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An embedded atom type many-body model for describing rare-gas solids is developed. Model parameters
are obtained by fitting zero-temperature compression curves, bulk moduli, and C44 elastic constants to experi-
mental and ab initio data. The model is then used to calculate the pressure-dependent elastic constants, Cauchy
discrepancies, and melting curves of Ne, Ar, Kr, and Xe. It is shown that a spherically symmetric many-body
model cannot reproduce the high-pressure elastic properties of the system. The model successfully reproduces
the experimentally observed negative Cauchy discrepancies and improves the agreement of the melting curves
of rare-gas solids compared to pair-interacting calculations. The reported cusps on the melting curves of
rare-gas solids have not been reproduced.
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I. INTRODUCTION

Rare gases have been among the most widely studied ma-
terials, both experimentally and theoretically.1 The impor-
tance of rare gases lies in the fact that they are a relatively
simple system to study due to their closed-shell electronic
structure. Of special interest are the high-pressure properties
of rare gases because of their importance for geophysical
research2 and extensive use as a pressure medium in high-
pressure diamond anvil cell experiments.3 Some examples of
experimentally measured high-pressure properties of rare
gases are the compression curves of Xe,4–6 Kr,2,7,8 Ar,9–11 and
Ne,9,12 the elastic properties of Kr,7,13 Ar,11 and Ne14,
pressure-induced phase transitions in Xe �Refs. 15–18� and
Kr,18 phonon-dispersion curves of Ar,19 and the melting
curves of Ne,20 Ar,21,22 Kr,2,22 and Xe.22,23 There have also
been extensive studies of He properties, but because they are
dominated by quantum effects, these are beyond the scope of
the present paper.

At ambient conditions, rare gases are dominated by pair
interactions. As a result, much of the modeling of rare gases
in condensed phases has been undertaken with empirical in-
teratomic pair potentials. These include the simple �12-6�
Lennard-Jones24 and �exp-6� Buckingham25 pair potentials,
modeling only the long-range van der Waals attraction and
the short-range core-core repulsion, as well as the more com-
plex potentials by Aziz and Chen,26 Bobetic and Barker,27

and others.
Despite the fact that rare gases in ambient conditions are

characterized by pair interactions, experiments have shown
that the high-pressure behavior of rare-gas solids deviates
significantly from that of a simple pair-interacting solid.
Grimsditch et al.10 have shown that high-pressure argon pos-
sesses a negative Cauchy discrepancy �= �C12−C44�, which
increases in magnitude with pressure. Since the Cauchy dis-
crepancy of a pair-interacting solid must be zero,28 this find-
ing suggests that rare gases possess many-body as well as
two-body �pair� interactions and that the former become
more significant at high-pressure conditions. This result has

been recently confirmed by Shimizu et al.,11 who studied
high-pressure argon up to 70 GPa, and by several DFT cal-
culations of high-pressure elastic properties of solid Ar �Ref.
29� and other rare-gas solids.30

The need for a many-body description of dense rare gases
has been discussed in a number of works over the years �see
Ref. 10, for example�, and the main approach to this problem
has been to correct the cohesive energy function, usually
described by a sum over pair potentials, with physically mo-
tivated empirical three-body terms. This approach is taken by
Loubeyre,31,32 who combined the Aziz and Chen26 pair po-
tential with three-body terms originating from the Slater-
Kirkwood exchange interaction and the Axilrod-Teller dis-
persion relation, and calculated the high-pressure equations
of state of rare-gas solids. A more recent example of this
approach is the work of Freiman and Tretyak,33 who ex-
tended the equations of state of rare-gas solids to the
megabar range. A notable success of Loubeyre’s model is the
prediction of an fcc-hcp transition at high-pressure in rare-
gas solids.32

Despite these successes in modeling the cohesive energy,
the high-pressure elastic properties of rare-gas solids remain
beyond the scope of the abovementioned works. Recently
Aoki and Kurokawa34 proposed a many-body model that re-
produces the high-pressure elastic properties of Ar, including
the negative Cauchy discrepancy. The model is based on the
nonorthogonal tight-binding theory and has no separate pair-
interacting term describing repulsion.

An alternative many-body approach is the embedded
atom method �EAM�,35 which is a semiempirical model
mainly used to describe metals and alloys, as well as semi-
conductors, and covalently bonded elements. An important
modification of this model is the modified embedded atom
method �MEAM�,36 where many-body interactions are ex-
panded in a series of three-body terms. In this formulation of
EAM/MEAM, the many-body term affects the elastic and the
thermal properties of the system, but not the cohesive energy,
which is determined solely by the pair potential. This feature
allows one to use a pair potential that best fits the equation of
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state and to treat the many-body term as an empirical correc-
tion of the elastic properties. Another feature of EAM/
MEAM models is their atomistic rather than geometric for-
mulation, making them easier to employ in molecular-
dynamics simulations.

