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Specific-heat and magnetic-susceptibility measurements are reported for the polycrystalline spinel com-
pounds GeNi2O4 and GeCo2O4 in magnetic fields up to 14 T and 0.5 K�T�400 K. Both compounds have
first-order antiferromagnetic transitions. There are two sharp closely spaced magnetic-ordering anomalies for
GeNi2O4 at Néel temperatures TN1�0�=12.080 K and TN2�0�=11.433 K in zero magnetic field. There is also
a broad anomaly in the specific heat centered at �5 K, which is present for all fields. Spin waves with an
average gap of 10.9 K are associated with this anomaly, which is confirmed by neutron-scattering measure-
ments. An unusual feature of the antiferromagnetism for GeNi2O4 is the simultaneous presence of both gapped
and ungapped spin waves in the Néel state, inferred from the specific-heat data. GeCo2O4 has a single anomaly
at TN�0�=20.617 K in zero magnetic field. Spin waves with an average gap of 38.7 K are derived from fitting
the low-temperature specific heat and are also observed by neutron scattering. For both compounds �50% of
the derived magnetic entropy is below the ordering temperatures, and the total magnetic entropies are only
�60% of that predicted for the Ni2+ and Co2+ single-ion ground-state configurations. The missing entropy is
not linked to magnetic disorder in the ground state or hidden ordering below 0.5 K. It is postulated that the
missing entropy is accounted for by the presence of substantial magnetic correlations well above the Néel
temperatures. Fitting the GeNi2O4 susceptibilities to the Curie-Weiss law yields parameters that are consistent
with those found for Ni2+ ions in a crystal-electric-field environment including octahedral and trigonal com-
ponents. The application of the Curie-Weiss law to the GeCo2O4 susceptibilities is not valid because of
low-lying crystal-electric-field states.

DOI: 10.1103/PhysRevB.78.104406 PACS number�s�: 65.40.Ba, 75.40.Cx, 75.30.Ds

I. INTRODUCTION

Normal spinels have a face-centered-cubic �fcc� crystal
structure with composition AB2O4, where A and B are metal
ions. The A ions occupy tetrahedral sites and the B ions are
on octahedral �cubic� sites located on the corners of vertex-
sharing tetrahedra. Of particular interest is the case where the
B ions are magnetic and order antiferromagnetically �AF�,
which may lead to frustration. There are four principal mag-
netic axes oriented at 109° to one another that are crystallo-
graphically equivalent. Figure 1 shows the magnetic struc-
ture of the spinels for the B ions. The magnetic order in both
GeNi2O4 �GNO� and GeCo2O4 �GCO� is characterized by
ferromagnetic �111� planes and a � 1

2 , 1
2 , 1

2 � magnetic propaga-
tion vector.1 This can lead to the formation of four magnetic
domains due to the four equivalent �111� directions, ignoring
the possibility that the spins might align in different symme-
try related directions with respect to the �111� planes. Fur-
thermore, a distortion of the crystal from cubic symmetry to
tetragonal symmetry in GCO can choose one of three pos-
sible directions as the unique axis, leading to three structural
domains. Therefore, it is possible for a compound such as
GCO to have as many as 12 different magnetic domains. In a
magnetic field �B� of sufficient strength, the number of do-
mains can be reduced. To apply a magnetic field parallel or
perpendicular to an ordering axis in a single crystal, it is

necessary to have a single magnetic domain, which would
probably form only below the Néel temperature �TN� for a
sufficiently large B. However, in the paramagnetic phase,
because of the four equivalent tetrahedral axes, it is not pos-
sible to measure the anisotropy in physical properties such as
the specific heat or magnetic susceptibility.

A Ni2+ ion �3d8; 3F4: L=3, S=1� in an octahedral crystal
field will have an orbital-singlet ground state with S=1. In
GNO there is also a weaker trigonal crystal electric field at
the Ni2+ sites which have D3d symmetry. This trigonal crystal
field and the presence of second-order spin-orbit-induced
coupling between the higher crystal-field states and the spin-
triplet ground state will cause additional splitting of the
ground state into two levels, a doublet and a singlet. The
non-Kramers doublet is usually the ground state and addi-
tional interactions can split this doublet as well. The splitting
within the S=1 manifold is usually much smaller in energy
��1 K� than that associated with the magnetic ordering.2

Antiferromagnetic ordering of these moments will lead to
spin-wave excitations, which will have either a gapped or
ungapped �T3 temperature dependence� contribution to the
low-temperature specific heat �C�. The next higher Ni2+

crystal-field �CF� state is �12 400 K above the ground state
and has no measurable Schottky contribution to the specific
heat below 400 K. For sufficiently high temperatures, the
expected entropy related to the antiferromagnetic ordering is
2R ln�2S+1�=2R ln 3 per mole of GNO.
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A Co2+ ion �3d7; 4F9/2: L=3, S=3 /2� in an octahedral
crystal field has the L=3 manifold split into a series of well-
separated states. The ground-state orbital angular momentum
can be taken as a “fictitious” L=1, which couples to the spin,
S=3 /2, through spin-orbit coupling ��L ·S� to form three
separated sets of energy manifolds, i.e., J=1 /2, 3/2, and 5/2,
with the ground state usually J=1 /2.3 Above TN, GCO also
has a trigonal crystal-electric-field component at the Co2+

sites; at TN there is, in addition, a cubic-to-tetragonal transi-
tion, which will introduce a weak tetragonal crystal field as
well. The trigonal field splits the J=1 /2, 3/2, and 5/2 mani-
folds into six Kramers doublets at 0, 180, 360, 440, 1760,
and 1930 K, with additional splitting and removal of all de-
generacy in magnetic fields. These levels were determined
using inelastic neutron scattering.4 There are Schottky-type
contributions to the specific heat in the temperature range of
interest �0 K�T�75 K� from some of these crystal-field
levels, which must be taken into account in the analysis of
the specific-heat data—see Sec. IV B. At sufficiently high
temperatures, after correction for the specific-heat contribu-
tion from the crystal-field states, the expected entropy asso-
ciated with the antiferromagnetic ordering is 2R ln�2J+1�
=2R ln 2 per mole of GCO. Below TN there will be antifer-
romagnetic spin-wave excitations in the J=1 /2 levels.

The magnetic spinels GNO and GCO were selected for
the present investigations because Ni2+ has an essentially
spin-only ground state, S=1, while Co2+ has an anisotropic
Kramers doublet ground-state, J=1 /2, with unquenched or-
bital angular momentum. One goal of the research was to
ascertain if magnetic ordering in the spinels is influenced by
different ground states, i.e., one with spin-only coupling and
the other with spin-orbit coupling. Both compounds order
antiferromagnetically: GNO has two sharp closely spaced
first-order transitions at TN1�0�=12.080 K and TN2�0�
=11.433 K. There is a very much smaller anomaly centered
at �11 K for B=0 and 1 T of unknown origin and a fourth
broadened anomaly centered at �5 K for all fields that is
probably associated with an exchange enhanced splitting of
the S=1 ground state. GCO has a single sharp first-order
transition at TN�0�=20.617 K, which is accompanied by a
field-dependent crystallographic transition from cubic-to-
tetragonal symmetry.4,5

A previously published paper5 reported results of mea-
surements made on the same polycrystalline GNO sample
used for the present experiments: specific heats in zero mag-
netic field, magnetic susceptibilities ���, synchrotron x-ray
powder diffraction, and neutron powder diffraction. In prepa-
ration is a similar paper reporting results for the same types
of measurements for GCO.4 In those papers the zero-field
specific heat is analyzed to determine the lattice contribution
�Clat�, the magnetic specific heat �Cmag� and entropy �Smag�,
and spin-wave parameters characterizing the antiferromag-
netic ordering. However only a very brief outline of the
specific-heat and magnetic-susceptibility data analysis and
results is given. Although the magnetic entropies recovered
at 75 K for both compounds are significantly less than the
expected 2R ln�2S+1� or 2R ln�2J+1�, neither compound is
fully magnetically frustrated nor has “hidden” ordering be-
low the lowest measurement temperatures. The missing en-
tropy is attributed to magnetic correlations well above 75 K.
This paper significantly extends the scope of those
measurements:4,5 It reports results for specific-heat measure-
ments in magnetic fields up to 14 T and magnetic suscepti-
bilities up to 7 T, and it provides a detailed and comprehen-
sive description of the data-analysis procedures used to
extract microscopic parameters. The specific heats in mag-
netic fields prove that neither compound exhibits evidence of
ground-state degeneracy nor is it probable that the missing

FIG. 1. �Color� The two figures are different illustrations of the
spinel structure, AB2O4, with the magnetic ions �Ni2+ or Co2+ in
this paper� represented by the light- or dark-blue spheres on the B
sites. �The crystallographic structure is face-centered cubic and the
Ge and O ions on the A site are omitted for clarity.� Top panel:
White triangles represent the kagome �111� planes—a kagome lat-
tice is a repeat pattern of a hexagon plus six equilateral triangles
attached to the hexagon sides—and the dark-blue triangles represent
the �111� triangular planes. The green diagonal line is one of four
equivalent �111� axes connecting opposite corners of the unit cell.
There is a trigonal crystal electric field at the magnetic ions. The
magnetic ions in the two planes �kagome and triangular� are ordered
ferromagnetically, while the ordering between plane-to-plane sets is
antiferromagnetic �Ref. 1�. Bottom figure: This figure shows con-
nected tetrahedra with the magnetic ions located on the corners.
Three magnetic ions at the corners of the tetrahedra bases form the
kagome planes and those on the vertices are in the triangular planes.
The ratio of the number of magnetic ions in kagome planes versus
those in triangular planes is 3/1.
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entropy is a consequence of hidden ordering below the low-
est temperatures of the measurements. The results of the in-
field measurements are also used to demonstrate how the
spin waves characterizing the antiferromagnetic order evolve
with magnetic field. Another paper,6 also in preparation, re-
ports measurements of the magnetocaloric effect, specific
heats, and magnetization in pulsed and fixed magnetic fields
up to 45 T for the same two samples. It extends but does not
duplicate the results reported in this paper.

