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Spin-triplet p-wave pairing in a three-orbital model for iron pnictide superconductors
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We examine the possibility that the superconductivity in the newly discovered FeAs materials may be caused
by the Coulomb interaction between d electrons of the iron atoms. We find that when the Hund’s rule ferro-
magnetic interaction is strong enough, the leading pairing instability is in spin-triplet p-wave channel in the
weak-coupling limit. The resulting superconducting gap has nodal points on the two-dimensional Fermi sur-
faces. The k dependent hybridization of several orbitals around a Fermi pocket is the key for the appearance of

the spin-triplet p-wave pairing.
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I. INTRODUCTION

Recently, a new class of superconductors—iron-based
superconductors—was discovered.!”! The superconducting
transition temperature can be as high as 52 K.® The undoped
samples (for example LaOFeAs) appear to have a spin or-
dered phase below 150 K219 The electron doped?
LaO,_,F FeAs and hole doped* LaO,_,Sr,FeAs samples are
superconducting with 7,~25 K. The magnetic-field depen-
dence of the specific heat in the electron doped material sug-
gests the presence of gapless nodal lines on the Fermi
surface.?

It appears that the electron-phonon interaction is not
strong enough to give rise to such high transition
temperature.'! In this paper, we will examine the possibility
that Coulomb interaction between d electrons on Fe drives
the superconductivity in the electron or hole doped samples
and the spin order in the undoped samples. In this case, we
find that a p-wave spin-triplet superconducting order with
gapless nodal lines is the most likely superconducting order
in the weak-coupling limit. Naively short-range repulsion
does not have the requisite k£ dependence to drive p-wave
pairing. It turns out that the k dependent hybridization of
several orbitals around a Fermi pocket makes the p-wave
spin-triplet pairing possible. The same model is also shown
to have spin-density wave (SDW) order for undoped
samples.

II. THREE-ORBITAL TIGHT-BINDING MODEL

First, let us examine the Fermi surfaces of the iron-based
superconductor. For concreteness, we will consider the
LaOFeAs sample. We will assume that the properties of the
sample are mainly determined by the Fe-As planes. The Fe
atoms in a Fe-As plane form a two-dimensional (2D) square
lattice (see Fig. 1). Due to the buckling of the As atoms, the
real unit cell contains two Fe atoms. The real unit cell is also
a square (see Fig. 1). According to band-structure calcula-
tions, the Fermi surfaces of the Fe d bands are formed by
two hole pockets at the ' point and two electron pockets at
the M point [see Fig. 2(a)].'>"!> All those pockets, mainly
formed by the d,, d,,, and d,, orbitals of Fe,'" have similar
size, shape, and Fermi velocity.

To understand the mixing of the orbitals near those Fermi
pockets, we follow Refs. 13 and 14 to unfold the band struc-
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ture to the extended Brillouin zone (BZ). Ordinarily, such an
unfolding of the band structure extends the BZ superficially
and there are certain ambiguities in assigning the location of
each band. We emphasize that this is not the case here. The
band structure of the extended BZ is uniquely defined due to
an additional symmetry, i.e., the Fe-As plane is invariant
under P,T, and P,T,, where T, (T,) is the translation in the x
(y) direction by the Fe-Fe distance and P, is the reflection
z——z (see Fig. 1). Thus, if we combine the translation and
the reflection P, then the electron hopping Hamiltonian H
has a symmetry described by a reduced unit cell with only
one Fe per unit cell (see Fig. 1). Since [P.T,,H]=[P.T,,H]
=[P,T,,P,T,]=0, we can use the eigenvalues of P,T, and
P.T, to label the single-body energy eigenstates

P k)= bRy, PT|k)=ebk), (1)

where k= (Ex,Ey) plays a role of crystal momentum. We will
use such a pseudocrystal momentum to label states in an

energy band. It is the pseudocrystal momenta k that form the
extended Brillouin zone [see Fig. 2(b)] which corresponds to
the reduced unit cell with only one Fe.

