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Coulomb-blockade suppressed electron transport through tunnel junctions is a well-understood phenomenon.
The complementary effect appears in Josephson point contacts due to the restricted horizon which equals the
Compton wavelength of the Josephson junction. This leads to a strongly reduced critical current as well as a
residual contact resistance due to quantum tunneling of the phase. When the lead capacitance becomes smaller
than its natural unit e2 /�c�0.81 pF /m, the Josephson phase transforms into the Bloch lattice.
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I. INTRODUCTION

The horizon is a rather universal concept: on astronomical
scales, the largest object we know of is our visible universe,
given by its age and the speed of light. Less well known is
the fact that the horizon also matters for processes on the
nanoscale. For the smallest possible objects, pointlike con-
tacts between two electrodes, the relevant time scale that
defines the horizon is the inverse rate of the charge-transfer
processes between the electrodes. A zero-bias anomaly ob-
served at normal tunnel junctions can be attributed to the
Coulomb-blockade effect. Since electrical current flows in
discrete quanta of the electron charge and the junction has a
certain capacitance C, the charging energy EC=e2 /2C has to
be paid by the supply voltage which is therefore reduced
with respect to the tunneling process itself. For the classical
parallel-plate geometry, C depends on the electrode area, the
distance of the dielectric barrier, and its dielectric constant.
The problem is more involved when the contact consists of a
sharp tip that approaches another electrode, either a plate or
another tip. In this case capacitances of even less than 1 aF
can be expected.1 With such very small capacitances, huge
anomalies should be observed in the current-voltage I�V�
characteristics. This is usually not the case because of the
so-called lead capacitances.

According to the Heisenberg uncertainty principle a
tunneling event takes place within a certain time span
��� /e�V�, depending on the bias voltage V. All interactions
of the tunneling electron with the environment spread with
the speed of light c and, therefore, are confined to within the
horizon c ·���c /e�V�. A popular interpretation is that the
tunneling electron can probe its surroundings only within
this horizon, which is around 0.2 �m at V=1 V. The world
beyond does not matter at all for the tunneling process. This
concept was first proposed and derived theoretically by
Nazarov,2 and it is at present well established.3 We can then
assume that the capacitance also derives from this restricted
spatial volume. The electrodes that form the point contact
can be considered as part of the leads which have a certain
capacitance per length �. The total capacitance of the point
contact depends then on the applied bias voltage like
C�V��C0+��c /e�V�, where C0 is the static part of the ca-
pacitance. Typical microstructured samples have lead capaci-
tances of around 10–30 pF/m.4,5 In an electrical circuit the

horizon of a point contact can be cut off by inserting into the
leads a large resistor or a small capacitor. On the other hand,
for point contacts like a sharp tip above a metallic surface,
large zero-bias anomalies have been reported6 which could
be described by ��1 pF /m. This is near the natural unit of
the lead capacitance �0=e2 /�c.

II. RESISTIVELY AND CAPACITIVELY SHUNTED
JUNCTION MODEL OF JOSEPHSON JUNCTIONS

The analog situation arises for a Josephson junction. In
the so-called resistively and capacitively shunted junction
�RCSJ� model the junction itself, defined by its intrinsic criti-
cal current I0, is short circuited by a capacitance C which
allows the high-frequency displacement current to flow, as
well as a quasiparticle damping resistor Rqp which describes
losses in the sample and in the environment.7,8 This
Josephson-junction circuit represents a “particle” of
“mass” C oscillating in the washboard potential EWB�I ,��
=−�� /2e�I�−EJE cos �, where � is the phase difference
across the junction and EJE=�I0 /2e the Josephson coupling
energy �the Coulomb charging energy is assumed to be neg-
ligible�. Its zero-point energy ��p /2 is defined by the plasma
frequency �p=�2eI0 /�C. The intrinsic critical current has
theoretically three limiting cases, and at low temperatures it
depends only on the normal contact resistance RN and the
superconducting energy gap 2	: a tunneling type
contact has9 I0=
	 /2eRN, a direct ballistic contact in
the dirty limit has10 I0=1.32
	 /2eRN, and in the clean
limit11 I0=
	 /eRN. The injected current I tilts the
washboard potential, affecting the depth of the potential
minima as well as the eigenfrequency. In terms of the re-
duced current x= I / I0 the maximum depth of the potential
becomes 2E�x�=EJE�x�2 arcsin x−
�+2 cos arcsin x� and
the eigenfrequency ��x�=�p�1−x2�1/4. The properties of
those junctions, in case of planar contacts with an oxide tun-
neling barrier between the two superconductors that defines
the capacitance, have been investigated and their behavior
found to agree with the RCSJ model.12–15

