW.
It should be noted that, even under the standard assump-

tion of constant number of catalyst particles in the drop,17 the
calculation of �SL cannot be done in an absolute fashion. If
the nucleation proceeds at a constant number of semiconduc-
tor particles, the change in liquid volume due to nucleation
equals �VL=−�Li, the change in solid volume equals �VW
=�Si, and the total volume change equals �V= ��S−�L�i
�hereafter we neglect the small variations of �S and h with
the crystal phase�. If, instead, we assume that i particles are
added to the liquid during each nucleation act, then �VL=0
and �VW=�V=�Si. In Eq. �11�, we also need to change �L

�

to �V because i particles are now transferred from the vapor
to the solid phase through the adatom sea and/or through the
liquid. To clarify this point, we note that the nucleation at the
top of sufficiently thin NWs is mononuclear, i.e., only one
island succeeds in nucleation in each layer.17,18,39 In this
mononuclear mode, the standard time scale hierarchy of con-
densation stages in infinitely large systems32,39 should be re-
considered. Namely, the duration of nucleation stage can be
much shorter or comparable with the island growth stage
�depending on the island size�, while the latter is always
much shorter than the waiting time between two successive
nucleation acts. This waiting time approximately equals the
growth rate of the NW ML itself. Therefore, semiconductor
atoms can only be added to the drop after the formation of
the island nucleus. This preserves the stationary character of
NW growth with constant R �averaged over the time of
growth of one ML� and identical nucleation conditions for
each ML and on the other hand, shows that nucleation takes
place at a constant number of particles in the “liquid-plus-
island” system. In order to distinguish two possible scenarios
of NW growth �from the liquid phase in the drop and from
the vapor phase at a constant liquid volume�, we now intro-
duce two stages of growth.

�1� Fast microscopic stage 1 of nucleation of each ML
from the liquid phase with total volume change �V1= ��S
−�L�i. �2� Slow macroscopic stage 2 of NW growth from the
vapor phase with total volume change �V2=2�Rh �in this
case i= imax=2�Rh /�S is the number of particles in a com-
plete ML of NW�.

As will be shown later on, the growth stage strongly in-
fluences not only the nucleation kinetics but also the result-
ing crystal structure of NWs.

Considering the fast stage 1, we first calculate the change
of surface area �SL and of the drop radius �RL after the
formation of island with i particles in the center of the liquid-
solid interface �C�, so that x=0, as shown in Fig. 5�a�. We
utilize the known expressions for the volume and the surface
area of a spherical cap, Vdrop= ��R3 /3���1−cos ��2�2
+cos ��� /sin3 � and Sdrop= �2�R2�1−cos ��� /sin2 �. At R
=const, these quantities are functions of the contact angle �
only. In the case of C nucleation, the liquid phase entirely
surrounds the island; therefore, �SL=�Sdrop, �Vdrop=�V1
��VL, and the liquid surface increases. Considering �� as a
small quantity and finding it for the given volume change,
after some straightforward calculations we obtain the follow-
ing expressions for �SL and �RL:

�SL =
2 sin �

R
��S − �L�i;

�RL = −
1

�R2

sin2 � cos �

�1 − cos ��2 ��S − �L�i . �12�

If the island occupies the whole monolayer �Fig. 5�c��, the
liquid is ousted by the solid. In this case �SL=�Sdrop, but
�Vdrop=�VL=−�Limax and the liquid surface decreases. By
the same procedure, we get

�SL = − sin �
�L

�S
2�Rh; �RL =

sin2 � cos �

�1 − cos ��2

�L

�S
h .

�13�

For nucleation at the TL �Fig. 5�b�� of an island of arbitrary
size, the quantity �SL cannot be calculated exactly. We can,
however, combine Eqs. �12� and �13� for �SL at arbitrary i
because TL nucleation eliminates some part of the liquid
surface at the TL. This gives

�SL =
2 sin �

R
��S − �L�i − sin �

�L

�S
xPh . �14�

Equations �12�–�14� demonstrate that the term LV�SL is
generally of the order of the surface energy of the island. It is
also seen that �RL is zero at �=90°, so that the surface area
changes without changing its curvature �because RL reaches
its minimum at �=90° at fixed R�. Therefore, the Laplace
pressure in the liquid PL=2LV /RL is approximately constant
before and after nucleation at ��90°, and the minimum
work of island formation is given by Eq. �11�. At large �
�90°, the term VL�PL becomes comparable with other con-
tributions in Eq. �11�. This case should be considered sepa-
rately because, generally, the minimum work of island for-
mation at variable pressure is unknown and cannot be
described by any thermodynamic potential.