Let us work out an explicit example by considering a
tight-binding model involving the d,,, d,., and d,, orbitals.
First, consider the hopping terms that do not mix the orbitals
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FIG. 1. (Color online) (a) The Fe-As plane and the d orbitals of
Fe. The filled dots are Fe atoms and the empty dots are As atoms.
The plus and minus signs in the empty dots indicate if the As atom
is above or below the Fe plane. The large square is the 2D unit cell.
The dashed square is the reduced unit cell which contains only one
Fe. The d,., d,., and d,, orbitals of the Fe atoms are described by
the red, blue, and green curves, and marked by xz, yz, and xy
respectively. (b) The y hopping between the d,, or d,, with d,,
orbitals.
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FIG. 2. (Color online) (a) The Fermi surfaces of the Fe d bands.
The plus sign marks the hole pockets and the minus sign marks the
electron pockets. The square is the Brillouin zone. (b) The extended
Brillouin zone (dashed square) for the reduced unit cell and the
positions of the Fermi pockets in the extended Brillouin zone. The
[ point has (k,, }) (0,0). The folding of the extended Brillouin
zone in (b) produces (a). After folding, the (T, M) and (X,Y) in the
extended Brillouin-zone map into the I" and M in the original Bril-
louin zone, respectively. The yellow shading marks the region
where the p-wave pairing order parameter may have the same sign.

=—> [ (c“)' () cy‘ +1 V(c"y)’c"y +Hc], (2)
@)

where i, j label the positions of the Fe. Since the d,,, d,, and
d,, orbitals are eigenstates of P, reflection, the P.T, and P.T
symmetries require that 77, #;", and #;" only depend on i—j.

The mixing term between the d,; and d,, orbitals is given by

-> [tﬁ}z’yz(cfz)Tc}’z +H.c.], (3)
(@)
where #;7'* also depends only on i—j as required by the P.T,
and P,T, symmetries. On the other hand, the mixing term
between the d,, and d,, orbitals as well as that between the
d,, and d,, orbitals are given by

H;= E (= )5 +’\[t)‘Z X’(c”)*c” +1Y (c”)Tc)‘y +Hecel], @)

G
where 7" and #;*" only depend on i—j. We note that the d,.
and d,, orbitals have opposite eigenvalues =1 under P_. The
P.T, and P T, symmetries require the presence of the factor
(=)&*y. Thus, ¢ and ¢** with conventional crystal momen-
tum k+Q can mix with ¢;” with crystal momentum k where

Q=(m,m).

However, in the pseudocrystal momentum k space, only
operators with the same pseudocrystal momentum can mix.
Let ~

W= (5)
be the operators with pseudocrystal momentum k, where

C~ — E —1(k+Q i xz
C~ ~ E e—1(k+Q C)Z,

Exlg ~> e kicy, (6)
i

We see that the pseudocrystal momentum k and the conven-
tional crystal momentum k are related by k=k for the dyy

PHYSICAL REVIEW B 78, 144517 (2008)

L Y

_ 57 K_J ]
) P
- _ RN TNy

+ + R ’
j _ F ND Fiﬂ /:xz,yz
(c)

(0 o) x Sy

=
\ /,'
FT\\

FIG. 3. (Color online) (a) The zero energy contour of eXZ(E)
(red) and e_‘,.z(l;) (dashed blue). The * are signs of exz(l;) and €, (l;)
in the region. The T point has k=0. (b) The hybridization of the d,,
and d,, bands. The curves are the zero energy contours of the hy-
bridized bands. (c¢) The zero energy contour of exy(E). (d) The solid
curves are the Fermi surfaces of the three-band tight-binding model
as a result of the hybridization of (b) and (c).

orbital and k+Q:l; for the d,, and d,, orbitals. The total
hopping Hamiltonian H=H,+H,+H; can be written as H

=3P IMpPg with

EXZ(E) EXZ,}‘Z(I;) GXZ XV(I;)

MI; = 6XZ»)‘Z(I’€) 6\7(”;) Eyz,xy(ig) : (7)

Ej;z,xy(’;) G)z Xy (kN) exy(ig)

It is worth noting that the above Hamiltonian and the result-
ing energy bands are defined on the extended Brillouin zone

