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We investigate Li diffusion in the favorable intercalation compound LixTiS2 as a function of Li concentra-
tion, x, from first principles. We find that Li ions hop between neighboring octahedral interstitial sites of the
TiS2 host by passing through an adjacent tetrahedral site. The migration barriers for these hops are significantly
reduced when the end points belong to a divacancy. We use a cluster expansion within kinetic Monte Carlo
simulations to describe the configuration dependence of the migration barriers and predict a diffusion coeffi-
cient that varies by several orders of magnitude with Li concentration, exhibiting a maximum close to x
=0.5. The kinetic Monte Carlo simulations predict that diffusion is mediated predominantly by divacancies. We
also find that the migration barriers depend strongly on the c-lattice parameter, which decreases as Li ions are
removed from LixTiS2.
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I. INTRODUCTION

Intercalation compounds form a remarkable class of ma-
terials that are capable of reversibly absorbing large quanti-
ties of guest atoms at room temperature without undergoing
major structural modification. While graphite is probably the
most familiar intercalation compound, other examples in-
clude oxides �LixCoO2, NaxCoO2, LixFePO4, and Ni�OH�2�,
sulfides �LixTiS2, AgxTiS2, and LixTaS2�, polymers, and or-
ganic molecular crystals.1–4 A common feature among all
intercalation compounds is their open and flexible crystal
structure, which acts as host for intercalating guest ions or
molecules.5,6 Depending on the chemistry and structure of
the host, guest species can range from alkali metals, to ha-
lides, to hydrogen, and even include molecules such as H2O,
OH−, and CO3

2−.6,7 The electronic structure of the host is
modified upon intercalation of a guest with the same inter-
calation compound often exhibiting a variety of electronic,
magnetic, and optical properties as the concentration is
changed. NaxCoO2, for example, possesses favorable ther-
moelectric properties8 and becomes superconducting at low
temperature upon removal of 66% Na and simultaneous in-
tercalation of water molecules.9

Guest species can be intercalated electrochemically, en-
abling precise control over concentration. As a result, several
intercalation compounds have proven to be superb electrodes
in primary and secondary batteries.1,3,4 The anode of a Li
battery is often graphite, which intercalates Li between its
two-dimensional graphitic sheets, while the cathode is typi-
cally a transition-metal oxide such as LixCoO2 or LixFePO4,
in which Li occupies interstitial sites of the oxygen or phos-
phate framework.1–5 The ability to electrochemically tune
electronic, magnetic, and optical properties of intercalation
compounds also makes these materials attractive for many
other applications, including electrochromic displays.10

The kinetics of room-temperature intercalation processes
plays a crucial role in determining the performance of a bat-
tery or an electrochromic device. Increasing the composition

of guest ions within the intercalation compound, for ex-
ample, requires diffusion of the guest species from the sur-
face to the interior of the particle. Since the composition of
the intercalating specie can vary from zero to complete fill-
ing of available interstitial sites of the host, diffusion pre-
dominantly occurs in nondilute regimes where short-range
and long-range order among the intercalating species im-
poses complex correlations between successive atomic
hops.11

The large variety of intercalation compound crystal struc-
tures and chemistries leads to qualitative differences of dif-
fusion mechanisms that remain poorly understood and
largely uncharacterized. Many important lithium intercala-
tion compounds have a layered crystal structure in which Li
intercalates between two-dimensional transition-metal oxide
or transition-metal sulfide slabs.1,5 The layered intercalation
compounds exhibit several crystallographic variants differing
in slab structure and in the manner in which the slabs are
stacked.5 The local crystallographic environment available to
guest ions affects the type of long-range and short-range or-
der that prevails among guest ions at nondilute concentra-
tions as well as atomic hop mechanisms and barriers.

In an effort to contribute to our understanding of the role
of stacking and anion chemistry on Li diffusion in layered
intercalation compounds, we investigate diffusion in LixTiS2
from first principles. While LixTiS2 is no longer considered
an attractive cathode material for Li-ion batteries due to its
low voltage compared to that of transition-metal oxides such
as LixCoO2, LixNiO2, and LixCo0.33Ni0.33Mn0.33O2, it was
recognized early on as having favorable intercalation
kinetics.1,4 In part this can be attributed to the fact that Li
removal from LiTiS2 does not lead to structural modifica-
tions of the host as what occurs, for example, in LixCoO2
below x�0.3.12–15 Compared to the ionic bonding that char-
acterizes transition-metal oxides, bonding within the sulfides
tends to be more covalent;16,17 however, it is not clear how
these differences in bonding affect migration barriers for Li
transport. Although the TiS2 slabs have the same structure as
the MO2 slabs of many Li transition-metal oxides, the higher
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degree of covalency in LixTiS2 leads to a different stacking
sequence of the slabs from that which typically prevails in
the more ionic transition-metal oxides. Variations in stacking
sequence should also lead to difference in Li-transport
mechanisms.

The goal of this work is to elucidate collective transport in
concentrated intercalation compounds from first principles.
The approach uses atomic-scale energies from first principles
to parametrize an easily evaluated cluster expansion Hamil-
tonian, which can then be used in thermodynamic �Monte
Carlo �MC�� and kinetic �kinetic Monte Carlo� simulations to
determine diffusion constants. In Sec. II, we describe a
Kubo-Green formalism to calculate diffusion coefficients for
interstitial diffusion in the nondilute regime with kinetic
Monte Carlo simulations. These simulations require an accu-
rate description of the dependence of the migration barriers
for Li diffusion on local Li concentration and degree of or-
der. To this end, we introduce a mixed-basis cluster expan-
sion to describe the configuration dependence of migration
barriers in nondilute solids. In Sec. III, we apply this formal-
ism to predict the finite-temperature thermodynamic proper-
ties of LixTiS2 as well as its concentration dependent Li dif-
fusion coefficients. The results are discussed and compared
with current understanding of diffusion mechanisms in
lithium transition-metal oxides in Sec. IV.