Section II presents details of the experimental procedures
including sample preparation. Section III reports the experi-
mental results for the specific-heat and the susceptibility
measurements and their analysis. Section IV outlines the
methods used for the specific-heat data analysis, the analy-
ses, and a discussion of the results. Section V summarizes
previously published specific-heat and magnetization/
susceptibility measurements made by other research groups.
Section VI contains a summary and conclusions.

II. EXPERIMENT

Polycrystalline GNO and GCO were synthesized at Du-
Pont using standard solid-state techniques. Stoichiometric
mixtures of GeO2 and either NiO or CoO were reacted by
firing in air at 1473 K. A detailed description of the prepara-
tions and characterizations is given in Ref. 7, which also
tabulates the experimental specific-heat data and the standard
thermodynamic functions for B=0.

The specific heat for B=0 was measured for both GNO
and GCO at Brigham Young University �BYU� in the range
0.5 K�T�400 K using semiadiabatic, isothermal, and
adiabatic heat-pulse methods.8,9 Those measurements have
an estimated accuracy of �0.5% with a precision of �0.1%.
Specific heats up to 14 T were measured at the Los Alamos
National Laboratory �LANL� by a relaxation technique using
a Quantum Design Physical Properties Measurement System
�PPMS�.10 Two PPMS cryostats were used for the measure-
ments: One had a maximum field of 9 T and the other 14 T.
There are small differences in thermometer calibrations for
the two cryostats. Measurements were made with the second
PPMS for B=0, 9, 9.5, 10, 10.5, 11, 12, and 14 T. A com-
parison of the specific heats at B=0 and 9 T showed a small
offset in the data for the two devices, probably due to differ-
ences in their temperature scales. The two data sets were
used to correct the temperatures for the second PPMS, which
put the specific-heat measurements for the two cryostats into
register for B=0 and 9 T. An average accuracy and precision
for a PPMS specific-heat apparatus, properly used, is �2%,
but it can become larger at low temperatures depending on
sample size.10 While the combined in-field measurements are
adequate to show overall qualitative magnetic-field effects,
only those measurements made with the first PPMS up to 9 T
were used in analysis of in-field specific-heat data. For GNO
the applied fields were 0, 1, 3, 5, 7, 9, 9.5, 10, 11, 12, 13, and
14 T in the temperature range 1.8 K�T�30 K; and for
GCO the fields were 0, 1, 3, 5, 7, 9, 9.5, 10, 10.5, 11, 12, and
14 T in the range 1.8 K�T�65 K. The same samples were
used for both the BYU and LANL specific-heat measure-
ments. For B=0 the �2%– �3% agreement between the

two data sets is satisfactory and within their combined accu-
racies. All specific-heat analyses for measurements in B=0
use the more accurate BYU data.

The magnetization/susceptibility measurements were
made at DuPont using a Quantum Design MPMS-XL super-
conducting quantum interference device �SQUID� magneto-
meter. The accuracy is �1% with a precision of �0.1%. For
both samples measurements were made in magnetic fields of
0.001, 0.01, 0.1, 1, 2, 5, and 7 T for 2 K�T�400 K.

Neutron-scattering measurements were made using the
NG4 disk chopper time-of-flight spectrometer �DCS� at the
NIST Center for Neutron Research.11 The DCS uses chop-
pers to create pulses of monochromatic neutrons whose en-
ergy transfers on scattering are determined by their arrival
times in the instrument’s 913 detectors located at scattering
angles from −30° to 140°. The measurements were per-
formed using neutrons with incident wavelengths between
3.0 and 5.0 Å, with corresponding elastic-energy resolution
widths between 0.45 and 0.11 meV full widths at half maxi-
mums.

All temperature measurements were made on thermom-
eters with calibrations traceable to the ITS-90 temperature
scale.

III. RESULTS

This section presents experimental results for specific-
heat and magnetic-susceptibility measurements on polycrys-
talline GNO and GCO in magnetic fields up to 14 T. The
specific-heat results are in Sec. III A. A discussion of the
susceptibility measurements and derived parameters charac-
terizing them is in Sec. III B.

A. Specific heats

1. Specific heats of GeNi2O4 and GeCo2O4 in zero magnetic
field

Figures 2 and 3 are plots of the total specific heat for B
=0: C /T vs T for GNO and GCO, respectively. These data
were measured7 at BYU and are analyzed to obtain the field-
independent Clat to 75 K, the magnetic entropy, and param-
eters characterizing the antiferromagnetic ordering.4,5 The or-
dering anomalies are very narrow, as shown on an expanded
scale in the insets of the figures, and their shapes suggest
first-order transitions.

GNO has two closely spaced anomalies at TN1�0� and
TN2�0� and a third very small anomaly, of unknown origin,
centered at �11 K just below TN2. There are several pos-
sible explanations for the presence of two transitions in
GNO. One possibility is that they are associated with a tran-
sition from one kind of magnetic order to another, perhaps
associated with the presence of weak single-ion anisotropy as
has been observed in CsNiCl3.12 �The small anomaly below
TN2�0� might be a third transition related to an additional
rearrangement of the ordered magnetic moments; it is also
present with a reduced amplitude in C /T for 1 T but vanishes
for B�1 T.� A second and more likely possibility, based on
recent neutron-diffraction data13 for a single crystal, is that
the two anomalies result because the kagome planes order
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first at TN1 and are followed by ordering on the triangular
planes at TN2—see Figs. 1 and 2. It is somewhat surprising,
assuming this scenario is correct, that the entropy linked to
each anomaly is nearly equal �see Sec. IV A� since the
kagome lattice contains three times as many Ni2+ ions as the
triangular lattice. Centered at �5 K is a fourth anomaly,
which is probably an anisotropy gap associated with the
splitting of the S=1 ground state amplified by the
antiferromagnetic-exchange interaction. Analysis of the low-
temperature specific heat for B=0 shows it is associated with
antiferromagnetic spin waves with an average gap of 10.9 K.

Surprisingly, concurrent with the gapped spin waves are un-
gapped spin waves. This could be additional evidence that
the kagome and triangular planes order separately as sug-
gested in Ref. 13. For both GNO and GCO, the entropy
related to the anomalies at the Néel temperatures is �2% of
2R ln 3 for each GNO anomaly and �3% of 2R ln 2 for
GCO—see Sec. IV.

2. Specific heats of GeNi2O4 in magnetic fields

Figure 4 is a plot of C�B� /T vs T, and Fig. 5 is a plot of
C�B� /T vs T in the vicinity of TN1�B� and TN2�B�, which
shows the effect of increasing magnetic fields to 14 T on the
transition anomalies. The broad anomaly in C /T vs T cen-
tered at �11 K for B=0 and 1 T is suppressed for B
�1 T, but the 5-K anomaly is observed for all fields. In Fig.
6 TN1�B�, TN2�B�, and TN1�B�−TN2�B� are plotted as a func-
tion of B. �TN1�B� and TN2�B� are defined as the maxima of
the transitions.� Fields up to 14 T monotonically shift the
transitions to lower temperatures while broadening and at-
tenuating them. TN2�B� shifts more rapidly with increasing B
than TN1�B� does until �12 T, at which the decreases be-
come approximately equal. As B increases the anomalies are
broadened and attenuated. The shift to lower temperatures is
consistent with antiferromagnetism and the somewhat
greater sensitivity of TN2 to magnetic field is consistent with
its identification as associated with the more weakly ordering
triangular planes.13 The separations, TN1�B�−TN2�B�, in-
crease with B and appear to approach a plateau at 14 T.
Surprisingly, the shift of the anomalies to lower temperatures
with increasing B is much smaller than for GCO, which has
TN�0� approximately twice that of those for GNO—see Sec.
III A 3. The magnetic fields do not split the ordering anoma-
lies, which is an indication that GNO is magnetically isotro-
pic.
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Above the transition region all C�B� /T are convergent at
�30 K. This convergence, as well as the absence of any
additional field-induced anomalies, is evidence that there is
no hidden ordering or residual magnetic disorder in the
ground state below 0.5 K for B=0. In magnetic fields any
specific-heat anomaly linked to hidden ordering would be
shifted to higher temperatures within the range of the mea-
surements. If residual disorder is present in the ground state,
the interaction of the disordered moments with the applied
magnetic fields would increase the specific heats. Additional
evidence to support this is the entropy balance between the
B=0 and the B�0 specific-heat data at temperatures well
above the transition region—see Sec. IV A. This entropy bal-

