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During the past five years the low-temperature heat capacity of simple semiconductors and insulators has
received renewed attention. Of particular interest is its dependence on isotopic masses and the effect of
spin-orbit coupling in ab initio calculations. Here we concentrate on the lead chalcogenides PbS, PbSe, and
PbTe. These materials, with rock salt structure, have different natural isotopes for both cations and anions; a
fact that allows a systematic experimental and theoretical study of isotopic effects, e.g., on the specific heat.
Also, the large spin-orbit splitting of the 6p electrons of Pb and the 5p of Te, using a computer code which
includes spin-orbit interaction, allows an investigation of the effect of this interaction on the phonon-dispersion
relations and the temperature dependence of the specific heat, and on the lattice parameter. It is shown that
agreement between measurements and calculations significantly improves when spin-orbit interaction is
included.
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I. INTRODUCTION

Considerable effort has been spent recently in the inves-
tigation of the heat capacity C of semiconductors and insu-
lators in the region below the Debye temperature �D, in par-
ticular around 0.1�D, where strong deviations from Debye’s
T3 power law take place. The availability of stable isotopes
has also enabled the investigation of the dependence of C on
one isotopic mass �in monatomic crystals such as C �Ref. 1�,
Si �Ref. 2�, Ge �Refs. 3 and 4�, Sb �Ref. 5�, and Bi �Ref. 6��
or on the isotopic mass of each constituent in polyatomic
compounds, such as GaN �Ref. 7� or ZnO �Ref. 8�. Whereas
the development of efficient computer codes for electronic
band-structure calculations has made possible ab initio cal-
culations of the phonon-dispersion relations and the tempera-
ture dependence of the specific heat.

Although experimental and calculated results for Cv
�Cp �Ref. 9� agree usually reasonably well, it has been re-
cently discovered that considerable discrepancies exist when
heavy constituent atoms are present, e.g., Bi �Ref. 6� or Pb in
PbS �Ref. 9�, and if the Hamiltonian used for the calculation
of the electronic structure does not include spin-orbit �s-o�
interaction. By performing ab initio calculations in which the
s-o interaction is switched on and off, it has been rather
conclusively shown that this interaction “softens” the phonon
frequencies �Refs. 10 and 11� and thus increases the low-
temperature maximum found in Cv /T3 versus T.6

In this paper we present ab initio calculations of the
phonon-dispersion relations of PbS, PbSe, and PbTe based

on the electronic band structure obtained with the ABINIT
code.12 This program enables the inclusion of s-o interaction
separately or jointly for the cation or anion constituents, thus
making it possible to separate the s-o contributions to the
dispersion relation and the heat capacity. The ABINIT pro-
gram determines the dynamical matrix elements by perturba-
tion theory. Once these elements are known, it is a simple
task to calculate the dispersion relations for a given set of
isotopic masses, and thus to determine isotopic effects on the
dispersion relations and the specific heat. Because of the im-
portance of s-o interaction, we have performed the isotope
effect calculations only with s-o interaction included. Within
the range of stable isotopes available in nature �and acces-
sible to our budget�, only mass changes of a few percent are
possible: the resulting variations in the physical properties
are thus linear in the mass changes. Results for PbS have
already been published in Ref. 9. At that time, the ABINIT

code did not properly include s-o interaction for diatomic
polar compounds. We therefore present here similar results
including s-o interaction: the inclusion of this interaction re-
duces the discrepancy between calculated and experimental
values of Cv,p �29%� by a factor of 2. A similar reduction is
found for PbSe, whereas for PbTe the calculated values al-
most exactly agree with the measured data. In this latter case
the effect of the s-o interaction on the maximum of Cv /T3 is
18% �we recall that the s-o interaction softens the phonons
and correspondingly increases Cv /T3 at the maximum�. Glo-
bally, the inclusion of s-o interaction also improves the
agreement between the calculated and the measured �by in-
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elastic neutron scattering �INS�� phonon-dispersion relations
except for the LO phonons in the vicinity of the � point of
the Brillouin zone �BZ�. At this point, the long-range electric
fields associated with the LO phonons lead to some conver-
gence problems which we have not been able to avoid com-
pletely.

In Refs. 9 and 13 we also reported densities of one- and
two-phonon �with the same k value for both, as required to
compare with optical spectroscopy results� states, calculated
for PbS in the absence of s-o interaction. We present here
similar two-phonon spectra obtained for the three lead chal-
cogenides including s-o interaction. The features obtained in
the density of one-phonon states, and their projections on the
constituent atoms, are useful �and very instructive� for the
interpretation of the isotope effects.

