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In this paper, a two-ion model for rare-earth antiferromagnets is proposed and employed to describe the
magnetic behavior of HoNi2B2C and DyFe2Si2 at low temperatures. The calculated temperature dependence of
the susceptibilities and magnetizations along the hard and easy directions, respectively, shows very good
agreement with experimental results.
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I. INTRODUCTION

The RNi2B2C compounds have attracted great research
interest because of their interesting superconducting and
magnetic properties.1–7 In these materials, the superconduct-
ing transition temperature TC is usually very close to the
antiferromagnetic ordering temperature TN. Consequently,
comparable values of the magnetic and superconducting con-
densation energies yield strong interplay between the super-
conductivity and magnetic orderings, which was studied ex-
tensively by many authors.8–15

RNi2B2C crystallizes in the tetragonal structure, in which
the R-C layers alternate along the c axis with the Ni2B2
layers.16–18 Magnetic ordering in this system arises solely
from the exchange interaction between the rare-earth ions
bearing the localized 4f electron magnetic moments. No or-
dered magnetic moment has been detected on the Ni site.19

Among the members of the RNi2B2C family, HoNi2B2C
exhibits the most interesting and complex superconducting
properties. It begins to superconduct at about 8 K, then
returns to the normal state at 5 K, and later re-enters
the superconducting state again with further decreasing
temperature.15 Obviously, these features are closely related to
the magnetic phenomena in the vicinity of the magnetic or-
dering temperature.9,10 Below the ordering temperature of
8.5 K,19 the Ho moments in HoNi2B2C order antiferromag-
netically with two coexisting antiferromagnetic structures
�a dominant one commensurate and a minor one incommen-
surate�. However below 5 K where the superconductivity is
re-entrant, only the commensurate antiferromagnetic struc-
ture exists.19 The Ho moments in each Ho-C layer order
ferromagnetically, and the adjacent bilayers are coupled an-
tiferromagnetically along the c axis. The ordered Ho moment
was observed to be 8.62�6��B at a very low temperature by
Skanthakumar et al.19

To describe the low-temperature metamagnetic phase dia-
gram of HoNi2B2C, Amici et al.8 proposed a microscopic
theory and obtained good agreement with experiments. They
indicated that the complex behaviors of the system originate
from the competition between the crystalline electric field
and the Ruderman-Kittel-Kasuya-Yosida �RKKY� interac-
tion, no essential influence of superconductivity has been
involved in the magnetic process of this material.

On the other hand, in order to study the magnetic proper-
ties of RNi2B2C system quantitatively, Gasser et al.20 con-

ducted inelastic neutron scattering to determine the crystal-
field �CF� parameters �CFPs� for the compounds with R
=Ho, Er, and Tm. These parameters were then used to esti-
mate the CFPs of other members of the family with extrapo-
lation approach.21 Using the CFPs such obtained, they fur-
ther calculated the susceptibilities and magnetic specific
heats of HoNi2B2C, ErNi2B2C, and TmNi2B2C to make
comparison with experimental results.20 Indeed, their calcu-
lated susceptibilities are well consistent with the measured
data above the magnetic transition temperatures. However
below TN, their theoretical susceptibility curves in external
magnetic fields along the easy axis tend to extremely large
values, showing evident deviations from the experimental
results.

As observed in the susceptibility curve of HoNi2B2C
measured in an external magnetic field within the easy ab
plane,20,22 the susceptibility increases gradually from zero
well below the Néel temperature; it reaches the maximum at
TN=5.7 K,22,23 then attenuates continuously with further in-
creasing temperature. This result indicates that at tempera-
tures well below TN, the material remains antiferromagnetic
even in a weak external magnetic field; as the temperature
rises, the magnetic moments antiparallel to the external mag-
netic field are gradually rotated by the external force to the
field direction.

Generally speaking, the above magnetic process actually
occurs in all rare-earth antiferromagnets at low temperatures,
as, for example, observed in DyFe2Si2. This material crystal-
lizes in the body-centered tetragonal crystal structure of the
ThCr2Si2 type, in which the Dy, Fe, or Si layers are stacked
alternatively along the c axis.24 Powder neutron-diffraction
experiment has observed that the Dy moments are sine
modulated with the propagation vector k= �0.335,0 ,0.135�
below Néel temperature TN�=3.9 K�.25 No magnetic moment
was detected on the Fe sites as confirmed by 57Fe and 161Dy
Mössbauer spectroscopy.26–28

Recently, Mihalik et al.29 measured the magnetization, ac
susceptibility, and specific heat on a single-crystal sample of
DyFe2Si2 in external magnetic fields. Using the CFPs deter-
mined by fitting the experimental susceptibility, they calcu-
late the magnetizations of the material in external magnetic
fields up to 14 T along the c axis and in the basal plane at
T=2 and 20 K, respectively.