ance and equality of the specific heats is illustrated in Fig. 7
for B=0 and 9 T. Section IV A contains analyses of the
specific-heat data above the antiferromagnetic-ordering tem-
perature to determine the lattice specific heat and, in the
low-temperature region, to derive microscopic parameters
and the magnetic entropy associated with the antiferromag-
netic ordering.
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=��C�B� /T�dT. The inset shows the entropy difference between 0
and 9 T. The difference is zero to �1% at 65 K as represented by
the red bar. All of the S�0�−S�B� fall within this �1% range and
C�B� /T	C�0� /T at 65 K. These agreements are within the ex-
pected accuracy of the PPMS.
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FIG. 10. �Color� �a�: �−1 vs T for GNO at 5 T over the experi-
mental temperature range 2 K�T�400 K. The straight line
through the data is a Curie-Weiss law fit for the temperature range
150 K�T�400 K. Fit parameters are tabulated in the figure. ZFC
stands for “zero field cooled.”�b�: �−1�B� vs T in the vicinity of the
antiferromagnetic transitions for 0.001 T�B�7 T—the range of
the measurements.
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FIG. 11. �Color� �a�: �−1 vs T and the numerical derivative
d�−1 /dT vs T for 1 T for GCO. The derivative shows that the linear
change in the curvature of �−1 vs T, because of the higher-lying
crystal-field levels, precludes the use of the Curie-Weiss law to
extract parameters characterizing the ground state. The black curve
is a fit of the �−1 vs T data using the known crystal-field levels and
free-ion theory �Eq. �1��, and it is a reasonably good representation
for T�150 K—see Sec. III B2. For T�400 K crystal-field levels
for E�440 K make a negligible contribution to the susceptibility.
Fit parameters are given in the figure. �b�: �−1�B� vs T in the vicin-
ity of the antiferromagnetic transitions in the range 0.001 T�B
�7 T—the magnetic-field range of the measurements.
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3. Specific heats of GeCo2O4 in magnetic fields

Figure 8 is a plot of C�B� /T vs T. The �a� and �b� insets
show C�B� /T vs T in the vicinity of the single transition at
TN�B�, which charts the evolution of the first-order transition
with magnetic fields up to 14 T. As B is increased, the
anomaly maxima shift to lower temperatures. Accompanying
the shift is a broadening and attenuation until 14 T, at which
the anomaly has become so broadened as to be virtually
Schottky type. As the anomalies steadily decrease with in-
creasing field, there is a compensating increase in the low-
temperature specific heat, which is necessary to preserve the
entropy balance of the system. This magnetic-field behavior
is very different from that of GNO, i.e., a much larger
C�B� /T vs T maxima shift, broadening, and attenuation.
However, similar to GNO, the monotonic shift in TN�B� to
lower temperatures with increasing field is the anticipated
behavior for antiferromagnetic ordering.

Insets �a� and �b� of Fig. 8 show C�B� /T vs T in the
vicinity of the anomalies on an expanded scale for all fields.
Beginning at 9 T an asymmetry develops in the anomaly and
from 9.5 to 10.5 T the anomalies are split. This splitting is
probably related to the expected large magnetic anisotropy of
the Co2+ ions. Since the sample is polycrystalline, the ran-
domly oriented crystallites will have orientation-dependent
interactions with B because of this anisotropy. For B
�10.5 T the splitting is not observed because of either the
pronounced broadening of the anomalies in the higher fields
and/or magnetic-domain alignment. The rapid broadening of
the anomalies with increasing magnetic field is also ex-
plained by the anisotropy. Inset �c� shows the loci of the
maxima of the anomalies.

For B=9.5 T there is a small broad feature centered at
�19 K that is probably related to the transition from cubic
to tetragonal crystal symmetry. This crystal-structure transi-
tion is “uncovered” as the anomalies are shifted to lower
temperatures. In 12 T the anomaly is shifted to �17 K.
This shift to lower temperatures with increasing magnetic
fields is probably related to coupling between the magnetic
moments and the lattice, which has been observed in single-
crystal neutron-diffraction measurements.4 The area
associated with the anomaly is small, attesting to a small
enthalpy/latent heat ��Hct� and entropy change ��Sct�
accompanying the lattice transition/distortion. An estimate of
the anomaly’s area at 10.5 T gives �Hct
�0.3 J �mol GCO�−1 and �Sct�0.015 J K−1 �mol GCO�−1,
which are �3% of that associated with the antiferromagnetic
transition—see Fig. 8�b�.

Above the transition region all C�B� /T vs T are conver-
gent at �65 K. As in GNO this convergence, as well as the
absence of any additional field-induced anomalies at low
temperatures, is verification that no hidden ordering or re-
sidual magnetic disorder in the ground state exists below 0.5
K for B=0. Additional proof for no hidden ordering or mag-
netic disorder is the entropy balance between the B=0 and
the B�0 specific heats at temperatures well above the tran-
sition region—see Sec. IV B. This entropy balance and the
equality of the specific heats well above TN is illustrated in
Fig. 9 for B=0 and 9 T.

B. Magnetic susceptibility

Magnetic-susceptibility measurements can be used to gain
an additional insight into the antiferromagnetic ordering of
the two spinels. The Curie-Weiss law, �=C / �T−TW�, where
C=NAg2S�S+1��B

2 /3kB �with NA as Avogadro’s number, �B
as the Bohr magneton, g as the spectroscopic-splitting factor,
and kB as the Boltzmann constant�, and the effective number
of Bohr magnetons, p=g�S�S+1��1/2=2.828C1/2, is used to
interpret the data for GNO but not for GCO because of the
relatively close proximity of crystal-electric-field states to
the ground state. When fitting � it is assumed that any
temperature-independent magnetism ��0� is negligibly small.

1. GeNi2O4 magnetic susceptibility and analysis

Figure 10�a� is a plot showing �−1 vs T over the range of
the measurements for 5 T. The straight line through the
points is a Curie-Weiss law fit in the range 150 K�T
�400 K. Parameters from the fit are given in the figure.

Figure 10�b� illustrates the evolution of �−1�B� vs T as B
is increased in the region of the antiferromagnetic ordering.
On the scale used for the plot, the �−1 vs T measurements
show no indication of the double transition observed in the
specific heat. However, � measurements at more closely
spaced temperatures for B=0.01 T do show both
transitions.5 The plots of �−1�B� vs T increase monotonically
with B above TN1�B�. Below TN1�0� monotonic increases in
�−1�B� vs T are observed for B=0.001–0.01 T. For B
�0.01 T there is a monotonic decrease. This evolution of
�−1�B� vs T with magnetic field is probably related to the
alignment of magnetic domains with B.

A Curie-Weiss law fit shown in Fig. 10�a� for 5 T has
TW=−8.7 K, where the negative value indicates antiferro-
magnetism with a value close to the observed TN1�0�
=12.080 K obtained from the specific-heat measurements.
The ratio 
TW /TN1�0�
=0.7, near unity, indicates an absence
of frustration.14 However, there are deviations of �−1 vs T
from the Curie-Weiss behavior below �125 K, which indi-
cate that substantial magnetic correlations begin to develop
well above the Néel transition. From the Curie-Weiss fit the
effective number of Bohr magnetons is p=3.32, which is in
the range usually found for Ni2+ ions in octahedral crystal
electric fields.2 Using p=3.32 allows a value for g to be
calculated for S=1 from the relationship p=g�S�S+1��1/2.
The result, g=2.35, is greater than the spin-only value of 2.
This is due to the second-order perturbation, between the
3A2g ground state and the 3T2g excited crystal-field state, in-
troduced by spin-orbit coupling.15 This leads to mixing of the
3A2g and 3T2g levels and thereby introduces orbital character
into the ground state, which increases the g value. In the
presence of a trigonal field, in addition to the cubic field, the
same mechanism leads to a zero-field splitting of the ground
state since the 3T2g excited state is split in first order by the
trigonal field and these split levels are then spin-orbit
coupled in second order to the ground state.15 This also in-
troduces some anisotropy into the Ni2+ g value.