We have also looked at the effect of s-o interaction on the
lattice parameter a0 as obtained by energy minimization.
This effect is rather small ��0.2%�. It does not help in re-
ducing the discrepancy between the calculated and the mea-
sured values, which is about 2%.

II. THEORETICAL DETAILS

The calculations of the dispersion relations and the spe-
cific heat were performed with the dynamical matrix ob-
tained from the local-density approximation �LDA� elec-
tronic structure calculations using the ABINIT code.12

Hartwigsen-Goedecker-Hutter relativistic separable dual-
space pseudopotentials were used.14 We performed checks
with LDA and GGA functionals and convinced ourselves
that no significant differences resulted; we therefore used
LDA functionals throughout. For the Pb pseudopotential, we
also checked that our conclusions did not depend on the
inclusion of 5d electrons in the valence bands. This allowed
us to use the pseudopotential as it is given in the ABINIT

website. The implementation of the s-o term has been dis-
cussed in Ref. 11. We investigated cell parameter conver-
gence as a function of energy cutoff and k-grid mesh. With
the cutoff at 60 hartree, the total energy is converged up to
0.5 meV and stresses are lower than 0.006 GPa. The BZ is
sampled using a 6�6�6 Monkhorst-Pack grid.15 Technical
details of the calculations of the phonon-dispersion relations
can be found in Refs. 16 and 17. Prior to obtaining the dy-
namical matrix, the lattice parameter a0 was optimized
through minimization of the total energy. In the calculations
we used this parameter and not the experimental one.

After obtaining the dispersion relations, the phonon free
energy F was calculated with the integral given in Eq. �2� of
Ref. 9. The specific heat was obtained with the expression:

Cv = − T� �2F

�T2�
v
. �1�

After calculating the dynamical matrix elements, we di-
agonalized the Hamiltonian for two different sets of masses
�either cation or anion� differing by about 5%. The resulting
dispersion relations were then used to calculate the deriva-
tives of Cv with respect to either mass. The logarithmic de-
rivatives were also calculated because they can be related to
the corresponding derivative with respect to temperature.

The appropriate relation is given in Eq. �4� of Ref. 9 for the
case of a monatomic crystal. For diatomic crystals such re-
lation is not as simple since both derivatives of Cv versus the
masses of cation and anion must be added in order to obtain
the temperature derivative:

d ln�Cp,v/T3�
d ln MPb

+
d ln�Cp,v/T3�

d ln MX
=

1

2
�3 +

d ln�Cp,v/T3�
d ln T

� ,

�2�

where X=S, Se, or Te, respectively.
When calculating numerically the derivatives above at

very low temperatures ��5 K�, one encounters a conver-
gence problem because of the small values of Cv and T.
Fortunately, the limit T→0 can be obtained analytically by
using the Debye-T3 approximation. The corresponding ex-
pressions are found in Eq. �5� of Ref. 9.

III. EXPERIMENTAL PROCEDURE

Samples of PbX �X=S, Se, Te� were prepared by first
reacting the corresponding pure elements and then subliming
the product in an argon atmosphere.

In order to purify the lead isotope, oxide layers on the
metal pieces were removed by etching in diluted nitric acid
and, in the case of natural lead, by cutting. Subsequently, the
pieces were melted in silica ampoules in hydrogen or argon.
Remaining oxide were stuck to the ampoule wall after rock-
ing and rolling the droplets at temperatures from 400 to
650 °C. The chalcogens were purified by sublimation and
separation of the ampoule portion containing the residues. In
the case of 130Te, we first reduced 130TeO2 with sulfur.18 The
synthesis was performed in argon by increasing the tempera-
ture to �650 °C of the chalcogen. In the sealed silica am-
poule crystal growth took place by sublimation at tempera-
tures of 750–850 °C under excess of the corresponding
chalcogen. This resulted in a cabbagelike growth of the com-
pound on the lead. A few platelets up to 4�4 mm2 were
obtained during 1–2 weeks.19 The preparation and some
properties of the PbS samples were already described. Some
of the measured PbS samples were natural galena crystals.20

The heat capacities were measured between 2 and 280 K
with a physical property measurement system �Quantum De-
sign, 6325 Lusk Boulevard, San Diego, CA� as described in
detail in Ref. 8.