II. METHOD

At the macroscopic level, Li transport within intercalation
compounds can be described by Fick’s first law, which re-
lates the Li flux to a gradient in Li concentration through a
proportionality constant called the Li chemical diffusion co-
efficient D. This chemical diffusion coefficient is a macro-
scopic metric for the Li-ion mobility within the host crystal
structure and typically depends on the overall Li concentra-
tion. The chemical diffusion coefficient can be factored as a
product of a self-diffusion coefficient, DJ, and a thermody-
namic factor, �, according to18

D = DJ� . �1�

The thermodynamic factor, �, serves as a measure for the
deviation of the Li chemical potential from thermodynamic
ideality. It emerges when deriving Fick’s first law from the
more rigorous phenomenological flux expressions from irre-
versible thermodynamics that relate the Li flux, not to a gra-
dient in concentration but to a gradient in chemical
potential.19 The thermodynamic factor for interstitial diffu-
sion can be conveniently expressed as18

� =

�� �Li

kBT
�

� ln x
, �2�

where �Li corresponds to the Li chemical potential, kB to
Boltzmann constant, T to the absolute temperature, and x to
the Li concentration �the fraction of interstitial Li sites within
the host occupied by Li�.

The self-diffusion coefficient, DJ, contains all the kinetic
information about the diffusing Li ions but is also indirectly

affected by thermodynamic properties such as the equilib-
rium degree of short-range and long-range order, as this can
influence ionic mobility. Within the linear response theory of
the statistical mechanics of kinetic processes occurring close
to equilibrium, we can relate kinetic rate coefficients such as
DJ to fluctuations that occur at equilibrium. For interstitial
diffusion, the self-diffusion coefficient can be written
as18,20–22

DJ =
1

2dt

1

N�	

i=1

N

�Ri�t��2� , �3�

where t is the time, d is the dimension of the interstitial
lattice �d=2 for two-dimensional diffusion as in LiTiS2�, N is
the number of Li ions within the crystal, and �Ri�t� are vec-
tors that connect the end points of the trajectory of the ith Li
ion after time t. The brackets indicate an ensemble average.
The self-diffusion coefficient is a metric of the square of the
displacement of the center of mass of all diffusing Li ions
after time t and therefore measures a collective mobility. If
cross correlations between different diffusing Li ions are ne-
glected when evaluating the square in Eq. �3�, we obtain an
expression for the tracer diffusion coefficient,18

D� =
1

2dt

1

N

i=1

N

��Ri�t��2� , �4�

which measures the individual Li mobility.
The various metrics of Li mobility can be calculated nu-

merically with kinetic Monte Carlo simulations,23,24 which
sample representative Li trajectories, provided an accurate
description of individual stochastic hop events is available.
The trajectories for each Li ion are a result of a sequence of
individual atomic hops that occur with frequencies that can
be approximated with transition state theory by25

� = �� exp�− �E

kBT
� , �5�

where �E is the activation barrier. The vibrational prefactor
�� within the harmonic approximation can be written as

�� =

�
i

3M

�i

�
j

3M−1

� j�

. �6�

The �i are the 3M normal-mode vibrational frequencies of
the solid when the migrating atom resides at the initial state
of the hop and the � j� are the 3M −1 nonimaginary normal-
mode vibrational frequencies of the solid when the migrating
atom resides at the saddle point of the hop corresponding to
the activated state �M is the total number of atoms in the
solid�. The activation barrier �E, as emerges in Vineyard’s25

derivation of Eq. �5�, is equal to the difference in energy of
the fully relaxed activated state and the fully relaxed initial
state of the hop. Additional contributions to the activation
free energy, e.g., from anharmonic contributions and changes
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in electronic or magnetic states during the transition, are not
included in the above expression.

In an intercalation compound, the thermodynamic factor
and kinetic quantities such as �i, �i�, and �E depend on the
spatial and temporal variations of the degree of configura-
tional disorder within the solid �Li-vacancy disorder in
LixTiS2�. This dependence on the local configuration needs
to be accounted for in kinetic Monte Carlo simulations. It is
here that the cluster expansion formalism from alloy
theory11,26–28 becomes invaluable as a tool to extrapolate ac-
curate first-principles migration barriers calculated for a few
atomic arrangements to determine the migration barrier for
any arrangement of atoms in a crystalline solid. The cluster
expansion makes it possible to rapidly obtain accurate envi-
ronment dependent on-lattice energies and hopping barriers
necessary to determine transition rates. The speed of the
cluster expansion energy calculations makes conventional
and kinetic Monte Carlo simulations practical. With a cluster
expansion, kinetic Monte Carlo is used to sample large num-
bers of trajectories of interacting diffusing particles to enable
the evaluation of Kubo-Green expressions for the self-
diffusion coefficients, Eq. �3�,11,28 while conventional Monte
Carlo generates thermodynamic data to obtain the thermody-
namic factor �Eq. �2��.11 The results of the Monte Carlo
simulations can then be combined to give the complete dif-
fusion coefficient according to Eq. �1�.

The cluster expansion formalism is a general tool to rep-
resent the configuration dependence of a physical property of
a crystal such as the total energy.26,27 Here we introduce a
generalization of the usual approach by using two distinct
basis sets, which we will call a mixed-basis cluster expan-
sion. The mixed-basis approach is used here to take advan-
tage of dilute occupancy on one sublattice to simplify the
cluster expansion. We will consider a binary alloy �Li and
vacancies� only. Generalization to multicomponent systems
is formally straightforward �although often difficult in prac-
tice due to an explosion of terms in the expansion�. The
cluster expansion basis for a lattice is obtained by taking the
tensor products of a set of basis functions for each lattice
site. We can distinguish between two common basis-function
sets to denote occupancy on a site: the spin basis and the
occupation basis. The spin basis for a particular site i has the
form �1,�i�, where �i=1 if site i has a Li and �i=−1 if the
site is vacant, while the occupation basis has the form �1, pj�,
where pj =1 if the site j has a Li and pj =0 if the site is
vacant. A particular arrangement within the crystal is then
fully characterized by a vector of occupation variables
��� , p��= ��1 , . . . ,�MS

, p1 , . . . , pMO
�, where MS is the number

of sites characterized with a spin basis and MO is the number
of sites characterized with an occupation basis.

Different basis choices have different advantages. The
spin variables are useful for defining an orthonormal basis,
which can aid in formal manipulation and may enhance the
stability of fitting especially in nondilute regimes. However,
the occupation basis has the advantage that the basis func-
tions pj are strictly zero for vacancies, which allows simpli-
fication for dilute Li concentrations through not writing
terms that are zero �we will see this below�. The occupation
basis also has advantages when working with many species
as discussed in Ref. 29.

