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We consider quantum condensation in the electron-hole plasma of highly excited semiconductors. A theo-
retical approach applying the concept of time long-range order in the framework of real time Green’s functions
is presented and generalizations of the basic equations of quantum condensation are derived. For the quasi-
equilibrium case, we solve the coupled system of number and gap equations in ladder approximation for a
statically screened Coulomb potential. The resulting phase boundary shows a smooth crossover from the
Bose-Einstein condensation (BEC) of excitons to a BCS state of electron-hole pairs.
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I. INTRODUCTION

In this paper, an electron-hole (e-h) plasma, excited in a
model semiconductor with parabolic nondegenerate conduc-
tion and valence bands is considered. Both electrons (e) and
holes (k) are mobile Fermi particles with the effective
masses m, and m;,. Due to the attractive Coulomb interaction
between electrons and holes, bound electron-hole pairs, the
excitons, and the formation of an ionization equilibrium
e+h=X are observed.

The properties of the e-h plasma are well investigated,
see, e.g., Refs. 1-5. Of particular interest for our consider-
ation are the thermodynamic functions and the ionization
equilibrium.>*7 A special feature of the e-h plasma is the
lowering of the coupling with increasing density by many-
particle effects such as screening of the Coulomb interaction
and, therefore, a breakup of the excitons usually referred to
as Mott effect (density ionization).3-1!

Because of the Mott transition, roughly at r,, = ay (where
. denotes the screening length and ay denotes the excitonic
Bohr radius) the density-temperature (n—T7) plane is divided
into an area where bound states are possible r,.>ay and an
area without bound states r,.<<ay, i.e., a high-density e-h
liquid.

In the excitonic area, the formation of an ionization equi-
librium turns up with a strong dominance of excitons at
lower temperatures. Since the excitons behave approximately
like composite Bose particles, Bose condensation in the re-
gion n\3>>2.61 [where \ is the thermal deBroglie wave-
length with N>=27A%/(mkzT)] may be expected if the
chemical potential reaches the exciton 1s ground-state
energy.>!>14 At higher densities the region of Bose conden-
sation of excitons is, of course, limited by the Mott transi-
tion. However, we underline that the vanishing of the exci-
tons does not imply a disappearance of the condensed phase.
As proposed by Keldysh and Kopaev'” and others,'*' in the
high-density highly degenerate e-h liquid the formation of
weakly bound cooperative Cooper pairs of electrons and
holes and their Bose condensation to a BCS state may be
expected, known as excitonic insulator.

It was shown by Leggett!® and generalized and extended
to finite temperatures by Noziéres and Schmitt-Rink?° that
the crossover from the BEC to the BCS regime is smooth,
despite the fact that the limits of BCS state and BEC of

1098-0121/2008/78(12)/125315(12)

125315-1

PACS number(s): 71.35.Ee, 03.75.Hh, 71.35.Lk, 74.20.Fg

excitons are physically quite different. This is a general be-
havior of Fermi systems with Bose-like bound states and has
been the subject of many papers mostly for Fermi atoms
interacting via a contact potential>'~23 and nuclear matter.?*
However, for e-h plasmas there exist only a few papers. In
spite of the fundamental importance of Ref. 20, the special
features of Coulomb systems mentioned above are not taken
into account. Moreover, a separable potential was assumed.
Further investigations to the crossover problem in e-h plas-
mas have been carried out in Refs. 25 and 26. The first paper
is restricted to the optical behavior at the crossover and the
second one considers the crossover for Coulomb systems
more in detail but a simultaneous consideration of the den-
sity is missing.

The outline of this paper is as follows: In Sec. II we
derive the basic equations of quantum condensation within
the formalism of real time Green’s functions on the Keldysh
contour in order to describe both equilibrium and nonequi-
librium systems. A convenient but rarely investigated ap-
proach to quantum condensation in the framework of
Green’s functions is the time long-range order (TLRO), i.e.,
the specific asymptotic behavior of the two-particle correla-
tion function in the condensate. Beside TLRO the well-
known off-diagonal long-range order (ODLRO) (Refs. 27
and 28) is a general property of quantum condensates.
ODLRO proves to be a direct consequence of TLRO. The
concept of TLRO opens the possibility to formulate the
theory without explicit use of “anomalous” propagators.
Starting with the Bethe-Salpeter equation for the two-particle
(e-h) Green’s function, generalized Gorkov equations on the
Keldysh contour are derived from which equations for the
correlation functions and the retarded ones follow.

In Sec. I e-h plasmas in thermodynamic quasiequilib-
rium are considered. Then we get the well-known BCS
scheme? in real time Green’s function formulation general-
ized by the self-energy of the normal phase. Furthermore, in
an e-h plasma all relations are generalized for a two-
component system.

The BEC-BCS crossover is driven by the breakup of the
Bose-like bound states. In e-h plasmas this effect is due to
many-particle effects such as weakening of the screened
Coulomb potential with increasing density, self-energy, and
Pauli blocking. Section IV is, on that account, devoted to
these problems. We consider here the lowering of the ioniza-
tion energy of the excitons, their density ionization, and the
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disappearance of bound states carefully on the basis of the
screened ladder Bethe-Salpeter equation.’~1%39 For the com-
plete grand canonical description of the plasma we need of
course the density as a function of the chemical potential.
This function determines all thermodynamical properties of
the system. Especially we remark that the density is, in spite
of the disappearance of the bound-state contribution, a
smooth function of the coupling parameter.

Finally we consider in Sec. V the phase boundary of the
quantum condensate defined by vanishing gap function, i.e.,
we determine for a model semiconductor from the linearized
gap equation with the screened Coulomb potential the criti-
cal temperature as a function of the chemical potential.?®
Using the density equation in ladder approximation, we find
finally the critical temperature as a function of the density.

