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The ferromagnetic spin-exchange interaction between the itinerant electrons and localized moments on a
periodic lattice, studied within the so-called Kondo lattice model, is considered for multiband situation where
the hopping integral is a matrix in general. The modified Ruderman-Kittel-Kasuya-Yosida theory, wherein one
can map such a model onto an effective Heisenberg-type system, is extended to a multiband case with finite
bandwidth and hybridization on a simple-cubic lattice. As an input for the evaluation of the effective exchange
integrals, one requires the multiband electronic self-energy, which is taken from an earlier proposed ansatz.
Using the above procedure, we determine the magnetic properties of the system such as Curie temperature
while calculating the chemical potential and magnetization within a self-consistent scheme for various values
of system parameters. The results are discussed in detail and the model is motivated in order to study the
electronic, transport, and magnetic properties of real materials like GdN.
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I. INTRODUCTION

The original Kondo model with antiferromagnetic spin-
exchange interaction between a single impurity spin in a
nonmagnetic background and the itinerant electrons of the
host metal was used by Kondo1 to explain the unusual tem-
perature behavior of the resistivity of the system. Its periodic
extension with ferromagnetic exchange interaction between a
system of localized spins and a band of itinerant electrons is
in the literature often referred to as the ferromagnetic Kondo
lattice model2,3 or s-d �Refs. 4 and 5� or s-f model.6 For the
sake of uniformity, we ascribe it as the Kondo lattice model
�KLM�. Both the antiferromagnetic as well as the ferromag-
netic alignment of itinerant and localized spins exhibits re-
markable differences in the physical properties of various
real materials and has been a subject of intense theoretical
studies in the past.

For instance, the magnetic semiconductors �prototypes
being the europium chalcogenides: EuX: X=O,S,Se,Te�
�Refs. 7–9� are known to have ferromagnetic exchange cou-
pling and demonstrate a spectacular temperature dependence
of the band states. The redshift of the optical-absorption edge
in these materials upon cooling from T=Tc to T=0 K is due
to a corresponding shift of the lower conduction-band
edge.8,10 A great deal of focus has been concentrated on
studying the diluted magnetic semiconductors with
antiferromagnetic11 and ferromagnetic12,13 exchange interac-
tions with the purpose of achieving practical spintronics14,15

applications. Apart from magnetic semiconductors, the local-
moment metals like Gd are known to have a ferromagnetic
exchange.16 But the exchange-induced correlation and the
temperature-dependent quasiparticle effects17 have lead to
complex and hence controversial photoemission data.18,19

Other materials such as the manganese oxides �manganites�
having pervoskite structures �the prototype being
A1−xBxMnO3 where A=La,Pr,Nd and B=Sr,Ca,Ba,Pb�
also have a strong ferromagnetic exchange interaction. They
have a remarkable property called colossal magnetoresis-
tance �CMR�,20,21 which enables them to dramatically
change their electrical resistance in the presence of a mag-
netic field. Many theoretical models have been proposed in

order to explain the existence of these effects. The earlier
theoretical ideas were based on the double exchange
model,22 which can be understood as one of the limiting
cases of Kondo lattice model �i.e., limit of strong Hunds
coupling�. Although recent theories23 have provided a step
forward, its complete understanding is far from being ex-
plained by any current physical theories. As compared to the
aforementioned compounds, the heavy fermion systems24

�mostly Ce compounds� are known to have antiparallel align-
ment of the conduction electron and localized spins. They
have been rigorously studied because of their extraordinary
physical properties.25

In the above examples, the kinetic energy of the itinerant
electrons is usually described within tight-binding dispersion
of a single nondegenerate band, i.e., single orbital atom per
unit cell. But it is well known that the single-band calcula-
tions are certainly not sufficient in order to have a complete
understanding of unusual phenomenon in real materials.26

One has to take into account the intraband and interband
interactions as well.

The multiband models are also of growing interest for
exhibiting a wide range of phenomena such as novel elec-
tronic phases, magnetism, and superconductivity.27 For in-
stance, it was found out using a two-band Hubbard28 model
that there was a possibility of existence of ferromagnetism
around half-filling29 in contrast to antiferromagnetism in the
single-band model.30 The numerical studies31 on ground-
state properties of multiband periodic Anderson32 model re-
vealed the minor role played by the competition between
Ruderman-Kittel-Kasuya-Yosida �RKKY� �Ref. 33� and
Kondo interactions1 again in contrast to the single-band
case.34 This motivates us to understand the physics behind
the interplay between the kinetic and potential energy of
multiband Kondo lattice model and extend it for studying the
electronic, transport, and magnetic properties of real materi-
als such as GdN.

