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We report on combined determination of the density of phonon states of an epitaxial Eu metallic single
crystal by in situ 151Eu nuclear inelastic scattering and by first-principles phonon calculations. Thermodynamic
�specific heat and vibrational entropy� and elastic �mean atomic displacement, mean force constant, and sound
velocity� properties of Eu were obtained. The very good agreement between the experiment and theory indi-
cates that in general, the lattice dynamics of the 4f metals can be reliably investigated by the ab initio approach
applying the direct method.
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Determination of the lattice dynamics of pure rare-earth
metals has been a great challenge for both experimentalists
and theoreticians. Until now, reliable information on the lat-
tice dynamics of the rare-earth metals could only be scarcely
found in the literature. The phonon density of states �DOS�
has been experimentally obtained for La �Ref. 1� and Dy
�Ref. 2�, while for Ce,3 Tb,4 and Ho �Ref. 5� only few dis-
persion curves have been measured. In the theory the phonon
DOS has been calculated for Gd,6 Dy,7 and Er �Ref. 8� from
the extrapolated force constants of the neighboring Tb and
Ho. A comparison with the experimental data for Dy showed
that this semiempirical approach leads to unacceptably large
errors.2 An attempt for analytical study of the lattice dynam-
ics of the hcp rare-earth metals has also been made,9 which,
however, resulted only in a poor agreement with the limited
experimental data. Therefore, in order to obtain reliable and
complete information on the lattice dynamics of the 4f ele-
ments, one either has to perform an experiment, which is
always a rather demanding task, or to study the lattice dy-
namics by ab initio methods.

Ab initio electronic structure methods have already been
introduced to systematically investigate the valency and the
lattice parameters of the lanthanides.10,11 On one hand, the
first-principles phonon calculations using the direct
method,12 which gives the exact phonon frequencies at high-
symmetry points, were �in the last few years� employed to
study the lattice dynamics of various materials with strongly
correlated electrons, including the 5f actinide compounds
PuCoGa5,13 UCoGa5,14 and transition metals.15 Recently it
also served to resolve16 the puzzle of the Verwey transition in
Fe3O4. On the other hand, recent progress in nuclear inelastic
scattering made it possible to verify the predictions made by
the theory for complex systems. For example, a systematic
experimental and theoretical investigation of the phonon
DOS for iron monolayers17 and for the Fe�110� surface18 led
to significant insights into the lattice dynamics in layered
systems. Such combined experimental and theoretical studies
on the 4f metals, however, have not been performed until
now.

Europium is perhaps the most reactive element among the
rare earths, which makes the experimental work with pure
metal a real challenge, and requires a dedicated sample en-
vironment. Here we report on determination of the lattice
dynamics of metallic Eu by nuclear inelastic scattering and

by first-principles phonon calculations. The remarkable
agreement between the experiment and the theory demon-
strates that the ab initio approach based on the direct method
is a reliable and powerful tool for investigation of the lattice
dynamics of the 4f metals. This suggests that the 4f elec-
trons, despite their strong local correlations and �to a large
extent� localized character, may be treated by the density-
functional theory �DFT� in a reliable way.

We studied a 200-nm-thick epitaxial bcc �110� Eu film
prepared, maintained, and investigated in situ, i.e., at ultra-
high vacuum �UHV� conditions.19 A vacuum-outgassed eu-
ropium with a natural abundance �48%� in the resonant 151Eu

isotope was deposited on a �110� Nb buffered �112̄0� Al2O3
substrate following an elaborated procedure.20 The high
single-crystalline quality of the film was confirmed by a
wide-angle x-ray diffraction �XRD� scan �Fig. 1�a�� per-
formed ex situ after covering the sample with a 10-nm-thick
Nb layer to protect the highly reactive europium from oxida-
tion. The derived lattice constant, 4.582�1� Å, is fully con-
sistent with that of the bulk Eu �4.581 Å, see Ref. 21�. In
addition to the XRD the quality of the Eu film was controlled
by the time spectra of coherent grazing incidence nuclear
forward scattering �Fig. 1�b�� �open circles� measured in situ
at 100 K. As expected, at this temperature the film is non-
magnetic �Eu is an antiferromagnet with Néel temperature of
TN=91 K, see Ref. 22�, which is confirmed also by the the-
oretical simulation23 shown in Fig. 1�b� with the solid �red�
line, thus proving the high purity of Eu.