Any property of a crystal that depends on configuration
�e.g., fully relaxed total energy� can be expanded in terms of
polynomials of the basis functions for each site. These poly-
nomials, also referred to as cluster functions, consist of prod-
ucts of basis functions for sites belonging to different clus-
ters of sites within the crystal. A general cluster expansion
using two different basis sets can be written as

E��� ,p�� = 

��Ls

J������ � + 

	�Lo

J	
	�p��

+ 

��Ls,	�Lo

J�	����� �
	�p�� , �7�

where Ls and Lo are the sublattices described with spin and
occupation bases, respectively, and � and 	 are clusters of
sites �e.g., point, pair, triplet, etc., clusters� on Ls and Lo,
respectively. The �� are cluster functions and are equal to
the product of spin basis functions on the sites of the cluster
�. The 
	 are analogous cluster functions for the occupation
basis and are equal to products of the occupation basis clus-
ter functions on the sites of 	. Explicitly, the cluster func-
tions can be written as

�� = �
i��

�i; 
	 = �
j�	

pj .

The sum over � in Eq. �7� is taken to include the empty
cluster but this is not included in the sum over 	 or the
double sum over � and 	 to avoid double counting. The
coefficients of the cluster functions in Eq. �7� are called ef-
fective cluster interactions �ECI�.

Equation �7� is general for a binary system using the two
basis sets on two different sublattices �e.g., octahedral sites
and tetrahedral sites for Li occupancy in LixTiS2�. We now
restrict the application to cases where the sublattice de-
scribed with the occupation basis has dilute Li concentra-
tions. This will be the case for the tetrahedral sites in the
LixTiS2 system. The use of the occupation basis allows a
simple expression in the dilute limit if we assume that two Li
on the occupation sublattice, Lo, never interact. Then the
second term in Eq. �7� reduces to point contributions from
the occupation lattice with all other terms automatically
equal to zero since they contain a factor pi=0. This simpli-
fication does not occur if the spin basis is used on the occu-
pation lattice since no cluster function is zero for any occu-
pation. We now use the simplification allowed by the dilute
occupation of the occupation lattice to rewrite Eq. �7� as

E��� ,p�� = 

��Ls

J������ � + 

��Ls,j�Lo

J�j����� �pj . �8�

We will use Eq. �8� to represent the energy of Li on the
octahedral �Ls� and tetrahedral �Lo� sublattices in LixTiS2.
The result of Eq. �8� shows that this formalism is equivalent
to the local cluster expansion introduced in Refs. 11, 30, and
31, where the J�j have a local symmetry enforced by point j.
The above derivation rigorously connects the local cluster
expansion introduced to describe activated states11 to a more
general formulation, showing that the local cluster expansion
is equivalent to the full mixed-basis cluster expansion in the
dilute limit on the occupation sublattice.
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III. RESULTS

The sulfur atoms of LiTiS2 form two-dimensional trian-
gular lattices stacked in an ABAB sequence1,4 leading to a
hexagonally close-packed anion sublattice. The Ti and Li
ions alternately fill octahedral sites between the close-packed
sulfur planes. The crystal can be viewed as an array of TiS2
slabs separated by layers of Li �see Fig. 1�a�� and is often
referred to as an O1 crystal structure using the nomenclature
introduced by Delmas et al.5 Due to the ABAB stacking se-
quence of the sulfur atoms, the Li ions occupy sites directly
above and below the Ti ions. The Li-octahedral sites of the
Li layer therefore share faces with the Ti-octahedral sites of
the adjacent metal layers, a crystallographic feature that is
absent in the more ionic oxide intercalation compounds hav-
ing the O3 crystal structure, which are characterized by an
ABCABC oxygen stacking sequence. This crystallographic
difference between O1 LiTiS2 and O3 layered transition-
metal oxides leads to differences in Li transport characteris-
tics between the two classes of materials.

A. Thermodynamics

The electrochemical removal of Li from LiTiS2 results in
the creation of Li vacancies between the TiS2 slabs introduc-
ing configurational disorder. To describe the energy for arbi-
trary arrangements of the Li ions between the TiS2 slabs, we
constructed a binary cluster expansion expressed in terms of
spin basis variables �i assigned to each octahedral site i that
is +1 if a Li resides there and −1 if the site is vacant. Note
that this corresponds to the spin basis portion of the cluster
expansion described in Sec. II. The tetrahedral site properties
will be described with the occupation basis, discussed in Sec.
III C below. To parametrize the expansion coefficients of the

cluster expansion, we fit to the energies of 195 different Li-
vacancy configurations over the octahedral sites of LixTiS2,
all calculated with local-density approximation �LDA� using
projector augmented wave �PAW� pseudopotentials32,33 as
implemented in the VASP code.34,35 We used LDA as this
approximation to density-functional theory �DFT� correctly
predicts the observed contraction of the c-lattice parameter
of LixTiS2 when the Li concentration is reduced below x
=0.5,36 while generalized gradient approximation �GGA� in-
correctly predicts an expansion of the lattice parameter c
with decreasing Li concentration. Past studies on layered
transition-metal oxides demonstrated the sensitivity of mi-
gration barriers for Li diffusion to variations in the c-lattice
parameter.11,37 The equilibrium c-lattice parameters predicted
by LDA for LixTiS2 at various concentrations are consis-
tently smaller than the experimental values. At x=1, for ex-
ample, the predicted c-lattice parameter is 6.06 Å compared
to an experimental value of approximately 6.2 Å �2.2%�,
while for x=0, the predicted c-lattice parameter is 5.48 Å
compared to an experimental value of approximately 5.7 Å
�3.9%�.36 All calculations were performed nonmagnetically
as the inclusion of spin polarization had a negligible effect
on the formation energies at different Li concentrations.

Figure 2 illustrates the calculated formation energies for
the different configurations used in the fit of the cluster ex-
pansion where negative formation energies indicate a ten-
dency for Li-vacancy ordering at intermediate Li concentra-
tions. Below x=0.25, the most stable ordered phases
correspond to staged configurations whereby Li ions segre-
gate to alternating layers leaving the remaining layers empty.
This is consistent with experimental observations of a non-
uniform distribution of Li ions between alternating layers in
LixTiS2 at low Li concentrations.36 In contrast to the staging
transformations in LixC6 graphite38 and LixCoO2,13,14 the
staging in LixTiS2 is not accompanied by a shuffling of the
TiS2 slabs across the empty Li layers.