Another interesting pressure-dependent property, not yet
studied with many-body models and expected to depend on
many-body effects, is the melting curve. Recent experiments
by Boehler and co-workers22,23 have shown cusps on the
melting curves of Xe, Kr, and Ar at 16, 30, and 40 GPa,
respectively. These cusps have not been found on the calcu-
lated melting curves of rare-gas solids using a variety of
classical pair potentials and ab initio methods.20,25,37–41

In this work we develop an EAM based many-body po-
tential for rare gases and apply it to study the high-pressure
properties of rare-gas solids. The work is organized as fol-
lows. In Sec. II we first attempt to construct a spherically
symmetric many-body EAM potential, which we show to be
insufficient to describe the elastic properties of the system.
Then we proceed to develop a model with three-body terms
and explicit angular dependence. In Sec. III the model is
fitted to the high-pressure compression curves and C44 elastic
constants of rare-gas solids. Additional elastic properties, in-
cluding the high-pressure Cauchy discrepancies, are then cal-
culated. In Sec. IV we calculate the melting curves of rare-
gas solids using molecular dynamics simulations and
compare them to experimental data and other theoretical cal-
culations. We conclude with a discussion of our results.

II. MODEL

A. Spherically symmetric many-body model

We begin by constructing a simple many-body model
based on the EAM formalism.35 In this formalism the energy
of an atom is written as a sum of two terms: the embedding
energy F��̄i�, which is the many-body term, and the pair
potential ��rij�,

Ei = Fi��̄i� +
1

2�
j�i

��rij� . �1�

In the case of rare gases, the embedding energy term can be
considered as an extension to the pair potential, which is the
main potential term.

The embedding energy of an atom is a functional of the
“average electron density” �̄i at the atom site, defined as

�̄i =
1

Z
�
j�i

�ij , �2�

where

�ij = exp�− ��rij/r1e − 1�� , �3�

and � and r1e �equilibrium nearest-neighbor distance� are
parameters of the potential. Z is the coordination number of
the lattice �Zfcc=12�. The ground-state phase of most rare-
gas solids is fcc, and it is assumed that no phase transitions
occur during compression. The embedding function is cho-
sen as35

Fi��̄i� =
Z

2
EcA�̄i ln��̄i� , �4�

where Ec is the cohesion energy and A is a model parameter.
The pair potential is defined as

��rij� = �PP�rij� −
2

Z
Fi��ij� , �5�

where �PP is a model pair potential. In this work we use the
Lennard-Jones �12-6� and the Buckingham �exp-6� pair po-
tentials. While both potentials have been widely used to de-
scribe rare gases at ambient conditions, the latter have been
successfully applied to high-pressure conditions as well.25

The two potentials are defined as follows:

�LJ�rij� = Ec��rij/r1e�−12 − 2�rij/r1e�−6� ,

�B�rij� = Ec� 6

� − 6
exp�− ��rij/r1e − 1�� −

�

� − 6
�rij/r1e�−6� .

�6�

Buckingham potential has an additional parameter �, which
is associated with the bulk modulus. The resulting model has
a total of five parameters �� included�, three of which belong
to the pair potential and are determined by the physical prop-
erties of the material being described, and two are free and
belong to the many-body term. Note that parameter A is re-
sponsible for the relative strength of the many-body term and
can be zero. In this special case the many-body term cancels,
and only the pair potential remains.

Now we shall see whether the EAM model is able to
produce a correct calculation of the Cauchy discrepancy, a
property that is experimentally negative, but always zero for
a pair potential. It can be shown that the Cauchy discrepancy
of a perfect homonuclear crystal in a nearest-neighbor EAM
model is36

� =
F���̄�

9V
����r1�r1�2, �7�

where r1 is the nearest-neighbor distance and V is the atomic
volume, which is proportional to r1

3. It can be easily seen
that Eq. �7�, which can be easily generalized for any number
of neighbor shells, is positive definite, since F���̄�, which is
the second derivative of the embedding energy, must be posi-
tive for the system to be stable. Therefore, for EAM, the
Cauchy discrepancy is always positive and proportional to
the curvature of the embedding energy function F��̄�. This
conclusion is valid not only for EAM, but for any spherically
symmetric many-body model with �̄i defined according to
Eq. �2�, i.e., consisting of two-body terms only. This result
does not depend on the specific functional forms of �ij and
F��̄�. We conclude that spherically symmetric EAM-like
many-body models cannot provide an appropriate descrip-
tion of elastic properties of rare-gas solids.