2. GeCo2O4 magnetic susceptibility and analysis

Figure 11�b� is a plot of �−1�B� vs T for B=0.001 and 5 T
over the temperature range 2 K�T�400 K. For B
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�0.001 T, �−1�B� vs T is the same to within experimental
accuracy and the �3% difference at 400 K for 0.001 T can
be accounted for if there is an uncertainty in the field of
�3	10−5 T. The inset of Fig. 11�b� shows �−1�B� vs T in
the range 320 K�T�400 K for all B. While �−1 vs T for
GNO is linear over a wide range of temperatures—150 K
�T�400 K at 2 and 5 T—�−1 vs T for GCO is curved with
no linear range below 400 K. This is clearly shown in Fig.
11�a�, where �−1 vs T and the derivative d�−1 /dT vs T are
plotted for B=1 T. The curvature is a result of the higher
crystal-field Kramers doublets, and the Curie-Weiss law is
inapplicable if � has temperature-dependent contributions
from such energy levels above the ground state. Instead, the
Van Vleck susceptibility must be calculated based upon
knowledge of the energies and wavefunctions for the excited
states. When such higher levels are present, the Curie-Weiss
law can be used only at temperatures where the higher-lying
states make a negligible contribution, which is not possible
for GCO since TN�0�=20.617 K.

Although the Curie-Weiss law cannot be used to deter-
mine the sign or strength of the magnetic exchange for GCO,
other investigators16,17 did so and reported a positive TW in-
stead of the negative one expected for antiferromagnetic in-
teractions. Over limited temperature intervals, �−1 vs T is
approximately linear and relatively good fits to the Curie-
Weiss law are possible. However the derived parameters are
not valid. Figure 12 shows such a fit to the 5 T data for
300 K�T�400 K with a TW=57 K, indicating ferromag-
netic interactions, which contradicts the experimentally ob-
served antiferromagnetism. �Fits over different intervals give
different values of TW. For example, in Ref. 16 a fit of �−1 vs
T in the range 300 K�T�800 K has a TW=81 K, while in
Ref. 17 a fit in the range 180 K�T�300 K gave TW
=40 K.� The positive values of TW are a result of the curva-
ture of �−1 vs T �see Fig. 11�a��, which is related to the
presence of the crystal-field states not far removed from the
ground state.

In order to extract the exchange contribution to the Weiss
temperature, it is first necessary to subtract the influence of
the excited crystal-field levels. This could be accomplished,
for example, by measuring the magnetic susceptibility of
Co2+ in a structurally identical but magnetically dilute lattice
where the exchange contributions are eliminated and only
the crystal-field contribution remains. Such measurements
have not yet been reported for GeCo2O4 since an appropriate
nonmagnetic analog into which small quantities of Co2+ can
be doped has not been identified.

If the Co2+ magnetic moments in GCO are free and the
spacing of the crystal-field Kramers doublet levels with their
corresponding g and mJ values known, the magnetic moment
�M� can be calculated to first-order using the expression

M =

− NA�
i=0

5

�
mJ=−1/2

1/2

gimJ�Be−�Ei+gimJ�BB�/RT

�
i=0

5

�
mJ=−1/2

1/2

e−�Ei+gimJ�BB�/RT

. �1�

In Eq. �1�, i is an index designating the six Kramers doublets
with components mJ, taken as �1 /2 pairs, and Ei is the

separation of the ith level from the ground state �i=0, E0
=0�, �B is the Bohr magneton, R is the gas constant, and NA
is Avogadro’s number. Since the gimJ always occur as a
product designating mJ as a �1 /2 doublet makes gi a ficti-
tious spectroscopic-splitting factor whose value is deter-
mined from both spin and orbital contributions. �At the
present time the gi are not known from either experiment or
theory for GCO.� In Fig. 11�a� is a plot of the experimental
data for B=1 T with a fit using Eq. �1� shown as the black
curve. The two crystal-field levels at 1760 and 1930 K make
a negligible contribution to �−1 below 400 K and are not
included in the fit. The parameters from the fit are tabulated
in the figure. This simplistic approach provides a relatively
good fit, which demonstrates that the low-lying crystal-field
levels contribute to the curvature in �−1 vs T. However, the
value of g0 is larger than theoretically expected, assuming
mJ= �1 /2 for a Co2+ ion in a large trigonal crystal field, for
a polycrystalline sample.18 Since there are also higher-order
coupling interactions between the ground state and excited
crystal-field levels that will contribute to the magnetic mo-
ment, the first-order expression �Eq. �1�� is only an approxi-
mation and, although the fit is relatively good, the gi param-
eters are empirical.4 In addition, there are undoubtedly
interactions between the Co2+ ions �i.e., substantial magnetic
correlations� that are also not accounted for by Eq. �1�.

The large ground-state g value obtained for GCO suggests
that the trigonal field is important and that the ground-state
Kramers doublet derives from the 4Eg orbital doublet �see
Fig. 4 of Ref. 18�. This form of single-ion anisotropy is
reminiscent of that observed in pyrochlore spin ices in that
the Co2+ spins should point into, or out of, the tetrahedra. It
should also lead to an Ising behavior for the Co2+ ions. Thus,
we would expect that at low temperatures GCO is in the
universality class of a three-dimensional �3-D� Ising antifer-
romagnet.

Figure 11�b� illustrates the evolution of �−1�B� vs T as B
is increased in the magnetic-ordering region. There is a
monotonic increase in �−1�B� vs T with B above TN. Below
TN�0� from B=0.001 to 0.1 T, there is an increase in �−1�B�
vs T followed by a monotonic decrease as B increases. This
evolution of �−1�B� vs T with magnetic field is probably
related to magnetic-domain alignment with increasing B. The
plots shown in Fig. 11�b� are very similar to those in Fig.
10�b� for GNO.

IV. SPECIFIC-HEAT ANALYSIS FOR ZERO MAGNETIC
FIELD

In this section the specific heats for GNO and GCO are
analyzed to evaluate the lattice contribution, a first step
needed to enable a determination of the magnetic specific
heat �Cmag�, which allows a numerical evaluation of the mag-
netic entropy �Smag� associated with the antiferromagnetic
ordering. Parameters related to the ordering �e.g., antiferro-
magnetic spin waves and energy gaps� are derived from fits
to the low-temperature specific heat where the lattice contri-
bution is negligible.

The harmonic-lattice approximation is used to evaluate
the magnetic-field-independent lattice specific-heat �Clat�
contribution:
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Clat = B3T3 + B5T5 + B7T7 + ¯ . �2�

An alternative method uses a sum of Debye and Einstein
functions—an application of the Blackmann theory19—to
represent the 3 acoustic and 18 optical modes of the lattice
well above TN. Both methods were used in the analysis given
in Ref. 5 and the derived magnetic entropies obtained by
evaluating ���C−Clat� /T�dT were essentially identical. The
specific heat related to crystal-field levels �Ccf� can be rep-
resented by a Schottky function for a set of unevenly spaced
energy levels:

Ccf

R
=

�
i=1

j

di�Ei/T�2e−Ei/T�
i=1

j

di�Ei/T�e−Ei/T

d0 + �
i=1

j

die
−Ei/T

, �3�

where the Ei are the j crystal-field levels, di is the Ei level
degeneracy, and d0 is the ground-state degeneracy.

For the magnetic correlations immediately above TN, the
expansion representing the “tail” of the specific-heat contri-
bution �Cmc� is given by the usual representation:

Cmc = �
i=2

m

Ai/Ti, �4�

where the summation is for i=2,3 ,4 , . . . ,m for as many
terms as necessary depending on the lower-temperature
range of the fit.

Hyperfine contributions to the specific heat �Chyp� are rep-
resented by the first term of the high-temperature expansion
of a Schottky function:

Chyp = �
i=1

k

Di/T2, �5�

where the summation is over the k ions with a nuclear mo-
ment. In the absence of a nuclear quadrupole contribution,

D

R
=

�I + 1�
3I

��Bn

kB
2

, �6�

where R is the gas constant, I is the nuclear spin, � is the
nuclear moment in units of the nuclear magneton ��n�, Bn is
the magnetic hyperfine field at the nucleus, and kB is the
Boltzmann constant. For GNO and GCO the nuclei with
magnetic moments are: �1� 73Ge �7.73% abundance�, with I
=9 /2 and �=−0.880�n; �2� 61Ni �1.14% abundance�, with
I=3 /2 and �=−0.750�n; and �3� 59Co �100% abundance�,
with I=7 /2 and �=4.627�n. For the range of temperatures
used in the measurements reported here, only 59Co makes a
measurable hyperfine contribution to the specific heat.

When a band of closely spaced ground-state levels is split
with a gap ��x�, there will be a specific-heat contribution
�Cx� associated with excitations from the lower to the upper
band that is analogous to what happens in a superconductor.
This Cx contribution can be represented, at sufficiently low
temperatures, by the exponential expression

Cx = BxT
ne−�x/T, �7�

where n is either empirically determined from the fit or cal-
culated theoretically.

Below TN antiferromagnetically ordered magnetic mo-
ments will have spin-wave excitations whose specific heat
Caf in the low-temperature region for T� �TN /3 is repre-
sented by Eq. �7� recast in the form

Caf = BafT
ne−�af/T, �8�

where n is either empirically determined by fixing it at posi-
tive and negative integers and selecting the value that has an
rms minimum or calculated theoretically, and �af is a gap in
the spin-wave spectrum. For ungapped antiferromagnetic
spin waves, Eq. �8� becomes

Caf = BafT
3. �9�

A T3 term in the expressions for both the lattice and isotropic
spin waves complicates the separation of their contributions
since only the composite term 
3T3= �B3+Baf�T3 is deter-
mined from a low-temperature fit. In that situation B3 must
be evaluated above TN. Usually Baf�B3. Some useful books
related to the analysis of specific-heat and magnetic-
susceptibility data are given in Ref. 20.