This paper is organized as follows. In Sec. II we develop
our theoretical multiband model Hamiltonian describing the
physics due to the intra-atomic exchange interaction between
the two subsystems, i.e., itinerant electrons and localized
spins on a periodic lattice. In Sec. II A, we consider only the
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electronic part of the system while treating the magnetic part
within molecular-field theory. Using an earlier proposed an-
satz for multiband self-energy,35 we evaluate the electronic
properties of interest such as the density of states and band
occupation number. In Sec. II B, we develop the modified
RKKY theory36 wherein we integrate out the charge degrees
of freedom of the itinerant electrons thereby mapping the
multiband Kondo lattice Hamiltonian onto an effective
Heisenberg-type spin Hamiltonian. In Sec. III, using the pro-
cedure described in Sec. II, we determine the magnetic prop-
erties of the system such as Curie temperature while calcu-
lating the chemical potential and magnetization within a self-
consistent scheme. We discuss the results obtained for
various values of system parameters. In Sec. IV, we summa-
rize and conclude our findings.

II. MODEL AND METHODS

A. Electronic subsystem

In this section, we present a brief description of the theo-
retical model used in our calculations. The details of the
many-body analysis along with a model calculation and lim-
iting cases are explained elsewhere.35 The multiband KLM
Hamiltonian mainly consists of two parts;

H = Hkin + Hint, �1�

where

Hkin = �
ij���

Tij
��ci��

† cj��, �2�

and

Hint = −
J

2 �
i�

���

�Si · �����ci���
† ci��. �3�

Hkin denotes the kinetic energy of the itinerant electrons
with Tij

�� being the hopping term, which is connected by
Fourier transformation to the free Bloch energies ����k�;

Tij
�� =

1

N
�
k

����k�e−ik·�Ri−Rj�, �4�

while ci��
† and ci�� are the fermionic creation and annihila-

tion operators, respectively, at lattice site Ri. The latin letters
�i , j , . . .� symbolize the crystal lattice indices while the band
indices are depicted in Greek letters �� ,� , . . .� and the spin
is denoted as ��=↑ ,↓�.

Hint is an intra-atomic exchange interaction term, i.e., a
local interaction between electron spin � and local-moment
spin Si. Using second quantization for electron spin �ni��

=ci��
† ci���, the interaction term is further being split into two

subterms.

Hint = −
J

2�
i��

�z�Si
zci��

† ci�� + Si
�ci�−�

† ci��� . �5�

The first term describes the Ising-type interaction between
the z component of the localized and itinerant carrier spins

while the other term comprises spin-exchange processes,
which are responsible for many of the KLM properties. J is
the exchange coupling strength, which we assume to be k
independent and Si

� refers to the localized spin at site Ri;

Si
� = Si

x + iz�Si
y ; z↑ = + 1, z↓ = − 1. �6�

The Hamiltonian in Eq. �1� provokes a nontrivial many-
body problem that cannot be solved exactly. Using the equa-
tion of motion method for the double-time retarded Green’s
function37

Glm�
�� �E� = ��cl��;cm��

† ��E, �7�

where l,m and �,� are the lattice and band indices, respec-
tively, we obtain higher-order Green’s functions, which pre-
vent the direct solution. Approximations must be considered.
But a rather formal solution can be stated as

Ĝk��E� = ��E + i0+�Î − �̂�k� − 	̂k��E��−1, �8�

where, for simplicity, we exclude the band indices by repre-
senting the terms in a generalized matrix form on symboliz-
ing a hat over it;

Ĝlm��E� =
1

N
�
k

Ĝk��E�e−ik·�Rl−Rm�. �9�

The terms in Eq. �8� are explained as follows: Î is an
identity matrix. 0+ is a small imaginary part and �̂�k� is a
hopping matrix with the diagonal terms of the matrix exem-
plifying the intraband hopping and the off-diagonal terms

denoting the interband hopping. The self-energy 	̂k��E� con-
taining all the influences of the different interactions being of
fundamental importance can be understood using site repre-
sentation

