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We study the transport properties of multiterminal ballistic graphene samples concentrating on the conduc-
tance matrix, fluctuations, and cross correlations. Far away from the Dirac point, the current is carried mostly
by propagating modes and the results can be explained with the conventional semiclassical picture familiar
from ray optics, where electrons propagate along a single direction before scattering or reaching the terminals.
However, close to the Dirac point the transport is due to evanescent modes which do not have to follow a
rectilinear path. As we show in this paper, this property of the evanescent modes influences the conductance
matrix. However, at best it can be observed by measuring the cross correlations in an exchange Hanbury
Brown-Twiss experiment.
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I. INTRODUCTION

Transport in undoped graphene is entirely due to evanes-
cent modes and can be seen as a form of electron tunneling.
In contrast, lightly doped graphene supports propagating
modes that have a linear dispersion relation, similar to the
k ·P approximation of semiclassical electron dynamics.
Semiclassical electrons can be described in terms of classical
trajectories and a picture of ray optics, whereas it is not as
clear how evanescent waves move in a sheet of graphene.
One way to provide more insight to this duality of evanes-
cent and propagating modes is the study of cross conduc-
tances and cross correlations of electric current in multiprobe
graphene structures. This is the aim of our present paper.

One of the striking properties of electronic transport due
to evanescent modes in graphene is the “pseudodiffusive”
behavior in undoped samples manifesting itself in the trans-
mission distribution of ballistic graphene at the Dirac point.1

It turns out that all the different cumulants of current �fluc-
tuations� through such a graphene sample behave in the same
way as they would in a diffusive wire.2 However, the nature
of conduction in the two cases is quite different: in diffusive
wires, the conduction electrons are propagating but due to
multiple scattering the information on the propagation direc-
tion in such systems is �almost� lost. One outcome of this
momentum isotropization can be observed in an exchange
Hanbury Brown-Twiss �HBT� cross-correlation experiment,
where the measurement result depends on coherent processes
that connect all terminals involved in the measurement.3

Making such a cross-correlation experiment in conventional
ballistic conductors would yield a vanishing result, because
in the absence of scattering propagating modes can only
couple pairs of terminals.

In ballistic graphene, there are no elastic scatterers; but
due to the evanescent nature of the charge carriers, the mo-
mentum direction of the electron waves is not well defined.
Rather, the waves are spread out and a single evanescent
wave can couple each of the terminals. As a result, the ex-
change Hanbury Brown-Twiss result will be very similar to
that in diffusive wires �see Fig. 6�. The behavior of the two
kinds of modes is schematically illustrated in Fig. 1.

In this paper, we analyze the conductance matrix, shot
noise, and cross correlations in a ballistic multiprobe

graphene sample, at the Dirac point �evanescent modes� and
far away from it �propagating modes�. In Sec. II we first
briefly describe our theoretical framework based on the tight-
binding approach and scattering formalism. Our numerical
results and their analyses are presented in Sec. III and dis-
cussed in Sec. IV.

II. TIGHT-BINDING APPROACH

To compute the conductances and correlators, we employ
the tight-binding approach, which has been successfully used
to describe the transport in graphene4–6 and is also the start-
ing point in the derivation of the Dirac equation describing
charge carriers in graphene.7 All the numerical results of this
paper are obtained with this approach. On top of this, our

FIG. 1. �Top� A schematic explanation for the difference be-
tween ray-optics and evanescent-optics pictures of electron propa-
gation. Propagating modes �left� couple only two of the leads in the
absence of elastic scattering. Which lead the electron enters de-
pends on the angle of the electron beam at the first lead-graphene
contact. This fact can be used to estimate the dependence of the
cross conductances on the spatial dimensions of the scattering re-
gion �see Eq. �6��. Evanescent modes �right� in contrast couple all
of the leads. �Bottom� Two alternative geometries for the four-probe
setup considered in this paper. In setup �a� interfaces between
graphene and leads 1 and 2 are of zigzag type and interfaces to
leads 3 and 4 are of armchair type. In �b� graphene sheet has been
rotated by 90°, so that the interface types are switched.
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aim is to describe how well these results can be understood
on a qualitative level.