A. Specific-heat analysis for GeNi2O4

The magnetic specific heat Cmag is obtained from a two-
step analysis of the data for T�TN2 and T�TN1. The analy-
sis is made for the BYU specific-heat measurements for B
=0. Above TN1 the fitting expression is C=�Am /Tm

+�BnTn, where �Am /Tm �m=2,3 ,4 , . . .� is the semiempirical
representation, Eq. �4�, for the magnetic correlations and
Clat=�BnTn �n=3,5 ,7 ,9 , . . .� is the harmonic-lattice ap-
proximation, Eq. �2�. From 14 K�T�75 K the data are
fitted with m=2,3 ,4 and n=3,5 ,7 ,9 ,11. �Since the first
crystal-field multiplet above the ground state is at
�12 400 K, no provision for a Ccf contribution is neces-
sary.� The fit is good with an rms of 0.3% with B3=2.38
	10−4 J K−4 �mol GNO�−1 and �D=386 K. �The calcula-
tion of �D uses the expression �D= �124RNa /5B3�1/3,
where R is the gas constant and Na is the number of atoms
per formula weight.� Figure 13 is a plot of the data in the
high-temperature region above TN1�0� where the curve rep-
resents the fit.

For T�TN2, a plot of C /T vs T2 does not have the low-
temperature region of linearity expected for C /T=B3T2. In-
stead, there is a broad anomaly �centered at �5 K�, which
implies the presence of another component in addition to
those expected for the lattice and ungapped antiferromag-
netic spin waves—see the inset of Fig. 14. The 5-K anomaly
suggests the presence of an energy gap. Inelastic-neutron-
scattering spectroscopy shows that the gap is temperature
dependent and vanishes as T→TN1�0�—see Fig. 15. The
inelastic-neutron-scattering results shown in Fig. 15 are con-
sistent with gapped spin waves originating from the single-
ion anisotropy of the S=1 ground-state multiplet and the
exchange interaction. In addition to the gapped spin waves
the analysis, described below, demonstrates there are un-
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gapped spin waves as well, which suggests two different
kinds of antiferromagnetic ordering for the Ni2+ ions.

A good fit to the data for T�6 K is obtained with an rms
of 0.5% using a least-squares procedure with the expression
C=
3T3+Baf1T

ne−�af1/T, where 
3= �B3+Baf2� and Eq. �8� for
gapped spin waves is used to fit the data in the vicinity of the
5-K anomaly. By holding n fixed at positive and negative
integers, a minimum rms is found for n=0; and a fit with
n included as a variable gives 0.09. The parameters, fixing
n=0, are 
3=2.05	10−3 J K−4 �mol GNO�−1, Baf1
=8.97 J K−1 �mol GNO�−1, and �af1=10.9 K, which is con-
firmed by inelastic-neutron-scattering measurements—see
Fig. 15. �We have arbitrarily assumed that the gap is associ-

ated with TN1.� Since the inelastic-neutron-scattering mea-
surements have a gap that is temperature dependent, the
�af1=10.9 K derived from the fit to the specific-heat data is
an average. From B3, from the fit above TN1, the ungapped
spin-wave parameter Baf2=1.82	10−3 J K−4 �mol GNO�−1.
Figure 16 is a plot of ln�C−
3T3� vs 1 /T, which is linear to
�6 K ��1 /2TN2� and represents the contribution to the low-
temperature specific heat related to the �af1=10.9 K gap.
The magnetic moments of the Ni2+ ions in GNO are essen-
tially spin only and are expected to have spin waves that are
isotropic. However, the concurrent presence of both gapped
and ungapped spin waves is surprising in a cubic material
where all the Ni2+ ions are equivalent, at least in the para-
magnetic phase. This could be understood if the kagome and
triangular planes order separately, as claimed by the authors
of Ref. 13, who used their results to explain the double-
peaked ordering.

A theoretical approximation for the specific heat for un-
gapped spin waves21 is Caf=cafR�RT / �2SJ��3, where J is the
exchange energy and caf is a constant related to the lattice
symmetry. By setting Caf=BafT

3, the equation can be rear-
ranged to J= �R4/3 /2S��caf /Baf�1/3, where caf=0.028 for an
fcc lattice. If the ungapped spin waves are linked with either
the kagome or triangular planes, Baf=4 /3�Baf2 /2� or
4�Baf2 /2�, respectively, to account for the number of Ni2+

associated with each and to normalize J to 1 mol of Ni2+ per
plane. JK=24 J �mol Ni2+�−1 �2.9 K or 0.25 meV� for
kagome planes and JT=17 J �mol Ni2+�−1 �2.0 K or 0.18
meV� for the triangular planes. We do not know with which
plane to associate the T3 term in the magnetic specific heat.

An estimate of an overall JKT can also be calculated using
TW=−8.7 K from the Curie-Weiss law fit to the magnetic-
susceptibility data. From the mean-field expression22 J
= 
3TW / �zS�S+1��
, where the number of nearest neighbors
z=6, JKT=2.2 K �0.19 meV or 18 J �mol Ni2+�−1�, which is
in reasonable agreement with the values estimated from the
ungapped spin-wave specific heat given above.

The exchange energy J can be used to show that suffi-
ciently strong magnetic fields will reduce disorder in the
ground state. In magnetic fields the energy scale, represented
by �B, becomes comparable to the exchange energy, J
�20 J �mol Ni2+�−1, for B=4 T for which �B
=22 J �mol Ni2+�−1. This implies that disorder in the ground
state would be altered for B�4 T with corresponding in-
creases in the specific heats and entropies compared with the
B=0 values. Such increases are not observed in magnetic
fields up to 14 T and there is no evidence to support the
presence of ground-state disorder.

The specific heats in constant magnetic fields, measured
at LANL, for T�4 K are shown in Fig. 17. �For B=0 they
differ by as much as �3% from the BYU measurements but
are within the expected experimental accuracy of the PPMS.�
As B increases there is a monotonic increase in C�B�. Com-
ponent specific heats for the lattice and the gapped and un-
gapped spin waves are shown as curves in the figure for B
=0, where the gapped component dominates. It is unreason-
able to expect that either Caf1�B� or Caf2�B� will have the
same temperature dependence for B�0 as they do for B=0.

The magnetic entropy Smag is obtained by a numerical
evaluation of the ���C−Clat� /T�dT in the range 0 K�T
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FIG. 14. C /T vs T below TN2 for B=0 for GNO. Below TN2 the
data are fitted to the expression given in the figure using a least-
squares procedure for T�6 K, as described in Sec. IV A. The inset
shows the broad anomaly in C /T vs T2 that is postulated to be due
to a spin-wave gap �af1. For an explanation of these data, see Secs.
IV A and VI D. Note: 
3, B3, and Baf2 are in units of
mJ K−4 �mol GNO�−1; Baf1 is in units of mJ K−1 �mol GNO�−1.
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�75 K plus the contribution from 75 K to �,
which is assumed to be �A2 /3T3+A3 /4T3+A4 /5T4� evalu-
ated at 75 K—see Fig. 14. In Fig. 18, Cmag /T vs T and Smag
vs T are plotted for B=0; the inset shows Smag vs T,
on an expanded scale, in the vicinity of TN1 and TN2.
The entropy recovered from the magnetic specific-heat
analysis is Smag=10.33 J K−1 �mol GNO�−1. Of this
�5.2 J K−1 �mol GNO�−1 is recovered below TN1 and

�5.1 J K−1 �mol GNO�−1 above TN1, which is �50% for
each region. At the two first-order transitions the entropies
related to the anomalies are 0.367 and
0.330 J K−1 �mol GNO�−1 at TN1 and TN2, respectively—see
the inset of Fig. 18. The related enthalpies �latent heats� at
the two transitions are �H1=4.45 J �mol GNO�−1 and
�H2=3.78 J �mol GNO�−1.

If the ground state of Ni2+ in GNO has S=1, the associ-
ated entropy of ordering is 2R ln�2S+1�

FIG. 15. �Color� Inelastic-neutron-scattering spectrum for polycrystalline GNO measured at temperatures in the range 1.5 K�T
�9 K using the disk chopper spectrometer �Ref. 11� at the NIST Center for Neutron Research. The incident-neutron wavelength was 3.2 Å.
At the antiferromagnetic wave vector Q=0.65 Å−1, there is an energy gap at 1.5 K in the magnetic excitations of E�0.8 meV ��9 K�. As
the temperature is increased, the gap decreases and vanishes as T→TN. For Q�2.0 Å−1 there is no indication of the gapless spin waves
derived from the fit to the low-temperature specific-heat data—see Sec. IV A and Fig. 16.
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such as the expression for B=0 shown in the figure—see Sec. IV A.
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=18.27 J K−1 �mol GNO�−1, but only 56.5% of this is re-
covered. Two obvious possibilities to account for this miss-
ing entropy are hidden ordering below the lowest tempera-
ture of the measurements and/or low-temperature disorder in
the ground state induced by frustration. If either or both of
these possibilities is true, the specific-heat measurements in
magnetic fields would have Schottky-type anomalies for any
hidden ordering that would be observed as they move to
higher temperatures with increasing B. For magnetic disorder
the in-field specific heats would be increased. The analysis
shown in Fig. 7 proves that neither of these cases can ac-
count for the entropy discrepancy. Well above TN1 for B=0
and 9 T, the entropies are the same to within the measure-
ment accuracy and the specific heats for B=0 and 9 T are
equal. Another possibility, which could explain the missing
entropy, is the presence of significant magnetic correlations
at temperatures above 75 K, which currently appears to be
the more likely explanation—see Sec. VI C.