III. DYNAMIC CAPACITANCE IN THE COMPTON LIMIT

A direct metallic contact has no static but a dynamic ca-
pacitance. For its estimate we note that each classical particle
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of mass m is associated with the Compton wavelength
lC=� /mc. The particle can interact with a quantum relativis-
tic field, such as the electrodynamic field, only within a ra-
dius lC.16 Otherwise new particles could be created at energy
mc2 or the original one annihilated, as described by quantum
field theory. We interpret the internal energy mc2 of the clas-
sical particle as the energy difference �� to the first-excited
level of the particle in the washboard potential to obtain

lC��� �
c

�
�1�

as horizon of the Josephson junction.17 Without this spatial
restriction, the particle could be excited out of its ground
state, which in turn would correspond to an elevated tem-
perature, contradicting the basic assumptions. It is then only
reasonable to assume that the contact capacitance origins
from the same volume element around the contact defined by
lC, analogous to the case of normal tunnel junctions, and to
consider the point contact as part of the leads to the contact
which have a certain capacitance per length �.

Replacing the capacitance by the lead capacitance is
more than a simple variable substitution because it takes into
account the frequency dependence of the dynamic
capacitance,17

C �
�c

��C�
. �2�

The plasma frequency �p�2eI0 /�c�=2I0�0 /e� increases
now linearly with the critical current. The eigenfrequency of
the tilted potential ��x���p

�1−x2 depends differently on
the reduced current. Since the washboard potential itself is
not affected by the capacitance or the horizon, we obtain the
identities �at I→0�

�

�0
� 4

EJE

��p
=�2EJE

EC
=

Q

2


RK

Rqp
, �3�

which relate the lead capacitance � to the ratio between
barrier height and zero-point energy as well as between
Q=�RqpC and Rqp. The von Klitzing resistance is RK
=h /e2�25.8 k�.

The properties of a real Josephson junction depend on
many parameters that are not easy to control, such as stress
in the contact region or the size and the purity of the mate-
rials used. Those effects are not considered here. We also
neglect all those corrections of the discrete energy levels and
the eigenfrequencies that arise from the finite height of the
washboard potential or from the nonsinusoidal I��� relation-
ship at a large transmission coefficient of the contact �see
Ref. 18�. We assume to have a point contact like Josephson
junction with a certain intrinsic critical current I0, and we
want to understand the behavior of this junction at tempera-
tures T→0 as a function of the lead capacitance.

IV. REDUCED CRITICAL CURRENT

The effects of a small capacitance are quite dramatic. First
of all, the actual critical current of a Josephson junction is
always smaller than its theoretical I0 value. At least three
different mechanisms can limit the supercurrent. �i� At large

�, a supercurrent exists, but it is already reduced due to
quantum fluctuations of the phase. To ensure that at least one
discrete level exists in the well of the washboard potential
requires 2E�x�����x� /2. The left- and the right-hand sides
coincide at the reduced critical current xc= Ic / I0, implicitly
described by

�0

�
�

�p

EJE

E�xc�
��xc�

. �4�

Figure 1 shows that the actual Ic approaches the expected
theoretical value I0 only at very large �10�0. The super-
current is completely suppressed �xc=0� at ���0 when the
zero-point energy ��p /2 exceeds the depth 2EJE of the un-
tilted washboard potential. �ii� The supercurrent will also be
suppressed when the tunneling particle arrives in the neigh-
boring potential well with an energy above the minimum
height of this well so that the particle can escape immedi-
ately. This condition is met for 2E�x�����x� /2+2
xEJE.
According to