In our numerics, the tight-binding Hamiltonian matrix H
is used to obtain the retarded Green’s function of the scatter-
ing region via the equation

�E + i� − H − ��GR = I , �1�

where the coupling to the leads is described by a self-energy
�. It is then a straightforward task to obtain the scattering
matrix s from the Fisher-Lee formula8

s = − I + i�v�†P†GRP��v . �2�

Here v is a diagonal matrix containing the propagation ve-
locities of the modes, �mn=� 2

W+1 sin mn�
W+1 , where m numbers

the sites in the leads, n is the mode index, and Pmn is a matrix
that contains the hopping amplitudes from graphene site m to
lead site n.

Once the scattering matrix has been found, we use it to
calculate the linear conductance9

G��� = � dI�

dV�
�

V=0
= GQ Tr�s��†s��� �3�

and the zero-frequency cross correlators3

S�� = GQ �
��	

Tr�s��†s�	s�	†s����
	 − 
�� . �4�

Here GQ=2e2 /h is the conductance quantum, the scattering
matrix indices index the leads, and 
� are the potentials in
the leads. For noninteracting fermions, cross correlations be-
tween different leads ��� are always negative.3 Note that
we defined the conductance such that it corresponds to linear
response of the current I� in lead � when the potential 
�

=−eV� in lead � is slightly varied and the potentials of all
other leads are kept constant.

According to Eq. �4�, the cross correlators depend on both
direct processes coupling only the two leads �when � and 	
are both either � or �� where the correlators are measured, or
indirect processes involving also other leads. These two
types of contributions can be separated in an exchange Han-
bury Brown-Twiss experiment.3,10 There the noise generated
by one current source alone is compared to the noise gener-
ated by two current sources. Noise correlations between
leads 1 and 2, defined in the following by S=−S12, are stud-
ied in three different cases. In experiment A voltage V is
applied to reservoir 3, whereas in experiment B voltage V is
applied to reservoir 4. In experiment C voltage V is applied
to both reservoirs. The biasing scheme is shown in the inset
of Fig. 6. Classically, SC=SA+SB, but quantum mechanical
interference effects give rise to an exchange term �S=SC
−SA−SB. The latter is given by3

�S =
4e3�V�

h
Tr�s14†s13s23†s24 + s13†s14s24†s23� . �5�

In general, the exchange term can have either sign. Negative
�S means that exchange effects suppress noise whereas posi-
tive �S implies enhanced noise. Moreover, a finite �S can be
present only if there are modes that couple simultaneously all
four leads so that the corresponding elements for all the scat-

tering matrices in Eq. �5� are nonzero. As we will show be-
low, the latter is the case in our system for evanescent modes
close to the Dirac point but not for the propagating modes far
away from it.11

III. RESULTS

We apply the multiprobe scattering formalism to a cross
geometry form of a graphene sheet at the intersection of four
metallic leads. In our practical implementation we use a
graphene sheet with some 8500 lattice points �unless speci-
fied otherwise�. The square lattice leads are matched to the
graphene sheet so that the lattice constant in the leads con-
nected to a zigzag edge is aL=a and in the leads connected to
an armchair edge aL=a /�3, where a	2.46 Å is the lattice
constant in graphene. The Fermi level in the leads is chosen
to correspond to half filling of the band. This allows for a
description of good contacts.5

Numerical simulations such as ours are often prone to
effects related to the finite size of the simulated lattice. Such
finite-size effects are relevant in the study of nanoribbons,12

but in typical experimental samples with dimensions in ex-
cess of 100 nm these effects are washed out. In our simula-
tions, these finite-size effects are related to the change in the
number of propagating modes inside graphene, and therefore
lead to rapid oscillations of the calculated quantities vs gate
potential. Moreover, in graphene with zigzag edges there
forms an edge state13 which behaves differently from the rest
of the states. In most experimental systems the effect of this
state is fairly small, but it affects some of our numerical
results. In our numerics, two of the edges are always of the
zigzag type and two of them are of the armchair type. To take
into account the effect of the type of the edges at the
graphene-lead interface, we consider two alternative geom-
etries depicted in Figs. 1�a� and 1�b�.