IV. DISPERSION RELATIONS

The phonon-dispersion relations calculated along three
high-symmetry directions of the BZ ��111�, �100�, and �011��
for PbS are shown in Fig. 1 together with INS data of
Elcombe.21 The calculations without s-o coupling were al-
ready published in Ref. 9. Note that the s-o interaction low-
ers all phonon frequencies, bringing the calculations in better
agreement with the experiments except for the LO band
where, on the average, the agreement is similar. As we shall
see later, the decrease in the calculated frequencies raises the
maximum in Cv /T3, thus improving agreement with experi-
mental data.
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Figures 2 and 3 display the dispersion relations of PbSe
and PbTe, respectively, calculated with and without s-o cou-
pling together with experimental data. For both materials we
also observed the decrease in phonon frequencies when the
s-o interaction is taken into account. For PbSe only few ex-
perimental �INS� data points are available.22 Figure 2 pro-
vides some indication that, also in this case, the calculations
with s-o coupling come closer to the experimental data than
those without.

Figure 3 shows calculated �with and without s-o interac-
tion� and measured �by INS at 297 K� phonon-dispersion
relations of PbTe. Again we observed a lowering of nearly all
frequencies induced by taking into account s-o interaction,
which also brings the calculations, in most cases, closer to

the experimental data. The measured TO frequencies are
known to be strongly renormalized downward by the anhar-
monic interaction even at low temperatures. By linearly ex-
trapolating to T=0 the measured dependence of the TO fre-
quency on temperature �from Ref. 25�, we obtained an
unrenormalized �harmonic� TO frequency of �13 cm−1,
rather close to that calculated with s-o interaction
��14 cm−1, cf. Fig. 3�. This low TO frequency for
T�0 K underscores the nearly ferroelectric nature of this
material which would nominally become ferroelectric at
�−70 K.25

A disturbing feature in Figs. 2 and 3 is the dip in the
LO-phonon band around the � point when s-o coupling is
taken into account. Since the direct gap E0 of these materials
depends strongly on s-o coupling �PbS: E0=0 for �=0, E0
=−0.5 eV for �= �1; PbTe: E0=0.32 eV for �=0, E0=
−0.53 eV for �= +1�,27 one might speculate that the fre-
quency anomalies shown in Figs. 2 and 3 are related to errors
in E0 which is also affected by the well-known gap problem
ubiquitous in LDA calculations.28 We have not been able to
analyze this point any further and thus suggest that the cal-
culated dips are due to some as yet unidentified effect of the
s-o interaction, probably related to details of the computer
code. We just made a guess as to how the LO band should
look like once the problem is removed, and represented it by
a dotted red line for both PbTe and PbSe in Figs. 2 and 3.
Because of the small volume of k space encompassed by the
dip ��0.1% of the BZ�, we believe that this problem should
not affect our calculations of heat capacities.

V. PHONON DENSITIES OF STATES AND RAMAN
SPECTRA

The densities of one-phonon states �DOS� for the three
materials under consideration are displayed in Fig. 4, nor-
malized to six states, corresponding to one primitive cell
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FIG. 1. Phonon-dispersion relations of PbS with natural isotope
composition of Pb and S calculated with and without s-o splitting
within the harmonic approximation. The points were obtained by
INS at 300 K �from Ref. 21�. Typically, anharmonic effects should
have lowered them by �2 cm−1.
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FIG. 2. �Color online� Phonon-dispersion relations of PbSe with
natural isotope composition of Pb and Se calculated with and with-
out s-o splitting within the harmonic approximation. The circles
��� were obtained by INS at 300 K �from Ref. 22�. The �red� square
was obtained by tunnel spectroscopy at 4.2 K �Ref. 23�. Typically,
anharmonic effects should have lowered them by �2 cm−1. The
�red� closed circle was obtained by ir transmission at 1.4 K �Ref.
24�. The �red� dotted line suggests how the LO band should look
like �for more details, see text�.
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FIG. 3. �Color online� Phonon-dispersion relations of PbTe with
natural isotope composition of Pb and Te calculated with and with-
out s-o splitting within the harmonic approximation. The �black�
circles were obtained by INS at 297 K �from Ref. 26�. The �red�
squares were obtained by optical spectroscopy at 300 �32 cm−1�
and 5 K �18 cm−1� �Ref. 25�. The �red� dotted line suggests how the
LO band should look like �for more details, see text�.
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�PC�. This figure shows not only the total DOS but also its
projection onto each of the two constituent atoms. A DOS
calculated using the dispersion relations without s-o interac-
tion has already been reported for PbS in Ref. 9. Here we
report only the calculations performed with s-o interaction.