B. Many-body model with explicit angular dependence

Having concluded that spherically symmetric many-body
models are insufficient to describe the properties of rare-gas
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solids, we introduce an explicit angular dependence into our
model. The angular dependence is introduced in a way in-
spired by the MEAM model of Baskes.36 We begin by re-
placing the original two-body terms of �̄i in Eq. �2� with
three-body terms and expanding in a geometric series of co-
sines as follows:

��̄i�2 =
1

Z2 �
j�i

k�i

�ij�ik�a0 + a1 cos�� jik� + a2 cos2�� jik� + ¯ � ,

�8�

where an are real coefficients. The series can be rearranged
to take the form of Legendre polynomials

��̄i�2 =
1

Z2 �
j�i

k�i

�ij�ik�b0P0�xjik� + b1P1�xjik� + b2P2�xjik� + ¯ � ,

�9�

where

P0�xjik� = 1,

P1�xjik� = xjik,

P2�xjik� = 3xjik
2 − 1, �10�

xjik=cos�� jik�, � jik is the angle formed between atoms j, i,
and k, and bn are real coefficients �similar to an�. Legendre
polynomials can be expressed in terms of interatomic dis-
tances as

P0�xjik� = 1,

P1�xjik� = �
�

rij
�rik

�

rijrik
,

P2�xjik� = 3�
�,�

rij
�rij

�rik
�rik

�

�rijrik�2 − 1, �11�

where rij
� are the projections of the interatomic distances rij

on the axes of an arbitrary Cartesian system. �� ,�� and
�i , j ,k� are dimensional and atomic indices, respectively. Us-
ing Eq. �11� and following Ref. 36, we rewrite Eq. �9� as

��̄i�2 = �b0��̄0�2 + b1��̄1�2 + 3b2��̄2�2 + ¯ � , �12�

where

��̄0�2 =
1

Z2��
j�i

�ij	2
,

��̄1�2 =
1

Z2�
�
��

j�i

�ij

rij
�

rij
	2

,

��̄2�2 =
1

Z2��
�,�

��
j�i

�ij

rij
�rij

�

rij
2 	2

−
1

3��j�i

�ij	2� . �13�

It should be pointed out that the terms of Eq. �13� are inde-
pendent of the particular choice of a coordinate system.

Now, with the angular terms defined, we look for the
lowest-order term that is capable of reproducing a negative
Cauchy discrepancy. The zero-order term, which is the
spherically symmetric term �2� discussed in Sec. II A, con-
tributes positively to the Cauchy discrepancy and, therefore,
cannot be used. The first-order term has no effect on the
elastic properties, as it cancels for any structure with inver-
sion symmetry. The lowest-order angular term that matches
our criteria is, therefore, the second-order term. We choose it
to represent the angular dependence in our model and for
simplicity set b0 and b1 to zero. Without losing generality, b2
is set to 1 /3, and the average electron density �̄i is now
written as

�̄i =
1

Z

�

�,�
��

j�i

�ij

rij
�rij

�

rij
2 	2

−
1

3��j�i

�ij	2
. �14�

For an undisturbed cubic lattice, �̄i becomes zero, and the
functional form of the embedding function, as formulated in
Eq. �4�, can no longer be used. Therefore, we modify the
embedding function slightly so it will not diverge at low
values of �̄i,

Fi��̄i� =
Z

2
EcA�̄i ln��̄i + 1� . �15�

The pair potential �5� is modified as well and becomes sim-
ply

��rij� = �PP�rij� , �16�

where �PP�rij� is a model pair potential defined in Eq. �6�.
The resulting many-body model has five parameters,

which are identical to those of the spherically symmetric
EAM model described in Sec. II A. In Sec. III we obtain the
model parameters by calculating the zero-temperature prop-
erties of rare-gas solids and fitting the results to available ab
initio and experimental data.