Similar to the Fermi atom systems with contact potential
or to nuclear matter, we find for the e-h plasma with
screened Coulomb interaction a smooth crossover from BEC
to the excitonic insulator, too.

II. TWO-PARTICLE CORRELATION FUNCTION: TIME
LONG-RANGE ORDER

It is a widely used concept to consider the highly excited
semiconductor as an e-h plasma with the Hamiltonian in
Coulomb gauge given by

H= >

a=e,h

1
drl\Pu(r]’t){ [_ lﬁvl _eaA(r]’t)]z-'- ea}
2m,

1
X’\PZ(rI’I) + EE drldrzq,Z(rl,t)‘Pz(rZJ) Vah(rl - rZ)
ab
X’\I,b(rZat)\Ifa(rlat)' (1)

Here, €,-€,=¢, is the energy gap, V,(r;-ry)
=eqe,V(r|—r,)|) is the long-range Coulomb interaction, and
\Ifa,‘IfZ(a:e,h) are fermionic field operators for electrons
(holes) obeying the usual commutation relations. A(ry,?) is
the transverse electromagnetic field.

A unified description of quantum condensation in Fermi
systems with bound states both in equilibrium and nonequi-
librium can be found within the formalism of real time
Green’s functions.

Since we are concerned with the behavior of electron-hole
pairs, the starting point is the two-particle Green’s function,

L

G,,(12,1'2") = )

(TAW (D)W, F;2)Wi(1)D,

(2)

with 1={r,,,s¥}, and the time ordering T, on the double-
time Keldysh contour C.3'*? By positioning the time vari-
ables t,,t,,t],t, at the contour, we get the various two-
particle functions. Here, e.g., the two-particle correlation
function g, is of interest,
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g,(12,1'2") = g*=(12,1'2")
1
- (ih)?

(WINT)2)P,2)P,(1).  (3)

This function follows from Eq. (2) by positioning #;,#, on the
upper branch and #],#, on the lower branch of the Keldysh
contour. For equal times, g:b is just the two-particle density
matrix.

Let us first consider the time behavior of G,;,. Usually one
would expect G,;,(12,1'2") to vanish if the difference of all
primed and all unprimed times tends to infinity, i.e., [{f;,2,}
—{t].t5}| —oe. Otherwise, TLRO occurs; that means the
structure of the two-particle function is

G(12,1'2") =G, (12,1'2") + C,,(12,172"),  (4)

with the properties

lim G(12,12')=0;

[{ry e} {r] 13—

lim  C,(12,12") #0. (5)

[{ry 13— {r] 13—

The concept of TLRO was introduced and elaborated in
Refs. 33 and 34 for the one-particle correlation function. In
connection with bound states and the two-particle correlation
function we mention Ref. 35.

From the consideration above the question arises under
which conditions one gets a nonvanishing C,,.

The dynamics of pairs of particles is determined by the
Bethe-Salpeter equation (BSE) for G,(12,1'2") in the
“particle-particle channel.” The BSE can be written in the
form,

fdl_G;I(l,l_)Gab(l_Z,l’Z’)
C

- it f d3d1d2G,(2,3)W,,(13,12)G,,(12,1'2")
C

=Gy(2,2")8(1 - 1"). (6)

Here, W, is an effective two-particle interaction. In terms of
Feynman diagrams, W, is the sum of all amputated irreduc-
ible two-particle diagrams in the particle-particle channel.
Equation (6) has to be completed by an equation for the
one-particle Green’s function, the Dyson equation;

f dl—[Gg_l(lal_)_Ea(lal_)]Ga(fal,)=5(1_1’)7 (7)
c
with the free inverse one-particle Green’s function,

I J 1 =
G(1,1) = {ih; 42 =itV - e AP + ea} S(1-1).
1 m

a

The general solution of the BSE is
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G,,(12,1'2") = éub(IZ, 1'2") + F,(12)F,,(1'2"), (8)

where G,,(12,172') is a special solution of Eq. (6), which
obeys the asymptotic condition,

lim G(12,12") =0. (9)
HHJQ}—{f;JéHHOO

Comparing the solution structure [Eq. (8)] with Eq. (4), the
TLRO term can be identified by C,(12,1'2")
=F,(12)F,,(1'2'). The function F,, is a solution of the ho-
mogeneous equation to Eq. (6),

f d1G, (1,1)F,(12) - f d2G,(2,2)D,,(12) =0,
¢ c

(10)

with the abbreviation
D,,(12) = ih f d1d2W,,(12,12)F,(12). (11)
c

For the function D, from Egs. (6) and (10) follows im-
mediately the integral equation,

D,,(12) = it J d1d2d1d2w,,(12,12)G(1,1)G,(2.2)
C

XD,,(12). (12)
In the Dyson Eq. (7), the self-energy 2, is defined by

Jdl_Za(l,l_)Ga(l_,l’)zzf d2V (1 =2)G,,(12,1'2%),
C b C
(13)

with Vab(l—2)=Vab(r] —1’2)5(t1—t2) and t;=t2+ €, e—0. In-
serting Eq. (8), we find that 3,(1,1) has the structure
3,(1,1)=3,(1,1)+3RO(1, 1), with 2,(1,1) being the self-

energy of the normal phase, and a TLRO term EI;RO(l 1)
given by

f dIZHRO(1,DG,(1,1") = f d2A ,(12)F,(172%).
C C

(14)

Here, the gap function A, (12)=ifV,,(1-2)F,,(12) is in-
troduced, which is fundamental for the description of the
quantum condensate. Note that A, # 0 only for a # b. Using
Eq. (10), 3MR0 s explicitly given by