���Hint,cl���−;cm��
† �� = �

p


	lp�
�
 �E�Gpm�


� �E� . �10�

Now we are left with a problem of finding a multiband
self-energy ansatz in order to compute the Green’s function
matrix and thereby to calculate the physical quantities of
interest such as the quasiparticle spectral density �SD�

Sk��E� = −
1

�
Im Tr„Ĝk��E�… �11�

and the quasiparticle density of states �QDOS�

���E� =
1

N

�
k

Sk��E� , �12�

which would yield the band occupation number

n = �
�

n� = �
−�

�

dEf−�E����E� , �13�

where

A. SHARMA AND W. NOLTING PHYSICAL REVIEW B 78, 054402 �2008�

054402-2



f−�E� =
1

e
E−�
kBT + 1

is the Fermi function and � is the chemical potential or the
Fermi edge.

According to our many-body theoretical analysis,35 we
utilize the multiband interpolating self-energy ansatz �ISA�,
which is well defined in the low carrier density regime38 for
all coupling strengths and satisfy one limiting case of the
model, namely, that of ferromagnetically saturated semicon-
ductor. The ansatz is given as

	̂��E� =
J

2
M−�Î +

J2

4
a−�Ĝ−�	E +

J

2
M−�


��Î −
J

2
Ĝ−�	E +

J

2
M−�
�−1

, �14a�

where

M� = z��Sz�; a� = S�S + 1� + M��M� + 1� �14b�

and the bare Green’s function matrix is defined as

Ĝ��E� =
1

N
�
k

��E + i0+�Î − �̂�k��−1.

The first term in Eq. �14a�, which is exact in the weak-
coupling limit, represents an induced Stoner splitting of the
energy band proportional to the f spin magnetization �Sz�.
The second term is dominated by the consequences of spin-
exchange processes between itinerant electrons and localized
f moments.

As seen in Eq. �14a�, we are interested only in the local
self-energy

	̂��E� =
1

N
�
k

	̂k��E� ,

while the wave-vector dependence of the self-energy is
mainly due to the magnon energies appearing at finite tem-
perature. In order to evaluate only the itinerant electron sub-
system, we can neglect this wave-vector dependence. The
localized magnetization �Sz� can then be considered as an
external parameter being responsible for the induced tem-
perature dependence of the band states. Thus, in a non-self-
consistent way, it is possible to determine the influence of
interband exchange on the conduction-band states so as to
study the electronic correlations effects.35,38 But in order to
study the effect of itinerant electron subsystem on the local-
ized subsystem and vice versa, we need to calculate the mag-
netization within a self-consistent manner as shown in Sec.
II B.

B. Magnetic subsystem

In Sec. II A, we did not consider a direct exchange inter-
action between the localized f spins. But if one is interested
in determining the magnetic properties of multiband KLM,
then both the subsystems �localized as well as itinerant�
should be solved within a self-consistent scheme.

Therefore, we would like to take into account an effective
indirect coupling Jij

eff between the localized f spins and the
itinerant electrons within the so-called modified RKKY �Ref,
36� formalism as shown in Fig. 1.

Consider the multiband Kondo lattice Hamiltonian, i.e.,
Eq. �1�, which can be written in the following equivalent
form:

H = Hkin + Hint = �
k���

����k�ck��
† ck��

−
J

2N
�
i�

���

�
kq

e−iq·Ri�Si · �����ck+q���
† ck��,

where all the terminologies remain the same as explained in
Sec. II A. The components of the band electron-spin operator
� are the Pauli-spin matrices.

The main idea of the modified RKKY theory is to trans-
form the above Kondo-type exchange Hamiltonian of the
conduction electrons into an effective Heisenberg-type spin-
exchange Hamiltonian of the f spins by averaging Hint in the
subspace of the conduction electrons �� ��;

�Hint� = Hf = −
J

2N
�
i�

���

�
kq

e−iq·Ri�Si · ������ck+q���
† ck��� .

�15�

This is achieved by closely following the treatment given
in Ref. 36. For averaging procedure the f spin operators are
to be considered as c numbers. The expectation values � � in
Eq. �15� may still have operator properties in the f spin sub-
space and therefore do not vanish for q�0 and ����. We
would like to obtain � � via the spectral theorem with the help
of appropriate Green’s function as given below:

Gk,k+q
������E� = ��ck��;ck+q���

† ��E. �16�

Its equation of motion can be obtained in the usual way37

and is given as

EGk,k+q
������E� = �k,k+q������� + �




��
�k�Gk,k+q

�����E�

−
J

2N
�

ik���

e−i�k−k��·Ri�Si · �����Gk�,k+q
�������E� .