Substitution of Eq. �14� into Eq. �11� gives the result for
free enthalpy of island formation at the fast nucleation stage,

FIG. 5. �Color online� Nucleation of island in position �a� C, �b�
TL, and �c� occupying the whole monolayer of NW.
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�Gwire
�1� � �Gwire = − 	��LS

� − �

−
2LV��S − �L�sin �

R

 c1r2h

�S
+ �c2rh . �15�

Here,

� = �1 − x�SL + x�WV − LV sin �� �16�

is the effective surface energy of the island introduced in
Ref. 19. The quantity � is zero for CUB phase and �
=�HEX for HEX phase, with �HEX as the difference of bulk
cohesive energies between HEX and CUB phases at zero
pressure ��HEX=24 meV per pair for GaAs �Ref. 40��. The
value of WV depends on the crystal structure of NW, the
type of lateral facets �e.g., �110� or �221� plane�, and is usu-
ally lower in HEX than in CUB phase.19,25–27 Nucleation in
position C proceeds at �=SL, with SL as the surface energy
of the solid-liquid lateral interface. Following Glas et al.,19

we will assume that SL is identical for nuclei in CUB and
HEX orientations because of the close atomic environments
on the surface around the two types of nuclei. Equations �15�
and �16� are similar to the expression of Ref. 19 for mono-
layer, except for the additional term 2LV��S−�L�i /RL,
which is caused the by the change in elementary volume
after solidification. This contribution can be of either sign
and cancels only in the unlikely case where �S=�L.

If we consider the long stage of formation of a full NW
slice from vapor, reiterative building of monolayers at con-
stant liquid volume is described by

�Gwire
�2� = − ���VS − ��

�R2h

�S
+ 2WV�Rh . �17�

This equation at �=0 is exactly identical to the Givargizov-
Chernov correction of chemical potential of the NW, ��VS
=��VS

� −2WV�S /R, while considering the growth of whis-
ker from a vapor phase through the liquid.29 Such an expres-
sion has been used in many other works, in particular, in Ref.
27 for modeling of growth thermodynamics of NWs and
polytypism of zinc-blende III-V NWs. It should be noted,
however, that if the island is first nucleated in, say, HEX
orientation and fills the complete ML in HEX, it would be
very difficult to rotate the whole ML by 60° to transform it to
CUB, although the free enthalpy defined by Eq. �17� might
be lower in CUB orientation. We therefore conclude that the
crystal structure of NWs is controlled by the growth kinetics
rather than by thermodynamics, as already suggested by Jo-
hansson et al.41 and demonstrated by Glas et al.19

With this determination made, we consider hereafter the
change in free enthalpy during the fast microscopic stage
given by Eqs. �15� and �16�. To compare the growth rates of
the NW and of the nonactivated surface, we write the expres-
sion for the free enthalpy of island formation on the substrate
surface from the adatoms with supersaturation ��AS in the
form

�Gsurface = − ��ASc1
hr2

�S
+ SVc2hr . �18�

The surface energy term now contains the substrate-vapor

surface energy because the surface islands always adopt the
crystal phase of the substrate. Maximizing Eqs. �15� and �18�
in r, one obtains the expressions for the nucleation barriers
�G� at the NW top and on the surface,

�Gwire
� =

c2
2

4c1

�2h�s

���LS
� − � − 2LV��S − �L�sin �/R�

;

�Gsurface
� =

c2
2

4c1

SV
2 h�S

��AS
� . �19�

The critical size at the NW top is given by rwire
�

= �2 /c2h���Gwire
� . Obviously, the NW can be formed only if

its growth rate, dL /dt, is larger than the vertical growth rate
of the surface, dHS /dt. The NW growth rate in the mono-
nuclear mode is given by dL /dt
 �1 /�L��R / l0�2exp�
−�Gwire