SERO(1,17) = Ld2d§Aab(12)Dzb(1’f)Gb(f,T). (15)

Above the critical temperature 7 for quantum condensa-

tion, iu is the only contribution, while for vanishing tem-
peratures EIL;RO dominates. At finite temperatures lower than
the critical one, however, the number of particles excited out
of the condensate will be significant and both terms have to
be taken into account.
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Therefore, the Dyson equation on the Keldysh contour C
takes the form,

f AI[GY (1,1) = S,(1,1) = 301, )]G, (1,1) = &(1 - 17).
C

(16)

Although Egs. (15) and (16) determine the single-particle
properties of the system completely, often a transformation is
advantageous. Using Eq. (14), from Egs. (10) and (16) we
obtain the following equivalent system of equations for the
two functions G, and F;:

f di[GY (1,1) = 3,(1.DIG,(T.1")
C

—f d2A ,(12)F,,(1'2Y) = 8(1 - 1"), (17)
c

f d[GY(2,2) - 3,(2.2)F,,(12) + f d2G,(1,1)D,,(12)
C C

=0. (18)

Obviously, Egs. (17) and (18) generalize the well-known
Gorkov equations in various aspects: (i) They are nonequi-
librium equations on the Keldysh contour and, therefore, a
compact representation of equations for the various Keldysh
components. (ii) By approximations for W, the approxima-
tion level of the theory is determined. (iii) The influence of

the normal phase is taken into account by 3. Let us finally
remember, that the first Gorkov equation is the Dyson equa-
tion, while the second one is a consequence of the Bethe-
Salpeter equation for the two-particle Green’s function.

The concept of time long-range order applied successfully
above is closely connected with the principle of ODLRO as
an expression of a macroscopic order state in a quantum
condensate introduced by Onsager and Penrose?’ and Yang.”®
ODLRO is a property of the reduced density matrices written
in the two-particle case as

Cap(T112, 1 1)51) = 0 (1110, 11155 1) + Dy (112, 1) D (r{105, 1)
(19)

where @, vanishes if the difference of all primed and all
unprimed times tends to infinity. Since the two-particle den-
sity matrix is given by g7, for t,=t,=t|=t)=t, from Eq. (8)
follows ODLRO and, therefore, quantum condensation if Eq.
(10) has a solution.

In the following, our considerations are specified to the
e-h plasma. Here, the interaction is the long-range Coulomb
interaction and the typical features of Coulomb systems, i.e.,
collective behavior and Coulomb divergences have to be
taken into account.>3>3637 An appropriate approximation fol-
lows if the effective interaction is restricted to

W, (12,12) = V2, (1,2)8(1 = 1)8(2 - 2). (20)

Here, V¥ is the screened Coulomb potential,
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Sp(1,2) = Vi (1-2) + 2
cd JC

d3dAV,.(1 - 3)
XT1,4(34)V,(4,2), (1)

with IT,, being the polarization function connected with the
two-particle Green’s function by

I1,,(12,1'2")=L,,(12,1'2")
- f d3dATL,,(13,1'34) V5, (3,4)11,,(42,4*2")
C
(22)

and L,(12,1'2")=G,,(12,1'2")-G,(1,1")G,(2,2"). The
function I1,,(12) follows from I, (12)=1I1,,(12,1*2*). The
approximation (20) defines the dynamically screened ladder
approximation for the two-particle Green’s function. It rep-
resents the simplest scheme to account for bound and scat-
tering states in systems with Coulomb interaction. It removes
the Coulomb divergences from the ladder sum and describes
the influence of the dynamical screening on the bound and
scattering states.

The screened ladder approximation, however, does not in-
clude three-particle and four-particle processes and, thus,
cannot describe carrier-exciton and exciton-exciton interac-
tions.

The self-energy in terms of the screened potential is writ-
ten according to

s (1,1 =301,1) + 351,17, (23)

fdTE;(l,T)Ga(T,l')=Efdzvgb(l,z)na,,(lz,l’r),
C b C
(24)

where 2’ denotes the “screened” self-energy and Es is the
Hartree (mean field) contribution. In screened ladder ap-
proximation, II,, reduces to

I1,,(12,1'2") = L,,(12,1'2") - J d3dAG,(1,39)G,(3,1")
C
XVS,(3,4)G,(2,47)G)(4,2"). (25)

Obviously, the TLRO contribution to I1,, agrees with that of
the screened ladder sum L,,. The structure of the screened

self-energy is, therefore, 35=32+3R0 with 3RO given
again by Eq. (14) but now A, is
Aap(12) = iV, (1,2)Fp(12). (26)

F,, is a solution of Egs. (10) and (11) with W, now given by
Eq. (20). Furthermore, Eq. (11) shows that D,,=A,,. Then
Eq. (12) yields an integral equation for the gap function,
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A (12) =ih f d1d2V:,(1,2)G,(1,1)G,(2,2)A,(12).
C

(27)

In this way, the theory may be considered in terms of the
screened potential and the usual problems connected with the
Coulomb interaction are overcome.