The experiment24 was performed at the nuclear resonance
end station ID22N of the European Synchrotron Radiation
Facility. The synchrotron beam was monochromatized with a
previously developed high-resolution optics25 for the reso-
nant transition in the nuclei of the 151Eu with energy 21.541
keV. The Eu film was deposited in a recently constructed
UHV system26 and transferred to the ID22N station in a por-
table UHV chamber dedicated to nuclear resonance-
scattering experiments where it was studied in situ. The mea-
surements were performed at 100 K in order to reduce the
multiphonon excitations which, similarly to the case of Dy,2

form a major part of the measured signal at room tempera-
ture.

The energy dependence of nuclear inelastic x-ray
absorption27,28 is shown in Fig. 2.29 It gives the probability of
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nuclear inelastic absorption as a function of the energy trans-
fer due to phonon annihilation �E�0� and phonon creation
�E�0� in the crystal lattice. The inset shows the instrumen-
tal function �solid circles� of the spectrometer measured in
parallel and used in the data analysis. The solid �red� line
represents a Gaussian distribution with the full width at half
maximum of 1.45�2� meV.

The phonon DOS was derived30 from the measured en-
ergy dependence of nuclear inelastic absorption at 100 K
�see Fig. 3�. One clearly observes phonon peaks at 5, 8, and
9.5 meV, and the high-energy cutoff at about 12 meV. A peak
onset at 13 meV could also be identified �see below�.

In order to test the applicability of the first-principles
theory to determine the lattice dynamics of the 4f elements
and to get further insights into the thermodynamic and elastic
properties of Eu, we performed ab initio calculations using
the DFT implemented in the VASP program.31 The program
uses a highly accurate full-potential projector augmented-
wave method32 with the generalized gradient approximation
�GGA�. All calculations were performed in the 2�2�2 su-
percell with 16 atoms and the periodic boundary conditions.
The valence basis consists of 17 electrons per atom in the
configuration 5s25p64f76s2. The energy cutoff for the plane-
wave expansion was set at 520 eV since the contribution of
states with higher energies is negligible.

The magnetic ground state in Eu is an incommensurate
spin spiral state,22 with the period 3.6a �with a being the
lattice constant� below 91 K. Such a complex state cannot be
modeled precisely using the standard DFT approach, so we
assumed here a ferromagnetic ground state which has lower
energy than the simple antiferromagnetic one.33 It gives the
total magnetic moment 7.1�B for the Wigner-Seitz radius
r=2 Å. In the half-filled f shell the orbital degrees of free-
dom are suppressed due to Hund’s exchange �orbital moment
is less than 0.1�; therefore, in the phonon calculations we
have not included the spin-orbit coupling. The obtained lat-
tice constant a=4.432 Å is smaller by 2.7% than the experi-
mental value of a=4.555 Å at 100 K; see Ref. 22. Such a
difference could result from over binding of the 4f orbitals
and has also been found in the previous DFT studies.33 In-
cluding the Hubbard-type local interaction U in the local-
density approximation �LDA+U� shifts the 4f valence states
to lower energies34 and increases the lattice constant. We
remark that the effective value of U is rather small as it is
strongly screened by s-p electrons in a metal,15 so we did not
have to include it in the GGA calculations.
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FIG. 1. �Color online� �a� X-ray diffraction scan ��=0.86 Å�
with the assigned Eu reflections. Peaks arising from the substrate
are also visible. �b� Time spectrum �open circles� of the coherent
nuclear forward scattering recorded at 100 K and at an incidence
angle of 0.1°, which corresponds to the critical angle. The solid
�red� line is a simulation according to the theory.
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FIG. 2. �Color online� Energy dependence of nuclear inelastic
x-ray absorption in the 200-nm-thick bcc �110� Eu metallic film
measured at 100 K. The inset shows a fit of the instrumental func-
tion �solid circles� with a Gaussian distribution �solid/red line� with
a full width at half maximum of 1.45�2� meV.