Inspecting the magnetization curve measured in an exter-
nal field exerted along the c direction at T=2 K, the magne-
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tization increases gradually from zero, passing a metamag-
netic transition �MT� around 1 T, and becomes almost
saturated in a higher field. This behavior also suggests that in
a weak external magnetic field below the MT the material be
still antiferromagnetic; only when the magnetic field is suf-
ficiently strong, the moments which are antiparallel to the
magnetic field can be totally rotated by the magnetic field to
its direction.

To generate the magnetic ordering of a rare-earth magnet
below the magnetic transition temperature theoretically, the
RKKY exchange interaction between each pair of the neigh-
boring magnetic ions must be considered. Especially, to
mimic the magnetic process of an antiferromagnet below TN
just described above, the single-ion model is obviously inad-
equate. To solve the problem, we developed a two-ion model
as underlined below and used it to the two systems. For
DyFe2Si2, we have derived analytic formulas for the magne-
tization of the material with the lowest CF states; whereas
for HoNi2B2C, we have only conducted numerical
computations.

II. TWO-ION MODEL

In this model, the rare-earth ions A and B are all subject to
the interaction of the crystal electric field �CEF� formed by
the surrounding electric charges; the A ion interacts with
another A ion and a B ion nearby through RKKY exchange
interaction with coupling constants �11 and �12, respectively;
the B ion with another B ion and the A ion nearby with
coupling constants �22 and �21, respectively. That is, the A
and B ions form two sublattices, which are coupled together
by �12 and �21. Hence, the Hamiltonians of the system with
two sublattices are expressed with

H�A� = HCF − �11J · �J�A�� − �12J · �J�B�� − �BgJB · J ,

H�B� = HCF − �22J · �J�B�� − �21J · �J�A�� − �BgJB · J . �1�

Actually, the present model can be derived from that previ-
ously proposed by Amici8 if we only consider the RKKY
exchange coupling among the nearest rare-earth magnetic
ions. For convenience, we chose �11=�22=�1 and �12=�21
=�2. For HoNi2B2C they were found to be �1=0.08 K and
�2=−0.10 K, respectively, by fitting its measured suscepti-
bility curves and TN.22,23 In Amici’s paper,8 the two coupling
parameters �1 and �2 were denoted as J0 and J1, respec-
tively, and their calculations gave J0=4.8�10−3 meV
=0.06 K and J1=−8�10−3 meV=−0.09 K, which are
very close to those we presented above. Obviously, the posi-
tive value of �1 suggests the Ho ions in the same Ho-C layer
be coupled ferromagnetically; the negative value of �2 means
that the ions in the adjacent layers coupled antiferromagneti-
cally.

III. APPLICATION TO HoNi2B2C

Even though the Hamiltonians of the two ions are coupled
together through �JA� and �JB�, they were actually diagonal-
ized separately to calculate �JA� and �JB�, respectively, in
each loop during iterations. Using the crystal-field param-

eters A2
0=−14.5 meV, A4

0=2.3 meV, A4
4=−71.4 meV,

A6
0=−0.42 meV, and A6

4=11.7 meV for HoNi2B2C, which
were determined by Gasser et al.20 in a neutron-scattering
experiment, we first calculated the spontaneous magnetiza-
tions of the two sorts of Ho ions at low temperatures as
depicted in Fig. 1. The material exhibits strong anisotropy
below TN; its magnetic moments only order spontaneously in
the ab plane in the absence of external field. Our calculated
magnetization MA of the A ion is always positive, but MB of
the B ion is always negative below the Néel temperature,
manifesting the antiferromagnetic nature of the rare-earth
magnet. At T=0.1 K, the spontaneous magnetization is
found to be 6.77�B per Ho ion, which is considerably lower
than the experimentally observed value of 8.62�6��B de-
tected by Skanthakumar et al.,19 demonstrating that both the
magnetic and superconducting states are very sensitive func-
tions of the sample composition.30,31 Actually, the different
Néel temperatures, from 5.1 to 9.8 K, were reported for
HoNi2B2C by several research groups.19,22,32 Obviously, the
magnetic moment of a sample with TN=8.5 K �Ref. 19�
should be larger than a sample with TN=5.7 K �Refs. 22 and
23� at the same temperature.