For the dynamics of a pair of particles, it is often suffi-
cient to consider the special two-time function (particle-
particle channel),

Gop(12,172))| 727 =G (1,1"). (28)
1=ty=t'

t2=

For it the TLRO condition reads

Gab(t’t,) = Gab(t’t,) + ﬁcbab(t)q):b(t,) . (29)
Here, &, is the macro-wave-function
(I)ah(rer s tl) :thab(lz) |t]:z2'

In the steady state, the two-time correlation function de-
pends only on the microscopic time 7=7—¢" and we can con-
sider the Fourier transform. Furthermore, in order to find the
equilibrium solution of the BSE corresponding to the grand

canonical density operator, the Kubo-Martin-Schwinger
(KMS) condition g, (w)=e o tamle= (o) has to be ful-

filled. That requires ®;,(r;,r,,1) =eé("a+”b)’cbab(rl ,Ip). Then
TLRO produces an additional term in the spectral represen-
tation of g:b,

given by

<(N
gab(w) = dg() Plho—w=y) _

+2m8(ho — wy, = p1,) P P, (30)

In screened ladder approximation [Eq. (20)] it is useful to
consider the 7T-matrix connected with G, by the relation
T,,=V:,+V:,G, Ve, TLRO in the Green’s function then in-
duces TLRO in the corresponding 7-matrix;

. 1
T,(12,1'2")=T,,(12,1'2') + %Aab(lz)Azb(l 0.
l
(31)

Corresponding to Eq. (30), in the steady state we obtain also
an additional TLRO term in the spectral representation of

T
)

To(w) =2 Im T4(0) o

+2m8(hw — = 1) A A, (32)

The screened ladder T-matrix obeys the many-particle
form of the Lippmann-Schwinger equation, which follows
from the Bethe-Salpeter equation. On the Keldysh contour it
reads

125315-4
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T,(12,1'2") = V5, (1,2)8(1 - 1")8(2 -2") + iﬁf dld2
C

XV2,(1,2)G,(1,1)Gy(2,2)T,,(12,1'2").
(33)

The self-energy in screened ladder approximation is now
explicitly given by

S.(1,1)= iiﬁzdedf[fab(u,l’f)i o T(12,217)
b C

- V3,(1,2)G,(1,1)G,(2,2)V2,(1',2)]1G4(2,2),
(34)

SERO(1,17) = J d2d2A ,(12)A%,(1'2)G,(2,2).  (35)
C

Since the polarization function II,, determines also the
optical properties of the excited semiconductor, its TLRO
contribution shall be given explicitly, too. As discussed
above, it is, in screened ladder approximation, just equivalent
to the TLRO part of G, cf. Egs. (4) and (8), i.e., one gets
for the two-time polarization function,

IL50(12) = TT50(12,1%2*) = F,,(12)F,(12).  (36)

Again, the TLRO contribution is the same in all Keldysh
components. Taking into account,

D, (ryry) = f dFldFZQ(l}b(rlrbleZ;w)|hw=p.a+p.bAab(Flf2)
(37)
[cf. Egs. (26) and (27)], in quasiequilibrium one obtains

I15R0(r 1y, @) = | @ (1,1 |- 278(hew — ey — ). (38)

The nonequilibrium generalizations of the Gorkov equa-
tions obtain, in screened ladder approximation, finally the
following form:

g 1
[iﬁ&—tl + E(_ iV, —e,A(1))*+ ea}Ga(l,l’)

—f dl’ﬁa(l,T)Ga(T,l')—f d1A,(1T)F,(1'T)
C C

=5(1-1"), (39)
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J 1
ih— — —— (= ihV, —e,A(1")> =€, |F5, (11’
[l ‘%i 2mb(l 17— €p ( )) Eb:| ab( )

+ f d1Z(1, DF:,3T) - f d1A;,(11)G,(1,1)=0.
C C

(40)

Equations (39) and (40) are the basic equations for the
description of the nonequilibrium behavior of the e-h plasma
as a quantum many-particle system including the quantum
condensate. From Egs. (39) and (40), by time specialization
on the Keldysh contour, there follow equations for the cor-
relation functions, the retarded and advanced functions, and
the macro-wave—function, which are given in Appendix.

III. SOLUTION IN EQUILIBRIUM

We consider now a spatially homogeneous e-h plasma in
thermodynamic quasiequilibrium. Then all two-point func-
tions depend only on t—¢" and r—r’, and the Fourier trans-
formation t—t' —w, r—-r’'—p/h is meaningful. Further-
more, Ap(p,o) has  the structure Ap(p,o)
=M katm)A . (p). Therefore, it is convenient to replace
FR (p;t,1") —e UMwatm) fR (54— 4") Then, in Fourier
space, the equations for the retarded and advanced functions
[see Egs. (A3) and (A4) in the Appendix] read

[fiw — E,(p) = SX(p, 0)1g¥*(p, @) = Ay (P)Fip R (- p— w)
=1, (41)

[fiw — Ey(p) + sy + ity = 23R (= p,— 0) JFiR A(p, )
+ A:b(p)gS/R(_ P.— w) = 05

with E,,(p)=p?/(2m,,,). These equations can be solved in a
straightforward way. Identifying the self-energy of the con-
densed phase with

(42)

A, 2
EI(;RO(p,w) _ | b(P)| — . (43)
hao+ Ey(p) = g = iy + 2 (P, )
for gs follows
1
g (pw) = (44)

hw—E,(p) - SX(p.w) - SRO(p.w)

With the solution [Egs. (43) and (44)] the well-known
BCS scheme?®-® generalized to a two-component system and
including the influence of the normal phase is obtained. The
spectral function, which determines, in the thermodynamic
equilibrium, the properties of the many-particle system, com-
pletely follows immediately from Eq. (44),

I,(p,w)

aa(p’w) =

[ho— E,(p) - Re 3R(p, ) - Re S8, ) 2+ [ 1T (p, ) >
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T, (p. ) =2[Im 3X(p, w) + Im 3LR(p, w)]. (45)

Here, 25 follows from Eq. (34). This approximation com-
prises both the random-phase approximation (RPA) self-
energy and higher-order ladder terms and, thus, describes
collective effects such as screening, as well as strong colli-
sions, and bound states.