We used a least-squares fit to determine numerical values
for the ECI of the cluster expansion and selected terms to be
included in the expansion with a genetic algorithm that mini-
mizes the cross-validation score of the fit.39,40 The resulting
cluster expansion contains 25 ECI corresponding to the
empty cluster, point cluster, 11 pair clusters, nine triplet clus-
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FIG. 1. �Color online� �a� Crystal structure of LixTiS2 consisting
of a periodic stacking of TiS2 slabs between which Li ions can
intercalate. The sulfur ions �circles� form a hexagonal close-packed
sublattice, while the Ti and Li ions occupy alternating layers of
octahedrally coordinated interstitial sites. Li migration between
neighboring octahedral sites passes through adjacent tetrahedral
sites �redrawn from �Ref. 43��. �b� Li hop into an isolated vacancy
�circles are Li, squares are vacancies, and triangles are tetrahedral
sites within the Li layer�. �c� Li hop into a divacancy.
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FIG. 2. �Color online� Calculated formation energies of 195
Li-vacancy configurations within the Li layers of LixTiS2. The for-
mation energies were calculated with LDA using the PAW method
as implemented in VASP.
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ters, and three quadruplet clusters. The terms appearing in
the cluster expansion include not only interactions between
sites within the same Li layer but also between sites of ad-
jacent Li layers. The root-mean-square error between the 195
LDA-PAW energies and the cluster-expanded values is 4
meV per LixTiS2 formula unit, while the cross-validation
score is 5 meV per LixTiS2.

The cluster expansion can be implemented in grand ca-
nonical Monte Carlo simulations to calculate finite-
temperature thermodynamic properties. Among them is the
open cell voltage, which is linearly related to the Li chemical
potential within LixTiS2 according to the Nernst equation,

V�x� = − ��Li�x� − �Li
reference�/e ,

where �Li�x� is the Li chemical potential in LixTiS2 as a
function of x �expressed in electron volt�, �Li

reference is the Li
chemical potential in the reference anode �which we take to
be metallic Li and therefore constant�, and e is the charge of
an electron. Figure 3 illustrates calculated voltage curves for
LixTiS2 at 300 and 450 K. The sloping voltage profile indi-
cates solid solution behavior characterized by an absence of
any long-range order among Li ions and vacancies. The pla-
teau between x=0.28 and 0.37 at 300 K corresponds to a
first-order phase transformation between a stage I form of
LixTiS2 above x=0.37 �i.e., Li uniformly distributed between
all Li layers� to a stage II form of LixTiS2 below 0.28 �i.e., Li
distributed between alternating Li layers only�. Further Li
removal leads to a second-order phase transformation from

the stage II compound to a dilute form of LixTiS2 where Li
ions are again uniformly distributed among all intercalation
layers.

Monte Carlo simulations applied to the cluster expansion
also allow us to construct a phase diagram depicting phase
stability as a function of Li concentration and temperature.
Figure 4 illustrates the calculated phase diagram for LixTiS2
between 200 and 600 K. For most temperatures and compo-
sitions, LixTiS2 exists as a solid solution with respect to Li
ions and vacancies within the Li layers. Around x=0.25,
however, the stage II form of LixTiS2 is predicted to be stable
in which the Li ions segregate to alternating Li layers. The
stage II phase is stable upon heating up to 600 K and is
separated from stage I solid solutions by a second-order tran-
sition line except at low temperature �below �380 K� where
a two-phase-coexistence region emerges. The two-phase-
coexistence region was determined by comparing grand ca-
nonical free energies of the stage II and stage I phases ob-
tained with free-energy integration of the chemical potential
with respect to the average number of Li. The second-order
transition lines were determined by tracking the temperature
and compositions where an order parameter that character-
izes the stage II phase becomes zero. Numerical inaccuracies
during free-energy integration prevented a precise determi-
nation of the two-phase-coexistence bounds around 380 K
where transition from stage II to stage I changes from first
order to second order.

An important part of the chemical diffusion coefficient, D,
according to Eq. �1�, is the thermodynamic factor �. While
the thermodynamic factor, given by Eq. �2�, can be calcu-
lated by taking a numerical derivative of the Li chemical
potential with respect to ln�x�, it can also be determined di-
rectly in grand canonical Monte Carlo simulations by aver-
aging over fluctuations in the number of Li ions at fixed
chemical potential using18

� =
N�

�N� − N�2�
, �9�

where N is the number of Li ions in a Monte Carlo cell and
the brackets correspond to ensemble averages at constant
temperature and Li chemical potential. Figure 5 illustrates
the calculated thermodynamic factor at 300 K as a function
of the Li concentration. The gap between 0.28 and 0.37 is the
two-phase region where the thermodynamic factor is not de-
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FIG. 3. �Color online� Calculated voltage curves at �a� 300 K
and at �b� 450 K. The voltage curves were calculated with grand
canonical Monte Carlo simulations applied to a cluster expansion
for the configurational energy of Li-vacancy disorder over the oc-
tahedral sites of LixTiS2.
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fined �similar gaps appear in Figs. 8–10�. The thermody-
namic factor can be viewed as a measure of the extent to
which the compound deviates from thermodynamic ideality.
In the dilute limit where interactions among Li ions are neg-
ligible, the thermodynamic factor is close to 1. As the Li ions
begin to interact with each other with increasing concentra-
tion, the thermodynamic factor deviates from 1. The dip in
the thermodynamic factor at x�0.07 is a result of the
second-order phase transformation at which fluctuations in
Li density become very large. As the concentration corre-
sponding to the second-order transition is approached, it be-
comes increasingly difficult to achieve a net Li flux by im-
posing a gradient in concentration. This is known as critical
slowing down and is manifested in a decreasing thermody-
namic factor.

The thermodynamic factor is larger than 1 at nondilute Li
concentrations and away from the second-order phase tran-
sition. In LixTiS2, � ranges between 10 and 20 for most Li
concentrations diverging only as x approaches 1 where the
deviation from thermodynamic ideality is the largest as then
LixTiS2 effectively becomes a stoichiometric compound that
is very resistant to fluctuations in number of Li ions at fixed
Li chemical potential �i.e., small denominator in Eq. �9��. In
fact, the thermodynamic factor always peaks at stoichio-
metric compositions where Li-vacancy ordering is thermody-
namically stable,11,41 although in LixTiS2 ordering at stoichi-
ometric compositions is absent above 300 K.