A comparison of the results in Fig. 4 for PbS with those in
Fig. 2 of Ref. 9 �no s-o interaction� clearly shows the shrink-
ing of the width of the phonon bands from 250 cm−1 without
s-o to �235 cm−1 produced by the s-o interaction. Also,
whereas without s-o interaction the vibrations of the two
constituents are almost fully separated in frequency �dividing
line of 112 cm−1�, this is not the case any more if s-o cou-
pling is included. As shown in Fig. 4 for PbS, both types of
vibrations �Pb like and S like� overlap in the region between
100 and 130 cm−1, presumably related to the shrinking of
the phonon bandwidth. In the case of PbSe three bands are
seen in Fig. 4. The low-frequency one, with a strong peak at
�50 cm−1, corresponds to Pb-like vibrations of TA phonons,
whereas the high-frequency one, centered at about
125 cm−1, is LO and TO like and encompasses almost ex-
clusively �95%� of Se vibrations. The third band, centered
around 80 cm−1, is a mixture of LA- and TO-like modes and
encompasses vibrations of both constituent atoms with
nearly the same amplitude. The DOS of PbTe also exhibits
three bands with a “pseudogap” at 60 cm−1 and a second,
although not as deep, at �85 cm−1.The lower band, mainly
TA like with some TO and LA contribution, is predominantly
Pb like, whereas the middle band is about 66% Te like and
33% Pb like. These facts, which will be useful when we
discuss the dependence of the heat capacity on isotopic mass,
are quantitatively represented in Fig. 4 �right vignette�,
which displays the integrated total number of states and their

projections, as a function of frequency. The integrated �total�
phonon states of PbS show clearly the almost complete sepa-
ration of Pb and S vibrations, below 115 cm−1 Pb like and
above S like, and the existence of a central band of mixed
modes in PbSe and PbTe.

Beside the one-phonon DOS just described, we have also
calculated the DOS of two-phonon states with total zero
wave vector �or, equivalently, equal wave vectors�. These
DOS are useful for the interpretation of second-order Raman
scattering since first-order Raman scattering is forbidden �cf.
Ref. 13�. Two kinds of second-order processes are possible:
one in which the frequencies of the two phonons add �sum
processes� and the other in which they subtract �difference
processes�. We calculate the DOS for both. In Raman scat-
tering, sum processes are present even at T=0 and increase
with increasing temperature according to the appropriate sta-
tistical factors. Difference processes have vanishing intensity
at T=0 and can only be observed with increasing tempera-
ture. We display in Fig. 5 the densities of two-phonon states
for such sum and difference processes. Note that they are
normalized to 36 states �6�6 states per PC� for the former
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FIG. 4. �Color online� �Left� ��a�–�c�� Phonon density of states
�PDOS� of PbS, PbSe, and PbTe from top to bottom, respectively.
The projections of the PDOS on the two constituents are shown by
the dashed lines. red: Pb projection; blue: projection on S, Se, and
Te, respectively. �Right� ��a�–�c�� Integrated PDOS �solid black
line� showing the total number of states and their projections on the
cation �red line� and the anion �blue line� constituents. 0 100 200 300 400 500
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FIG. 5. �Color online� ��a�–�c�� Densities of two-phonon states
�sum and difference� for PbS, PbSe, and PbTe from top to bottom,
respectively, with zero total k vector. Notice that for the sums the
curves are normalized to 36 states �6�6 states per PC�. For the
differences they are normalized to 15 states �6�5 /2 states per PC�.
The blue arrows mark the structure which is weakly �except for
strong 430–460 cm−1 peaks� observed in the Raman spectrum of
PbS �at �150, 180, 205, 220, 250, 320, 340, 430, and 460 cm−1�
�Ref. 13�. The green arrows indicate possible structure related to the
spectra published in Refs. 29 and 30 for PbSe.
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and to 15 states �6�5 /2� for the latter by the factor of 2
corresponding to the separation of Stokes and anti-Stokes
spectra. The blue arrows mark structure which is weakly
observed �except for the strong 430–460 cm−1 peaks� in the
Raman spectrum of PbS �at �150, 180, 200, 220, 250, 320,
340, 430, and 460 cm−1�.13 The green arrows indicate pos-
sible structure related to the spectra published in Refs. 29
and 30 for PbSe. No structure has been identified as corre-
sponding to phonon differences although the band seen in
Fig. 5 at �40 cm−1, which seems to correspond to differ-
ences of TO and LA phonons �see Fig. 1�, should increase
strongly with temperature and be identifiable with a good
spectrometer that covers, with little straight light, the corre-
sponding region.