�17�

���
���
���
���

����
����
����
����

���
���
���

���
���
���

����
����
����

�����
�����
�����
�����
�����
�����
�����
�����
�����

���������
���������
���������
���������
���������
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����
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FIG. 1. �Color online� An effective indirect exchange Jij
eff be-

tween localized f spins �red arrows� mediated by intra-atomic ex-
change J due to itinerant electrons. EF denotes the Fermi edge.
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The above equation can be iterated up to any desired ac-
curacy producing spin products of the type

�Si · �����, �Si · ������, �Si · ������.

On excluding the band indices in Eq. �17� by representing
the terms in a generalized matrix form on symbolizing a hat
over it we get

EĜk,k+q
��� �E� = �k,k+q����Î + �̂�k�Ĝk,k+q

��� �E�

−
J

2N
�

ik���

e−i�k−k��·Ri�Si · �����Ĝk�,k+q
���� �E� .

�18�

Rearranging the terms in Eq. �18� yields

�EÎ − �̂�k��Ĝk,k+q
��� �E� = �k,k+q����Î −

J

2N
�

ik���

e−i�k−k��·Ri

��Si · �����Ĝk�,k+q
���� �E� . �19�

For symmetry reasons, we write down the equation of

motion for Gk,k+q
������E� in an alternative way, where the sec-

ond operator ck+q���
† in Eq. �16� is the “active” operator

EĜk,k+q
��� �E� = �k,k+q����Î + Ĝk,k+q

��� �E��̂�k + q�

−
J

2N
�

ik���

e−i�k�−�k+q��·Ri�Si · ������Ĝk,k�
��� �E�

�20�

and again upon rearranging the terms in the above equation
we get

Ĝk,k+q
��� �E��EÎ − �̂�k + q��

= �k,k+q����Î −
J

2N
�

ik���

e−i�k�−�k+q��·Ri

��Si · ������Ĝk,k�
��� �E� . �21�

Now let us define the following Green’s function of the
“free” electron system

�EÎ − �̂�k�� = „Ĝk
�0��E�…−1, �22�

�EÎ − �̂�k + q�� = „Ĝk+q
�0� �E�…−1. �23�

Substituting Eq. �22� in Eq. �19� gives

„Ĝk
�0��E�…−1Ĝk,k+q

��� �E� = �k,k+q����Î −
J

2N
�

ik���

e−i�k−k��·Ri

��Si · �����Ĝk�,k+q
���� �E� , �24�

while substituting Eq. �23� in Eq. �21� yields

Ĝk,k+q
��� �E�„Ĝk+q

�0� �E�…−1

= �k,k+q����Î −
J

2N
�

ik���

e−i�k�−�k+q��·Ri

��Si · ������Ĝk,k�
��� �E� . �25�

Now upon multiplying Ĝk
�0��E� from left to Eq. �24� we

get

Ĝk,k+q
��� �E� = �k,k+q����Ĝk

�0��E�

−
J

2N
�

ik���

e−i�k−k��·Ri�Si · �����Ĝk
�0��E�Ĝk�,k+q

���� �E�

�26�

and on multiplying Ĝk+q
�0� �E� from right to Eq. �25� we obtain

Ĝk,k+q
��� �E� = �k,k+q����Ĝk+q

�0� �E� −
J

2N
�

ik���

e−i�k�−�k+q��·Ri

��Si · ������Ĝk,k�
��� �E�Ĝk+q

�0� �E� . �27�

Let us make the following crucial first-order approxima-
tions for the Green’s functions:

Ĝk,k�
��� �E� 
 �����k,k�Ĝk��E� , �28�

Ĝk�,k+q
���� �E� 
 ������k�,k+qĜk+q���E� , �29�

where

Ĝk��E� = �EÎ − �̂�k� − 	̂��E��−1, �30�

Ĝk+q���E� = �EÎ − �̂�k + q� − 	̂���E��−1. �31�

The renormalization by the interacting Green’s functions as
performed in Eqs. �28� and �29� should be a sensible ap-
proximation since it is observed that if those interacting
Green’s functions are replaced by the free Green’s functions
Eqs. �22� and �23�, respectively, then it leads to the correct
low-J �i.e., RKKY� behavior. On substituting Eq. �29� in Eq.
�26� we obtain

Ĝk,k+q
��� �E� = �q,0����Ĝk

�0��E� −
J

2N
�

i

eiq·Ri�Si · �����Ĝk
�0�

��E�Ĝk+q���E� , �32�

while substituting Eq. �28� in Eq. �27� gives

Ĝk,k+q
��� �E� = �q,0����Ĝk

�0��E�

−
J

2N
�

i

eiq·Ri�Si · �����Ĝk��E�Ĝk+q
�0� �E� .