(labeled by k) of the reduced unit cell [see Fig. 2(b)].
The nearest-neighbor admixture between d,, and d,, van-
ishes by symmetry. Keeping the next-nearest-neighbor term

only, we have €, =-2f, yz[cos(k +k, V- cos(k —k, ,)]. Note
that this vanishes at I', M, X, and ¥ points (see Fig. 3), but is

maximal midway between X and Y. Next, consider the
nearest-neighbor admixture between d,, or d,, with d,, along
the y direction [see Fig. 1(b)]. These orbltals can admlx only
because of the asymmetry introduced by the As ions, which
has xz symmetry. This implies that the d,.~d,, overlap inte-
gral is odd under x— —x and vanishes. Only the d,,—d,,
matrix element survives. Also note that under the 180°
rotation in the x-y plane about the i site, (c}] +y)' c

—=(cf, )'c?. Thus only the
—(cft )T ¥ that preserves such a symmetry can appear in the
hopplng Hamﬂtoman which has a form

. . VZ \ T v
combination (¢} +y)

E[( )y ey e = (e5) e T+ He ]

= 2 [— 1,0l — )@ + He]. (8)
k
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This allows us to conclude that the nearest neighbor

d.—d,, and d,-d, mixing give rise to ze,xy(E)
==2it,, sin(l%) and eyz’xy(I;)=—2ityZ’xy sin(k,).

Now we can see how the three-orbital model can repro-
duce the four-pocket Fermi surface. Let us begin by assum-
ing that €, (k) lies just below the Fermi energy (0.2 eV) at
k=Y and disperses rapidly upward toward M, reaching 2.5
eV. From T, it descends toward X where its energy is
—1.4 eV. The dispersion is relatively flat along X-T-Y and a
shallow local maximum appear at I. The Fermi surface cor-

responding to this band is shown in Fig. 3(a). The d,, band is
similar except rotated by 90°. The reason for the choice of

locating the d, +d,, band at Y (as opposed to X) will be
explained later.
Next, we turn on the hybridization between d,, and d,,.

The hybridization is maximal at X (midway between X and
?) and creates two sheets which touch at T' and two Fermi

surfaces. We also find two concentric small hole pockets at r
which become the well-known hole pockets at I" after fold-
ing.

The d,, band exy(l;) is assumed to be at —0.5 eV at k
=X and k=Y and disperses rapid upwards toward [ but

rather flat toward M. The Fermi surface is sketched in Fig.
3(c). Now we turn on €, ,, and €, . This gives the electron
pockets centered at X and Y which become the two electron
pockets at M after the folding. Note that because €, ,.=0 at
X and Y, the band at Y (or X) is purely d,,+d,, (or dy +d,,).
Furthermore, near Y, €47 vy~ SIN EX. Thus along Y-T, the hy-
bridization is zero and the d,, and d,, bands cross as shown

in Fig. 4(a). Along Y—M, the upper band is mostly d,, while
the d,, amplitude in the lower band increases linearly with

the distance from Y. These features are in agreement with
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FIG. 4. (Color online) (a) The energy bands near ¥ and T. The
bands near ¥ come from the d,. and d,, orbitals. The thickness of
the curve indicates the weight in the d,, orbital. The bands near r
came from the d,, and d,, orbitals. (b) The contour plot of iuvy

near Y. The dashed loop is the Fermi surface.

band calculations!™'* and are strong evidences that our as-

signment of the d,, band is correct.
The final result is an ellipse shaped pocket, with the long

axis of the ellipse pointing in the y direction at Y (toward the

hole pockets at I'). The Fermi surface crossing along the long
direction is purely d,, and the short direction is mainly d,,
[see Fig. 3(d)].

The pocket formed between the dashed lines in Fig. 3(d)
is eliminated for sufficiently strong hybridization. However,
within the three-orbital model, it is impossible to remove the

Fermi surface surrounding M [the small gold solid loop in
center of Fig. 3(d)] because the hybridization elements are all

zero at M. We need a fourth band which crosses and hybrid-
izes with the d, +d,, band to eliminate the unwanted Fermi
surface. Apart from this, the fourth band plays no role as far
as the remaining two electrons and two hole pockets are
concerned. It is in this sense that we maintain that the three-
orbital model gives an adequate description of the low en-
ergy Hamiltonian.