An essential simplification can be obtained if we can as-

sume that ' ,(p, w) <Re if(p, w). Then the spectral function
may be expanded into a Taylor series with respect to I',
(extended quasiparticle approximation),

aa(p’ (,()) = 2775[ﬁw - Ea(p) -Re EL‘RO(p’ (,()) -Re E,\S(p’u))]

d
+ I‘a(p9w)d_l—‘aa(ps w)|I‘a—»0- (46)

Following now the ideas of the extended quasiparticle
approximation,>323%40 we get finally,

J X~
aa(p’w) = |up|2{ [1 + |M1/7|2£Re E5([’9w)|7’zw:E:(p)‘|

P

X2mdhw - E,(p)]-T ,(p. w)%ﬁw——EJ'(p)

9 A
+ |vp|2{ [ 1+ |vp|2£Re Eg(p’ w)|hw:E;(P):|

_ d P
X2mwdlhiw—-E,(p)]-T,(p, w)aﬁw_—E_(p) ,

(47)

+ . . . .
where E are the renormalized dispersion relations,

E5(p)= [%{sa(p,w ~eylp.0)}

= el (p.) + |Aah(p)|2:| . (48)
ho=E; (p)

with sa(p,w)zEa(p)—,ua+Reﬁs(p,w) and

= %[sa(p s (1)) +8b(p s w)]
The spectral weights u,, and v, are given by

8ab(p 3 (1))

Ju, | ~ 1

v, ]  1- siRe EIJRO(P’“’)lhw:Ej(m
|1+ Sub(pvw)

ol T 2 A (p)] .

\Sab(p’w) + | ab(p) hw:Ea_(p)

b}

(49)

with [u,[*+[v,[*=1. Particularly, if A,,=0, also v,=0 and,
therefore, up=1 in this limit.

Equation (47) is an extension of the usual quasiparticle
picture, which follows from Eq. (47) by restriction to the

o-function terms. The additional terms describe bound and
scattering contributions between quasiparticles if I', is taken
in screened ladder approximation.

If the number of particles excited out of the condensate is

negligible there holds EAE—>0. Then the dispersion relation
has explicit solutions given by

L1 -_—
E,(p)=lep) —e)(p)] = Veu, () + (AP, (50)

with ea/h(p)zEa/b(p)_/J’a/b and eab(p)zé[ea(p)'i'eh(p)]s
which are the poles of the Green’s function [Eq. (44)] with

3R 0, and can be interpreted as quasiparticle energies.'®*

The functions u,,v, follow as residuals of the poles. Obvi-
ously, the one-particle energy cannot be less than A (0).
Thus, the excited states of the system are separated from the
ground state by a gap, which is just given by the gap func-

tion. Then the spectral function has the simple form,

a,(p, ) = 2|, |’ hw — Eg(p)] + v, dhw— E,(p)]}-
(51)

IV. DENSITY, DEGREE OF IONIZATION, AND MOTT
EFFECT

For a complete description of the system in the grand
canonical ensemble it is necessary to determine the density
as a function of the chemical potential and the temperature.
A useful starting point is the general quantum statistical re-

lation,
dp
’T =
n,(u,T) J Q)

with the Fermi function f,(w)=[e"/s"#o-#a) 1 1]~ The in-
version of Eq. (52) gives the chemical potential as a function
of n and 7, and, therefore, all thermodynamic properties of

d
Z“;aa(p,wfa(w), (52)

0.25

Of——====_

~=-025 ~

= -05 N

-0.75 \
-1

-1.25

o\
\
—-1.5¢} ..-

-0.8 -0.6 -04 -0.2 0
Chemical potential ;[ Rx]

Rx

Energy|

FIG. 1. Two-particle spectrum vs u: continuum edge (dashed
line), ground-state energy E, (solid line), and effective chemical
potential 2¢ [dotted line; for explanation see after Eq. (64)]; phase
boundary of BEC defined by 2{=FE;,. Temperature 7=0.07Ry,
where Ry denotes the excitonic Rydberg.
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the electron-hole plasma. In order to investigate the critical
temperature of quantum condensation as a function of the
density, it is sufficient to consider relation (52) for the nor-
mal phase, i.e., to use spectral function (47) with v ,,—>0 and
u,— 1, which yields, following Refs. 3, 40, and 41,

_[ <
na(lu’wT) —f (2ﬂ'ﬁ)3

P [ P?
(27Tﬁ)3nah ﬁ"'Enl

(RPN 4D 20+1)
nl

“ d
+ J 208 (w)Im F(w), (53)
0 27T

Flo) = Trlz[ dd gs,,m)TaR,,(w)} , (54)

do
with32
ey (P) = E,(p) +Re Z574(p, @) =skPa
=E4(p) + 3" (p) + Re 2™ (D, ) mkra,
1

1kgT)(hw-p,—mp) _ 1 .

nfb(w) = ol

Equation (53) contains, besides the quasiparticle contribution
(first term on the right-hand side), also contributions from
two-particle bound (second term) and scattering states (third
term). The latter terms correspond to the Gaussian fluctua-
tions about the saddle point within the functional-integral
formulation of the problem for Fermi atom systems.?! Note
that in the first term on the right-hand side of Eq. (53)
f(eXPA) occurs because we have expanded the full quasipar-
ticle distribution f(e,) with respect to the higher-order ladder
terms, which have been transferred into the scattering contri-
bution [last term on the right-hand side of Eq. (53)].

A further evaluation is possible if we carry out a partial-
wave expansion and introduce scattering phases. Then a gen-
eralized Beth-Uhlenbeck expression for the scattering part
may be derived,>*!