�33�

On adding Eq. �32� and Eq. �33� we get
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Ĝk,k+q
��� �E� = �q,0����Ĝk

�0��E�

−
J

4N
�

i

eiq·Ri�Si · �����Âk,k+q
��� �E� , �34�

where

Âk,k+q
��� �E� = �Ĝk

�0��E�Ĝk+q���E� + Ĝk��E�Ĝk+q
�0� �E�� . �35�

For the effective spin Hamiltonian in Eq. �15�, we need
the expectation value �ck+q���

† ck���, which we express in
terms of the trace of imaginary part of the Green’s function
Eq. �34� by exploiting the spectral theorem37

1

N
�
k

�ck+q���
† ck���

= −
1

�N
Im Tr �

−�

�

dEf−�E��
k

Ĝk,k+q
��� �E�

= �q,0����	 − 1

�N

Im Tr �

−�

�

dEf−�E��
k

Ĝk
�0��E�

+
J

4�N2�
i
�eiq·Ri�Si · �����Im Tr

��
−�

�

dEf−�E��
k

Âk,k+q
��� �E�� . �36�

On substituting Eq. �36� in Eq. �15� we get

Hf =
J

2�N
�
i���

�����Si · ����� Im Tr �
−�

�

dEf−�E��
k

Ĝk
�0��E�

−
J2

8�N2 �
ijq���

�e−iq·�Ri−Rj��Si · ������S j · ����� Im Tr

��
−�

�

dEf−�E��
k

Âk,k+q
��� �E�� , �37�

i.e.,

Hf = −
J

2�
i�

�Si · �����n�
�0�� +

J2

8N
�

ijq���

e−iq·�Ri−Rj�

��Si · ������S j · �����Dq
���, �38�

where

�n�
�0�� = −

1

�
Im Tr �

−�

�

dEf−�E�
1

N
�
k

Ĝk
�0��E� �39�

and

Dq
��� = −

1

�
Im Tr �

−�

�

dEf−�E�
1

N
�
k

Âk,k+q
��� �E� . �40�

If we perform spin summations on the right-hand side of Eq.
�38� we obtain

Hf = −
J

2�
i

��n↑
�0�� − �n↓

�0���Si
z +

J2

8N
�
ijq

e−iq·�Ri−Rj��Dq
↑↓Si

−Sj
+

+ Dq
↓↑Si

+Sj
− + �Dq

↑↑ + Dq
↓↓�Si

zSj
z� , �41�

where the spin operators Si
� ��= + ,- ,z� satisfy the usual com-

mutation relations. The first term in the above equation is
exactly zero since the free system is unpolarized. This finally
yields an effective anisotropic Heisenberg-type spin Hamil-
tonian, which can be written as follows:

Hf = − �
ij

�Jij
�1�Si

−Sj
+ + Jij

�2�Si
+Sj

− + Jij
�3�Si

zSj
z� , �42�

where

Jij
�n� =

1

N
�
q

J�n��q�e−iq·�Ri−Rj� �n = 1,2,3� �43�

with

J�1��q� = −
J2

8
Dq

↑↓, �44�

J�2��q� = −
J2

8
Dq

↓↑, �45�

J�3��q� = −
J2

8
�Dq

↑↑ + Dq
↓↓� , �46�

are the effective exchange integrals, which, via Gk�, are
functionals of the conduction-electron self-energy thereby
getting a temperature and carrier-concentration dependence.
In order to obtain effective isotropic Heisenberg-type spin
Hamiltonian, one can prove39 that Dq

↑↓=Dq
↓↑ and Dq

↑↑+Dq
↓↓

=2Dq
↓↑, which will result in J�1��q�=J�2��q�=J�3��q� /2

=Jeff�q�. We finally get

Hf = − �
ij

n.n

Jij
eff�1

2
�Si

−Sj
+ + Si

+Sj
−� + Si

zSj
z� . �47�

Now so as to determine the f spin magnetization, we fol-
low along the lines of Callen40 that results in