�0

�
�

�p

EJE

E�xc�
��xc�

−

�p

��xc�
xc, �5�

the critical current also vanishes at ���0, but it saturates at
xc=E�xc� /
EJE�0.22 at large �. �iii� The third mechanism
that could reduce the critical supercurrent is Zener tunneling
of the phase. When the injected current exceeds the Zener
current IZ=e� /
, the washboard potential is tilted by at least
�� per phase difference 2
, and the tunneling particle ar-
rives in the neighboring well at, or above, the first-excited
state �if there exists one�. From there the tunneling probabil-
ity is so strongly enhanced that like in a chain reaction the

FIG. 1. �Color online� Tilt of the washboard potential in terms
of the injected current I normalized to the theoretical critical current
I0 versus normalized lead capacitance � /�0. The shaded area indi-
cates the forbidden region without any supercurrent �Bloch lattice�.
At larger lead capacitances a supercurrent can flow, but its magni-
tude is strongly suppressed. E0 and E1 indicate the current at which
the first and the second discrete energy levels cease to exist. The
line E0 therefore marks the maximum possible supercurrent. Over
the top indicates the current at which the tunneling particles arrive
in the neighboring well above the potential barrier. Zener is the
current at which the particle starting at E0 arrives at E1 in the
neighboring well.
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phase slips faster and faster. The reduced critical current
xc= IZ / I0=e� /
I0 due to Zener tunneling can be obtained by
plugging in the above derived eigenfrequency � of the tilted
potential. This results in

�0

�
�

2




xc

�1 − xc
2

�6�

and a critical current that decreases with increasing � since
more and more discrete levels become available with smaller
spacing.

V. ZERO-BIAS PROPERTIES

A small capacitance also causes a finite contact resistance
due to quantum tunneling of the phase. The tunneling rate
is19,20

� = �
�p

2

exp�−

14.4EJE

��p
�1 + ��	 , �7�

where ���120
�14.4EJE /��p�=�432
� /�0. It also in-
cludes a correction term �=0.87 /Q+¯ due to damping,
which depends on Q=�RqpC�2
��0 /���Rqp /RK�. Injecting
a current into the junction tilts the washboard potential, in-
troducing an imbalance of forward and backward rates. The
resulting drift of the phase leads, according to the Josephson
equation V= �� /2e��̇, to a voltage drop, thus to a differential
resistance around zero bias x�0,

dV

dI
� R0 cosh�Kx� , �8�

and a residual contact resistance,

R0 � RK�432




�0

�
K exp�− 2K/
� , �9�

with the parameter K=1.8
�� /�0��1+�� �see Fig. 2�. Both
R0 and K depend only on the lead capacitance � and the Q

factor in the I→0 limit. Figure 3 displays the relationship
between K and R0, which barely depends on the Q factor,
except for the lower bound of K which is 1.8
�5.7 at
Q→�. R0 does not directly depend on the normal-state con-
tact resistance, which means in principle we could get even
R0�RN. This would be typical for a Josephson tunnel junc-
tion but not for a direct metallic contact without tunneling
barrier and weak damping.

VI. COMPARISON WITH EXPERIMENTS

Few reports exist on the systematic variation as function
of contact size of the critical current and the finite residual
resistance of Josephson point contacts of classical
superconductors.17,21–23 Those experiments were carried out
on mechanically controllable break junctions over a wide
range of contact sizes. We have repeated those experiments
on indium junctions, based on 1–2 mm diameter indium
wire, and found that the experimental critical currents agree
rather well with those earlier data �see Fig. 4�. We are there-
fore led to believe that these results are not artifacts but are
related to intrinsic properties of Josephson junctions.