� /kBT�, where �L is the characteristic time of island
growth from the liquid and l0 is the lattice spacing.17 The
surface always grows in the polynuclear mode when many
islands arise and coalesce in one layer. The vertical growth
rate in this case is written as dHS /dt
 �1 /�A�exp�
−�Gsurface

� /3kBT�, where �A is the characteristic time of is-
land growth from the adatoms.17 The factor 1/3 in the expo-
nent of the surface growth rate accounts for the transition
from mononuclear to polynuclear mode.18 Assuming that �L
and �A are of the same order and that ln�R / l0� is not too
large, we keep only the leading exponential dependence of
the growth rate on the nucleation barrier, neglecting all pre-
exponential terms. From these considerations, the second
condition of NW formation is �Gwire

� ��Gsurface
� /3. Using

Eq. �19� and the previously obtained condition for diffusion-
induced growth, we obtain the following range of liquid su-
persaturations ��LS

� :

��min � 3� �

SV
�2

��AS +
2LV��S − �L�sin �

R

+ � � ��LS
� � ��AS − 2 sin �

LV�L

R
� ��max.

�20�

The lower limit ��min is imposed by the nucleation probabil-
ity, and the upper limit ��max corresponds to a positive dif-
fusion flux to the NW top. Growth criterion �20� can be
satisfied only when � /SV�1 /�3, which imposes the upper
limit on the island surface energy �, which is consistent with
the analysis of Ref. 17. The value of ��min depends on the
growth conditions through ��AS

� and on the crystal phase
through WV and �, while ��max is phase independent and is
determined by the growth kinetics.

Using Eq. �1� for ��AS, Eq. �20� provides the lower limit
for the vapor chemical potential, below which the NWs can-
not be grown,

��VS �
� + 2LV�S sin �/R

1 − 3��/SV�2 + 2kBT ln��0/�� . �21�

Generally, the vapor supersaturation should be high enough
to overcome the Gibbs-Thomson effect, to ensure that the
NW growth rate is larger than that of the surface, and to
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onset the CUB to HEX transformation in the case of HEX
NWs.

V. CRYSTAL STRUCTURE

We now proceed to studying the crystal structure of NWs
within the above-determined growth domains. For the fol-
lowing, it is convenient to introduce normalized differences
of chemical potential with the solid for the liquid phase, f
=��LS

� /�HEX, and for the adatoms, a=��AS /�HEX, and the
radius ��R /R0 measured in units of the characteristic radius
R0=CUB�S /�HEX, where CUB=SV is the solid-vapor sur-
face energy in CUB phase. Numerical estimates of R0 for Si
and binary III-V compounds are summarized in Table I. We
used the data of Ref. 40 for �HEX and the data of Refs. 34,
42, and 43 for CUB of different facets. The values of �HEX
and �S are given per atom for Si and per III-V pair for
compounds. The data of Table I give the characteristic scales
of CUB to HEX phase transformation in different semicon-
ductors. At fixed drop radius, materials with larger R0 should
adopt HEX phase more often than the others.

Using the above definitions, Eq. �19� yields the following
expressions for the normalized nucleation barriers in CUB
and HEX NWs:

gCUB �
�GCUB

�

kBT
= Q

�2

f − �� − 1��/�
;

gHEX �
�GHEX

�

kBT
= Q

����2

f − �� − 1��/� − 1
. �22�

The corresponding expressions for critical radii are

�CUB
� =

c2

4�3c1

�

�f − �� − 1��/��
;