With the CFPs and the exchange coupling constants given
above, we further calculated the susceptibilities in external
magnetic fields of 0.01 T exerted along the a and c axes,
respectively; such obtained results are depicted as functions
of temperature in Fig. 2 in comparison with the experimental
data.22 The theoretical curves along the two directions show
very good agreement with the experimental ones. Especially,
our theoretical curve along the easy a axis starts to grow
from almost zero at very low temperatures, increases gradu-
ally with the rising temperature, exhibits a sharp peak at TN,
and then decays afterwards as observed in the experiment.

To understand the complicated magnetic process involved
at low temperatures for the antiferromagnet, we also calcu-
lated the susceptibilities of the two sublattices separately, and
then the overall values, that is, the sum of the two sublat-
tices, in an external magnetic field of 0.01 T applied along
the easy a direction. The theoretical results are displayed as
the functions of temperature in Fig. 3. As shown in the fig-
ure, the magnetic moment of the A ion always orders along
the a axis, that is, parallel to the external magnetic field; the

FIG. 1. The calculated magnetizations of the A and B sublattices
of HoNi2B2C plotted as functions of temperature in the absence of
external magnetic field. Here the exchange constants �1=0.08 K
and �2=−0.10 K are used.
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susceptibility of the A sublattice decays gradually from
597.81�10−3 cm3 /g at T=0.1 K, an extremely larger value
than the experimental value, to 4.46�10−3 cm3 /g while the
temperature is rising to T=5.7 K. On the other hand, the
magnetic moment of ion B orders along the negative a axis,
that is, antiparallel to the external field direction below TN;
the susceptibility of the B sublattice starts from −597.55
�10−3 cm3 /g at T=0.1 K, which slightly differs from that
of the A sublattice at the same temperature, and then attenu-
ates continuously due to the disturbance of increasing tem-
perature; it jumps suddenly from a negative value −116.23
�10−3 cm3 /g at T=5.6 K to 4.05�10−3 cm3 /g at T
=5.7 K and then decreases slowly. The relatively very large
opposite moments of the two sublattices offset at low tem-
peratures. As a result, the overall susceptibility of the anti-
ferromagnet exhibits much smaller and reasonable magni-
tude below TN, it increases gradually from zero with the
rising temperature, reaches a maximum at TN, and then

abates afterwards, as shown in Fig. 2 and the inset of Fig. 3.
However, when the external magnetic field of the same
strength is exerted in the hard c direction, the theoretical
susceptibilities for the two sublattices were found to be same
in the whole temperature range; thus the overall susceptibil-
ity is simply equal to two times of each sublattice as dis-
played in Fig. 2, meaning that the A and B sublattices re-
spond to the external magnetic field with same sensitivity.

To further test our two-ion model and demonstrate its util-
ity, we also calculated the susceptibilities of the compound in
an external magnetic field with strength of 0.1 T applied in
the a and c directions, respectively. The theoretical results
are displayed in Fig. 4 in comparison with the experimental
data obtained by Ribeiro et al.23 Our calculated curves along
the two directions exhibit the tendency and magnitude very
similar to the experimental ones. The small deviation in the a
direction might be attributed to the different samples used in
experiments. As indicated by Lynn and Schmidt et al.,30,31

the magnetic and superconducting properties of HoNi2B2C
are very sensitive to the sample composition.30,31

IV. APPLICATION TO DyFe2Si2

With the crystal-field parameters A2
0=329 K, A4

0=−3 K,
A4

4=−130 K, A6
0=19 K, and A6

4=160 K determined by Mi-
halik et al.29 for the compound, the ground CF level is found
to be a doublet,

��1,2
�0�� = a��

15

2
� + b��

7

2
� + c��

1

2
� + d��

9

2
� , �2�

where a=0.996 46, b=−0.084 09, c=0.001 09, and
d=−0.0007; the first excited CF level is also a doublet,

��3,4
�0�� = r��

13

2
� + s��

5

2
� + t��

3

2
� + u��

11

2
� , �3�

with r=0.994 17, s=−0.107 81, t=−0.001 08, and u
=0.000 28 situated at �1

�0�=33.019 K above the ground CF
level; and the second exited CF level is a doublet as well,

FIG. 2. The calculated susceptibilities of HoNi2B2C plotted as
the functions of temperature with external magnetic fields applied
in the a and c directions, respectively, in comparison with experi-
mental results �Ref. 22�. Here �1=0.08 K and �2=−0.10 K are
used.