III. INTERACTION BETWEEN d ELECTRONS

Next, let us consider the single-ion interaction between the electrons on the Fe d orbitals which is given by

1 .
Hy=52 f dxd’x'c}(x)e,(x)Vx - x)el, (&) e (x')

0| =

aj ,az,a3,a4,a,a/

Sl Caatan, f P!y () by (¥ )V =X ) b, (') by (5. )

where a,,**,a,=xz,yz,xy label the orbitals, ¢,(x) is the wave function of the orbitals, and c, is the electron operator for the
a orbital. Due to the symmetry of the orbitals, @; must appear in pairs and the above can be rewritten as

1

P 1 P 1 P 1 P
H;= EUIE caac,gucﬁacaa + §U22 Clwclﬁbcﬁbcaa + 5‘12 clwclgbcﬁacab + 5"2 Clkaclgacﬁbcab’ (10)
a a#b a¥b a+b
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where U,=U,,=U,,, U,=U,,=U,-2J,'° and

Uy f P’ ) B8 WV = x) b, (") ),

J=fdzxd2x’¢a(X)¢b(x')V(x—x')¢a(x’)¢b(x)- (11)

Here the U, term represents the Coulomb interaction be-
tween electrons on same orbital. The U, term represents the
interaction between electrons on different orbitals. The first J
term is the exchange effect that favor parallel spins on the
same Fe and is responsible for the Hund’s rule. The second J
term is pair hopping between different orbitals.

IV. PAIRING INSTABILITY

The above d-electron interaction may cause a pairing in-
stability. One possible pairing instability is the spin-triplet
pairing between X and Y electron pockets.!” In this paper, we
will consider a different type of pairing—the spin-triplet
p-wave pairing within the same Fermi pocket.

First, let us consider the p-wave pairing on the Fermi
pocket near the Y point (see Fig. 3). Such a Fermi pocket is
a mixture of the dx; and d,, o.rbitals. LeF l,{fxz and ¢, be the
electron operators in the continuum limit in the d,, and d,,
orbitals near the Y point. The electron operator i near the

pocket at the Y point [see Fig. 2(a)] is a mixture of ¢, and

Py

The Hamiltonian has the P_P,, PP, P, PT, and P.T,
symmetries, where P,:x— —x and P,:y——y are reﬂectlons
about a Fe atom. These symmetries dlctate certain forms of
the continuum Hamiltonian. Alternatively, we can expand the
tight-binding picture near Y to obtain the following form

which respects all the symmetry requirements:
HO = (tlk,% + t2k§ + E)(?g) lp;zwxz + (?lk,% + ?2k% ) ‘pxy
+ 1k, (il + Hee). (12)

Here k is the pseudocrystal momentum measured from the Y
point. From Fig. 4(a), we see that the d,, band is flat along
the y axis, which implies 7, > t,. Similarly 7,>7,. In the fol-
lowing, we will ignore ¢, and 7;.

The electrons have two bands with energies

Ei(k)=eoi\'e§+e§, (13)

where

eo=—(t1k +t2k +é .+ € )

1
2 =2 0 0
= E(tlkx - t2ky + EXZ - Exy),

62=t3kx. (14)

. and i, are related to the electron operator ¢ in the upper
band E, as
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(pxz(k) = ukip(k)v lﬁxy(k) = Uk‘ﬁ(k)’ (15)
where
i€2
U, = ,
\28+28-26VE+ &
—
vx= Yot (16)

b£+28 2e,VE+

To obtain the pairing interaction near the )7 point in the
spin-triplet channel we set a=B8=a’=£'=1 in Eq. (10). We
find that the first and the fourth terms in Eq. (10) vanish. The
second and the third terms become

E Vilkey,Jey) [y (ko) i (= kz)]TI/IT(kﬂl//T(— k) (17)

kiks

in the spin triplet and (k,—k) pairing channel, where the
effective pairing interaction of ¢ is

Vilkyky) == (J - Uz)ultzvikzuklv—k,- (18)

From the effective pairing interaction, we can obtain a di-
mensionless coupling constant!®

d(Tk
(27)?|vy

(EM; T8 VK gk
k'

2
f (2w)2|vk| g0

(19)

where [doy is the integration over the Y Fermi surface and
vy is the Fermi velocity. The function g(k) is a square har-
monics which describes the shape of the superconducting
gap, e.g., g(k)=1 corresponds to a s-wave and g(k)=sin k, or
sin k, to a p-wave superconductor. The superconducting tran-
smon temperature T, is given by T.=Qe” I\ where ) is of
order of the Fermi energy of the pocket Q~0.2 eV.