�HEX
� =

c2

4�3c1

��

�f − �� − 1��/� − 1�
. �23�

The parameter Q= �c2
2 /24c1��CUBR0h /kBT� in Eq. �22� is

determined by the island shape, the surface energy in
CUB phase, and the temperature. The other coefficients
are defined as follows: ���3�CUB /CUB; ���HEX /�CUB;
��2LV�L /CUB�S; and �=�S /�L. Here, HEX is the lat-
eral surface energy of HEX NW, �CUB is the effective sur-
face energy of nucleus in CUB orientation, and �HEX is the
corresponding value in HEX orientation. We saw earlier that
a necessary condition for NW formation is ��1. The coef-
ficient � depends on the nucleus position. It is equal to one in
position C and becomes lower than one for nucleation at the
TL. The condition gCUB�fCR�=gHEX�fCR� determines the
critical chemical potential fCR, separating the domains of
prevalent CUB and HEX phase formations. Using Eqs. �20�
and �22�, the characteristic chemical potentials take the form

fmin
CUB = a�2 +

�� − 1��
�

;

fmin
HEX = 1 + a����2 +

�� − 1��
�

;

fCR =
1

1 − �2 +
�� − 1��

�
;

fmax = a −
�

�
. �24�

It is seen that the Gibbs-Thomson correction for the drop
curvature −� /� is identical in all equations in Eq. �24�, and
therefore, does not affect the crystal structure. The expres-
sion for fCR is useful only in the case of TL nucleation at
�TL�1, which is consistent with the results of Ref. 19.

Below we adopt Eq. �16� for the surface energies of
the island: �CUB= �1−x�SL+x�CUB−LV sin ��; �HEX= �1
−x�SL+x��CUB−LV sin ��, where

� = HEX/CUB �25�

TABLE I. Characteristic radius R0 in different semiconductor NWs.

Material
Elementary volume �S

�nm3� Lateral facets
Lateral surface energy CUB

�J /m2�

Difference of cohesive
energies �HEX

�meV�
Characteristic radius R0

�nm�

AlSb 0.0567 �110� 1.3 18.6 24

GaSb 0.0567 �110� 1.1 19.4 20

InSb 0.068 �110� 0.75 16 20

AlAs 0.0451 �110� 1.8 11.3 45

GaAs 0.0451 �110� 1.5 24 17

InAs 0.0567 �110� 1 10.3 33

AlP 0.0398 �110� 2.4 7.1 83

GaP 0.040 �110� 2 18.3 27

InP 0.0506 �110� 1.3 6.8 60

Si 0.0200 �110� 1.43–1.7 10–11.7 15–21

Si 0.0200 �211� 1.31 10–11.7 14–16
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is the ratio of lateral surface energies of HEX and CUB NWs
in contact with the vapor. As already shown in Ref. 19, CUB
to HEX structural transformation can only be observed at �
�1. Different models for � regards for the effects of surface
dangling bonds on the lateral facets,24,27 the edges separating
the facets,25,26 and the sawtooth faceting of lateral surface of
CUB NWs.19,44 The value �=0.75 is obtained from a simple
count of surface dangling bonds on the lateral facets �4/3
bonds per layer in CUB phase and 1 bond per layer in HEX
phase� and pertains only to particular facets.27 Since � is
generally unknown, we investigate the structural diagrams
within the plausible range of � values between 0.75 and
0.975. While the value of solid-liquid surface energy SL is
also unknown, it can be �in principle� estimated from
Young’s equation for the drop seated on the lateral surface of
CUB crystal, CUB=SL+LV cos �, by measuring the con-
tact angle �. Ignoring, in a first approximation, possible
variations of the contact angle of the drop � with the crystal
phase, we arrive at the following expressions for coefficients
� and � in the case of C and TL nucleations:

�C = �3�1 −
LV cos �

CUB
� ; �C = 1 �26�

�TL � �C − �3x
LV

CUB
�sin � − cos ��;

�TL �
�TL − �3x�1 − ��

�TL
. �27�

According to the second Eq. �27�, coefficient �TL depends on
�.