III. ZERO-TEMPERATURE PROPERTIES AND
PARAMETER FITTING

A. Zero-temperature compression curves

The zero-temperature compression curves are calculated
by minimizing the energy of a crystal with respect to its
volume at a given pressure. The interactions are calculated
up to the second-nearest neighbors for the entire pressure
range. This condition is satisfied by a varying-distance cutoff
function, calculated according to the following formula:

rc = rc
0�V/V0�1/3. �17�

Here rc
0=1.573 is the zero-pressure cutoff distance, defined

as the halfway distance between the second- and the third-
nearest neighbors in an fcc crystal. Here the zero-pressure
nearest-neighbor distance is defined as 1.0. V and V0 are the
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current and the zero-pressure system volumes, respectively.
In case of an ideal cubic crystal under uniform compres-

sion the many-body term cancels, so the zero-temperature
compression curves depend only on the pair potential. There-
fore, the latter can be used to obtain the model parameters of
the pair potential—Ec, r1e, and �. Note that the cohesion
energy is presented in units of temperature as T0=Ec /kB,
where kB is the Boltzmann constant.

The final parameters for Ne, Ar, Kr, and Xe are listed in
Table I. The compression curves, calculated with parameters
from Table I and compared to experimental
data,2,5–7,10–12,16,17 ab initio results,29 three-body33 and
two-body42 model calculations, appear in Figs. 1–4. It should
be noted that the experimental curves were measured at room
temperature. In order to evaluate the thermal pressure contri-
bution to the compression curves, we performed a constant-
temperature molecular-dynamics simulation of Ar at 300 K
with the full many-body model. As one can see in Fig. 2�a�
�filled circles�, the thermal contribution was found to be neg-
ligible.

The agreement between our calculations and the experi-
mental and ab initio data is very good, as can be seen in Figs.
1�a�, 2�a�, 3�a�, and 4�a�. Let us recall that in our model the
compression curves are not affected by the many-body term;
they are the result of the pair potential only. In Fig. 4�a�, one
can see a small discrepancy between the hcp data �triangles�
and the fcc results �filled circles and continuous line�. It
should be noted that in our calculations, as well as in the
other theoretical calculations referenced here, all rare gases
are treated as fcc for the entire pressure range.

While there is an excellent agreement between results ob-
tained with the Buckingham potential and the experimental
data, the Lennard-Jones potential appears to be much less
successful. The discrepancy between the two potentials can
be more easily seen on a logarithmic scale �Fig. 2�b��. In the
case of the Lennard-Jones potential, the pressure derivative
of the bulk modulus, which is a function of Ec and r1e, is
greatly overestimated. In the case of the Buckingham poten-
tial, the additional parameter � allows a more accurate fitting
of the pressure derivative of the bulk modulus and, as a
result, a better agreement with the experimental compression
curves. Following these results we focus mainly on the
Buckingham potential in the following calculations.

At very high pressures, beyond the experimental range,
our results are compared to the three-body calculations by
Freiman and Tretyak33 and the pair-interacting model by

Zarochentsev et al.42 �Figs. 1�b�–4�b��. All three models are
comparable, with our results lying between the other two
models. Freiman and Tretyak reported that their model fails
above 250, 200, and 175 GPa for Ar, Kr, and Xe, respec-
tively. In the calculated pressure range, we did not see any
unphysical effects in our model. Below the above-mentioned
pressures, our results agree with those of Freiman and
Tretyak somewhat better than with those of Zarochentsev et
al.

B. Zero-temperature elastic properties

Pressure-dependent elastic constants are obtained by a nu-
merical calculation of the second derivative of the system

TABLE I. Model parameters of Buckingham and LJ potentials,
obtained by fitting calculated zero-temperature compression curves
to experimental compression curves of various rare-gas solids.

�
r1e

�Å�
T0

�K�

Xe 12.1 4.53 235.0

Kr 12.5 4.12 175.0

Ar 12.0 4.00 122.0

Ne 12.8 3.25 42.0

�LJ� Ar 3.75 119.5
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FIG. 1. �a� The compression curve of Ne, calculated with the
current model at 0 K �solid line�. Filled circles represent room-
temperature experimental data from Ref. 12. �b� The compression
curve of Ne �same as in �a��, compared to previous theoretical cal-
culations. Open squares represent three-body model calculations
from Ref. 33. Filled circles represent pair-interacting model results
from Ref. 42.
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energy with regard to an appropriate infinitesimal strain. Ex-
act formulae used to calculate the elastic constants can be
found in the Appendix. Unlike the compression curves,
which depend only on the pair potential, the elastic constants
are affected by the many-body term and can be used to de-
termine the remaining model parameters. As before, a

second-nearest-neighbor varying-distance cutoff was used in
these calculations.