FIG. 3. �Color online� Phonon DOS for bcc europium. The
closed circles and the thin solid �black� line mark the DOS derived
from the energy dependence of the nuclear inelastic absorption
measured at 100 K. The solid �red� line represents the calculated
DOS from Fig. 4�b� convoluted with a Gaussian function account-
ing for the instrumental broadening.
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Phonon frequencies were calculated using the direct
method12,35 implemented in the PHONON code.36 The combi-
nation of atomic displacements and Hellmann-Feynman
forces allows one to obtain the force constants, and next the
dynamical matrix is constructed and diagonalized. The cal-
culated dispersion relations for bulk bcc metallic Eu obtained
for the theoretical lattice constant are plotted in Fig. 4�a�,
while Fig. 4�b� shows the resulted phonon DOS. The phonon
peaks at 5, 7.5, and 9.5 meV, as well as the high-energy
cutoff at 10.5 meV, are consistent with the experimental ob-
servations �Fig. 3�.

A comparison with the available data for other rare-earth
metals reveals that the Eu phonon DOS is shifted to lower
energies, suggesting that it probably exhibits the softest crys-
tal lattice among the lanthanides. The mean force constant,
for example, is smaller by 36% compared to Dy �Ref. 37�
and by 33% compared to the neighboring Sm. Most likely,
the reason is in the bcc lattice structure of europium. All
other lanthanides at room temperature and ambient pressure
crystallize in hexagonal-based lattices, which are stiffer com-
pared to the bcc one, due to the higher packing efficiency
�74% for hcp vs 68% for bcc�.

The calculated phonon DOS �solid/red line in Fig. 3�
shows remarkable agreement with the experiment. The small

but detectable misfits between 3 and 6 meV, and 8 and 10
meV, as well as the peak onset at about 13 meV, are not
accounted for by the calculated phonon DOS. All these fea-
tures seen in experiment most likely arise due to the adsorp-
tion of adatoms from the residual gases at the very reactive
Eu surface, which cannot be avoided during the prolonged
experiment �lasting about 20 h� even at UHV conditions.38

The knowledge of the phonon DOS allows one to com-
pute a number of thermodynamic and elastic properties of
the solid. Table I summarizes the values obtained in this way
�called experiment� for the specific heat, vibrational entropy,
mean atomic displacement, mean force constant, and sound
velocity of Eu at 100 K and compares them with those ob-
tained from the theory �called theory�. The consistency be-
tween the reported values is remarkable.

In summary, we have obtained the phonon DOS of Eu,
which is the most reactive among the rare-earth elements, by
in situ nuclear inelastic scattering. The dispersion relations
were obtained from the first-principles theory allowing for
complete determination of the lattice dynamics of Eu. From
the measured and calculated phonon DOS several thermody-
namic and elastic properties of this metal were derived. Al-
though Eu is not a typical rare-earth metal, a satisfactory
agreement between the experiment and theory reported here
strongly suggests that the ab initio approach based on the
direct method provides reliable results for the lattice dynam-
ics of the 4f elements. The reported results represent a de-
manding test of the first-principles theory, thus, allowing for
further systematic and comparative investigation of the vi-
brational properties of the rare earths, which have been a
largely unexplored area for a long time.
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FIG. 4. �Color online� Results of the calculations with PHONON

code �Ref. 36� for bulk bcc europium: �a� phonon-dispersion rela-
tions within the first Brillouin zone and �b� phonon DOS. The high-
symmetry points in units of 2� /a are 	= �0,0 ,0�, N= � 1

2 , 1
2 ,0�,

P= � 1
2 , 1

2 , 1
2 �, and H= �0,0 ,1�.

TABLE I. Thermodynamic �specific heat and vibrational en-
tropy� and elastic �mean atomic displacement, mean force constant,
and sound velocity� properties of europium at 100 K obtained from
the experimental and theoretical phonon DOS.

Physical quantity Experiment Theory

Specific heat �kB /atom� 2.8�1� 2.8

Vibrational entropy �kB /atom� 3.8�1� 3.8

Mean atomic displacement �Å� 0.094�2� 0.091

Mean force constant �N/m� 33�2�a 32.42

Sound velocity �m/s� 1658�30� 1639

aThe value was obtained from the second moment of the phonon
DOS in the energy range 0–12 meV.
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