Second-order Raman spectra of PbSe and PbTe are rather
scarce in the literature. Some data are available for PbSe
films grown on BaF2 �Ref. 29� and for bulk PbSe �Ref. 30�
with a small amount of Sn replacing Pb. A doublet is ob-
served at 265–300 cm−1 which corresponds to structure in
the sum spectrum of Fig. 5 �see �green� arrows� and is rather
similar to the doublet described above for PbS
�430–460 cm−1�. The �green� arrows at 100, 135, 175, 265,
and 290 cm−1 also correspond to structure seen in the ex-
perimental spectra although it is not clear whether the
135 cm−1 structure is due to scattering by two phonons or
forbidden scattering by one LO phonon.13 A peak is also
observed in the measured spectra at �90 cm−1 �Ref. 29�. It
has been attributed by the authors of Ref. 29 to difference
scattering �LO-TO� although, according to Fig. 5, it could
also be related to the peak in the sum DOS. Without mea-
surements of the temperature dependence of this peak, it is
not possible to clarify the assignment. The Raman data avail-
able for PbTe seem to be of poor quality because of segre-
gation at the surface of TeO2 and other compounds: the only
structure that is clearly identifiable corresponds to a single
LO phonon ��120 cm−1�.31

VI. HEAT CAPACITIES

Figure 6 displays the heat capacities of PbX �X
=S, Se, Te� with the natural isotope composition on either
constituent. For comparison, literature data are also shown.
We have chosen to plot the measured Cp �and the calculated
Cv� so as to be able to read the data from the plots above
�50 K with some accuracy. Below �50 K the heat capaci-
ties become rather small and it is more convenient to plot
Cp,v /T3, as will be done in the subsequent figure. Notice that
at the highest temperatures in Fig. 6, the heat capacities tend
to the Petit-Dulong limit ��50 J /mol K�. The agreement be-
tween experimental and calculated results is excellent al-
though it is not possible, in these plots, to see the advantage
of using in the calculations a Hamiltonian with s-o interac-
tion. Such advantage only appears below 50 K, especially in
the region where Cp /T3 has a maximum.

Figure 7 displays the temperature dependence of Cv,p /T3

as measured in the 2–60 K range and calculated with and
without s-o interaction for PbS and PbSe, with all constitu-
ents having the natural isotope abundance. The data for PbS
are identical to those published in Ref. 9.

It is of interest to compare the effect of the s-o interaction
on the calculations of Fig. 7 with that found for bismuth
�Ref. 6� which has a s-o interaction similar to that of lead.
The maximum in Cv /T3 calculated for Bi without s-o inter-
action is 20% below the measured one. Inclusion of s-o in-
teraction yields a maximum of 7% higher than the measured
one, i.e., 27% higher than that calculated without s-o
interaction.6 The strong s-o effect calculated for Bi may re-
sult from the fact that there are two equal atoms per PC of Bi
whereas for the lead chalcogenides there is only one heavy
atom �Pb� per PC.

Figure 7�b� displays Cp /T3 as measured for three samples
of PbSe with different isotopic compositions together with
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FIG. 6. �Color online� Temperature dependence of the heat ca-
pacities of PbX �X=S, Se, Te� from top to bottom, respectively,
measured by us and other authors. The results of our ab initio cal-
culations, which include s-o interaction, are shown by �blue� solid
lines. Literature data have been taken from Refs. 33–36, as
indicated.
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three curves for Cv /T3 calculated with different contributions
of the s-o interaction and with no s-o interaction. The pur-
pose of this exercise was to identify the separate effects of
the s-o interactions of Pb �atomic s-o splitting of the 6p
electrons �Pb=1.27 eV� and Se ��Se=0.42 eV �Ref. 32��.
The calculations in Fig. 7�b� correspond to full s-o interac-
tion, interaction only for Pb, and interaction only for Se.
Notice that the calculation with only the s-o coupling of Se is
rather close to that with no s-o coupling at all. The s-o effect
on Cv is roughly proportional to the square of the s-o cou-
pling parameter �cf. Ref. 6� which for the valence electrons
of Pb is three times bigger than that of Se. Hence, the effect
of the s-o of Se alone is expected to be �10 times smaller
than that of Pb, i.e., unnoticeable in Fig. 7. However, Cv /T3

with s-o coupling for both constituents is slightly larger
��3%� than if only the s-o interaction of Pb is included. This
suggests the presence of bilinear terms in the corresponding
perturbation expression. In order to quantify these effects, we
define three partial contributions cPb, cSe, and cPb−Se, which
represent the contribution to the s-o effect quadratic in the
s-o of Pb, in that of Te, and the bilinear contribution. A fit of
these effects on Cv /T3 shown in Fig. 7�b� yields