�Sz� =
�S − ���1 + ��2S+1 + �S + 1 + ���2S+1

�1 + ��2S+1 − �2S+1 , �48�

where ��S� can be interpreted as average magnon number

��S� =
1

N
�
q

1

eE�q�/kBT − 1
�49�

depending on S via magnon energies E�q�, which can be
obtained using the spin Green’s function40 and is given by

E�q� = 2�Sz��Jeff�0� − Jeff�q�� , �50�

with Jeff�0�=Jeff�q=0�. In Sec. II A, we observed that the
magnetization ��Sz�� appears in electronic self-energy and
this self-energy is used to calculate the exchange integrals,
which along with �Sz� enter the magnon energies. These
magnon energies in turn also appear in �Sz�. Thus, we have
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found a closed system of equations that can be solved self-
consistently for all quantities of interest, in particular those
which tell us about the mutual influence of electronic and
magnetic properties of the exchange-coupled system of itin-
erant electrons and localized f spins.

One of the central quantities in magnetic system is the
Curie temperature Tc, which can be ascribed to the tempera-
ture for which �Sz�→0. On expanding Eq. �48� in 1

��S� we get

�Sz� =
S�S + 1�
3��S�

+ O� 1

���S��2� . �51�

For �Sz�→0 we have

eE�q�/kBT � 1 +
E�q�
kBT

. �52�

Using Eqs. �49�–�52� we obtain

Tc =
2S�S + 1�

3kB
� 1

N
�
q
� 1

�Jeff�0� − Jeff�q���Tc

�−1

. �53�

We can evaluate Eq. �53� within a self-consistent cycle as
shown in Fig. 2, which can be understood as follows. In our
analysis we consider a two-band model �� and �=1,2�,
which can be generalized to a n-band model. The single-
particle energies �̂�k� are then represented in a 2�2 matrix
where the diagonal and nondiagonal terms are considered to
have the following form: �11�k�=− W

6 �cos�kxa�+cos�kya�
+cos�kza��, �12�k�=�21�k�=V �local hybridization, LH� or
�12�k�=�21�k�=V�11�k� �nonlocal hybridization, NLH�, and
�22�k�=E0+�11�k�. Along with the single-particle energies,
the intra-atomic exchange J, quantum spin number S, and
bandwidth W act as input parameters in order to evaluate the
free propagator, self-energy, and full propagator. Then for a
particular band occupation n and an initial temperature Tc

ini,
the Fermi edge �, which yields the correct value of n, is
determined self-consistently. Thus, fixing upon the Fermi
edge one evaluates the temperature-dependent exchange in-
tegrals, which gives the Tc through Eq. �53�. If the obtained
temperature is within convergence limit �, then it is the re-
sulting Tc for particular J and n.

III. RESULTS & DISCUSSION

On optimizing the numerical factor,41 we evaluate the Cu-
rie temperature, i.e., Eq. �53� for various configurations of
model parameters �J, n, and V�. We consider the spin quan-
tum number S= 7

2 �localized moment of Eu2+ and Gd3+� and
the center of gravity of the second band shifted by an amount
E0=0.25 eV. First we try to reproduce the single-band result
for different values of band occupation �as was previously
obtained� but using another electronic self-energy.42 This will
give us some confidence on the working of the algorithm.

Figure 3 shows the dependence of Tc on the strength of
intra-atomic exchange J for single- and two-band KLM. The
left panel describes the results for LH while the right panel
for NLH on a simple-cubic �sc� lattice. The bandwidth of
both the bands W is taken to be 1.0 eV. The calculations are

ε̂(k), J, S, W

̂Gσ(E), ̂Σkσ(E), ̂Gkσ(E), ρσ(E)

T = T ini
c , n, µini

f−(E), µfin

Is |µini − µfin| < ε

Jeff
ij , T fin

c

Is |T ini
c − T fin

c | < ε

Tc

FIG. 2. Flowchart exhibiting the self-consistent determination of
Curie temperature Tc. The terminologies are as explained in the
text.
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FIG. 3. �Color online� The dependence of Curie temperature
�Tc� on intra-atomic exchange �J� for different values of band oc-
cupation. The exhibited results are for single- and two-band KLMs
with local �left panel� and nonlocal hybridization �right panel� on a
sc lattice.