Tdo I L
JO 2Trnab(w)ImF(w)—J(2ﬂ—ﬁ)3§l:(21+1)

“dw B d
e £ 5(w).
. 2 @7 o)

X

(55)

Obviously, for the application of this relation we need the
solution of the two-particle bound and scattering problem.
Quantum mechanics determines the properties of a two-
particle system from the stationary Schrodinger equation. In
a dense plasma the influence of the surrounding medium has
to be taken into account, i.e., (i) influence of the Pauli block-
ing or phase space occupation effect, (ii) self-energy correc-
tions to the kinetic energy, and (iii) screening of the interac-
tion between the two particles.

PHYSICAL REVIEW B 78, 125315 (2008)

A solution of this problem needs a careful analysis of the
Bethe-Salpeter equation for the two-time two-particle
Green’s function [Eq. (28)] in dynamically screened ladder
approximation, following from Eq. (6) for 1,=1,, t;=1;. As
differential equation, this equation is given by

J

{iha —Hgb}Gab(t,t’) - f dndty)[2,(t,1)) 8t — t,)
+2,(1,1) 8t = 11) ]G (1115,1'1")
- f dt dtydtsdt,[ G (t,t,) 8t - t,)

+ Gy(t,17) 8t = 1) W (1112, 1314) G (1314, 1'1")

=—ifiN ()8t —1"), (56)

with H2b=Ha+H,,. Because of the dynamical self-energy and
the dynamical character of the effective interaction, this
equation also contains the two-particle Green’s function with
three time arguments. Therefore, Eq. (56) is not a closed
equation for G,,(z,t"). Approximate solutions of this prob-
lem resulting in complicated Bethe-Salpeter equations are
given for the Matsubara Green’s functions in Refs. 8 and 9
and for the real time functions in Refs. 11 and 30. The result
of such investigations is an effective Schrodinger equation
for the determination of the two-particle properties of the
electron-hole plasma following from the homogeneous
BSE,8’3O

[HY, + Vo, = Egp(@,1) + H2(0,0]|h,p(0,1)) = 0. (57)

The influence of the surrounding plasma on the two-particle
properties is described by the in-medium part H(w,?), ex-
plicitly given in Ref. 32. As numerical solutions of the full
dynamical Schrodinger equation (57) and its static limit
show?2 that it is, in many cases, sufficient to use the static
limit because that limit describes all the essential features of
the two-particle spectrum. It is given by

[HS, — Noy Vil = Ele), (58)

HY=H’, +3,+3,; 3,=3"F1A, (59)

where A is the rigid shift approximation of the Montroll-
Ward part of the self-energy® and V’, is the statically
screened Coulomb potential,

2 —KI
ke ee, e
A== Vil =-
2 4mepe,. 1
5 e’ on, dny,
K = —+ — . (60)
€e&kpT\ I

The resulting two-particle spectrum with static screening
is shown in Fig. 1. Here and in all subsequent figures, results
are shown for a model semiconductor with equal masses of
electrons and holes and a background dielectric constant of
€,=7, corresponding approximately to the parameters of
Cu,0. It turns out that the plasma modifies the electron-hole
pair in the following way:®
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(1) There is a lowering of the continuum edge (Fig. 1)
given by

AE,,=STF 4 SHF LA, (61)

(2) The exciton ground-state energy can be written as
E,=E)+6, (62)

where & is determined by the solution of Eq. (58). The en-
ergy E, is lowered but it shows a weaker density dependence
as compared to the continuum edge (Fig. 1). This follows
from an approximative compensation of the many-particle
effects.?

(3) The influence of the plasma leads to a lowering of the
ionization energy, i.e., we have an effective ionization energy
(Fig. 1). In our approximation it is given by

= |E,| + AE,, = |E)| - 6+ AE,, (63)

In contrast to the isolated exciton, we have only a finite
number of bound states.

(4) For I*=0, the bound state vanishes and merges into
the scattering continuum (Fig. 1). This is usually referred to
as the Mott effect.

Due to the lowering of the ionization energy it may be
expected that the bound-state part of the density has discon-
tinuities at the critical values of the coupling parameter con-
nected with drastic changes in the thermodynamic functions.
However, one can show that the total density is a smooth
function of the coupling parameter®*? because there is a
compensation of the discontinuities by contributions of the
scattering part. By application of the higher-order Levinson
theorems,?? these parts may be transferred into the bound-
state contribution. At lower temperatures, the remainder of
the scattering part can be neglected. Using the self-energy in
rigid shift approximation and taking into account only the
lowest bound state, we get for the electron density,

dp 1
ne(gea gh’T) = (2S + l)f (2%)3 el/kBT[E(P)‘ge] +1
dpP
+(2s+ 1)2f Q)
1

e1/kBT[P2/2M+1€ff(§e,§h,ﬂ—§g—§h] -1

1
- VkpT(P22M={~) _

M .
_ T geff
lee (ge’ g]/u T)el/kBT(PZ/ZM—ée—éh) _ 1

= nQP(ge» §h9 T) + nbound(ge’ ghs T) > (64)

with the effective chemical potential {=u+ ke?/2, the quasi-
particle energy E(p)=p?/(2m,)+3"(p=0)/2, and M=m,
+my,.

PHYSICAL REVIEW B 78, 125315 (2008)

0.01
%~ 0.008

ax

= 0.006

ity n|

0.004

Dens

0.002

-0.7-0.6-0.5-0.4-0.3-0.2-0.1 0
Eff. chemical potential { [Rx]

FIG. 2. Electron density as a function of the effective chemical
potential: total density n, (dotted line), quasiparticle contribution
ngp (dashed line), and bound-state contribution 71y, (solid line),
see Eq. (64). Temperature kzT=0.133Ry.