FIG. 3. The calculated susceptibilities of A and B sublattices, as
well as their sum values of HoNi2B2C plotted as the functions of
temperature with the external magnetic field applied in the a direc-
tion. Here �1=0.08 K and �2=−0.10 K are used.

FIG. 4. The calculated susceptibility curves of HoNi2B2C at low
temperatures in comparison with experimental results �Ref. 23�,
where the external magnetic fields, B=0.1 T, are applied in the a
and c directions, respectively, �1=0.08 K and �2=−0.10 K are
used.
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��5,6
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�

− 0.001 97��
5

2
� − 0.000 64��

13

2
� , �4�

with eigenenergy �2
�0�=127.853 K.

Carefully inspecting the CF states, we believe the mag-
netic process of the material in the easy c direction at low
temperatures is mainly governed by the two lowest CF
states. Taking these two states ��1,2

�0�� as bases for the two-ion
Hamiltonians, it is easy to find that the wave functions of the
A and B ions remain unchanged, that is, ��1,2

�A,B��= ��1,2
�0��, re-

spectively, even under the interaction of the molecular field;
however the two original CF states are shifted to 	1,2

�A,B�

= �
FA,B�T�, respectively, where 
=7.5a2+3.5b2−0.5c2

−4.5d2=7.471 74, FA�T�=�1�JA�+�2�JB�+�BgJB, and
FB�T�=�1�JB�+�2�JA�+�BgJB. Here the RKKY exchange
constants were found to be �1=0.01 K and �2=−0.06 K,
respectively, by fitting the measured magnetization curves
and the TN of the material. Through many steps of algebraic
manipulations with quantum theory, we derived a formula
for the thermally averaged total angular moment,

�JA� = 
 tanh� 
FA�T�
kBT

	 , �5�

for the A ion. Following the same steps, we have also got

�JB� = 
 tanh� 
FB�T�
kBT

	 �6�

for the B ion.
Having Eqs. �5� and �6� we are able to estimate TN theo-

retically. In zero external field, when T→TN, �JA�=−�JB�
→0, thus FA�T�=FB�T�→0 as well. Using tanh�x�
x− x3

3
as �x��1 and by omitting the last term, we then have

TN =

2��1 − �2�

kB
. �7�

Substituting the values of 
 and ��1−�2� into this formula,
we obtain the Néel temperature TN=3.908 K precisely for
the antiferromagnet. With Eqs. �5� and �6�, we can also de-
termine the initial values of Mc

�A� and Mc
�B� theoretically. At

T=0, the magnetic process is solely governed by the new
ground state. Thus the magnetization

�Mc
�A�� = − �Mc

�B�� = �BgJ��2
�A��Jz��2

�A�� = 
gJ�B = 9.962�B,

�8�

which is also the exact value we obtained numerically.
Varying the external magnetic filed B exerted in the c

direction from zero to 8 T, we calculated the magnetization
of the material at T=2 K with Eq. �5�, Eq. �6�, and the
expressions of FA,B�T�, as shown in Fig. 5 in comparison
with experimental results. To understand the magnetic pro-
cess involved, we also display our calculated magnetization
curves of the two ions and their averaged value as the func-
tions of the external field in the inset of the figure. The mo-
ment of the A ion always orders in the c direction; it drops

first from 9.543�B to 7.618�B as the field approaches from
approximately 0 to 0.62 T due to its coupling with the B ion,
it then increases gradually and becomes saturated above 2.2
T. On the other hand, when the external field is weaker than
0.5 T, the magnetic moment of the ion B orders in the oppo-
site c direction, but its value increases continuously, suggest-
ing that the moment be gradually rotated to the c direction by
the external field. Afterwards, it still keeps increasing and
becomes identical with that of the A ion above 0.6 T. Con-
sequently, the averaged value of the two moments shows
continuous increment from zero with the increasing field and
reaches saturation above 2 T as shown in the figure, showing
good agreement with the experimental curve.