cPb = 99.6 	J/mol K4, cSe � − 3 	J/mol K4,

cPb−Se = 76.2 	J/mol K4. �3�

Obviously, the bilinear term cPb−Se plays a rather impor-
tant role in the perturbation expansion, almost as important
as the quadratic term. This suggests the detailed investigation
of a material with a larger s-o coupling for the anion, such as
PbTe ��Te=0.86 eV, Ref. 32�. The temperature dependence
of Cp /T3 measured for samples with several isotopic compo-
sitions in the 3–14 K region, where the maximum occurs, is
shown in Fig. 8. As already suspected, bilinear effects are
large. They can be elucidated by multiplying the s-o Hamil-
tonian corresponding to the two constituents by two param-
eters: �Pb and �Te, respectively. Full s-o interaction is ob-
tained for �Pb=�Te= +1. Information about bilinear �and also
cubic, cf. Ref. 6� terms is readily obtained by reversing the
sign of one of either �Pb or �Te. Additional information con-
cerning the perturbation expansion of Cp /T3 versus s-o in-
teraction is obtained by setting one of either �Pb or �Te equal
to zero, the other equal to one.

Figure 8 shows the experimental points for Cp /T3 of PbTe
obtained with the isotopic compositions given in the inset.
The vertical scale is not wide enough to see differences for
the various isotopes: such differences will be discussed later.

0

500

1000

1500
nat

Pb
nat

S

ab initio

�
Pb

=1 �
S
=1

�
Pb

=0 �
S
=0

C
p
/T

3
(�

J
/m

o
lK

4
)

0 10 20 30 40 50 60
0

500

1000

1500

2000

C
p
/T

3
(�

J
/m

o
lK

4
)

T (K)

nat
Pb

nat
Se

nat
Pb

76
Se

208
Pb

nat
Se

ab initio

�
Pb

=1 �
Se

=1

�
Pb

=0 �
Se

=0

�
Pb

=0 �
Se

=1

�
Pb

=1 �
Se

=0

(a)

(b)

FIG. 7. �Color online� �a� Heat capacity of PbS divided by T3.
The �black� circles represent our experimental data �from Ref. 9�.
The �black� solid lines represents the ab initio calculations with s-o
interaction for Pb and S, respectively ��Pb=�S=1�. The red
�dashed� line represents the ab initio calculation with s-o interaction
left out ��Pb=�S=0�. Note that for the calculations without s-o the
maximum lies 27% below the measured one. Inclusion of s-o inter-
action reduces the discrepancy by a factor of 2. For the three curves
�experimental and ab initio�, the maxima occur at �12.5 K. �b�
Measured Cp /T3 for three PbSe samples with different isotopic
compositions as explained in the inset. The heat capacities of the
three samples with different isotope composition are almost indis-
tinguishable. The results of the ab initio calculations are represented
by the �red� dashed, the �green� dotted, and the �blue� and �black�
solid lines, in which the latter two are almost indistinguishable, i.e.,
the effect of s-o interaction of only Se is not noticeable while there
is a significant increase near the maximum of Cp /T3 �Tmax

�11.3 K� if s-o interaction for Pb is taken into account ��red�
dashed and �green� dotted lines. For more details, see inset�.

FIG. 8. �Color online� �a� Heat capacity of PbTe divided by T3.
The symbols represent our experimental data for various isotope
compositions �cf. lower inset�. The �black� solid line represents the
ab initio calculations with s-o interaction for Pb and Te, respec-
tively ��Pb=�Te=1�. The �colored� solid lines represent the ab initio
calculations with various combinations of the s-o interaction in-
cluded �cf. upper inset, from top to bottom in the same order as in
the figure�. Literature data have been taken from Ref. 36, as
indicated.
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The experimental maximum occurs at �8.5 K, nearly inde-
pendently of isotopic composition. In order to check the
separate effects of �Pb and �Te on the ab initio calculations
of Cv /T3 we have multiplied the s-o interaction of Pb and Te
by �Pb and �Te, respectively. We have then performed calcu-
lations for the six �after subtracting �Pb=�Te=0� sets of val-
ues of these separate parameters, as was done in the case of
bismuth in Ref. 6 �only for a single � corresponding to bis-
muth since there we dealt with a monatomic crystal�. The
seven sets of values of �Pb and �Te used, also given in the
inset of Fig. 8, are: �1,1�, �1,−1�, �−1,1�, �−1,0�, �1,0�,
�−1,−1�, and �0,0� for ��Pb,�Te�. We have fitted the values of
Cv /T3 at 9 K �the vertical line in Fig. 8� after subtraction of
the value for ��Pb=�Te�=0 �i.e., without s-o interaction for
both constituents� to four parameters chosen as follows:

Cv/T3��Pb,�Te� − Cv/T3��Pb = 0,�Te = 0�

= �Pb
2 c1 + �Te

2 c2 + �Pb�Tec3 + �Pb
3 c4. �4�

With five calculated values of Eq. �4� and four fitting
parameters, the corresponding values of ci are overdeter-
mined and only an approximate fit is expected.

