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Using different models for the deposition of energy on the lattice and a classical molecular dynamics
approach to the subsequent transport, we evaluate how the details of the energy deposition model influence
sputtering yield from a Lennard-Jones target irradiated with a MeV/u ion beam. Two energy deposition models
are considered: a uniform, instantaneous deposition into a cylinder of fixed radius around the projectile ion
track, used in earlier molecular dynamics and fluid dynamics simulations of sputtering yields; and an energy
deposition distributed in time and space based on the formalism developed in the thermal spike model. The
dependence of the sputtering yield on the total energy deposited on the target atoms is very sensitive to the
energy deposition model. To clarify the origin of this strong dependence, we explore the role of the radial
expansion of the electronic system prior to the transfer of its energy to the lattice. The results imply that
observables such as the sputtering yield may be used as signatures of the fast electron-lattice energy transfer in
the electronic energy-loss regime, and indicate the need for more experimental and theoretical investigations of
these processes.
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I. INTRODUCTION

Irradiation of targets by MeV/u ion beams have found
many important applications in recent years, ranging from
nanomaterials1–3 to radiation therapy.4 Improved modeling
using Monte Carlo and molecular dynamics techniques, and
a wealth of experimental data have led to a detailed under-
standing of the loss of projectile energy to the electronic
system and also of the displacement of lattice atoms on re-
ceiving this energy. However, there is less clarity about the
mechanisms of transfer of energy from the electronic system
to the lattice in this electronic stopping regime.5,6 This is
particularly difficult to study experimentally given the fem-
tosecond time scales for the transfer because experimental
observables may be expected to carry signatures of the long
relaxation phase.

It is therefore necessary to explore computational models
that may relate the energy deposition process and the subse-
quent atomic transport to experimental observables. Full
first-principles calculations of the electron-lattice coupling
and energy transfer after ion irradiation are likely to remain
computationally prohibitive. Insights may still be gained,
however, from models with simplifying assumptions. In par-
ticular, the thermal spike model has had some success in
explaining results on track formation7,8 and sputtering,9–11

assuming a radial expansion of the deposited energy on the
electrons prior to its transfer to the lattice. Molecular dynam-
ics starting from an assumed energy deposition on the
lattice12–16 and fluid dynamics17,18 simulations also provide a
way to link observables such as sputtering15 and
amorphization16 to the electron-lattice energy-transfer pro-
cess.

To interpret results from these techniques and compare
with experiment, it is necessary to understand the effect of

the model assumptions on the observables. The systematics
of the sputter yield, in particular the dependence of the yield
on the deposited energy, are different for the analytical ther-
mal spike model, and the fluid dynamics and molecular dy-
namics calculations.9–11,14,18 These differences have been
attributed13,18,19 to the diffusive transport mechanism postu-
lated by the thermal spike model after energy deposition on
the lattice. Besides the mass and energy transport mecha-
nisms, the thermal spike, and the molecular and fluid dynam-
ics models also differ in the details of the initial deposition of
energy on the lattice from the electronic system. It has been
pointed out that the spatial14,15 and temporal15 distributions
of the deposited energy influence the predicted sputtering
yield.

In this work, we use a molecular dynamics simulation of
a Lennard-Jones �LJ� solid to explore the influence of the
radial distribution of deposited energy on the sputtering
yield. Two models that yield different radial deposited en-
ergy distributions are studied: a uniform deposition into a
cylinder of fixed radius around the projectile track core and a
deposition mechanism derived from the thermal spike model.
In this latter case, the energy is deposited on the lattice
through a heat exchange between the electronic and atomic
systems that evolves in time. We note, however, that the
transfer process is still extremely fast compared to the atomic
displacements leading to sputtering and it is possible to de-
fine approximately an initial deposition for comparison with
the instantaneous deposition into a fixed-radius cylinder.