From Eq. (18), we find that, when J>U,, the pairing
interaction Vy(k,,k;) induces a pairing g(k) that have the
same symmetry as uzvy. Because uzvy is odd in k, [see Fig.
4(b)], the induced pairing is in p-wave channel g(k)=sin k,.
Thus when J>U,, the d-electron interaction will cause a
spin-triplet p-wave pairing. Note that the location of the node
depends on the choice of sin k, versus sin k,, which in turn

hinges on our assignment of the orbital to be xz-like near Y.
Triplet pairing has been proposed earlier,' and fully gapped
states such as p,+ip, were suggested. In contrast, after in-
cluding the k-dependent orbital mixing, we find the on-site
ferromagnetic interaction to favor a particular nodal p, and

py states in the Y and X valleys, respectively.

As long as €x> fw we see from Fig. 4(a) that the Fermi
surface changes its character from pure d,, to mostly d,, as a
function of angles. |u|*> and |v,|> must cross at some angles
where |uv| takes its peak value 1/2 [see Fig. 4(b)]. Thus the
effect of |ugvy| or N is relatively insensitive to doping pro-
vided that x> egz. Since the density of states is also inde-
pendent of doping in 2D, this explains why 7. is somewhat
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insensitive to doping and may extend to the hole doped side,*
except near zero doping. There the U, term will drive a SDW
instability due to the nesting between the electron and the
hole pockets.!3?3

We would like to mention that since E(k)=E(-k), our
intrapocket p-wave pairing appears even when the attraction
J—U, is weak. When the attraction J— U, is strong enough to
overcome the interpocket energy splitting (~0.05 eV), our
model also has the instability in the spin-triplet interpocket
pairing channel proposed in Ref. 17. Since the intrapocket
effective attraction is reduced by the matrix elements as
shown in Eq. (18), the interpocket pairing may be stronger in
large J— U, limit while the intrapocket pairing is stronger in
small J—U, limit.

Similarly, we can consider the spin-triplet pairing on the
Fermi pocket near the I’ point [see Fig. 2(b)]. Such a Fermi
pocket is a mixture of the d,; and d,, orbitals. The dispersion
and the d,.-d,, mixing near I' can be determined from the
symmetry consideration. The crucial difference is that the
hybridization matrix element is now proportional to k.k,.
After a similar calculation, we find that the spin-triplet pair-
ing potential Vy(k,,k,) satisfies Vi(k,,k;)=Vi(k,,—k,)
=Vi(-k,,k,). A p-wave pairing will result in a vanishing
dimensionless coupling A=0. Thus the Coulomb interaction
in the d orbitals does not induce spin-triplet p-wave pairing
on the two pockets near I' even when J> U,. We see that the
d-d,, (d,.d,,) mixing at Y (X) in the three-orbital model is
crucial for the appearance of our p-wave instability. A two-
orbital model has the wrong Fermi-surface topology in that

one hole pocket is located at T" and M in Fig. 2(b), instead of

both being at T'.22 Although the two-orbital model may allow
certain superconducting states,”*2! it does not have the
proper symmetry and the orbital mixing to generate the
p-wave pairing proposed here.

V. CONCLUSION

In this paper, we examine the possibility that Coulomb
interaction between the electrons in the Fe d-orbitals may
induce a superconducting phase. We find that when the
Hund’s rule ferromagnetic interaction on Fe is strong
enough, i.e., when J> U,, the Coulomb interaction can in-
duce pairing instability. In the weak-coupling limit, the lead-
ing instability is found to be a spin-triplet p-wave pairing on
the electron pockets at M (or at X and Y in the extended
Brillouin zone). Although the Coulomb interaction can only
directly induce pairing on the electron pockets at M, the
proximity effect will lead to a p-wave pairing on the hole
pockets at I'. So the resulting superconducting state has node
lines on the three-dimensional (3D) Fermi surfaces.