Note that TN�B� throughout the paper are defined as T at
the maxima in the C�B� /T anomalies. Entropy-conserving
constructions shown in the inset of Fig. 18 have TN�0� that
are slightly larger than the TN�0� defined by the maxima in
C�0� /T. Those TN�0� in the Fig. 18 inset are more nearly
correct. However, the differences are not large ��0.05 K�
and TN�B� will continue to be defined in the paper as T at the
maximum in C�B� /T.

B. Specific-heat analysis for GeCo2O4

In contrast to the case of GNO, obtaining an analytical
representation for the lattice specific heat of GCO is compli-

cated by the presence of crystal-electric-field levels. The
Co2+ free-ion state, 4F9/2, in GCO is split into six Kramers
doublets by a combination of crystal-electric-field interac-
tions and spin-orbit coupling.4 These states contribute to the
specific heat Ccf in the temperature region above TN where
Clat is determined. Equation �3� is used to calculate Ccf, as-
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FIG. 18. �Color� Shown in this figure is a plot of Cmag /T vs T,
obtained by subtracting Clat /T, and that of Smag vs T calculated by
numerical evaluation of ��Cmag /T�dT for B=0. The anomaly asso-
ciated with the anisotropic antiferromagnetic spin waves is clearly
visible and is centered at �5 K. In the inset Smag is shown on an
expanded temperature scale in the vicinity of the transitions. The
entropy-conserving constructions provide an accurate determination
of TN1 and TN2 in lieu of the definition using the maxima in C /T
that are larger but differ by �0.05 K. Those constructions also
provide a means of determining the enthalpy and entropy for the
first-order transitions whose values are tabulated in the inset. Note:
The units of S are J K−1 �mol GNO�−1 and of H are
J �mol GNO�−1.
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used to determine the Chyp term for 59Co—Sec. IV B. The expres-
sion used for the fitting is �C−Chyp−Ccf�=�T+B3T3+BafT

ne−�af/T

which is described in Sec. IV B. Fit parameters are tabulated in the
figure. In the inset, the anisotropic gapped spin-wave contribution
to the low-temperature specific heat, Cmag=C−Ccf−Clat−�T−Chyp,
is plotted as ln�CmagT� vs 1 /T. The straight line through the points
is calculated from the fit parameters and is valid up to �7 K
��1 /3TN�. There is scatter in Cmag below �2.5 K, which increases
as T decreases since Cmag below �2.5 K is nearly zero and the
small residuals include all of the experimental measurement errors.
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sociated with these energy levels, which is shown as the blue
curve in Fig. 19, and whose contribution to C is negligible
below �5 K. Since the degeneracies of the Kramers dou-
blets are removed in a magnetic field—by an unknown
amount—Ccf will be field dependent. However, the expected
splitting of the doublets by the fields used for the present
measurements should produce only small separations with
respect to the energy of the crystal-field levels above the
ground state. Consequently, Ccf�B� should be essentially the
same as Ccf�0�.

The specific heats for B=0, measured at BYU, are shown
as red squares in Fig. 19, and the green triangles are the
specific heats after subtracting Ccf. The expression used to fit
�C−Ccf� in the range 23 K�T�75 K is the same as that
given in Fig. 14 plus a �T term representing a contribution
from oxygen defects—see below for its origin and a discus-
sion of how it was determined. When possible, it is generally
better to determine B3 from a low-temperature fit and then
use that value held fixed in the expression for the fit at high
temperatures to determine Clat. It was determined that
GCO has no BafT

3 spin-wave contribution at low
temperatures and B3=0.155 mJ K−4 �mol GCO�−1 was de-
termined from the low-temperature fit as was �
=0.33 mJ K−2 �mol GCO�−1—see below and Fig. 19. There
is a small anomaly in C /T centered at �31 K that is asso-
ciated with a GeCoO3 impurity phase, which has an antifer-
romagnetic transition at that temperature with an unknown
specific heat.7 X-ray- and neutron-diffraction measurements
for the GCO sample identified this impurity phase and pro-
vided an estimate of the amount present: �3 wt %.4 Data in
the region of that anomaly, from �28 to �33 K, are not
included in the fit, which has an rms of 0.8%. The black
curve through the green triangles represents the fit and the
pink curve represents Clat. The Debye theta �D is larger for
GCO �444 K� than for GNO �386 K�, which makes the GCO
lattice the stiffer of the two.

A plot of �C−Ccf� /T vs T2 for the B=0 data measured at
BYU—not shown—has an upturn at the lower temperatures
and a linear region to �3 K that extrapolates to a positive
intercept at T=0. A preliminary fit of the specific-heat data in
the region for T�3 K to �C−Ccf�=D /T2+�T+B3T3 enables
a determination of the hyperfine contribution to the specific
heat from 59Co: Chyp=1.41	10−3 T−2 J K−1 �mol GCO�−1.
With D=1.41	10−3 J K �mol GCO�−1 and using Eq. �6�,
the hyperfine field at the Co2+ nuclei is Bn=129 T.

Figure 20 is a plot of �C−Ccf−Chyp� /T vs T for T
�6.5 K. Through trial and error it was found that the spe-
cific heat at low temperatures cannot be represented by a
BafT

3 spin-wave contribution. The low-temperature fitting
expression is �C−Chyp−Ccf�=�T+B3T3+BafT

ne−�af/T. The
gap in the spin-wave spectrum probably has its origin in the
splitting of the ground-state J=1 /2 Kramers doublet induced
by the exchange interaction. Since GCO is an insulator, the
�T term is not associated with conduction electrons but most
likely has its origin in oxygen defects in the crystal with the
linear term related to vibrations of trapped particles in those
voids.23,24 Linear terms of this magnitude are commonly ob-
served in the specific heats of many insulating substances
containing oxygen—see, e.g., Ref. 25. The downturn in C /T
at the lower temperatures is probably not related to a prop-

erty of the compound but has its origin in small errors in the
calorimeter addenda and/or temperature-scale calibrations. A
least-squares fit is made to the specific-heat data in the range
1.4 K�T�6.5 K. Data below 1.4 K are excluded from the
fit since the values are very small and have greater errors.
Fits with n held fixed at positive and negative integers has a
minimum rms at n=−1; when included in a fit n=−0.99. The
fit, with n fixed at −1, has an rms of 1.0%; the parameters are
given in Fig. 20. The first term of the harmonic-lattice ex-
pression, B3=0.155 mJ K−4 �mol GCO�−1, was fixed in the
fit above TN shown in Fig. 19 as was �
=0.33 mJ K−1 �mol GCO�−1.

In the inset of Fig. 20 the anisotropic spin-wave contribu-
tion to the low-temperature specific heat, Cmag=C−Ccf
−Clat−�T−Chyp, is shown as a plot of ln�CmagT� vs 1 /T. The
straight line through the points is calculated from the fit pa-
rameters and is valid up to �7 K or �1 /3TN. The gap in the
antiferromagnetic spin-wave spectrum, �af=38.7 K, is also
observed in neutron-scattering spectroscopy—see Fig. 21.4

Since the spin-wave gap shown in Fig. 21 has a temperature
dependence and goes to zero as T→TN, the 38.7 K gap de-
rived from the fit to the low-temperature specific-heat data is
necessarily an average.

Figure 22 is a plot of Cmag�B� vs T for the LANL data in
the temperature region below 7.5 K for fields up to 9 T.
Because the lowest temperatures of the measurements are
�1.9 K, no Chyp�B� from 59Co is detected. As B increases,
Cmag�B� vs T increases monotonically. No theoretical fits are
made to the data because it is not known how a magnetic
field will modify the gapped spin waves. In addition, there
will be magnetic-domain alignment in applied magnetic
fields, which will further complicate the interpretation.

The magnetic entropy Smag for GCO is obtained by a nu-
merical evaluation of ��Cmag /T�dT in the range 0 K�T
�75 K plus the contribution from 75 K to �, which is
assumed to be �A2 /3T3+A3 /4T3� evaluated at 75 K—see
Fig. 19. Figure 23 plots Cmag /T vs T and Smag vs T for
the BYU data for B=0; the inset shows Smag vs T, on an
expanded scale, in the vicinity of TN. The entropy
recovered from the magnetic specific-heat analysis
is Smag=6.72 J K−1�mol GCO�−1. Of this
�3.7 J K−1 �mol GCO�−1 is recovered below TN and
�3.0 J K−1 �mol GCO�−1 above. At the first-order transition
the entropy change is 0.439 J K−1 �mol GCO�−1—see the
inset of Fig. 23. The related enthalpy �latent heat� at the
transition is �H=9.06 J �mol GCO�−1.