The choice of the Lennard-Jones potential enables this
work to complement previous studies, including a study13 of
the change of the calculated yield on changing from a diffu-
sive to a molecular dynamics prescription for the postdepo-
sition atomic transport in the target. We show that, for the
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same molecular dynamics transport, the yield is sensitive to
the radial distribution over a large range of deposited ener-
gies. Bringa and co-workers have shown in a series of
papers13,20–22 that the equations of motion and results, using
the 12–6 Lennard-Jones potential scale with the cohesive
energy U and number density n. They have also shown that
the scaling is roughly preserved for more complex
potentials.14 General results from simulations using the
Lennard-Jones potential may then, with some caution, be
extended to other systems as well. A comparison of the re-
sults of our simulation, using a Lennard-Jones target with
analytical thermal spike model calculations23 of Si sputtering
from SiO2, might be expected to isolate the effect of the
transport and sputtering mechanisms alone. This comparison
is flawed here, however, by the different projectile velocities
used in the present work and in Ref. 23, as also by the dif-
ferent electron-phonon coupling. As a result, the radial dis-
tribution of energy deposited on the lattice is quite different
in the two cases. Nonetheless, it is possible to notice that the
threshold electronic energy loss for the onset of sputtering is
similar; the relationship between yield and electronic energy
loss is, on the other hand, significantly different.

The sputtering yield is also then useful as an observable
signal to the details of the femtosecond electron-lattice
energy-transfer process; however, this sensitivity implies the
need to model the electron-lattice energy-transfer process ac-
curately for a meaningful comparison of molecular dynamics
simulations with experimental sputtering yields.

II. DETAILS OF CALCULATIONS

The calculation uses the IMPACT molecular dynamics
code,12,15 a linked-cell velocity Verlet molecular dynamics
program for sputtering from an irradiated target with a pro-
vision for incorporating additional energy transfers to the
lattice atoms during the course of the simulation. The calcu-
lations are carried out in two modes: a standard calculation
in which all energy is dumped on to atoms in a predefined
cylinder around the projectile track and a calculation in
which the lattice atoms receive energy continuously from a
hot-electron gas. We henceforth refer to these two modes as
cylindrical and thermal spike depositions, respectively. The
potential used is a standard Lennard-Jones potential with pa-
rameters adjusted12–15 to correspond to Ar. We emphasize
that we use this only as a model system to explore the effect
of the radial distribution of deposited energy on sputtering
yields. In particular, as pointed out in Ref. 15, we do not
model excitons. We also choose values of the electron-
phonon coupling to emphasize the effect of the radial distri-
bution of deposited energy on sputtering and not for any
relationship with the actual values of Ar. For both cylindrical
and thermal spike depositions, the velocity of the incident
ion is constrained to be that corresponding to a 1 MeV H ion
for all values of the electronic energy loss considered here.
All surfaces are treated as free surfaces. Sample sizes range
from 90�90�50 monolayers for cylindrical and thermal
spike depositions at low electronic energy loss to 126
�126�60 monolayers for thermal spike deposition at large
electronic loss values. The sizes have been determined to be

large enough that the free side surfaces have no impact on
the results presented here.

The spatial and temporal distributions of the energy de-
posited on the atoms in the target, due to the electronic en-
ergy loss Se, depends on whether the deposition is cylindrical
or thermal, and on the parameters of the thermal spike depo-
sition model. For cylindrical deposition, all atoms in a cyl-
inder of fixed radius are assumed to equally and instanta-
neously share the entire electronic energy loss; in our
calculations, the Se for cylindrical deposition is distributed
equally to all atoms in a 7 Å cylinder at the beginning of the
simulation. For the thermal spike deposition, it is the elec-
tronic subsystem that is assumed to gain the entire Se at the
beginning of the simulation. Subsequently, the electron gas
expands radially through electronic cascades and cools
down, transferring energy to the lattice until thermal equilib-
rium is reached. The deposition on the lattice, therefore, is
nonuniform and noninstantaneous. The radial distribution
and the speed of the deposition on the lattice are determined
by the electron-phonon coupling, and by the specific heats
and thermal conductivities of the electronic and lattice sys-
tems.