To study the magnetization process of the crystalline
along the hard a direction, we also took the two lowest
CF states as bases to perform formulation as just done in
this section. Now the two new magnetic states of the A ion
are shifted to 	1,2

�A�= ��FA�T�, respectively, where �=4�c2

+�3bd�; they are found to be the mixtures of the two original
CF states. Following the similar steps as done above, we
finally arrive at

�JA� =
2�

zA
�
1

�A��1
�A� exp�−

	1
�A�

kBT
	 + 
2

�A��2
�A� exp�−

	2
�A�

kBT
	
 ,

�9�

for the A ion. Here the partition function,

zA = exp�−
	1

�A�

kBT
	 + exp�−

	2
�A�

kBT
	 , �10�

where 
1,2
�A� and �1,2

�A� are the expanding coefficients of the new
wave functions. These formulas hold true for the B ion if the
superscripts A’s are replaced by B’s. With these formulas, we
are able to investigate why the a axis is the hard direction. In

t

FIG. 5. The magnetization curves of the two ions and their
average obtained with Eqs. �5� and �6� are plotted for DyFe2Si2 as
the functions of the external magnetic field up to 8 T along the c
direction at T=2 K in comparison with the experimental results.
Here �1=0.01 K and �2=−0.06 K are used.
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zero field, the two magnetic ions order in the opposite direc-
tions spontaneously below TN, thus �JB�=−�JA�. Let us as-
sume �JA��0. In this case, the eigenenergies of the two new
states 	1,2

�A�= ���J1−J2��JA�, and 	2
�A�=−��J1−J2��JA�

�	1
�A� is the eigenvalue of the new ground state,

��g� =
1
�2

���1
�0�� − ��2

�0��� . �11�

Only this new state participates in magnetic ordering at T
=0 and gives �JA�=−�, which is negative and contradictory
to the original assumption, suggesting that no spontaneous
magnetic ordering occurs in the a direction if only the lowest
CF level is considered.

However, if the formulas just derived are used to calculate
the magnetization in the a direction, no appreciable magnetic
moment can be obtained even in a strong external magnetic
field of 14 T. Based on the established theory,33,34 the states
in the first and second excited CF levels also participate in
the magnetic ordering since there exist nonzero matrix ele-
ments of J+ and J− between the three lowest levels. There-
fore, when the three lowest CF levels are taken as bases to
calculate the magnetization numerically, the agreement with
the experimental results is considerably improved as shown
in Fig. 6. Surprisingly, if all CF levels of the lowest J mul-
tiplet are included in numerical calculations, the magnetiza-
tion remains almost unchanged in comparison with the one
just obtained, as shown in the inset. Thus we conclude that
Ma�T� of DyFe2Si2 is governed by the lowest three CF lev-
els. The deviation from the experimental above 9 T might be
caused by the change in magnetic structure29 or the quadru-
polar interaction and magnetoelastic effect, which are usually
induced by a strong magnetic field in compounds containing
heavy rare-earth elements.35

V. CONCLUSIONS AND DISCUSSIONS

HoNi2B2C and DyFe2Si2 are different materials; so they
have distinct physical properties. However, as antiferromag-
nets, they exhibit very similar features. At low temperatures,
the two sorts of magnetic moments in each magnet align in
the opposite directions even in a weak external magnetic
field; the susceptibilities of the two sublattices are usually of
very large magnitudes; however they mutually offset so that
their sum values, which are usually observed in experiments,
show much weaker magnitudes. As a result, the overall sus-
ceptibility in the easy direction increases gradually from al-

most zero at very low temperatures to a maximum at TN as
shown in Figs. 2 and 3. The two-ion model proposed here
well mimics such magnetic process; therefore it has pro-
duced nice agreement with experiments. Of course, to de-
scribe the real magnetic process of rare-earth antiferromag-
nets with more complicated magnetic structures, a many-ion
model is required, but more RKKY exchange constants are
involved and needed to be determined. Consequently, the
computations become tedious and very often impossible. In
contrast, with this simplified two-ion model we are able to
compute the susceptibilities and magnetic moments of the
two sorts of sublattices and of course their overall values,
which are usually measured directly in experiments, and to
describe and understand the magnetic process of rare-earth
antiferromagnets in order to study their magnetic properties
quantitatively.
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