The first term in Eq. (64) is the contribution of the free
quasiparticles. The second term is a generalization of the
Planck-Larkin bound-state contribution to Bose particles.®*
The densities as a function of the effective chemical potential
{ are plotted in Fig. 2.

With the subdivision of the density [Eq. (64)], the bound
and quasiparticle fractions are given and the degree of ion-
ization as a function of u,

_ ngp(p,T)

a(M» T) - 9
ntot(lu“’ T)

(65)

may be determined. With n(w,T) from Eq. (64) we obtain
a(n,T). Isotherms of the degree of ionization as a function of
the density are shown in Fig. 3. We observe a very strong
increase in the degree of ionization up to a=1 due to the
lowering of the ionization energy.®’ This behavior is usually
referred to as Mott transition as a consequence of the Mott
effect.

V. GAP AND PHASE BOUNDARY OF QUANTUM
CONDENSATION

The crucial quantity in the theory is the gap function A .
It determines all relevant quantities of the quantum conden-
sate, e.g., the quasiparticle energy, the spectral weights, the
macro-wave—function, etc. For its determination we start
from Eq. (27). In the Fourier representation follows

degree of ion. a

4
log nlax™%

FIG. 3. Degree of ionization for temperatures of 0.1Ry (solid
line), 0.15Ry (dotted line), and 0.2Ry (dashed line).
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dp —
suw=in | B0

XGR (p,~ P 0) Ay(P),  (66)

fiw=p +p,

where V2, is the statically screened Coulomb potential. The
free pair propagator,

dd dwga(wg;,(w) ga(w)gb(w)
ab( )

w—0-— (1)+l€

(67)

entering the gap equation will be calculated with the spectral
representation for g~ and spectral function (51). However, in
order to get the usual form of the gap equation one has to
replace one of the correlation functions in each product in
Eq. (67) by the quasiparticle one.? By this procedure, we get
the nonlinear gap equation,

ﬁz

(2mh)? (p- [‘))2 + 72K
Au(P)

2\[en®T + AP

Aab(p)

{E;]-AE, (]}
(68)

Comparing the gap equation with Eq. (26) the macro-wave-
function may be expressed in terms of the gap function. It
follows immediately

Aab(p)

@ =TT
ab(p) 2\"[€ab(P)]2 + |Aab(p)|2

{AlE,(p)]-AE,(P)]}

(69)

With A, from Eq. (69), a nonlinear Schrodinger-like equa-
tion for the macro-wave-function follows,

Le.(p) + e,(p)]P ()
— LEL(p)] - AE; (D)1 - 4|,y (p)]

dp _ _
X J ﬁwb(p ~P)D,,(P) =0.

We shall remark here that Eq. (70) follows directly from Eq.
(A9) (see Appendix) in the homogeneous stationary case us-
ing spectral function (51).

A central problem in the theory of quantum condensation
is the calculation of the critical temperature T, as a function
of the chemical potential or the density, i.e., the phase bound-
ary of the condensate. This boundary is determined by the
vanishing of the gap. Under this condition Eq. (68) reduces
to the linearized form,

(70)

_ & hz ab(p)
Balp) == f Q) (p-D)+ i e(D)
1 s @] 1)

Discretizing the momentum on a lattice transforms the ho-
mogeneous integral Eq. (71) into a homogeneous linear sys-
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FIG. 4. Critical temperature as a function of the chemical
potential.

tem of equations, which has nontrivial solutions, only if the
coefficient determinant vanishes. This condition yields a con-
nection T(w), i.e., the phase boundary of the quantum con-
densate. It is plotted in Fig. 4.

We find the inset of the Bose condensation of excitons at
Mo+ up=—1 and T=0. With increasing chemical potential,
the critical temperature increases and reaches maximum. The
region of Bose condensation of excitons is limited by the
Mott transition and we observe a smooth crossover to the
phase boundary of a BCS state. A similar result has been
obtained in Ref. 26. The critical temperatures of BEC agree
approximately, however, we find a lower BCS critical tem-
perature.

With the density relation (64), the critical temperature
may be determined as a function of the density. The result is
shown in Fig. 5. At lower densities, the critical temperature
agrees with the condition for Bose condensation of ideal ex-
citons, n\3>=2.61, as a consequence of the neglection of the
exciton-exciton interaction in our model. With increasing
density, a strong deviation from the ideal behavior occurs
due to the lowering of the ionization energy and the Mott
effect. Furthermore, a smooth crossover to the BCS regime
can be observed.

This behavior is confirmed in Fig. 6 where the critical
temperature is given in units of the Fermi energy vs the
inverse Fermi momentum. This curve shows a monotonic
run in contrast to calculations for short-range interacting
Fermi atoms.*?> We are here, however, in agreement with re-
sults from Haussmann.??

VI. CONCLUSION AND OUTLOOK

Summarizing our investigations, we have presented a de-
scription of quantum condensation in the electron-hole
plasma of highly excited semiconductors.

< o1 ! 3-261
T 0.08
= 0.06
Q‘ .
g
£ 0.04
S 0.02
BC
-4 -3 -2 -1 0
log nax%|

FIG. 5. Phase boundary of the quantum condensate Vs
density.
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03 04 05 06 07 08 09 1
(krax)™!

FIG. 6. Critical temperature of quantum condensation vs inverse
Fermi momentum.

In the framework of real time Green’s functions applying
the concept of time long-range order for the two-particle
Green’s function, we have derived nonequilibrium Gorkov
equations on the Keldysh time contour. In order to consider
electron-hole plasmas, the theory has been specified to sys-
tems with Coulomb interaction using the screened ladder ap-
proximation.