In our calculations for the thermal spike deposition mode,
the initial radial spread of the energy deposited on the elec-
trons is derived from the formulation due to Waligorski.24

The time development of the deposition is determined by the
rate of heat transfer from the electronic to the lattice system
and is obtained by numerically solving the heat diffusion
equations for the electronic system, and the energy is trans-
ferred to the lattice systems.7,10,15 The deposition on the lat-
tice is implemented as a discrete energy boost or kick to the
atoms. The transfer is assumed to stop when the electronic
temperature is equal to the lattice temperature; no transfers
back from the lattice to the electronic system are permitted.
Following Ref. 15, we use a specific heat Ce=1 J /K cm3

and a heat diffusivity De=2 cm2 /s for the electronic system,
independent of space and time. With these assumptions, the
length � over which the heat of the electronic system dif-
fuses depends on the coupling time, which is in turn related
to the electron-phonon coupling g.

In this work, we vary � as a free parameter and the
electron-phonon coupling is then calculated from the relation
g=Ce ·De /�2. The initial temperature is assumed to be 0 K.
For systems with large energy depositions considered later in
this paper, the maximum temperature attained at the bound-
ary is 89 K for cylindrical deposition at an Se of 100 eV /Å,
94 K for thermal depositions with �=1 nm at an Se of
200 eV /Å, and 100 K for thermal depositions with �
=2 nm at an Se of 250 eV /Å. The boundary temperatures
were considerably less for the lower values of Se considered:
18 K for cylindrical deposition with 10 eV /Å, 1 K for ther-
mal depositions with �=1 nm at 17 eV /Å, and 1 K for
thermal depositions with �=2 nm at 20 eV /Å. The simula-
tions are carried out for times ranging from 60 to 100 ps.

III. RESULTS

The variation of sputtering yield with the electronic en-
ergy loss Se for the cylindrical deposition model with a ra-
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dius of 7 Å, and thermal spike models with �=1, 2, and 3
nm are plotted in Fig. 1. At low Se, the yield depends dra-
matically on the model chosen and the parameters; for the
same Se, the yield is more than an order of magnitude higher
for cylindrical deposition than for the thermal spike deposi-
tion calculations. At high values of Se, the differences be-
come progressively much smaller.

A direct comparison of the sputtering yield resulting from
the two deposition mechanisms in terms of the Se is not
straightforward. Even though the molecular dynamics treat-
ment of sputtering for the two models is otherwise identical,
the initial energy of the target atoms before the start of mo-
tion and the energy kick imparted to target atoms during the
course of the simulation are different for the same Se. For the
cylindrical deposition model, the initial energies are well de-
fined; the Se values in Fig. 1 represent the total energy de-
posited equally on all atoms in a cylinder of 7 Å radius at
the beginning of the simulation. For the thermal spike depo-
sition, however, the Se in Fig. 1 represents the total energy
deposited initially on the electronic system by the projectile.
In this case, the energy deposited on the electronic system is
normalized in a way that the integral over time and radius is
equal to Se. The subsequent transfer of energy to the lattice
atoms is a continuous process. The atoms gain energy over a
period of time, which depends on the coupling parameter.
The processes of energy gain, loss to neighboring atoms, and
conversion to potential energy continue simultaneously for
some time.

The initial energy deposition cannot therefore be sepa-
rated from the subsequent transport as clearly for thermal
spike deposition as is possible for the cylindrical deposition
model. An equivalent initial point in time for a spikelike
model may be fixed with little ambiguity only in the case that
the electronic system loses a major portion of its energy to
the lattice before movement of the lattice atoms occurs, and
before the atoms start losing significant amounts of energy.
Then a time, which may be considered as that of initial depo-
sition, may be determined by finding when the electronic
energy has significantly reduced, the kinetic energy of the
lattice atoms has peaked, and the cumulative kick imparted
to the atoms has saturated.