B. Hop mechanisms and migration barriers

Li diffusion in intercalation compounds occurs by a va-
cancy mechanism, whereby individual Li ions hop into
neighboring vacant sites. Crystallographically, the least con-
stricted pathway for Li migration between neighboring octa-
hedral sites of layered transition-metal oxides and sulfides
having the O3 and O1 crystal structure is through an adjacent
tetrahedral site. This is schematically illustrated in Fig. 1�a�.
The Li-octahedral sites form a two-dimensional triangular
lattice with the tetrahedral sites occupying approximately the
center of each triangle �Fig. 1�b��. Consistent with the crys-
tallography of these compounds, first-principles investiga-
tions of diffusion in LixCoO2 showed that favorable Li mi-
gration paths pass through tetrahedral sites,11,42 while recent
NMR measurements43 have provided strong evidence that

the same occurs in LixTiS2. There are differences relevant for
diffusion; however, between the O3 layered transition-metal
oxides having an ABCABC oxygen stacking sequence and
O1 LiTiS2 with its ABAB sulfur stacking sequence. In the
layered transition-metal oxides, the tetrahedral sites of the Li
layers share faces with octahedral transition-metal sites,
while in LiTiS2 they do not. This leads to important differ-
ences in the energy landscape along a hop between the two
classes of intercalation compounds.

The migration barriers in the layered intercalation com-
pounds are very sensitive to the Li concentration and ar-
rangement in the vicinity of the hopping Li ion.11 A distinc-
tion can be made between two different local environments
depending on the occupancy of neighboring octahedral sites
surrounding the tetrahedral site along the hop path �Figs.
1�b� and 1�c��. In one local environment, the tetrahedral site,
when occupied by the migrating Li ion, has a neighboring Li
in an adjacent octahedral site �Fig. 1�b��. This local environ-
ment will occur when a Li ion migrates to an isolated va-
cancy surrounded by Li. A qualitatively different local envi-
ronment exists when the migrating Li ion follows a path
through a tetrahedral site that does not share a face with
occupied octahedral sites. This local environment occurs
when the end point of the hop belongs to a divacancy �Fig.
1�c��.

We explored the energy landscape along migration paths
between neighboring octahedral Li sites in LixTiS2 with the
nudged-elastic band method as implemented in VASP. We
used supercells containing 24 LixTiS2 units �2�3a�2�3a
�2c supercell, where a and c are the primitive unit-cell lat-
tice parameters� and performed calculations with a 3�3
�3 k-point grid. All nudged-elastic band calculations were
performed at constant volume �using the fully relaxed vol-
ume and cell dimensions of the initial state of the hop�. The
images for the nudged-elastic band calculations were inter-
polated between Li occupancy in the initial octahedral site
and Li occupancy of the intermediate tetrahedral site. In all
configurations considered, the tetrahedral sites were found to
be a low-energy stable intermediate state of a Li hop between
neighboring octahedral sites.

Figure 6�a� illustrates the energy as a Li ion migrates into
an isolated vacancy �Fig. 1�b�� calculated in a supercell con-
taining 24 TiS2 units and 23 Li ions. For this hop, each of the
two tetrahedral sites, through which the Li ion can pass,
shares a face with an occupied octahedral site. The difference
in energy between the octahedral and tetrahedral sites is ap-
proximately 700 meV. The tetrahedral site is a shallow local
minimum with a barrier to escape the tetrahedral site of less
than 15 meV.

In contrast to a hop into an isolated vacancy, a Li ion
migrating into a divacancy can follow two nonequivalent
paths, each passing through a differently coordinated tetrahe-
dral site �Fig. 1�c��. Along one path �path I in Fig. 1�c��, the
migrating Li ion in the tetrahedral site shares a face with an
occupied octahedral site, while along the other path �path II
in Fig. 1�c�� it does not. Figure 6�b� illustrates the energy
along both paths showing a difference between the two tet-
rahedral sites of approximately 380 meV. Furthermore, there
is a qualitative difference in the shape of the energy land-
scape along the two paths. Along path I the Li ion locally
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FIG. 5. �Color online� Calculated thermodynamic factor as a
function of Li composition in LixTiS2 at 300 K.
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samples an identical environment as a Li ion migrating into
an isolated vacancy �Fig. 1�b��. The energy along this path is
also very similar to that of a hop into an isolated vacancy
�compare Figs. 6�a� with 6�b��. The absence of occupied ad-
jacent octahedral sites along path II renders the tetrahedral
site energetically more favorable. Furthermore, the tetrahe-
dral site along path II is a deep local minimum with an en-
ergy barrier of 150 meV to escape the tetrahedral site. The
increased energy along path I as compared to that along path
II is a result of the electrostatic repulsion when a Li ion
enters a tetrahedral site that shares a face with an occupied
octahedral site.

As the Li concentration is reduced, the number of vacan-
cies and therefore also divacancies increases in LixTiS2.
Hence the importance of non-face-sharing tetrahedral sites as
intermediate states of Li hops increases with decreasing Li
concentration. Figure 7 illustrates energies along Li migra-
tion paths into a divacancy at various Li concentrations rang-
ing from the dilute limit of one Li in a supercell of 24 Li
sites to the concentrated limit of a Li ion migrating into an
isolated divacancy. As is clear from Fig. 7, the energy profile
as well as the relative height between the octahedral and
intermediate tetrahedral sites depends strongly on Li concen-
tration. A similar variation was predicted for LixCoO2 and
was shown to result from the strong dependence of the
c-lattice parameter with decreasing Li concentration,11 which
disproportionately penalizes the tetrahedral site over the oc-
tahedral site.37 As in LiCoO2, the c-lattice parameter of
LixTiS2 also contracts with decreasing Li concentration be-
low x=0.5, and this contraction is predicted with LDA. An
important feature of the energy landscapes of Fig. 7 is that

the tetrahedral sites while high in energy compared to the
octahedral sites nevertheless correspond to relatively deep
local minima. The barrier to escape a tetrahedral site is ap-
proximately 150 meV and varies negligibly with Li concen-
tration �differing at most by 20 meV from the average 150
meV, which is within the numerical error of the supercell
calculations�. This implies that a migrating Li ion is likely to
thermalize once it reaches the tetrahedral site resulting in a
1/3 probability that it returns to its original octahedral site
and a 2/3 probability that it continues on to a different octa-
hedral site �each tetrahedral site has three neighboring octa-
hedral sites�.

