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A nuclear magnetic resonance �NMR� study was performed with n-type silicon single crystals containing
29Si isotope abundance f ranges from 1.2% to 99.2%. The nuclear spin diffusion coefficient D has been
determined from the linewidth of significantly enhanced 29Si NMR signals utilizing a developed dynamic
nuclear polarization �DNP� method. The 29Si NMR linewidth depends linearly on f , at least when f �10%, and
approaches �f1/2 dependence when f �50%. The estimated 29Si nuclear spin diffusion time Tsd between
phosphorus atoms used for DNP is more than ten times shorter than the nuclear polarization time T1

p of 29Si
nuclei around phosphorus. Therefore, the regime of “rapid spin diffusion” is realized in the DNP experiments.
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The advantages in the availability of silicon based struc-
tures with controlled isotope positioning1–4 provide an op-
portunity for future applications of these semiconductor ma-
terials for spin electronics and quantum computing.5,6 This
stimulated magnetic resonance investigations including
nuclear magnetic resonance �NMR�,7 optical nuclear
polarization,8 and dynamic nuclear polarization �DNP�9,10 in
isotopically controlled silicon crystals. Nuclear spin diffu-
sion plays an important role in all these phenomena to trans-
fer the nuclear spin polarization from the local paramagnetic
centers to the whole crystal volume.

The concept of nuclear spin diffusion was introduced by
Bloembergen11 to explain several orders of disagreement be-
tween theoretical and experimental values of the nuclear
spin-lattice relaxation time T1 in crystals containing para-
magnetic centers. The origin of spin diffusion is a dipolar
coupling between nuclear magnetic moments. For two
nuclear spins, Ii and I j, separated by distance rij, the Hamil-
tonian Hdd is given by

Hdd = dij�4IizIjz − �Ii+Ij− + Ii−Ij+�� , �1�

where Iz is the z component of the angular momentum op-
erator, and I+ and I− are the raising and lowering operators,
respectively. The coefficient dij is given by

dij =
�2�2

4�rij�3
�1 – 3 cos3 �ij� , �2�

where � is the nuclear gyromagnetic ratio, �=h /2	 is
Planck’s constant, and �ij is the angle between the vector rij
and the direction of the magnetic field.

The energy conserving mutual flip-flop transitions be-
tween antiparallel nuclear spins caused by terms Ii+Ij− and
Ii−Ij+ in Eq. �1� are responsible for nuclear spin diffusion.
The same interactions described by Hamiltonian �1� provide
the contribution to the NMR linewidth 
�dd and determine
the nuclear spin-spin relaxation time T2�1 /
�dd.

The spin diffusion coefficient is given as11

D = a2W12, �3�

where a is the average distance between two neighboring
nuclei and W12 is the probability of the flip-flop transition,
which can be relatively large for the neighboring nuclei. W12
is of the order of 1 /T2. Because the time T2 is determined by
interactions not only between neighboring nuclei but also
with the distant nuclei, D is often described by the following
approximate relation:12

D �
1

30T2
a2 �


�dd

30
a2. �4�

Various theoretical calculations of nuclear spin diffusion
based on density-matrix technique,13 on the calculation of
higher moments of a resonance line,14 on the statistical me-
chanics of irreversible processes,15 and on classical spin
dynamics16 have been performed. Direct experimental deter-
mination of D is limited by the difficulty to create the spatial
gradient of the magnetization on the diffusion length L
��DT1. Zhang and Cory17 successfully made a direct mea-
surement of the spin diffusion rate in CaF2 single crystal
using incoherent NMR scattering measurements, showing
good agreement with theoretical predictions. However, indi-
rect determination of D from time T2 is reliable when dipolar
interactions dominate.

DNP is a useful tool for the investigation of nuclear spin
properties through NMR. DNP in silicon has been carried out
recently in lower-temperature and higher-magnetic-field re-
gions to achieve high nuclear polarization.8,18 This Brief Re-
port describes experiments on detecting NMR signals en-
hanced strongly by a developed DNP technique in silicon
single crystals containing different percentages of 29Si iso-
tope f . The analysis of the NMR linewidth with respect to
estimation of the diffusion coefficient according to Eq. �4�
will be given. Experimental results will be discussed with
theoretical calculations of the resonance line shape,19,20

linewidth,20 and diffusion coefficient21 as functions of f us-
ing statistical methods for disordered or randomly distributed
magnetic moments.