In thermodynamic quasiequilibrium, we have obtained the
usual BCS scheme of equations in terms of the screened
potential for the two-component case including the influence
of the normal phase.

The analysis of the density in screened ladder approxima-
tion and the associated two-particle problem in a plasma en-
vironment shows a lowering of the ionization energy and
finally a breakup of bound states with increasing density, the
Mott effect. Therefore, we observe a transition from a par-
tially ionized e-h plasma to a high-density e-h liquid con-
nected with a change in the physical nature of the quantum
condensate (BEC-BCS crossover). At this transition, the den-
sity remains a smooth function of the coupling. The phase
boundary of the quantum condensate arises from the condi-
tion of vanishing gap function. Therefore, we have deter-
mined the critical temperature as a function of the chemical
potential by solution of the linearized gap equation with a
statically screened Coulomb potential. The result shows a
smooth crossover from the Bose-Einstein condensate of ex-
citons to BCS states at high densities as expected for Fermi
systems with bound states. Using the density equation in
screened ladder approximation obtained before, we have
eliminated the chemical potential in favor of the density and
confirmed the smooth crossover in the critical temperature vs
n.

The presented theoretical scheme has been elaborated in
detail approximating the general effective interaction W, in
the Bethe-Salpeter equation by the dynamically screened po-
tential. The approach is, however, not restricted to that ap-
proximation. The freedom in choosing an appropriate W,
opens the possibility to account for three-particle and four-
particle processes, i.e., carrier-exciton and exciton-exciton
interactions.
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APPENDIX

In Sec. III, generalized Gorkov equations on the Keldysh
time contour have been derived, see Egs. (39) and (40). By
time specialization on the contour, there follow Kadanoft-
Baym-like equations® for the correlation functions g and
F3,,

{ ﬁ—+—[—th1—e A(])]2+e} f(l,l’)

0" 1 Qma
—fdf[éﬁ(l,T)gf(f,lf)+2§(1,T)g§(1‘,1')]

—fdl_Aab(lf)FZf(l’l_):O, (A1)

J -
‘h————hv,— A(1NP-¢, (F(11
{l r?ti m b[ vy —ey, ( )] 6};} ab( )

- f AR DFSAT) + 3551, DFRAT)]

fdlAab(ll )g=(1,1)=0 (A2)

The equations for the retarded and advanced Green’s func-
tions follow easily from the definition and Egs. (Al) and
(A2) as

{lh—+_[ lﬁVl e A(l)]2+6a}g5/A(151’)

(91 2m

f dISRA1,DgNAT 1) - J d1A,(1DFRA'T)

=8(1-1"), (A3)

J 1
h— — —[-ihV, —e,A(1")]? = *R’All
{l &t; 2mb[ iV —e,A( )] Eb} (117)

fdlE*A/R(l JFRAT) - fdlA L(11gMR(1,1)

=0, (A4)

From Egs. (A1)—(A4), kinetic equations for the Wigner
function (Boltzmann equation) and the macro-wave-function
may be derived. The latter one follows from adding Eq. (A2)
and the corresponding one differentiating after the dashed
variables;
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J 1 1
{iﬁ&_t +—[-ihV, - e, A(r;,N]* + 2—[— iV, —e,Alr], 0] + €, + eb}(l)ab(rlr{,t) = V(r; =) P (rr1,1)
my,

2m

a

+ f dr [V (r) =)D, (1171, @4 (r [T, 1) + Vi (F) = 1) D, (Fyr [, 1) 0, (r Ty, 1) | + iﬁf dflf d;[i;(r;tsflf)F:b(rlt»Fl;)

- i;(r;tsFlDF;b(r]t»Fl;) + Ffb(l_'lf,r{t)ﬁf(rlt,ﬂ?) - F;(Flzr{t)ij(r]tsflf)] =0.

Besides the coupling of ®,, to the one-particle density
matrix @ (equivalent to the coupling of F,;, and g,), Eq. (A5)
is not closed. As in the usual kinetic theory, a reconstruction
problem has to be solved, that is here, expressing F,;, by @ .
This can be done approximately applying the semigroup
property of the retarded Green’s function,

85(1a1') = iﬁf dFIgS(rlll,Flfl)gE(Flflsr{t{) (A6)

(note that this relation is exact only in the free or quasipar-
ticle case), which implies for g,

(AS)

85(1,1')=iﬁf drigh(rit,, 1) g, (Fi7,rit). (A7)
Then one finds
Fi(11')=JdF1{®(ll _t{)gg(rltl’Flt{)cbab(Flr{,t{)

+0O(1) - tl)gbR(r{tl’Flfl)q)ab(l'lfl,h)}- (A8)

Inserting these relations into Eq. (A5), one finally obtains

d 1 1
{lha + _[— lhvl - eaA(l'l,t)]z + 2_[— iﬁVll - ebA(ri,t)]z +€,+ eb}(l)ab(rlr{,t) — Vab(rl - r{)q)ab(rlri,t)
ny,

2m,

+ J dr [V () = 1) D (1111, 1) 0 (T 111, 1) + Vi (T1 = 1)) D (111, 1) 0, (711, 0) ]

- iﬁf dfldflj T2 (et F D) gh (1,8, F DD, (F L 7) + S (r,2, T D) g (11, F DD, (K, F1. D] = 0.

This equation describes the dynamics of ®,, as the order
parameter of quantum condensation. Due to the coupling to
the one-particle density matrix, Eq. (A9) has to be solved

(A9)

simultaneously with the corresponding kinetic equation,
which follows from Eq. (A1) in the equal-time limit.
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