For an isotropically compressed crystal, the experimen-
tally measured stress-strain coefficients �the Birch moduli�
Bij are derived from the elastic constants Cij as follows:

B11 = C11 − P ,

B12 = C12 + P ,

B44 = C44 − P , �18�

with P being the applied isotropic pressure.28 Additional
quantities, such as the experimentally measured bulk modu-
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FIG. 2. �a� Compression curves of Ar, calculated with the cur-
rent model �Buckingham potential� at 0 K �solid line� and 300 K
�filled circles�, and the LJ potential at 0 K �dashed line�. Filled and
empty triangles represent the room temperature experimental data
from Refs. 10 and 11, respectively. Empty circles represent 0 K ab
initio calculations from Ref. 29. The effect of the temperature can
be seen to be negligible. LJ results deviate significantly from the
experimental data. �b� Compression curves of Ar, calculated with
the current model �Buckingham potential� at 0 K �solid line�, and
the LJ potential at 0 K �thin line�, and compared to previous theo-
retical calculations. Open squares represent three-body model cal-
culations from Ref. 33. Filled circles represent pair-interacting
model results from Ref. 42.
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FIG. 3. �a� The compression curve of Kr, calculated with the
current model at 0 K �solid line�. Filled and open circles represent
the room-temperature experimental data from Refs. 2 and 7, respec-
tively. �b� The compression curve of Kr �same as in �a��, compared
to previous theoretical calculations. Open squares represent three-
body model calculations from Ref. 33. Filled circles represent pair-
interacting model results from Ref. 42.
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lus B and the Cauchy discrepancy �, can also be derived
from the elastic constants

B =
1

3
�B11 + 2B12� =

1

3
�C11 + 2C12 + P� ,

� = �B12 − B44� − 2P = �C12 − C44� . �19�

In the course of this work we found that except for B44,
which depends strongly on the many-body term, the differ-

ences between effective elastic constants calculated with and
without the many-body term are negligible. We also found
that B44, being a monotonic function of A and �, is affected
in a similar way by both many-body parameters. As a result,
we chose to assign a nominal value of 1.0 to A, making it
constant, and determine � by fitting the calculated B44 to ab
initio and experimental data. The resulting values of � are
listed in Table II.

Effective bulk moduli, elastic constants, and Cauchy dis-
crepancies of Ne, Ar, Kr, and Xe, calculated with the many-
body model, Buckingham, and Lennard-Jones potentials �for
Ar�, and compared to ab initio calculations,29,30 experimental
data,11,14 and recent many-body34 and pair-interacting model
calculations,42 appear in Figs. 5–8. The many-body term af-
fects mostly B44, whereas considering the other elastic con-
stants, there is virtually no difference between those calcu-
lated with the many-body model and the Buckingham
potential alone.

The agreement between our model and the available ex-
perimental data for Ar and Kr depends on the calculated
quantities. In the case of the bulk moduli B, the agreement is
excellent. This agreement is the result of the good fit of the
equations of state that determine the pressure dependence of
the bulk moduli. This is especially important in the case of
Ne and Xe, for which no high-pressure experimental data are
available. The effective shear moduli B44 were corrected by
the many-body term so they would agree with the experi-
mental data in the case of Ar and Kr and with ab initio
calculations for Ne and Xe. Considering the other elastic
constants, B12 are slightly higher and B11 are slightly lower
than experiment. The Cauchy discrepancies �, calculated
with our many-body model, are consistent with both ab initio
and experimental data. Minor differences between the model
� and the reference data are probably caused by the small
disagreement in B12, which is an output of the model, and not
by a fitted quantity, B44.

Comparing our results to other theoretical calculations,
one can see that our data have a negative curvature, making
them progressively lower at very high pressures. Our results
for Ar are consistent with the many-body model of Aoki and
Kurokawa,34 as can be seen in Fig. 6. In the case of the
heavy rare gases, Kr and Xe, our many-body results are
mostly consistent with both ab initio �Ref. 30� and pair-
interacting model �Ref. 42� calculations. An exception is the
B44 elastic constant of Xe from Ref. 42, which is more con-
sistent with the Buckingham potential than with the many-
body model result. In the case of Ne and Ar, the results of
both Refs. 30 and 42 agree neither with our calculations, nor
with the experimental data �for Ar�, being constantly higher

TABLE II. The fitted model parameter � of the many-body term
for various rare gases.