The experiments were performed with n-type silicon
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single crystals containing 29Si isotopic abundance f of 1.2%,
4.7%, 10.3%, 47.9%, and 99.2% with the phosphorus con-
centrations Nd= �0.6–1.6��1015 cm−3 �referred in this text
as 29Si-1%, 5%, 10%, 50%, and 100% samples, respec-
tively�. The weak 29Si NMR signals were enhanced by DNP
performed in an EPR JEOL JES-RE3X X-band continuous-
wave spectrometer. One of the two phosphorus EPR lines
was saturated by a 200-mW microwave field at 12 K.9 After
20 h of saturation, the sample was transferred to a Chemag-
netics CMX300 CP/MAS-NMR spectrometer where the 29Si
NMR signal was detected at room temperature and a mag-
netic field of 7 T. The absorption spectrum was acquired after
Fourier transformation of the free-induction decay signal fol-
lowing a 	 /2 pulse. The pulse length and acquisition delay
time were 9 and 35 
s, respectively. The extremely long T1
for all investigated samples �T1�3 h at room temperature22�
allowed us to transfer the samples without losing nuclear
magnetization.

Typical DNP enhanced 29Si NMR spectra are shown in
Fig. 1. The thermal equilibrium signal for the 29Si-5%
sample detected after 66 h relaxation at room temperature
and 7 T is also shown to illustrate the efficiency of DNP. As
shown in the theoretical calculations of the resonance line,20

line shape, and width of the DNP enhanced NMR spectra
show a strong dependence on the amount of 29Si isotope f
and provide a clear observation of the satellite peaks, so-
called Pake’s doublet, arising from the nearest-neighbor 29Si
nuclei even in a naturally abundant 29Si-5% sample which
contains only f2=0.22% of the 29Si pairs in the silicon ma-
trix. In addition, the positions of the satellite peaks depend
on the crystal orientation in the external magnetic field de-
scribed by Eq. �2�.7,23 Although the lines have a partially
overlapped structure, the components of the absorption curve
in 29Si-50% and 100% samples are Gaussian and well fitted
with multiple Gaussian curves.

The method of moments developed by Van Vleck24 is
often used for the analysis of the resonance line shape. The
2nth moment M2n and the ratio of the higher-order moment
to the second moment M2n /M2

n are commonly used as stan-
dard parameters for the characterization.19 A sharp doublet
peak �two � functions at �= �M2

1/2� corresponds to
M2n /M2

n=1 �pair limit�, while the double peak merges into a
single peak when M4 /M2

2�2.85. Gaussian line shape has
M4 /M2

2=3. For a narrow line shape with longer wings, such
as a Lorentzian, M2n /M2

n→� �Lorentzian limit�. The spec-
tral moments were numerically calculated from the experi-
mental NMR lines �Table I�. We can quantitatively see how
the NMR line shape varies from a single Lorentzian in a
29Si-1% sample to a double peak in a 29Si-100% sample with
an increase in 29Si abundance. It should be noted that the
analysis of the linewidth using the second and fourth mo-
ments of the Gaussian and Lorentzian line shapes shows the
linear dependence of linewidth on f when f �1% and
square-root dependence when f �10%.25

To estimate the linewidths 
� of the detected NMR sig-
nals of the complex line shapes, we used the values of 
�
determined in Ref. 20 as


� = 1/F�0� , �5�

where F�0� is the value of the normalized line-shape function
F��� taken at the center of the NMR line ��=0 Hz�. The
NMR linewidths 
� obtained by this method from the ex-
perimentally observed signals at the orientation of the mag-
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FIG. 1. The DNP enhanced 29Si NMR spectra detected in iso-
topically controlled silicon single crystals for orientation of the
magnetic field approximately along �111� crystal axis. The horizon-
tal axis is offset by 29Si nuclear Larmor frequency of 60 MHz; the
vertical axis is arbitrary. The thermal equilibrium signal in a
29Si-5% sample is also shown �horizontal axis is arbitrarily shifted�.
The dotted curves in the 29Si-50% and 100% samples indicate the
components of absorption curve obtained by fitting it with multiple
Gaussian curves. The total area under the NMR spectra is normal-
ized to be unity �but multiplied to present their shapes clearly�.

TABLE I. Experimentally determined square root of the second
moment �in hertz� and the ratio of the higher-order moment to the
second moment of the NMR absorption line. Ratios expected for
different line shapes are shown for comparison.