C. Kinetic Monte Carlo and diffusion

Interactions among Li ions of LixTiS2 can significantly
complicate a description of the collective transport behavior
at nondilute Li concentrations. In the absence of long-range
order, migrating Li ions in LixTiS2 sample many different
local environments along their trajectories with variations in
the local configuration affecting the migration barriers �E.
When sampling representative Li trajectories in kinetic
Monte Carlo simulations to numerically evaluate expressions
for diffusion coefficients, Eqs. �3� and �4�, it is essential that
the environment dependence of the migration barriers is ac-
curately accounted for. In the previous section, we showed
that a distinction can be made between two qualitatively dif-
ferent local environments. In one, the tetrahedral site along
the migration path shares a face with an occupied octahedral
site, while in the other the tetrahedral site does not share any
faces with occupied octahedral sites. In the first environment,
the tetrahedral site is a very shallow minimum with a barrier
of �15 meV to escape the tetrahedral site. In the second
environment the tetrahedral site corresponds to a deeper local
minimum with a well depth of approximately 150 meV. Fur-
thermore, while the well depth of 150 meV seems relatively
insensitive to the overall Li concentration and local ordering
�based on several nudged-elastic band calculations�, the dif-
ference in energy between the tetrahedral sites and end-point
octahedral sites does vary substantially with composition and
local ordering.

To account for the configuration dependence of tetrahe-
dral site occupancy, we follow the approach given in Sec. II
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FIG. 6. �Color online� �a� Energy along minimal energy migra-
tion path for a Li hop into an isolated vacancy �see Fig. 1�b�� as
calculated with the nudged-elastic band method using VASP. �b� En-
ergy along paths I and II of Fig. 1�c� for a Li hop into a divacancy.
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and introduce extra terms to our cluster expansion of Sec.
III A to link the tetrahedral and octahedral sites. We use a
mixed-basis cluster expansion, introducing an occupation
variable pj for each tetrahedral site j that is one if it is occu-
pied by Li and zero if it is vacant. As discussed in Sec. II, the
use of these occupation variables, as opposed to the spin
basis �that can be 1 and −1�, is more convenient in dilute
concentration limits. Since the tetrahedral sites have signifi-
cantly higher energies than the octahedral sites, they are
rarely occupied and only as intermediate states of Li hops
between neighboring octahedral sites. We parametrized the
interaction coefficients that connect tetrahedral sites with oc-
tahedral sites by fitting to the energies of 27 configurations
with one occupied tetrahedral site calculated in supercells
containing 24 LixTiS2 units. The root-mean-square error be-
tween the LDA-PAW formation energies for these configu-
rations and the cluster expansion predicted formation ener-
gies is less than 3 meV per unit cell, and the leave one out
cross-validation score is 4 meV per unit cell. The extra terms
connecting the tetrahedral sites with octahedral sites included
a point term �for the tetrahedral site�, three pairs consisting
of a tetrahedral site and a neighboring octahedral site, and
two triplet terms connecting a tetrahedral site with two octa-
hedral sites.

With the additional terms accounting for tetrahedral occu-
pancy, we have an accurate cluster expansion that describes
the configuration dependence of the end-point energies and
the intermediate tetrahedral sites for any Li hop in LixTiS2.
Within our kinetic Monte Carlo simulations, we used Eq. �5�
from transition state theory to calculate Li-ion hop frequen-
cies. We used the following rules to determine the migration
barrier for each hop. If the tetrahedral site along the migra-
tion path does not share faces with occupied octahedral sites,
the barrier to migrate into the tetrahedral site is the difference
in energy between the tetrahedral site and the initial octahe-
dral site plus 150 meV. The barrier to escape the tetrahedral
site is 150 meV. If the tetrahedral site along the migration
path does share a face with an occupied octahedral site, then
the barrier is the difference in energy between the tetrahedral
and octahedral sites plus 15 meV. The barrier to escape those
tetrahedral sites is 15 meV. For all hops, the energies of the
tetrahedral and octahedral sites were calculated with the clus-
ter expansion such that the effects of composition and local
order/disorder on migration barriers are rigorously included.
It should be noted that the treatment of the tetrahedral site as
a stable local minimum in which the Li thermalizes is ques-
tionable for hops into tetrahedral sites that share a face with
an occupied octahedral site since the well depth is only about
15 meV. However, as emerges from the kinetic Monte Carlo
simulations, the generally high barrier of these types of hops
makes them very rare events so their contribution to the
overall diffusivity �except for high Li content� is negligible.

While we did not attempt to describe the dependence of
the vibrational prefactors appearing in Eq. �5� on local con-
figurational disorder, we used different values depending on
whether the Li ion migrates into a tetrahedral site or out of a
tetrahedral site. These values were calculated from first prin-
ciples within the local harmonic approximation using VASP

where gamma-point vibrational frequencies of the migrating
Li-ion were determined by perturbing the atom performing

the hop and calculating restoring forces. Based on calcula-
tions in various configurations, we used a value of ��=5
�1012 Hz for Li hopping into a tetrahedral site if it does not
share a face with an occupied octahedral site, ��=9.5
�1012 Hz for Li hopping out of this site, ��=3.5
�1012 Hz for Li hopping into a tetrahedral site if it shares a
face with an occupied octahedral site, and ��=6.5
�1012 Hz for Li hops out of that site. These values are
consistent with recent 7Li spin alignment echo NMR mea-
surements on LixTiS2.43

To calculate diffusion coefficients at finite temperature,
we used a standard kinetic Monte Carlo algorithm as first
proposed by Bortz et al.23 and described elsewhere.11,24 The
kinetic Monte Carlo simulation cell contained 12�12�12
Li sites. For each Li concentration �initialized to be a random
configuration�, we performed 1000 Monte Carlo �MC�
passes, where each MC pass corresponds to performing as
many Li hops as there are Li sites. After each hop, the tra-
jectories, �Ri�t�, and the time were updated as described in,
for example, Ref. 24. Values for the tracer and self-diffusion
coefficients were collected for averaging purposes starting
after the first 500 MC passes. The whole process was re-
peated 50 times starting from the Li configuration of the
previous ensemble run, to ensure that sufficient uncorrelated
values for D� and DJ were sampled. For kinetic Monte Carlo
simulations at concentrations where the stage II phase is pre-
dicted to be stable, we initiated the Monte Carlo cell by
performing grand canonical Monte Carlo simulations and
kept the last configuration after 1000 Monte Carlo passes.
This ensured that the cell had a distribution of Li between
alternating Li layers representative of the staged phase.