By minimizing the corresponding variance we found the
values of ci given in Table I together with the calculated
values of Cv /T3 ��Pb,�Te� and the fitted ones. The fit with
four parameters of the five data seems to be reasonable and
thus the perturbation expansion of Eq. �4� is acceptable. Like
in the case of PbSe discussed above, the quadratic term c1 is
close to the bilinear one c3. Also like in the case of Bi, with
a s-o 6p splitting similar to that of Pb �Ref. 32�, a cubic term
is needed to represent the calculated results.6

VII. DEPENDENCE OF THE HEAT CAPACITIES ON THE
ISOTOPIC MASS

The derivatives of Cv,p /T3 with respect to the isotopic
masses of either Pb or S in PbS have been presented in Ref.
9, obtained experimentally and by ab initio calculations. Al-
though the calculations were performed without s-o cou-
pling, the scatter of the experimental data, due to the small

range of isotopic masses available, does not warrant a rep-
etition of the calculations with s-o coupling. We shall present
here similar results for PbSe and PbTe with the ab initio
calculations including s-o interaction. Figure 9 displays the
results obtained for PbSe using the isotopic samples given in
the inset.

A model for relating the position in the maxima of Figs. 9
and 10 was presented in Ref. 9. It made use of a single
Einstein oscillator to represent prominent peaks in the one-
phonon DOS �Fig. 4�. The peak of the mass derivatives

TABLE I. Expansion, c1�Pb
2 +c2�Te

2 +c3�Pb�Te+c4�Pb
3 , used to

quantify the contributions to the quantity Cp /T3�9 K� if s-o cou-
pling for either Pb ��Pb=1� or Te ��Te=1� is taken or not taken
��Pb=�Te=0� into account �cf. Eq. �4��. The values of the coeffi-
cients ci that optimally fit the data are: c1=247.5 	J /mol K4, c2

=64.2 	J /mol K4, c3=287.25 	J /mol K4, and c4

=−50.62 	J /mol K4.

c1�Pb
2 +c2�Te

2 +c3�Pb�Te+c4�Pb
3

�Cp /T3�9 K�
�	J /mol K4�

Calcul. Experim.

c1+c2+c3+c4 548.3 565.7

c1+c4 196.9 162.0

c2 64.2 29.3

c1+c2−c3+c4 −26.2 −8.8

c1+c2−c3−c4 75.0 75.0

0

2

4

6

�
C

p
/T

3
(�

J
/m

o
lK

4
)/

�
m

0

2

4

6

�
C

p
/T

3
(�

J
/m

o
lK

4
)/

�
m

0

2

4

6

�
C

p
/T

3
(�

J
/m

o
lK

4
)/

�
m

0 10 20 30 40 50
0

10

20

d
(C

v
,p
/T

3
)/

d
M

(�
J
/m

o
lK

4
)

T (K)

(a)

(b)

FIG. 9. Derivatives of Cv,p /T3 of PbSe with respect to the iso-
topic masses of �a� Pb and �b� Se as measured using samples of
different isotopic compositions compared with ab initio calculations
for various isotope masses with s-o interaction included.
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FIG. 10. Derivatives of Cv /T3 of PbTe with respect to the iso-
topic masses of �a� Pb and �b� Te as measured using samples of
different isotopic compositions compared with ab initio calculations
for various isotope masses with s-o interaction included.
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�Figs. 9 and 10� takes place at the Einstein frequency �con-
verted into temperature by multiplying by 1.44� divided by
6.25. Using this procedure, we found for the maximum in
Fig. 9 at 9 K �MPb derivative� an Einstein frequency of
40 cm−1 which corresponds fairly well to the strongest peak
seen in Fig. 4 for PbSe. For the Se derivative we found an
Einstein frequency of 90 cm−1, in good agreement with the
Se-like peak seen in Fig. 4. Using the same procedure for
Fig. 10 we found from the MPb derivative the Einstein fre-
quency of 28 cm−1, which also corresponds rather well to
the sharp Pb-like peak of Fig. 4 for PbTe. For the MTe de-
rivative we estimated an Einstein frequency of 38 cm−1,
which agrees with the maximum in the Te projection of the
DOS in the corresponding vignette of Fig. 4 �lowest band of
PbTe�. This contribution of Te to the mass derivative in the
acoustic branch occurs because of the considerable contribu-
tion of the anion vibrations in this region, as displayed in
Fig. 4. A similar anion contribution is negligible in the cases
of PbSe and PbS.