If the ground state of Co2+ in GCO has J=1 /2, the en-
tropy associated with the ordering is 2R ln�2J+1�
=11.53 J K−1 �mol GCO�−1. Only 58.3% of this is recov-
ered, which is nearly the same as that for GNO, for which
56.5% was recovered. As was discussed for GNO in Sec.
IV B, it is shown that there is no hidden ordering or magnetic
disorder in the ground state, which could account for the
missing entropy. The analysis shown in Fig. 9 conclusively
demonstrates that the specific heats and entropies well above
TN for all B are the same to within the experimental accu-
racy. As for GNO, the missing entropy could be explained by
substantial magnetic correlations above TN—see Sec. VI C.

Similar to GNO, the entropy-conserving construction
shown in the inset of Fig. 23 has a TN�0� that is slightly
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different from the TN�0� that is defined by the maximum in
C�0� /T. The difference is only �0.03 K and, although TN
from the entropy-conserving construction is more nearly cor-
rect, TN�B� will continue to be defined as T at the maximum
of C�B� /T.

V. SPECIFIC-HEAT AND MAGNETIZATION
MEASUREMENTS BY OTHERS

Hubsch and Gavoille26 measured the magnetic suscepti-
bility for GCO and interpreted the irreversibility near TN for
field-cooled �FC� and zero-field-cooled �ZFC� measurements
as demonstrating that the antiferromagnetic transition is first

order. Their paper contains references to earlier measure-
ments on GCO. Zero-field specific-heat and field-swept
directional-magnetization measurements were made for a
GNO single crystal, which shows a field-induced anisotropy
below TN1 and a possible third transition below TN2—a small
anomaly is observed as in the present measurements.27 Mag-
netization measurements were made by Diaz et al.16,28,29 on
polycrystalline GNO and GCO to fields of 55 T. They found
that both compounds have two magnetic moment reorienta-

FIG. 21. �Color� Inelastic-neutron-scattering spectrum for polycrystalline GCO measured at temperatures in the range 1.5 K�T
�18 K using the disk chopper spectrometer �Ref. 11� at the NIST Center for Neutron Research. The incident-neutron wavelength was
3.2 Å. At the antiferromagnetic wave vector Q=0.65 Å−1 there is an energy gap at 1.5 K in the magnetic excitations of E�3 meV
��35 K�. As the temperature is increased the gap decreases and vanishes as T→TN.
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FIG. 23. �Color� Cmag /T vs T and Smag vs T for the B=0
specific-heat data. The inset shows Smag vs T, on an expanded scale,
in the vicinity of TN, in addition to an entropy-conserving construc-
tion for evaluation of the entropy and latent heat associated with the
transition. This figure is similar to Fig. 18 for GNO. Note: The units
of S are J K−1 �mol GCO�−1 and for H are J �mol GCO�−1.
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tions �spin flops� and that 55 T is insufficient to attain mag-
netic saturation. By failing to take into account crystal-
electric-field levels, they incorrectly interpreted their GCO
susceptibility measurements16 as showing ferromagnetic
interactions—see Sec. II B2 and Figs. 11 and 12. Hoshi et
al.17 measured the magnetization and susceptibility of a
single crystal of GCO as a function of temperature in fields
up to 12 T applied along the �111�, �110�, and �100� direc-
tions. They interpreted their susceptibility data using the
Curie-Weiss law. However they also neglected to take into
account contributions from the crystal-electric-field levels
and consequently derived an incorrect ferromagnetic TW
=40 K. Lancaster et al.30 measured specific heats in the vi-
cinity of the transition temperatures for polycrystalline GNO
in B=0, 7, and 14 T, with results that are in reasonable agree-
ment with those reported here.

Gd2Ti2O7 is a pyrochlore, with spins on corner-shared
tetrahedra, that orders antiferromagnetically with two transi-
tions in the specific heat31,32 at �0.7 and �1 K, which is
qualitatively similar to GNO. In zero magnetic field the re-
covered entropy is determined31,32 by integration of C /T vs T
and equals the expected 2R ln 8 at �10 K, which shows that
the ground state at T=0 has no magnetic disorder.32 One set
of data31 extends to �0.1 K and has an anomaly in C /T vs
T beginning at �0.2 K that is similar to the 5-K anomaly
observed for GNO. No analysis of the low-temperature data
is made. The other set of data32 extends only up to �0.4 K
and the authors pointed to a C�T2 dependence from �0.4 to
�0.6 K. This T2 dependence over a limited temperature
range cannot be interpreted as a property of the ground state
since power-law approximations to antiferromagnetic order
apply only at temperatures below �1 /2 to �1 /3 TN—see
below for the ground state for Gd2Sn2O7. It is suggested32,33

that the two anomalies in the specific heat correspond to a
partial ordering of the spins on a kagome lattice at �1 K,
which is followed by a transition at �0.7 K to a state that
becomes fully ordered at T=0. The conjecture was later con-
firmed by neutron-diffraction measurements.34 This kind of
ordering is similar to the one proposed for GNO, although in
Gd2Ti2O7 a 4-k magnetic structure has been demonstrated
while in GNO it appears that a 1-k structure is correct.13

Another antiferromagnetic pyrochlore, Gd2Sn2O7, has a
single specific-heat anomaly at �1 K.35 At low temperatures
the specific heat is fit by a gapped spin-wave expression of
the form C=BT−2e−�/T valid up to �0.3 K ��1 /3TN�. It also
exhibits a C�T2 behavior from �0.4 to �0.8 K. The en-
tropy was not evaluated.

VI. SUMMARY AND CONCLUSIONS

Specific-heat and magnetic-susceptibility measurements
were made on polycrystalline samples of the spinels GNO
and GCO in the range 0.5 K�T�400 K in magnetic fields
up to 14 T. They order out of different ground states: S=1
and J=1 /2, respectively. Both compounds have first-order
antiferromagnetic transitions with a closely spaced double
transition for GNO that is probably associated with separate
ordering on the kagome and triangular planes.5,13 Below TN2
there is a small anomaly centered at �11 K for B=0 and 1

T, which might represent a rearrangement of the magnetic
moments. There is a fourth anomaly centered at �5 K that
is linked to gapped antiferromagnetic spin waves, which is
observed in all fields up to 14 T. Concurrently, there are
ungapped antiferromagnetic spin waves. GCO has only
gapped antiferromagnetic spin waves with the gap collapsing
as T→TN. In magnetic fields the specific-heat anomalies for
both compounds move to lower temperatures as expected for
antiferromagnetic ordering but at a surprisingly much slower
rate for GNO even though the TN�0� are �1 /2TN�0� for
GCO. The results of the measurements, combined with the
data analysis, show clearly that the different ground states for
the two compounds have a profound effect on their antifer-
romagnetic ordering.

A. GeNi2O4

The crystal-electric-field states for GNO are sufficiently
removed from the S=1 manifold that they make no contri-
bution to the specific heat or susceptibility for T�400 K.
Below TN2 the antiferromagnetic ordering has both gapped
and ungapped spin waves present. The spin waves with a
10.9-K gap are associated with the 5-K anomaly—see Figs.
15 and 16. Splitting of the S=1 multiplet amplified by the
antiferromagnetic-exchange interaction is probably the
source of the 10.9-K gap, which is also observed in neutron-
scattering spectroscopy—see Fig. 15.5 The simultaneous oc-
currence of both gapped and ungapped spin waves in an
antiferromagnetically ordered substance is very unusual and
perhaps lends support to the proposal13 that the kagome and
triangular planes order separately.

A numerical evaluation of ��Cmag /T�dT determines Smag,
and only 56.5% of the expected Smag=2R ln�2S+1�
=18.27 J K−1 �mol GNO�−1 is recovered, i.e.,
10.33 J K−1 �mol GNO�−1. The missing entropy is
7.94 J K−1 �mol GNO�−1. Although antiferromagnetic or-
dering in spinels can have frustration, the specific-heat mea-
surements in magnetic fields show that the entropies and
specific heats well above TN1 are the same for all B. If there
is hidden ordering for T�0.5 K, or magnetic disorder in the
ground state, then Smag�9��Smag�0� and C�B��C�0� well
above TN1, which is not observed. The missing entropy could
be a result of substantial magnetic correlations well above
the Néel temperatures—see Sec. VI C.