Figure 8 illustrates calculated diffusion coefficients at 300
K as a function of Li concentration. The chemical diffusion
coefficient was obtained by multiplying the self-diffusion co-
efficient DJ with the thermodynamic factor � according to
Eq. �1�. As is clear from Fig. 8, the diffusion coefficients all
have a very strong dependence on Li concentration exhibit-
ing a maximum close to x=0.5 and varying by several orders
of magnitude over the whole concentration interval. The dif-
fusion coefficients decreases rapidly as the Li concentration
is reduced below x=0.55. The tracer diffusion coefficient is
also always less than the self-diffusion coefficient.

The kinetic Monte Carlo simulations show that Li trans-
port is dominated by hops into divacancies. Figure 9 illus-
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trates the fraction of hops involving tetrahedral sites that do
not share faces with occupied octahedral sites. These hops
can only occur when the end point of the hop belongs to a
divacancy. As is clear from Fig. 9, divacancy hops dominate
over the entire concentration range with hops into isolated
vacancies only occurring appreciably as x approaches one.
The migration barriers associated with divacancies are sig-
nificantly lower than those into isolated vacancies �which
involve tetrahedral sites that share a face with an occupied
octahedral site�. However, the divacancy concentration is
very low at high Li concentration, increasing with decreasing
Li concentration. This is shown in Fig. 10, which illustrates
the average number of divacancies around a Li ion as a func-
tion of concentration. The rapid increase in divacancy con-
centration as x is reduced from one is responsible for a simi-
lar increase in the diffusion coefficients. Below x=0.55,
however, the diffusion coefficients decrease again in spite of
the continued increase in the number of divacancies. This
decrease in the diffusion coefficients results from an increase
in the migration barriers at low Li concentration. As is clear
from Fig. 7, the difference in energy between tetrahedral and
octahedral occupancy increases with decreasing Li concen-
tration due to a contraction of the c-lattice parameter. Within
the kinetic Monte Carlo simulations, we are accurately cap-
turing this concentration dependence of the energy difference
between tetrahedral and octahedral occupancy with the clus-
ter expansion.

IV. DISCUSSION

Common among the various layered transition-metal ox-
ides and sulfides such as LixCoO2, LixNiO2, and LixTiS2 is
that Li hops between neighboring octahedral sites pass
through �or close to� an intermediate tetrahedral site. Further-
more, Li migration barriers in all these intercalation com-
pounds are substantially lower when the end point of the hop
belongs to a divacancy as opposed to an isolated vacancy.
The latter configuration results in a large electrostatic penalty
as the migrating Li occupying the intermediate tetrahedral
site then shares a face with an occupied octahedral site. As is
demonstrated here for LixTiS2 and in a previous study of Li
diffusion in LixCoO2 �Ref. 11� the dominant diffusion-
mediating complex in the layered intercalation compounds is
a divacancy. This leads to a strong concentration dependence
of the diffusion coefficient at high Li concentration where
the concentration of divacancies diminishes with Li concen-
tration above x=0.5. Another commonality between the lay-
ered transition-metal oxides and LixTiS2 is a tendency for the
c-lattice parameter to contract significantly as Li is removed
below x=0.55. This contraction penalizes the tetrahedral site
over the octahedral site leading to higher migration barriers.
The increase in migration barriers with decreasing Li con-
centration causes a drop in the diffusion coefficient at dilute
Li concentrations.

The difference in stacking sequence between LixTiS2 and
the layered transition-metal oxides such as LixCoO2 do result
in qualitative differences in transport behavior between the
two classes of materials. In the layered transition-metal ox-
ides with ABCABC oxygen stacking, the tetrahedral sites in
the Li layers are energetically penalized as they share a face
with a transition-metal ion. In fact, a first-principles investi-
gation of diffusion in LixCoO2 showed that the tetrahedral
site along a path connecting neighboring octahedral sites ac-
tually corresponds to an activated state �i.e., saddle point� at
dilute lithium concentrations where the face-sharing Co ions
have an effective valence close to +4.11 At high Li concen-
trations where the effective valence of face-sharing Co ions
is closer to +3, the tetrahedral site corresponds to a very
shallow energy minimum with an energy barrier to leave the
tetrahedral site of approximately 25 meV.11

In contrast to the oxides, the tetrahedral sites of LixTiS2
do not share faces with the Ti ions. When the tetrahedral site
is part of a divacancy, it corresponds to a relatively stable
local minimum with well depth around 150 meV. The Li
hops between neighboring octahedral sites should then occur
in two steps with the migrating Li thermalizing in the tetra-
hedral site before performing a second hop to an octahedral
site. This is consistent with claims made in a report on NMR
measurements of Li diffusion in LixTiS2.43,44 The likelihood
that Li ions will thermalize in the tetrahedral site before con-
tinuing with its trajectory reduces overall Li mobility in the
layered crystal structure as these thermalized Li ions have a
1/3 probability to migrate back to its original octahedral site.
Hence, when compared to hopping in LixCoO2, although the
tetrahedral sites in LixTiS2 are not electrostatically penalized
due to face-sharing transition-metal ions, their enhanced lo-
cal stability reduces the efficiency of Li hops between neigh-
boring octahedral sites.
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To estimate the effect of intermediate thermalization in
the tetrahedral sites on the tracer diffusion coefficient, we
performed two types of kinetic Monte Carlo simulations in
the dilute limit of a single Li ion: one set of simulations
treated the tetrahedral sites as a metastable intermediate state
�i.e., Li ions are assumed to thermalize in the tetrahedral site
before continuing on�, while the other set of simulations
treated the tetrahedral sites as activated states. The hop fre-
quencies when treating the tetrahedral sites as activated
states were set equal to one-half the hop frequency needed to
hop into the tetrahedral sites when assuming the tetrahedral
sites as metastable states �the factor of 1/2 emerges because a
Li hop through an activated tetrahedral site has two octahe-
dral sites to choose from�. In the limit of a single diffusing Li
ion, every hop has the same migration barrier, thereby allow-
ing us to isolate the effect of an intermediate metastable tet-
rahedral state from variations in migration barriers due to
configurational disorder. For an isolated Li ion, the cluster
expansion predicts a tetrahedral versus octahedral energy of
670 meV, which gives a barrier for the octahedral to tetrahe-
dral site hop of 820 meV. Calculations of tracer diffusion
coefficients �after averaging over 5000 independent runs�
showed that thermalization in the tetrahedral sites �in the
dilute limit� leads to a reduction in the tracer diffusion coef-
ficient by a factor of approximately two-thirds compared to
not allowing thermalization in the tetrahedral sites �this is
consistent with the fact that when a Li ion thermalizes in a
tetrahedral site it has a 1/3 chance to hop back to its initial
state�. At room temperature �300 K�, the reduction factor of
about 2/3 was found to be independent of whether the energy
barrier to get out of the metastable tetrahedral site is 150 or 0
meV, which is consistent with the hop from the octahedral to
tetrahedral sites being rate limiting �as is confirmed below�.