Sample M2
1/2 M4 /M2

2 M6 /M2
3 M8 /M2

4

29Si-1% 61.1 11.1 259 7640
29Si-5% 127 7.28 79.9 1010
29Si-10% 204 4.67 31.6 258
29Si-50% 436 2.66 12.8 99.3
29Si-100% 552 2.52 11.2 74.2

Lorentzian limit � � �

Gaussian 3 15 105

Rectangular 1.8 3.9 9.0

Pair limit 1 1 1
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netic field approximately along �111� crystal axis are plotted
in Fig. 2 as a function of f �squares�. The full widths at half
maximum �FWHM� measured directly from the NMR lines
are also plotted in Fig. 2 �circles�.

The NMR linewidth due to the dipole-dipole interaction
between nuclear magnetic moments should vanish at infinite
nuclear spin spacing rij. However, 
� goes to a nonzero
value of �70 Hz at f =0% �see Fig. 2�. The remaining line-
width of 70 Hz shows some additional contribution to
FWHM, such as inhomogeneity of the external magnetic
field over the sample and a nonzero delay time of the NMR
spectrometer when the strongest part of the free-induction
decay signal is lost. To obtain the contribution to linewidth
purely due to the dipole-dipole interaction, 
�dd, the value of
70 Hz was subtracted from 
�. The dependence of the

�dd=
�−70 Hz on f is shown in Fig. 3. These results
show that 
�dd determined by different methods linearly de-
pends on f when f �10% and changes to square-root depen-
dence when f �50%, which is in good agreement with the
theoretical calculations of the linewidth in the system of ran-
domly distributed spins.20

In addition, we estimated the nuclear diffusion coefficient
D using Eq. �4� and values of 
�dd. The average distance
between 29Si nuclei a can be found from the relation,

a � NN
−1/3 = 	 f

8

d3
−1/3

, �6�

where NN is the 29Si concentration, 8 is the number of atoms
in a unit cell of diamond structure, and d=0.543 nm is the
lattice constant of silicon. The dependence of D on f is
shown in Fig. 4. The 
�dd values were taken using Eq. �5�. A
monotonous increase in D with an increase in f and a slow
increase at higher abundance is in qualitative agreement with
the theoretical simulation of spin diffusion in a disordered
spin system.21 Similar dependence of D on f was found for
the FWHM estimations.

Using the values of D, the diffusion time Tsd of the
nuclear polarization transfer on the distance of L=R /2 be-
tween paramagnetic centers can be found,

Tsd �
L2

D
=

R2

4D
, �7�

where R�Nd
−1/3 is the average distance between phosphorus

atoms. The distances a and L, and time Tsd for the investi-
gated samples are summarized in Table II.

The time Tsd can be compared with the nuclear spin po-
larization time T1

p obtained from the exponential growth of
29Si NMR signals in the DNP experiments and are also listed
in Table II. The time Tsd is much shorter than the nuclear
polarization time showing the fast 29Si nuclear spin diffusion
between the phosphorus paramagnetic centers. Together with
the observed exponential increase in the nuclear polarization
with the saturation time, it allows us to conclude that the
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FIG. 2. Dependence of the NMR linewidth 
� determined by
Eq. �5� �squares� and FWHM �circles� on the 29Si isotope abun-
dance f .
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FIG. 3. Dependence of the NMR linewidth due to the dipole-
dipole interaction, 
�dd, determined by Eq. �5� �squares� and
FWHM �circles� on the 29Si isotope abundance f . The dashed lines
show the linear and square-root dependences.
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FIG. 4. Dependence of the 29Si nuclear-spin-diffusion coeffi-
cient D on the 29Si isotope abundance f .

TABLE II. The average distance between 29Si nuclei a �Å�,
average half distance between phosphorus donors L �Å�, nuclear
spin diffusion time Tsd �hours�, and nuclear spin polarization time
T1

p �hours� in the investigated samples.

Sample a L Tsd T1
p

29Si-1% 12 560 0.82 73.5
29Si-5% 7.5 540 0.47 19.5
29Si-10% 5.8 430 0.25 4.5
29Si-50% 3.5 590 0.24 8.8
29Si-100% 2.7 540 0.19 9.3
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case of rapid nuclear spin diffusion regime12,26–28 is realized
in all investigated samples.

In summary, the analysis of the 29Si NMR linewidth in the
silicon crystals containing different amounts of the 29Si iso-
tope showed that the NMR linewidth is proportional to f
when f �10% and approaches square-root dependence on f
when f �50%. The nuclear spin diffusion coefficient D in-
creased from 1�10−14 to 4�10−14 cm2 /s. The nuclear-spin
diffusion between phosphorus atoms is more than ten times
faster than the increase in the 29Si nuclear polarization
around phosphorus atoms in the DNP experiments corre-

sponding to the regime of the rapid spin diffusion.
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