Ne Ar Kr Xe
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FIG. 4. �a� The compression curve of Xe, calculated with the
current model at 0 K �solid line�. Experimental results at room tem-
perature are from Refs. 5 �open squares�, 6 �open circles�, 16 �open
triangles�, and 17 �filled circles and triangles�. There is a small
discrepancy between hcp experimental data, represented with tri-
angles, and fcc results �the other data�. �b� The compression curve
of Xe �same as in �a��, compared to previous theoretical calcula-
tions. Open squares represent three-body model calculations from
Ref. 33. Filled circles represent pair-interacting model results from
Ref. 42.
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than both. A possible reason for such behavior is the bulk
modulus pressure derivative, which is overestimated in both
calculations, as can be seen in Figs. 5�a� and 6�a�. A similar
behavior can be seen in our Lennard-Jones results, which
also deviate from the experimental data �Fig. 6� because of
an overestimated bulk modulus pressure derivative. It is in-

teresting that our results and the results of Ref. 42 behave
similarly, with B44 and B11 being lower, and B12 being higher
than experimental and ab initio data. Obviously, the experi-
mental Cauchy discrepancies, well described in ab initio and
many-body model calculations, are not reproduced by any of
the pair-potential models.
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FIG. 5. Pressure-dependent effective elastic moduli ��a� B, �b� B11, �c� B12, �d� B44� and the �e� Cauchy discrepancy of Ne, calculated with
the many-body model at 0 K �solid line�. The results are compared to 0 K ab initio calculations �Ref. 30—solid triangles�, experimental data
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IV. MELTING CURVE

In this section we apply our many-body model to calcu-
late the melting curves of Ne, Ar, Kr, and Xe. The calcula-
tions are based on the moving interface method,43 where a
joint molecular-dynamics simulation of the solid and the liq-
uid phases sharing an interface is performed. If the initial

thermodynamic state of the system is within the mixed-phase
region of the phase space, the system will be able to maintain
equilibrium by changing slightly the volume of each phase,
moving the interface between them. Otherwise, if the system
is initially in the solid or the liquid region of the phase space,
it will either completely melt or solidify during the simula-
tion. The total number of atoms in the reported simulations is
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3456, half of them initially solid and half initially liquid, in a
6�6�24 fcc unit-cell configuration. The two domains, liq-
uid and solid, are joined along the z axis.

The melting curves are calculated over a broad range of
densities, differing as much as four times between the high-
est and the lowest densities. Density variations as large as

these may cause the results to be highly dependent on the
type of the cutoff function used in calculations. In order to
study this dependence we constructed two different types of
cutoff functions—one being constant-distance, and the other
varying-distance constant-neighbor cutoff function—and
compared them by calculating the melting curve of Ar. The
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results appear in Fig. 10. The constant-distance cutoff func-
tion �represented with triangles� includes all atoms within the
range of 1.573 zero-pressure nearest-neighbor distances and
does not depend on the density. The varying-distance cutoff
function �represented with diamonds�, which is defined in
Eq. �17�, includes only atoms below the second-nearest
neighbors �in the fcc lattice�. As the effect of the cutoff func-
tion on the obtained results was minimal, it was decided to
use the constant-distance cutoff function in all other calcula-
tions.

The melting curves of Ne, Ar, Kr, and Xe, calculated with
and without the many-body term and compared to other pair

potential calculations,20,38–41 ab initio,37,38 and experimental
results,20–23 are shown in Figs. 9–12. The calculated and the
experimental melting curves agree at low pressures. A good
illustration of this agreement can be seen in Figs. 9�b� and
10�b�, where our model reproduces the low pressure �below
�70 kbar� melting curves of Ne20 and Ar.21,22 At higher
pressures, a growing discrepancy starts to appear, with the
calculated melting curves being increasingly lower than the
experimental curves. In the case of Kr and Xe, the discrep-
ancy reaches its maximum at the points of the cusps reported
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by Boehler et al.22 The cusps themselves and the experimen-
tally reported behavior above them are not reproduced in our
calculations. It can be seen that melting curves calculated
without the many-body term are systematically lower than
the results of the many-body model, and the discrepancy
between the two calculations increases with pressure. Evi-
dently, the many-body term improves the agreement with
experiment, bringing the calculated melting curves higher
and closer to the experimental data.