A. Cross conductances

The cross conductances for a square sheet of graphene as
a function of the chemical potential 
G are shown in Fig. 2.
The direct conductances obey the approximate symmetry
G12�+
G�	G34�−
G� and are quite small at the Dirac point

G=0. The “skew” conductance G13 is much larger at the
Dirac point. It increases with increasing �
G� as well but with
a slope that is roughly half of that in the direct conductance.
The evanescent modes are highly localized at the graphene-
lead interfaces and therefore the coupling between adjacent
leads is strong at the Dirac point leading to a relatively high
G13.

We have also studied the geometry dependence of the
cross conductances by varying the size and aspect ratio of the
graphene sheet. Figures 3�a� and 3�b� show the cross conduc-
tances as a function of the size of the graphene sheet. The
aspect ratio was kept as close to unity as possible. For �a� the
evanescent modes the direct conductances are constant, G
	0.15GQ, as can be expected from the pseudodiffusive
model. The skew conductance increases as the size grows
and approaches asymptotically the value G13=2GQ, one con-
ductance quantum for graphene with spin and valley degen-
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eracies. The deviation of G13 from 2GQ is thus a finite-size
effect, presumably caused by the quasibound state near the
zigzag edges.13 For �b� the propagating modes all conduc-
tances increase linearly with increasing size, in line with the
linear increase in the number of modes.

Figure 3�c� shows the cross conductances as a function of
the graphene sheet aspect ratio for 
G / t=0. The size of the
graphene sheet was kept constant. The direct conductances
scale as G12�W /L and G34�L /W with a conductivity of
4e2 /�h, as expected from Ref. 1. The skew conductance is
quite insensitive to the aspect ratio deviating from its bulk
value only at very small or large aspect ratios where finite-
size effects play a greater role.

For large 
G we can assume that all modes are propagat-
ing. In this case we can estimate the relative magnitudes of

the direct and skew conductances with the ray-optics model
�see top of Fig. 1�. In the ballistic limit all modes are ideally
transmitted and the terminal to which the electron exits is
determined by the geometry of the sheet and the angle of
propagation kF sin =ky, where kF=2
G / ��3ta�. For large
structures we can convert the summation over transverse
modes in the Landauer formula to an integral over  and
obtain

G12

GQ
=

2WkF

�

W/L
�4 + �W/L�2

,

G13

GQ
=

WkF

�

1 −

W/L
�4 + �W/L�2� . �6�

Figure 3�d� shows the cross conductances as a function of the
length of the graphene sheet for 
G / t=0.5. The sum of all
cross conductances is constant for large samples and agrees
with Eq. �6� confirming that all propagating modes are ide-
ally transmitting. This also implies that evanescent modes,
not taken into account in Eq. �6�, do not contribute to con-
ductance. The individual cross conductances deviate some-
what from the raytracing model; however, the slope seems to
be correct for large samples. This deviation is probably due
to the relatively small size of our structure, where the re-
placement of the sum by an integral is not fully justified.

B. Fano factors

We now turn to the noise correlations in the four-probe
setup. We first assume that current is driven between termi-
nals 1 and 2 and the potential in terminals 3 and 4 is kept
floating so that no average current flows in them. Due to
symmetry the floating potential lies halfway between the po-
tentials in terminals 1 and 2.

We define the local Fano factor with Flocal=S11 /2eI,
where S11 is the noise autocorrelator �shot noise� in terminal
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FIG. 2. �Color online� Cross conductances in setup �a� of Fig. 1
as a function of chemical potential 
G in graphene. t is the tight-
binding hopping amplitude. Dashed lines show the predictions from
the ray-optics picture, Eq. �6�, shifted by a constant to take into
account the contribution of the evanescent modes. Note that the
slope dG /d
G of these predictions is roughly in accord with the
numerical results.
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FIG. 3. �Color online� Cross
conductances as a function of the
size of the graphene sheet. In �a�
and �b�, the aspect ratio W /L=1 is
kept constant while the number of
lattice points is increased. �a� is
plotted at the Dirac point �evanes-
cent modes� and �b� for 
G / t
=0.5 �propagating modes�. In �c�
and �d� we plot the cross conduc-
tances as a function of the aspect
ratio at the Dirac point and for