The spin-triplet pairing order parameter is a complex vec-
tor d. The relative phases and relative orientations of the two

order parameters dy and dy on the two pockets X and Y can
have interesting relations which cannot be determined from
the linear-response calculation adopted here. One possible
distribution of the phases is given in Fig. 2(b), where p-wave
pairing gap is positive in the shaded regions and negative in
unshaded regions.
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At the atomic level, U=3-4 eV and J=0.7 eV, so U,
—J is positive. However, in a tight-binding model involving
only the Fe d orbitals, the As orbitals have been projected out
and the appropriate U and J are those corresponding to the
Wannier orbitals which are much more extended than the
atomic d orbitals. A recent estimate by Anisimov et al.?*
found the average U to be strongly renormalized down to 0.8
eV while J remains large at 0.5 eV. These are the more
appropriate bare parameters in a three-band model. Further-
more, in a crystal, the strong hopping leads to extended qua-
siparticles near the Fermi surface. The on-site U, and J will
induce effective interaction U, and J* between those quasi-
particles. The term induced by U, will remain short ranged.
However, J may induce a long-range couple because parallel
spin configuration favors hopping, i.e., Hund’s rule and hop-
ping are compatible. Since the Fermi pockets are small, the
effective interaction is given by U,(q)—J"(q) with g~kp
<1/a. A long range J coupling enhances J*(¢=0) and can
potentially lead to a sign change and a net effective attrac-
tion.

Since the original submission of this paper the experimen-
tal situation has evolved rapidly. Here we attempt a brief
summary of the relevant experimental data. The issue of
whether gap nodes exist remains open to debate. Photoemis-
sion data on Ba;_ K Fe,As, indicate an almost isotropic gap
on the hole pocket in this hole doped material.>> It was re-
cently found that the magnetic-field dependence of the spe-
cific heat in this material is linear,2° in contrast with the VH
behavior taken as evidence for nodes in the electron doped
material.®> At the same time, the nuclear-spin relaxation rate
TL] fits the 7° law over three decades in La(O,_ Fe, )FeAs.?’
Thus at the moment, existing data seem to point to gap nodes
in electron doped materials and their absence in hole doped
materials. We note that, because the size of the Fermi pock-
ets is small, it is usually advantageous to hide the nodes in
the k space between Fermi pockets. In order to produce a gap
node on the Fermi surface of the small pocket, one needs an
effective pairing potential which varies rapidly on the scale
of the small pocket. Our theory is one of the few that will do
this, and we rely on the rapid k dependence of the hybridiza-
tion matrix element. The message that wave function and
matrix elements may play an important role and must there-
fore be handled properly has validity beyond the special
p-wave pairing scenario described here.

What about singlet vs triplet pairing? The Knight shift is
probably the best way to answer this question. In a triplet
superconductor, the spin contribution to the Knight shift
drops below T. to zero if the magnetic field is parallel to the
d vector, but remains unchanged if it is perpendicular. If the
d vector is free to rotate, it will turn perpendicular to H and
no change in Knight shift is predicted. This is apparently the
case for Sr,RuQ,. On the other hand, if d is locked to the
lattice, we expect to see in a polycrystalline sample a drop of
2/3 of the value compared with singlet pairing. Without ac-
curate knowledge of the orbital contribution to the Knight
shift, this is hard to distinguish. Thus NMR on single crystals
is needed to settle this question. As of this writing, the only
single-crystal data available are from Ning et al?® on
BaFe, ¢Co,As,. The data do not support triplet pairing in
that a drop in the Knight shift is seen for field directions both
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parallel and perpendicular to the plane. On the other hand, a
recent paper by Nakai et al? on the FeP system
Laj 3,Ca, ;3FePO shows that the magnetic behavior is quite
different from the FeAs system. The Knight shift increases
with decreasing temperature, indicative of ferromagnetic
fluctuations above 7. and #T shows a very unusual increase
below T,.. The authors speculate that magnetic fluctuations
associated with triplet pairing may be responsible for the
increase. The experimental situation remains in flux and it

PHYSICAL REVIEW B 78, 144517 (2008)

may be possible that different pairing scenarios may be com-
peting and win out in different materials.
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