We note that the experimental critical current is usually
larger than expected from mechanisms �ii� “over the top” and
�iii� “Zener” discussed above and for which xc�0.22. This
surprises a bit since for these two mechanisms a single tun-
neling event would drive the contact onto its normal branch.
This indicates a very efficient damping mechanism that
quickly removes the excess energy of the quasiparticle. In
our experiments Ic approaches the clean-limit �KO2� I0 at
small RN. There are no anomalies indicating a preference of
the dirty �KO1� or the tunneling limit �AB� value. Our main
assumption is therefore that all contacts are in the clean limit
�KO2� and that the reduction with respect to the theoretical
value I0 is due to a small lead capacitance. By comparing the
measured Ic with the phase diagram in Fig. 1 we can then
estimate the lead capacitance �, which seems to vary system-
atically with RN. This means that the lead capacitance
changes either with the size of the contact or with the critical
current I0. The latter case could be attributed to the fre-
quency dependence of the horizon.

FIG. 2. �Color online� Residual resistance R0 in units of
the von Klitzing resistance RK as well as the parameter
K=1.8
�� /�0��1+�� at x�0 of a Josephson junction versus nor-
malized lead capacitance � /�0 at Q=1, 2, 5, and �. The symbols
are the experimental results of In-In junctions at T=0.1 K.

FIG. 3. �Color online� Parameter K=1.8
�� /�0��1+�� of the
differential resistance at x�0 versus normalized residual resistance
R0 /RK. The arrows mark the minimum K values for the indicated Q
factors. Also shown in thin solid lines the expected data when the
tunneling prefactor �=1. The symbols are typical experimental data
of our indium-indium Josephson junctions at low temperatures
T=0.1 K.
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Figure 2 shows that the residual resistance R0 and the
parameter K fit the predictions reasonably well and indicate
Q�1. K��� has a shallow minimum at ��1.5�0. Since at
this lead capacitance the Josephson coupling energy equals

the Coulomb charging energy EJE=EC, deviations from the
used theory19,20 have to be expected. Figure 3 shows that at
the same time K�R0� has a minimum of around five to ten at
R0�RK /200�100 �. This would mean that Q�1, that is,
the contacts are only weakly damped. At larger R0 the Cou-
lomb charging dominates and possibly causes the steep up-
turn of K�R0�. At smaller R0 the K�R0� data are offset on the
R0 axis by a factor of order 103. This could be due to the fact
that the theory assumes tunneling into a continuum while for
our contacts tunneling into the discrete levels of the neigh-
boring well is more appropriate. A tunneling prefactor �=1
would better fit the data.

VII. CONCLUSIONS

Although our experimental data support the suggested
model, there are other examples where a noticeable reduction
in Ic has not been observed. This applies especially to point
contacts fabricated by nanolithography, like in Ref. 24 �see
also the review Ref. 25�. This discrepancy could be easily
explained by the fact that in the latter type of experiments the
junction itself sits very close to a �conducting� substrate and
therefore has a rather large lead capacitance. The effects dis-
cussed here do not depend on the type of superconductor.
Strongly reduced critical currents are often found for con-
tacts with unconventional superconductors, such as the
heavy-fermion ones.26,27 In those cases it would be rather
challenging to separate the intrinsic material-dependent
properties that originate from the superconducting order pa-
rameter and its symmetry from device-dependent effects due
to the lead capacitance.
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FIG. 4. �Color online� Experimental critical current Ic normal-
ized to the theoretical clean-limit value �KO2� versus normal con-
tact resistance RN. Closed circles are from Ref. 17 and all open
symbols are the results of the present experiments, all taken at
T=0.1 K. Indicated are the expected values for the clean �KO2�
and the dirty �KO1� limits as well as for tunneling contacts �AB�.
The contact diameter varies from about 50 nm at 0.4 � down to
about 0.4 nm at 6 k�. The inset shows typical I�V� characteristics
at the indicated RN in the transition region from Josephson effect
with reduced critical current to the Bloch lattice. The current is
normalized to the theoretical I0.
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