To further estimate the typical values of model param-
eters, we again consider the Au-assisted MBE of GaAs NWs
on the GaAs�111�B surface. We use the values of CUB
=1.5 J /m2 and LV=1 J /m2. At �S=0.0451 nm3 per GaAs
pair in the crystal and �L=0.038 nm3 in the liquid,34 the
coefficient � amounts to 1.12 and the coefficient � to 1.19.
We choose the constant value of contact angle of the drop at
�=100°, which is within the experimentally observed range
after growth �90° ���125°� �Ref. 19� and on the other
hand, consistent with the assumption of Sec. V of PL
�const. In view of Eq. �26�, the NW growth condition �C
�1 at LV /CUB=2 /3 imposes the limits on the angle �,
which must lie between 0° and 50°. We use the mean value
from this growth domain, �=25°, relating to SL
=0.594 J /m2 and �C=0.686. As in Ref. 19, we specify the
shape of the nucleus shape as an equilateral triangle with
sides r, where one of them is at the TL �x=1 /3, c1=�3 /4,
and c2=3�. This readily gives �TL=0.656. The values of �TL
at different � are then calculated by means of the second
equation in Eq. �27�. With �HEX=24 meV, we obtain a char-
acteristic radius R0 at approximately 17 nm. The parameter Q
in Eq. �22� is equal to 1294 at T=560 °C �with h
=0.325 nm�. Finally, from Fig. 2 at T=560 °C and V
=0.6 ML /s, we obtain the maximum value of ��AS

� at 230
meV, relating to amax=9.6.

Analysis of Eq. �24� shows that if nucleation takes place
in position C ��C=1�, fmin

CUB is always smaller than fmin
HEX. The

islands will therefore tend to adopt the CUB orientation.
However, for our parameters TL nucleation is favorable for
both CUB and HEX islands, and we need to compare
fmin

CUB,TL, fCR, and fmax. Structural phase diagrams in �� , f�
plane, obtained from Eqs. �24�–�27� at a=8 and �=0.875, are
presented in Fig. 6. Generally, CUB phase should be preva-
lent between the curves fmin

CUB,TL��� and fCR���, and HEX
phase dominates between the curves fCR��� and fmax���. This
confirms the importance of supersaturation: at given �, CUB
phase is formed at low and HEX phase at high liquid
supersaturations.19 Combination of kinetic and structural
considerations allows us to find the conditions of phase pu-
rity. Obviously, CUB phase should never be observed at
fCR���� fmin

CUB���, implying �TL��1−1 / �a�TL�2. For our pa-
rameters, the latter inequality relates to ��0.82. The HEX
phase could not form when fCR���� fmax���. At ��1 this is
reduced to �TL��1−1 /a, corresponding to ��0.93.

Calculation of probabilities of different phases is more
informative for the analysis of structural stability and for the
comparison with experimental data for several reasons. First,
it allows for all possible growth mechanisms and describes
mixing of different phases in a NW ensemble. Second,
probabilistic approach accounts for the energetic barriers for
the phase onset. Third, it regards for fluctuations, which be-
come important whenever the phases are separated by the
energy gap compared to or much smaller than kBT. Probabili-
ties of formation of CUB and HEX phases hereafter are de-
fined as

pCUB = pCUB,C + pCUB,TL; pHEX = pHEX,C + pHEX,TL �28�

with pk= Ik /k=1
4 Ik as the normalized probabilities of “growth

scenarios” k= �CUB,C�, �CUB,TL�, �HEX,C�, and �HEX,
TL�. Growth rates Ik are proportional to exp�−gk�, where gk
are the nucleation barriers in the four possible configurations
given by Eq. �22� with different coefficients � and �. Addi-
tionally, we account for the finite sizes of the top facet and
the critical nuclei. Indeed, the nucleation in position C is

FIG. 6. �Color online� Structural phase diagrams in the case of
TL nucleation at a=8 and �=0.875. Shadowed domains, separated
by the curve fCR���, correspond to the prevalence of CUB or HEX
phase.
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possible on the whole facet without the external ring of criti-
cal radius, while the nucleation in position TL is possible
only within this ring. If the critical size is larger than the
facet radius, the nucleation is impossible. We therefore opt
for the following expressions for IC and ITL:

IC = �2 exp�− gC���kC� − �C
� �;

ITL = �2��TL
� − �TL

�2 �exp�− gTL���kTL� − �TL
� � . �29�

Here, the step function ��x�=1 at x�0 and ��x�=0 at x
�0; kC and kTL are the geometrical coefficients such that kC�
and kTL� are the maximum size of nuclei on the facet of size
� in C and TL positions. From simple geometrical consider-
ations, for the NW cross section having the shape of regular
hexagon with side � and the triangle island, we have kC
=3 /2 and kTL=1. Since the growth domains, determined by
Eq. �24�, depend on the configuration k, the nucleation rates
Ik should be calculated within the kth domain and put to zero
outside the domain.