A Curie-Weiss law fit of �−1 vs T for B=5 T, in the range
150 K�T�400 K, has a negative Weiss constant, TW=
−8.7 K, indicating antiferromagnetic interactions and in sat-
isfactory agreement with TN1 from the specific-heat measure-
ments. The associated p=g�S�S+1��1/2=3.32 and g=2.35 are
in the range found for Ni2+ ions in a trigonal crystal-field.2

The ratio TW /TN1�0�=0.7 indicates that GNO is not
frustrated.14

B. GeCo2O4

A Co2+ free ion has a 4F9/2 ground state that is split in
GCO into six Kramers doublets at 0, 180, 360, 440, 1760,
and 1930 K.4 The crystal-electric-field levels above the
ground state will contribute to the specific heat and, unlike
GNO, must be taken into account in the analysis to deter-
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mine Cmag. The onset of cooperative long-range antiferro-
magnetic order is at TN=20.617 K. In B=0 the specific heat
has a small �T term, with �=0.33 mJ K−2 �mol GCO�−1,
that is related to oxygen defects.23–25 The 59Co nuclei have a
hyperfine specific heat for B=0 produced by a field at the
nuclei, Bn=129 T. At temperatures below TN the specific
heat for B=0 is fitted by using BafT

−1e−�af/T, which confirms
spin-wave ordering with a gap of 38.7 K induced by the
antiferromagnetic-exchange-interaction splitting of the J
=1 /2 ground state. This energy gap is also observed4 in
neutron-scattering spectroscopy—see Fig. 21.

The field-dependent tetragonal-to-cubic lattice transition
is uncovered as increasing magnetic fields shift the antifer-
romagnetic anomalies to lower temperatures. A small
anomaly is coupled to this transition with an associated
enthalpy/latent heat of �0.3 J �mol GCO�−1 and an entropy
of �0.015 J K−1 �mol GCO�−1.

The J=1 /2 ground state has an expected Smag=2R ln�2J
+1�=11.53 J K−1�mol GCO�−1. However, there is only
6.72 J K−1�mol GCO�−1—58.3% of the projected amount—
recovered from an analysis of Cmag, which is nearly identical
to that for GNO. The missing entropy is
4.81 J K−1 �mol GCO�−1. As for GNO, magnetic correla-
tions, and not hidden ordering or magnetic disorder in the
ground state, could explain the missing entropy—see Sec.
VI C.

The Curie-Weiss law cannot be used for GCO because of
contributions from the excited crystal-electric-field levels
that cause curvature to �−1�B� vs T. There are several invalid
applications16,17 of the Curie-Weiss law to GCO that derive a
positive Weiss constant that incorrectly indicates ferromag-
netic interactions.

C. Magnetic correlations in the paramagnetic phase

One of the interesting aspects of the magnetic order in
GNO and GCO are the significant missing magnetic entro-
pies: 43.5% and 41.7%, respectively. We believe that our
in-field specific-heat measurements eliminate the possibility
that residual entropy is present at low temperatures in these
materials; certainly not the amounts that are missing. We,
therefore, conclude that the missing entropy must arise from
substantial magnetic correlations at relatively high tempera-
tures that we are not accounting for in our lower-temperature
analysis of the specific-heat data.

The specific-heat analysis shows that after subtracting our
derived values for the lattice contributions up to 75 K, the
magnetic contributions above TN essentially vanish by the
time we reach that temperature—see Figs. 18 and 23. How-
ever, because of the increasing lattice contributions and di-
minishing magnetic contributions �see Figs. 13 and 19� as
the temperature increases, it is conceivable—but
improbable—that the methods of analysis used overestimate
the lattice contributions and underestimate the magnetic con-
tributions to the specific heat.

There are other materials where such an entropy shortfall
has been reported. For example, in SrCr9xGa12−9xO19, a ma-
terial with a crystal structure related to the spinels �kagome
bilayers separated by triangular layers�, only 50% of the ex-

pected entropy is recovered up to 100 K.36 Long-range mag-
netic order does not appear in this system down to tempera-
tures as low as 0.05 K, and this was described as resulting
from the formation of a spin-liquid state at low temperature.
At higher temperatures spin singlets were suggested to be
present and responsible for the missing entropy. In this ma-
terial the Weiss constant is large, TW=−500 K, which makes
the existence of spin singlets at temperatures above 100 K
reasonable. Of course, in GNO the Weiss constant is much
smaller and attributing the entropy shortfall in those materi-
als to some form of magnetic correlations at temperatures
above 75 K is not as compelling. However, initial measure-
ments on GCO single crystal have directly revealed the pres-
ence of substantial magnetic correlations, as demonstrated by
the presence of clear structure in the paramagnetic neutron
scattering at temperatures at least as high as 100 K.37 Thus,
there is indeed some reason to believe that more entropy
could appear at temperatures above 75 K in that material.

It is also worth commenting on the fact that magnetic
correlations in GNO and GCO exist up to temperatures con-
siderably above the Néel transitions. In GNO, where the
Weiss temperature is TW=−8.7 K, significant magnetic cor-
relations exists up to at least T=125 K as judged by the
magnetic susceptibility �Fig. 10� and the specific heat �Fig.
18�. Thus, in some ways, these materials are similar to low-
dimensional antiferromagnets, where the 3-D ordering tem-
peratures are determined by weak interchain or interplane
magnetic interactions, while the correlations at higher tem-
peratures are a result of the stronger intrachain or intraplane
interactions. In addition, in lower-dimensional antiferromag-
nets, the amount of entropy associated with 3-D order is
generally quite small compared with the value expected for
the spin magnitudes involved since much of the entropy is
destroyed by correlations above the Néel transitions or by
fluctuations below the transitions. GNO does not fall into the
category of highly frustrated antiferromagnets based upon
the ratio of the Weiss temperature to the Néel transition
temperature.14 In fact, for GNO, the ratio is close to unity,
suggesting no frustration effects at all.

In conclusion, the observation that both GNO and GCO
do not exhibit the amounts of entropy expected for their
ground states remains a question for future research. The
presence of an energy gap in the specific-heat and inelastic-
neutron-scattering data is also particularly interesting for
GNO since it coexists with ungapped spin-wave excitations.
These two forms of magnetic excitations might be associated
with the kagome and triangular planes, which would suggest
that these planes are weakly coupled, perhaps due to frustra-
tion introduced by the specific form of the magnetic order
along the �111� direction.13 Finally, in GNO and GCO, one
expects rather weak intralayer nearest-neighbor ferromag-
netic interactions in the �111� planes but stronger interactions
between the planes mediated by further neighbor exchange.13

A complete understanding of the magnetic order and excita-
tions will require quantitative determinations of the signs and
magnitudes of the different magnetic-exchange interactions
in each material by inelastic-neutron-scattering measure-
ments using high-quality, single-crystal samples. The
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specific-heat measurements reported here will provide a
quantitative test of any models proposed for these materials.

D. Comparison to triangular or kagome magnets: Low-
temperature behavior and magnetic entropy

The presence of both triangular and kagome planes in
GNO and GCO suggests that comparison of the specific-heat
results described in this paper to both theoretical predictions
for triangular and kagome antiferromagnets �TAFM and
KAFM, respectively�, as well as experimental results for
other materials that consist of triangular and/or kagome
planes, might be useful. However, the low-temperature mag-
netic structure of GNO and GCO consists of ferromagnetic
�111� kagome and triangular planes with antiferromagnetic
interplanar order. This implies that the excitations we ob-
serve in GNO or GCO are likely to have little relevance to
those of 2-D kagome or triangular antiferromagnets38 but
must instead be associated with the three-dimensional anti-
ferromagnetic state of each material. If indeed the kagome
and triangular layers order independently in GNO13 and are
weakly coupled together due to the presence of magnetic
frustration, then the relevant excitations are those of 3-D
kagome and triangular antiferromagnets consisting of antifer-
romagnetically coupled ferromagnetic planes. On this model
the coexistence of isotropic �ungapped� 3-D spin waves and
anisotropic �gapped� 3-D spin waves can be attributed to the
kagome or triangular layers. This coexistence of two nearly
independent spin systems in GNO, each composed of Ni2+

ions located on identical crystallographic sites, is interesting
and perhaps unique. It is unlikely that the gapped excitations
in GNO reflect anything other than gapped spin waves since
the neutron-scattering data show nicely dispersing excita-
tions above the gap at 0.65 Å−1—see Ref. 5 and Fig. 15. Of
course it would be of interest to know which Ni2+ site sup-
ports which type of excitation and then to develop some
theoretical understanding for the origin of their different be-

haviors. The single-ion anisotropies on the two sites should
be identical �other than the interchange of the unique axis for
the trigonal field�, so the appearance of a gap in one excita-
tion spectrum but not the other is strange. There is some
evidence in the inelastic-neutron-scattering spectrum of
GNO at momentum transfers greater than 2.0 Å−1 for addi-
tional spin waves that may not be gapped. However that
observation suffers from a low signal-to-noise ratio and
should be repeated using longer integration times or, better
yet, single crystals.

The GCO results are easier to understand than those for
GNO. The empirical fit of the specific-heat data for GCO to
a fully gapped spin wave is consistent with a 3-D Ising an-
tiferromagnet whose Kramers doublet ground state is split by
the exchange interaction. This gap is also observed in the
inelastic-neutron-scattering spectrum—see Ref. 4 and Fig.
21. There is a single magnetic transition at which both the
kagome and triangular layers order in this material.
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