Compared to other theoretical calculations, our results are
consistent with most melting curves calculated with the
Buckingham pair potential �Ref. 20 for Ne, Ref. 40 for Kr,
and Ref. 39 for Xe�, as well as with the recent ab initio
calculation of Xe melting by Belonoshko et al.37 However,
our calculations are less consistent with both ab initio and
Lennard-Jones melting curves of Ne by the same authors,38

as well as the earlier calculations of Ar,41 which are signifi-
cantly higher than our results. One can notice the constant
discrepancy between our Buckingham potential calculations
and the other Buckingham calculations reported above. This
is mainly caused by the difference in potential parameters,
especially those affecting the bulk moduli pressure deriva-
tives, which are lower in our calculations. Although these
parameters improve the agreement with the experimental
bulk moduli pressure derivatives and the zero-temperature
compression curves, they decrease the melting curves, caus-
ing disagreement with experiment and previous calculations.
Apparently, at high-enough pressures it is not possible to
reproduce both the equation of state and the melting curve
with the same set of pair-potential parameters.

V. SUMMARY AND DISCUSSION

We have developed and fitted a many-body EAM-like
model to describe the atomic interactions in rare gases. The
model is based on the Buckingham pair potential, fitted to
experimental high-pressure compression curves of rare-gas
solids, and contains a many-body term that affects the shear
elastic and the thermal properties of the system. The many-
body term introduces an explicit angular dependence into the
model by accounting for three-body interactions. Its func-
tional form is inspired by the MEAM formalism by Baskes,36

though our model is less complicated and, therefore, easier to
calibrate. While the many-body term of MEAM has over
eight parameters, our many-body term has essentially one
parameter, easily fitted to experimental and ab initio data. As
we have shown, spherically symmetric EAM-like many-
body models are insufficient to reproduce the elastic proper-
ties of rare-gas solids, such as the Cauchy discrepancy. In-
troducing three-body interactions, namely, an angular
dependence into the model allows it to describe the Cauchy
discrepancy correctly, confirming that three-body interac-
tions are a significant element of a realistic model of rare
gases. This result is consistent with previous works10,11,29,30

that asserted the importance of three-body interactions in rare
gases.

In earlier many-body models of rare gases the three-body
term was used to correct the cohesion energy and the equa-
tion of state of the system. A recent example of this approach
is the work of Freiman and Tretyak,33 who used the three-
body model of Loubeyre31,32 to calculate the equations of
state of rare gases at a multimegabar pressure range. We
pursued an alternative approach and constructed a many-
body term whose purpose was to effectively correct the elas-
tic properties of the system without affecting the cohesion
energy and the equation of state. The latter remained the
same as if they were described by a pure pair potential
�Buckingham, in our case�. Decoupling the terms affecting
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the bulk and the elastic properties of the system provided us
with a clearer view of the model and its behavior, allowing
better control of the model parameters.

The recent work of Aoki and Kurokawa34 demonstrates
another approach in constructing a many-body model of a
rare-gas solid. The authors constructed a model many-body
potential with the following general form: �ij�rij ; �̄i+ �̄ j�,
where �̄i is defined according to Eq. �2�. The model describes
the repulsive part of the interaction and affects the elastic
properties of the system. The attractive part is described with
an arbitrary pair potential, such as the van der Waals poten-
tial. This is contrary to our model, where the many-body
term affects only the elastic properties and does not affect
cohesion. The model is able to reproduce the high-pressure
elastic properties of Ar, including the negative Cauchy dis-
crepancy. This is due to the explicit dependence of the many-
body potential �ij on the interatomic distance rij. Without
this dependence �ij becomes similar to the “embedding en-
ergy” F��̄i� of the spherically symmetric EAM model, which
is unable to reproduce the negative Cauchy discrepancy.

Comparing our calculations to other theoretical ap-
proaches, one can see that in the case of isotropic bulk prop-
erties, namely, the zero-temperature compression curve and
the pressure dependence of the bulk modulus �Figs. 1–4 and
5�a�–8�a��, most of the models produce comparable results in
the experimental range and successfully reproduce the ex-
perimental data. This is not the case with the pressure depen-
dence of the individual elastic constants, both experimental
and ab initio, which are successfully reproduced with the
many-body models, but not with the pair-interacting models.
In particular, the pressure dependence of the C44 elastic con-
stant, which is fitted exactly in our model, is much lower
than both experimental and ab initio results when calculated
with the Buckingham potential alone without the many-body
term. An important result of the correct description of high-
pressure elastic constants in our model is the ability to repro-
duce the negative Cauchy discrepancy of high-pressure rare-
gas solids, which is seen both in experiments and ab initio
calculations. This result can be obtained neither with pair
potentials, which have zero Cauchy discrepancy, nor with
spherically symmetric EAM-like many-body models. It
should be noted that the Lennard-Jones potential, which suf-
fers from incorrect bulk modulus pressure dependence, was
unable to reproduce any data plausibly.