G / t=0.5, respectively. In �c� the
graphene sheet had a fixed size of
WL=3600a2 and in �d� we chose
W=60a. In �d� the dashed lines
show the prediction from Eq. �6�.
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1 and I is the average current flowing from 1 to 2. Similarly,
the nonlocal Fano factor is defined with Fnonlocal=S33 /2eI.
Symmetry dictates that S11=S22 and S33=S44. These Fano
factors are shown in Fig. 4 for both setups �a� and �b� as a
function of the chemical potential in graphene with W=L.
Each of them exhibits a peak of F	0.37 at the Dirac point
and decreases with increased doping of the graphene sheet.
The oscillations at finite 
G signal the appearance of propa-
gating modes in the graphene sheet and their period is on the
order of level spacing. The nonlocal Fano factors decrease
more rapidly and exhibit weaker oscillations. Shot noise also
obeys roughly the symmetry F�a��
G�=F�b��−
G�, similar to
the cross conductances. Upon increasing the value of W /L
the local Fano factor of undoped graphene varies only little
in both setups, but the nonlocal Fano factor decreases, reach-
ing 0.1 at W /L=10 �see inset of Fig. 4�. The deviation of
Flocal from 1/3, predicted in Ref. 1 and observed in Ref. 14
for short and wide two-terminal samples, is probably due to
the effective inelastic scattering caused by the presence of
the additional terminals 3 and 4. When the interface trans-
parency to these terminals is decreased, Flocal goes toward
the values calculated in Ref. 1. This is shown in Fig. 5.

C. Exchange Hanbury Brown-Twiss effect

Figures 6�a� and 6�b� show the exchange Hanbury Brown-
Twiss cross correlations for setups �a� and �b�, respectively.
Near the Dirac point exchange correction is negative and of
similar magnitude with the classical contribution. For this
reason two-terminal noise is almost identical to one-terminal
noise, S12 /e�V�GQ	−0.1. This finding is similar to the case
of disordered box15 where transport is diffusive. In ballistic
graphene, this result is due to the fact that evanescent states
couple all the terminals. For larger 
G the exchange correc-
tion is almost vanishing �up to a one-channel interference
effect�. The only differences between the two geometries are
the magnitudes of the noise cross correlations at increasing
chemical potentials, which in setup �b� grow roughly qua-
dratically versus the linear increase in setup �a�. The negative

exchange correction near the Dirac point seems to be quite
robust, appearing also with nonsquare sheets and different
interface transparencies. We have also simulated interface
disorder by randomizing the interface hopping amplitudes
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FIG. 4. �Color online� Local and nonlocal Fano factors as a
function of the chemical potential in graphene. Lines with �a� or �b�
in the legend refer to the corresponding setups in Fig. 1. The inset
shows the dependence of the Fano factors vs aspect ratio W /L at the
Dirac point.
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FIG. 5. �Color online� Effect of interface transparency to leads 3
and 4 on the local and nonlocal Fano factor. When the interface
transparency to these terminals is decreased by increasing or de-
creasing the value of tLG / t from unity, the local Fano factor goes
toward the values calculated in Ref. 1.

FIG. 6. �Color online� Noise cross correlation S=−S12 between
leads 1 and 2 as a function of chemical potential in graphene 
G. �a�
and �b� correspond, respectively, to setups �a� and �b� in Fig. 1. The
inset shows the biasing scheme for the HBT experiment.
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with the replacement tLG� tLG�1+��, where � is a random
number, unique for each interface bond �cf. Ref. 4�. Figure 7
shows the effect of interface disorder on the exchange cor-
rection in a HBT experiment. As can be seen, the results

remain practically unchanged when � is allowed to vary be-
tween −0.5 and 0.5. We have verified that this is also the case
with other results presented in this paper.

IV. DISCUSSION

In conclusion, we have calculated cross conductances,
shot noise, and cross correlations in graphene by applying a
numerical tight-binding model. We have also investigated the
effect of shape, size, and interface type on these observables
to make sure that our results apply to a variety of graphene
structures. With these results we have pointed out that the
semiclassical ray-optics picture usually valid in large ballis-
tic normal conductors is also valid in doped graphene, but
cannot be used to describe the behavior of the evanescent
modes around the Dirac point.
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