A. SHARMA AND W. NOLTING PHYSICAL REVIEW B 78, 054402 �2008�

054402-6



carried out for different values of band occupation n and
hybridization V.

Although both the graphs look quite similar, there are
marked differences especially in the limit of strong coupling
and low-band occupation. We first discuss the general behav-
ior. It is observed that initially the Tc rises sharply with in-
creasing J. For weak coupling and small-band occupation
�n=0.05�, the usual RKKY mechanism is observed. How-
ever for higher-band occupation, J is observed to exceed a
critical value in order to allow ferromagnetism. Furthermore,
with increasing J the critical temperature is observed to be
deviating more and more from the RKKY behavior �i.e.,
long-range order� and finally reaches a saturation. The calcu-
lations done within single-band model are comparable with
previous calculations42 obtained using a different self-energy.

As shown in Fig. 3, the results for Tc in case of two
unhybridized bands �V=0.0� are in comparison with that of
the one-band situation for low-band occupation due to simi-
lar low-energy paramagnetic density of states at the Fermi
edge and with increasing band occupation, the results in both
the situation �local and nonlocal hybridization� differ drasti-
cally. The values of Curie temperatures are found to be
higher and increasing with increasing hybridization strength
and band occupation for two hybridized bands as compared
to the unhybridized or one-band model. It can be understood
as follows.

Figure 4 shows the low-energy window of the paramag-
netic density of states of two-band KLM with local and non-
local hybridization shown in upper and lower panels, respec-
tively. The calculations are performed for J=0.20 eV. The
curves and vertical lines in yellow, orange, and red are for
V=0.0, 0.1, and 0.2, respectively. The vertical lines signify
the Fermi edge with dashed-dotted and dashed lines for band
occupations of 0.05 and 0.30, respectively. The lines within
the circle represent the Fermi edge for different values of
hybridization but for the same value of band occupation.

It is to be noted that in general the shape of the density of
states is dependent on the band occupation, which is a con-
sequence of electronic correlation effects. But the self-
energy, which we consider in our calculations, is independent
of band occupation or rather well defined only in the limit of
low-band occupation. Since we restrict ourselves to this
limit, thus, we have density of states dependent only on the
strength of hybridization. The band filling is determined by
the placement of Fermi edge, which is obtained self-
consistently in our calculations. In order to improve over the
restricted limit, we can consider the band-occupation-
dependent self-energy as given in Ref. 43 but this is not the
aim of the present paper.

We observe that for low-band occupation, the density of
states at the Fermi edge is slightly different for different
values of hybridization. But with increasing band occupa-
tion, the density of states at the Fermi edge changes abruptly
for local as well as for nonlocal hybridization.

Although for high-band occupation the values of Tc in
case of two hybridized bands are higher as compared to un-
hybridized or one-band situation, but for low-band occupa-
tion and strong-coupling limit, an interesting feature is ob-
served as shown �encircled� in Fig. 5. Since it is only
observed in case of two locally hybridized bands, we do not
consider the case of nonlocal hybridization. It is noted that in
the limit of strong coupling, the Tc starts decreasing for two
hybridized band system as compared to two unhybridized
band model. Even though increasing hybridization increases
the bandwidth and therefore the kinetic energy of the itiner-
ant electrons, it is only effective for higher-band occupation.
In the regime of low-band occupation and strong coupling,
the short-range order due to strong intra-atomic exchange
and local hybridization decreases the kinetic energy leading
to localization of the carrier. This results in decrease in the
paramagnetic density of states at the Fermi edge, thereby
reducing the Tc to the value of the one-band case, which is
encircled in the left-most panel in Fig. 5. But as mentioned
earlier, upon increasing the band occupation �moving to the
right panels� we observe that the Tc increases with increase
in hybridization �bandwidth�42 and also in the limit of strong
coupling due to the presence of more delocalized electrons.
It can be again understood within the picture of the density
of states.

Figure 6 shows the low-energy spectrum of paramagnetic
density of states for two locally hybridized band KLM on a
sc lattice for J=0.80 eV. The curves and vertical lines in
yellow, orange, and red are for V=0.0, 0.1, and 0.2, respec-
tively. The vertical lines denote the Fermi edge with dashed-
dotted and dashed lines for band occupations of 0.10 and
0.50, respectively. As observed for n=0.10 the density of
states at the Fermi edge is slightly different giving rise to
marginal difference in Tc with increase in hybridization. But
with increasing band occupation �n=0.50�, the density of
states at the Fermi edge differs drastically giving rise to quite
different Curie temperatures.