In Fig. 7, we present the probabilities of CUB and HEX
phase formations obtained from Eqs. �28� and �29� for the
above parameters. The probabilities are plotted as functions
of liquid supersaturation at fixed �=1.14, relating to R
=20 nm in the case of GaAs NWs, and different �. Calcula-
tions show that NWs adopt the CUB phase in the whole
growth domain with nearly 100% probability at ��0.97. The
curves at �=0.95 show the onset of HEX phase only at very
high f with �20% probability. The curves at �=0.91 and
0.875 demonstrate phase mixing at intermediate values of
supersaturations with 50% mixing reached at f =6.4 for �
=0.91 and f =4.5 at �=0.875. In these regions, the observa-
tion of a spontaneous switching between the phases, rota-
tional twin layers, and stacking faults is most likely. Lower
supersaturations correspond to the pure CUB phase, and
higher supersaturations correspond to the pure HEX phase.
At �=0.83, CUB phase is observed at very low supersatura-

tions �f �3.5�, while the HEX structure is prevalent in the
rest of the growth domain. The dominant kinetic process is
TL nucleation of islands in HEX orientation. It should be
noted that due to the assumption of mononuclear growth, the
model in its present form is not directly applicable to very
thick wires. The reduction in boundary effect on the TL
nucleation will lead to the formation of CUB phase at �
→�, as it should be the case during the liquid phase epitaxy
of two-dimensional layers.

VI. CONCLUSIONS AND OUTLOOK

To conclude, we have developed a model of NW growth,
which is capable of describing the NW formation domains
and the crystal phase. It has been demonstrated that the
diffusion-induced growth of NWs is strongly influenced by
the GT effect in the drop. A general expression for the NW
growth rate has been obtained and analyzed. We have con-
sidered the nucleation in positions C and TL and derived the
expression for free enthalpy of island formation, accounting
for the change in surface area of liquid-vapor interface. Two
stages of NW growth have been analyzed, and it has been
shown that the growth rate and the crystal structure should
be controlled by the fast nucleation stage rather than by the
growth thermodynamics. We have formulated two general
conditions of NW formation: the liquid supersaturation
should be low enough to enable the diffusion of adatoms
from the substrate and high enough to ensure that the NW
growth rate is actually larger than that of the nonactivated
surface. We then developed a model of NW phase selection,
which is applicable to all NW materials with stable CUB
phase under the bulk form. Furthermore, the results obtained
can be used for the analysis of structural transformations in
nanostructures of other types. We have presented the struc-
tural diagrams and calculated the probabilities of CUB and
HEX phase formations depending on the liquid supersatura-
tion and the material constants. It has been shown that the
formation of the HEX phase requires sufficient gain in the
lateral surface energy ��3%�. Calculations of probabilities
of CUB and HEX phase formations provide the ranges of
deposition conditions with nearly 100% pure structure.
Therefore, the control over the phase purity of NWs by
means of careful tuning of growth parameters must be pos-
sible. We now plan to calculate the liquid supersaturation by
applying the equation of material balance in the drop, which
would extend the present approach to modeling the dynamics
of structural transformation in NWs. We intend to investigate
in more detail the ways of controlling the crystal structure of
Si and III-V NWs. In particular, the results obtained above
can be interpreted in two ways: �1� probability to observe
homogeneous NW in a given phase over the ensemble of
NWs and �2� probability to observe a given proportion of the
two phases within a single NW. We believe that the first
interpretation is directly applicable and the second can be
considered only qualitatively. We utilized the surface and
cohesive energies of fully formed NWs and did not account
for the influence of the structure of preceding layers on the
formation of the upper ones. We plan to modify the present
model to include these effects.

FIG. 7. �Color online� Probabilities of CUB �decreasing blue
curves� and HEX �increasing red curves� phase formations as func-
tions of f at fixed radius �=1.14; �=0.95—solid lines,
�=0.91—dash-dotted lines, �=0.875—dotted lines and
�=0.83—dashed lines.
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