A barrier of 150 meV to escape a tetrahedral site also does
not have a measurable effect on the effective migration bar-
rier as extracted from the slope of the natural logarithm of
the tracer diffusion coefficient, D�, versus 1 /kBT, where D�

was calculated at temperature increments of 10 K between
250 and 350 K in the dilute limit of a single diffusing Li ion.
In this temperature interval, the effective migration barrier
extracted from the temperature dependence of D� was equal
�within the error of the least square regression� to the actual
migration barrier within the kinetic Monte Carlo simulations
to migrate into the tetrahedral site �both were about 820
meV�. This implies that the rate-limiting steps for diffusion
are hops from octahedral sites to tetrahedral sites.

Li diffusion coefficients and transport properties in
LixTiS2 have been investigated experimentally with various
probes.43–50 A common method of measuring Li diffusion
coefficients in electrode materials is within an electrochemi-
cal cell. These measurements, however, introduce a variety
of uncertainties related to the difficulty of precisely charac-
terizing geometrical dimensions of the intercalation com-
pound particles47,49 as well as the difficulty to distinguish
between Li diffusion in the intercalation compound from
other dynamic processes occurring in the electrolyte, the
counter electrode and at interfaces. NMR measurements have
also been applied to elucidate Li transport mechanisms in
LixTiS2,43–45,48,50 which is very powerful in probing atomic
hop characteristics but provides less insight about correlated

atomic transport at nondilute Li concentrations.
Kanehori et al.49 compared their electrochemically mea-

sured diffusion coefficients of single-crystal LixTiS2 using
current pulse and galvanostatic methods with previous mea-
surements of Li diffusion coefficients in LixTiS2 �Fig. 5 of
Ref. 49�. With the exception of one study reviewed by Kane-
hori et al.,49 all measured diffusion coefficients have values
between 10−9 and 10−7 cm2 /s depending on the Li concen-
tration. The exception was a study by West et al., which
according to Kanehori et al.,49 reported diffusion coefficients
ranging between 10−11 and 2�10−10 cm2 /s. The qualitative
dependence of Li diffusion coefficients on Li concentration
in three of the studies are very similar to that predicted in
this work, exhibiting low diffusion coefficients in the dilute
�x close to zero� and concentrated �x close to one� regimes
with large diffusion coefficients at intermediate concentra-
tions. The measurements of Kanehori et al.,49 for example,
exhibit a maximum in the diffusion coefficient at x=0.5. A
variety of these studies are complicated by the fact that the
LixTiS2 samples used in the measurements had excess Ti in
the Li layer, which affects Li mobility by blocking sites and
by modifying the equilibrium c-lattice parameter of the host.

While the qualitative variation of D with Li concentration
predicted in this work is observed experimentally, there is a
large quantitative discrepancy between measured and calcu-
lated diffusion coefficients. A major source of this discrep-
ancy can be attributed to the under prediction of the c-lattice
parameter with LDA as the calculated migration barriers are
very sensitive to the c-lattice parameter. Figure 11 illustrates
the variation of the difference in energy between tetrahedral
and octahedral occupancies as a function of c-lattice param-
eter. These energies were calculated in a supercell containing
24 LixTiS2 units with a Li divacancy. A variation of the
c-lattice parameter by 3% leads to a change in the
tetrahedral-octahedral energy difference by 150 meV. At
room temperature, errors in migration barriers of this order
will translate into an error in diffusion coefficients of two
orders of magnitude due to the exponential dependence of
the hop frequencies on migration barriers. LDA under pre-
dicts the c-lattice parameter in LixTiS2 by values ranging
between 2%–3.8% with a larger error in the c-lattice param-
eter at dilute Li concentrations. The increased error in c at
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low x is likely the origin for a more dramatic drop in the
calculated diffusion coefficients with decreasing Li concen-
tration as compared to the experimentally measured coeffi-
cients at low Li concentrations. In general, predicted diffu-
sion coefficients at low temperature will be very sensitive to
DFT errors in calculated migration barriers, which, as in
LixTiS2, may originate in large part from the incorrect pre-
diction of lattice parameters.

V. CONCLUSION

We have performed a first-principles investigation of Li
diffusion in LixTiS2 using a mixed-basis cluster expansion
approach to describe the configuration dependence of the Li
migration barriers in kinetic Monte Carlo simulations. First-
principles electronic structure calculations within the local-
density approximation to density-functional theory predict
that Li migrates between neighboring octahedral sites by
passing through an adjacent tetrahedral site. The migration
barriers for Li hops are found to be very sensitive to the local
environment with lower migration barriers occurring when
Li hops into a divacancy as opposed to an isolated Li-
vacancy. Furthermore, consistent with other layered interca-
lation compounds, we find that the migration barriers are
very sensitive to the c-lattice parameter of the LixTiS2 host

structure. This leads to an increase in the migration barrier
with decreasing Li concentration due to the contraction of
the c-lattice parameter as Li is removed from LixTiS2. The
tracer, self, and chemical diffusion coefficients calculated by
evaluating Kubo-Green expressions within kinetic Monte
Carlo simulations all exhibit a maximum close to x=0.5 in
qualitative agreement with experiment. The decrease in the
diffusion coefficients at low Li concentration results from a
contraction of the c-lattice parameter, while the decrease in
diffusion coefficients at high Li concentration arises from a
decrease in the concentration of diffusion-mediating divacan-
cies. We attribute a large part of the quantitative disparity
between calculated and measured diffusion coefficients to
the systematic under prediction of the c-lattice parameter of
LixTiS2 with LDA, which is largest at dilute Li concentra-
tions.
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