Since most of the Te weight to the DOS is in the optical
phonon region �90 cm−1, Fig. 4�, there should also be a cor-
responding peak or band in the lower vignette of Fig. 10. The
experimental data in this region scatter too much to allow
observation of this peak. The calculated curve, however,
should exhibit some structure in this region. Although it is
hard to see it in Fig. 10, it is possible to detect it if the
derivative with respect to T of the mass derivative is plotted.
This is done in Fig. 11. In the lower vignette of this figure,
concerning the MTe, we see indeed weak structure between
20 and 40 K which corresponds to the upper PbTe band of
Fig. 4 �90 cm−1�1.44 /6.2=21 K�.

VIII. TEMPERATURE DEPENDENCE AND ISOTOPIC
MASS DEPENDENCE OF CV,P ÕT

3

As already mentioned, the dependence of Cv /T3 and
Cp /T3 on isotopic mass, or more precisely the corresponding
derivatives, can be obtained from the temperature depen-
dence of Cv,p /T3 in the case of monatomic materials. The
corresponding relation for diatomic materials has been given
in Eq. �2�. The correctness of this equation has been demon-
strated in Fig. 10 of Ref. 9 for PbS. In Fig. 12 we present one
further example corresponding to PbSe.

The �red� dashed-dotted curve represents the derivative of
the calculated logarithmic derivative of Cv /T3 versus T. The
green and blue curves represent the corresponding isotopic
mass derivatives as found in Eq. �2� �obtained from the cal-
culated data ��Pb=�Te=1��. �The experimental data scatter
too much to obtain meaningful results.� The black curve is
the sum of these derivatives. According to Eq. �2�, the black
and red curves should be indistinguishable. This is indeed the
case for T
30 K. At lower temperatures the scatter of cal-
culated and measured points becomes rather large because
both Cv,p and T3 are very small. Nevertheless reasonable
agreement is found. It is interesting to note that a change in
the Pb mass strongly affects the T dependence of Cv /T3

around 5 K whereas the change in the Se mass affects that T
dependence in the 30–50 K region.

IX. CONCLUSIONS

We have presented theoretical and experimental investiga-
tions of some lattice properties of three lead chalcogenides
�PbS, PbSe, and PbTe� with rock salt structure. Because of
the presence of lead, these materials provide an excellent
case study for the elucidation of the effects of spin-orbit
interaction on lattice properties as derived from ab initio
electronic structure calculations. Among other properties that
have been investigated are the lattice parameters, the
phonon-dispersion relations, the heat capacity, and their de-
pendence on isotopic masses. The effect of spin-orbit inter-
action on the lattice parameters is less than 1% and can be
neglected compared with other sources of computational er-
ror. Its effect on the lattice dynamics and the corresponding
low-temperature heat capacities is considerable. For these
properties spin-orbit interaction significantly improves the
agreement of theory with experiment. Because of the large
scatter in the effect of isotope masses on the heat capacity
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FIG. 11. Derivative with respect to T of the calculated curve of
Fig. 10 �lower vignette�, showing a weak band in the 20–40 K
region which corresponds to the Te-like band in Fig. 4 for PbTe. See
text.

FIG. 12. �Color online� Illustration of the relationship between
the temperature dependence of Cv,p /T3 and its dependence on the
isotopic masses of both constituent atoms drawn from ab initio
calculated data for PbSe with natural isotope abundance for Pb and
Se, respectively. The �black� circles represent experimental data for
the temperature dependence �dln�Cv,p /T3� /dlnT�, the �black� solid
line represent the left-hand side of Eq. �2�. The other quantities are
explained in the inset.
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related to the small range of isotope mass available, spin-
orbit interaction does not play an important role in the com-
parison of theoretical and experimental data for the isotope
mass dependence of the heat capacity. This dependence can
be modeled on the basis of two Einstein oscillators.

We have calculated, from the ab initio phonon-dispersion
relations, the corresponding density of one-phonon states and
those of two-phonon states relevant for optical spec-
troscopies. The latter have been compared with few extant
second-order Raman spectra of these materials.
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