Another feature, which we observe in the strong-coupling
limit, is that the density of states tends to separate out with
increasing value of hybridization as shown in Fig. 6 but the
change from V=0.1 to V=0.2 is quite sudden. In order to
have a close look at it, we plot the paramagnetic density of
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FIG. 4. �Color online� Lower edge of paramagnetic density of
states of two-band KLM with LH �upper panel� and NLH �lower
panel� on a sc lattice for J=0.20 eV. The curves and vertical lines
in yellow, orange, and red are for V=0.0, 0.1, and 0.2, respectively.
The vertical lines denote the Fermi edge with dashed-dotted and
dashed lines for band occupations n of 0.05 and 0.30, respectively.
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states for J=0.80 eV and intermediate values of hybridiza-
tion from V=0.1 to V=0.2 as shown in Fig. 7. It is noted that
there is an increase in bandwidth with increasing hybridiza-
tion.

Further interesting characteristic is observed for band oc-
cupation of n=0.50. It is seen that the trend of higher and
increasing value of Tc for two locally hybridized band model
is reversed as shown in the right-most panel of Fig. 5. As the

Fermi edge keeps on moving to higher energies with an in-
crease in band occupation, the paramagnetic density of states
at the Fermi edge keeps on changing. This results in an ob-
served change in the Tc. A similar pattern of decrease in the
value of Curie temperature with increase in band occupation
and strength of hybridization is also observed in case of non-
local hybridization. The explanation lies similar to what we
have explained earlier in case of local hybridization.

On the other hand since Tc is directly related to effective
exchange integrals Jij

eff, it is also interesting to notice the
behavior of these exchange integrals for different values of
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FIG. 5. �Color online� The same as in Fig. 3 but only for LH and an additional result for band occupation of n=0.50.
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n, J, and V and for local as well as nonlocal hybridization.
Figure 8 shows the dependence of indirect effective ex-
change integrals on two different parameter configuration of
J and n and for three different values of hybridization. We
observe the long-range RKKY kind of oscillations33 for weak
coupling in case of local and nonlocal hybridization. In case
of strong coupling, the local short-range order is stronger. In
that case, the exchange integrals get converged very quickly
within a short distance.

IV. SUMMARY & CONCLUSION

In this paper, we studied the magnetic properties of the
multiband Kondo lattice model Hamiltonian, which de-
scribes the intra-atomic exchange interaction between itiner-
ant electrons and localized spins on a periodic lattice. In Sec.
II A, we considered only the electronic part of the system.
Using an earlier proposed ansatz for multiband self-energy,35

we evaluated the electronic properties of interest such as the
density of states and band occupation number. In Sec. II B,
we developed the modified RKKY theory36 wherein we in-
tegrated out the charge degrees of freedom of the itinerant
electrons thereby mapping the multiband Kondo lattice
model Hamiltonian onto an effective Heisenberg-type spin
Hamiltonian. In Sec. III, using this procedure we determined
the magnetic properties of the system such as Curie tempera-
ture �within random phase approximation� for various values
of system parameters while calculating the chemical poten-
tial and magnetization within a self-consistent scheme.

We found that the Tc as a function of intra-atomic ex-
change J for a two-band KLM remains qualitatively the same

for local as well as nonlocal hybridization between both the
bands, except for the limit of low-band occupation and
strong coupling. For higher-band occupation and increase in
strength of coupling as well as hybridization, we find that Tc
increases until the band occupation of n=0.5 from where the
trend is reversed. All these can be explained using the para-
magnetic density of states and its behavior at the Fermi edge.
It is mainly due to the interplay between kinetic and potential
energy. In case of strong coupling, the Tc is oscillating in its
dependence on the band occupation.

Such an analysis can be very useful in order to understand
the physical properties of real materials described within the
multiband models such as the manganites �these materials
are known to have a strong intra-atomic exchange coupling
behavior� or the analysis can be equally handful for the rare-
earth metals, which are known to be described within the
weak or intermediate intra-atomic coupling regime. It would
be equally encouraging to carry out the similar investigation
for two different bandwidths of both the bands since the
correlation effects scale as J

W , where W being the bandwidth.
We would also like to apply44 the multiband modified

RKKY theory in order to understand the basic mechanism
behind the observed ferromagnetism in GdN.45,46
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