Discrepancies between the different models become more
significant above the experimental range. For example, Fre-
iman and Tretyak reported that their model equation of state
exhibits unphysical inflection points at 250, 200, and
175 GPa for Ar, Kr, and Xe, respectively. Since our model
equation of state is not affected by the three-body term, these
phenomena are not seen in our results. Another example is
the pressure dependence of the elastic constants, with our
results exhibiting a negative curvature, which is nonexistent
in the other models.

A significant drawback of the current model is its inability
to capture the high-pressure fcc-hcp transition, seen experi-
mentally in Xe and Kr.15–18 In our model, the cohesion en-
ergy, described by a second-nearest-neighbor pair potential,
is identical for fcc and hcp. This is contrary to Loubeyre’s
approach, where the three-body term affects the cohesion

energy and makes the fcc-hcp transition possible. According
to recent experiments17,18 the volume difference between fcc
and hcp is below 1.5%, and the difference between the bulk
moduli of the two phases is also small. These experiments
suggest the existence of a large mixed phase region, where
both phases are mechanically stable. Recent ab initio
calculations30,44 also suggest that the fcc phase in Xe is me-
chanically stable up to 1 Mbar at the least. Based on these
considerations we allowed ourselves to disregard the above-
mentioned transition in the course of this work and treated
both phases as fcc. However, further improvement of the
model should include a mechanism for an fcc-hcp transition.

According to Boehler,22,23 the experimental melting
curves of heavy rare gases �Ar, Kr, and Xe� change their
slope dramatically, leading to creation of cusps. At present,
their origin remains controversial despite the various pro-
posed explanations. The latter includes an fcc-bcc transfor-
mation prior to melting25,39 and a 5p-d hybridization leading
to formation of clusters with icosahedral short-range order
�ISRO� in the liquid.23 Previous calculations, both model �us-
ing pair potentials� �Refs. 20, 25, and 39–41� and ab
initio,37,38 have not shown these cusps; our calculations have
not shown them either. However, below the cusps, our model
melting curves agree with the experimental data better than
the melting curves calculated with the Buckingham potential,
and in agreement with recent ab initio calculations �Ref. 37�.
Evidently, for a given pair potential, the many-body term
improves the agreement with experiment.

To summarize, the present many-body model has suc-
ceeded in representing the elastic and the thermal properties
of rare-gas solids, including the Cauchy discrepancies and
the melting curves at lower pressures. However, in order to
study more complex phenomena, such as the melting curve
cusps or the fcc-hcp phase transition, further development of
the model is needed.

APPENDIX

The procedure we use to calculate the pressure depen-
dence of the elastic constants includes a numerical evalua-
tion of the second derivatives of the system energy with re-
gard to the appropriate infinitesimal strain. The strain that
needs to be applied in each calculation is conveniently de-
fined via the metric tensor G. The metric tensor of an isotro-
pically compressed undistorted cubic crystal is

G0 = V2/3�1 0 0

0 1 0

0 0 1
 , �A1�

where V is the equilibrium crystal volume corresponding to
hydrostatic pressure P. The formulae used to calculate the
elastic constants and the metric tensors corresponding to the
appropriate infinitesimal strains appear below. Here E�G� is
the energy of a system with a given G and 	 is the infinitesi-
mal parameter, which is equal to 10−4 in our calculations.

C11 is calculated according to the following formula:
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C11 =
E�G+� + E�G−� − 2E�G0�

V 	2 + P �A2�

and

G+ = V2/3��1 + 	�2 0 0

0 1 0

0 0 1
 ,

G− = V2/3��1 − 	�2 0 0

0 1 0

0 0 1
 . �A3�

C12 is calculated as follows:

C12 =
E�G++� + E�G−−� − E�G+−� − E�G−+�

4V	2 , �A4�

with

G++ = V2/3��1 + 	�2 0 0

0 �1 + 	�2 0

0 0 1
 ,

G+− = V2/3��1 + 	�2 0 0

0 �1 − 	�2 0

0 0 1
 ,

G−− = V2/3��1 − 	�2 0 0

0 �1 − 	�2 0

0 0 1
 ,

G−+ = V2/3��1 − 	�2 0 0

0 �1 + 	�2 0

0 0 1
 . �A5�

Finally, C44 is

C44 =
E�G↗� + E�G↖� − 2E�G0�

V	2 , �A6�

where

G↗ = V2/3�1 0 0

0 1 	

0 	 1
 ,

G↖ = V2/3�1 0 0

0 1 − 	

0 − 	 1
 . �A7�
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