To check whether such a condition is indeed realized, a
cylinder containing the initially energized atoms may be de-
fined, and the time evolution of the kinetic energy and the
energy transferred from the electronic system for the atoms
in this cylinder may be calculated. Any definition of this
initially energized cylinder is necessarily arbitrary. We use
two different definitions of the radius to see if it is possible to
find a time for which the conditions above are satisfied. The
time evolution of the cumulative energy deposited on the
lattice, totaled over all atoms that have received an energy
kick of at least 0.001 eV, is plotted in Fig. 2. Most of the
energy is transferred during the period between 0.007 and
0.05 ps, depending on the Se. At the largest values of Se for
�=1 nm and �=2 nm, more than 70% of the total-energy
transfer is completed by 0.02 ps. This proportion is more
than 90% for lower Se values. The time evolution of the
cumulative transferred energy for atoms in a cylinder of ra-
dius 0.7R0, where R0 is the radius of the minimal cylinder
that includes the positions at t=0 of all finally sputtered at-
oms, is displayed in Fig. 3. For this definition of the radius,
the energy transfer to the atoms stops at times between 0.007
and 0.025 ps. The kinetic energy of the atoms in the cylinder
defined like this starts falling off after 0.02 ps �Fig. 4�.
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FIG. 1. The sputtering yield plotted as a function of the elec-
tronic energy loss.
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Independent of the method used to define the initially af-
fected cylinder around the track core, therefore, a window
between 0.007 and 0.02 ps may be defined when the atoms
have received almost all the energy from the electronic sys-
tem, and before significant changes to the lattice have oc-
curred. The yield as a function of energy deposition on the
atoms at t=0 for cylindrical deposition, and t=0.007 and
0.02 ps for thermal deposition with �=1 nm and �=2 nm,
is plotted in Fig. 5. The trends are very similar for the earlier
and later values of simulation time for the thermal spike
depositions. Either one may then be used to extract informa-
tion on the role of the radial distribution alone on the sput-
tering yield. We define the energy deposition on all atoms
receiving a kick larger than 0.001 eV at t=0.02 ps for the
spikelike models as the energy deposition on the lattice; this
deposition is referred to henceforth as Si,0.001, or simply Si for
brevity. This enables a comparison with the initial energy
deposition Si=Se in the cylinder deposition model.

We note here that, in the analytical thermal spike model,
the electron-phonon mean-free time � can be deduced from

the electron-phonon mean-free path by the relation �2=De�.
For De=2 cm2 /s and �=2 nm, �=0.02 ps, consistent with
the above estimate. In our calculations, we see that the sub-
sequent movement of the atoms takes place over tens of pi-
coseconds, and sputtering takes place at times between 10
and 60 ps. These values are in agreement with both thermal
spike10 and fluid dynamics18 calculations.

The two distinct regimes observed in Fig. 1 persist in Fig.
5. At low initial deposition, the yield for uniform cylindrical
deposition is an order of magnitude higher than for the ther-
mal spike deposition for the same Si. Expectedly, the yield
for thermal spike deposition with �=1 nm is larger than that
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for deposition with �=2 nm; Due to the lower electron dif-
fusion length and stronger coupling, the deposition with �
=1 nm is closer to the case of cylindrical deposition than is
thermal deposition with �=2 nm.

At total initial deposited energies above a few hundred eV,
the yield for spikelike models is larger for the same total
deposited energy than for the cylindrical deposition model;
the plots in Fig. 5 are displayed on a linear scale in Fig. 6 to
emphasize the differences at high initial energy deposition.

In the low Si regime, the steady increase in the sputtering
yield with deposited energy for the cylindrical model above a
threshold is consistent with earlier simulations of sputtering
following uniform deposition in a cylinder of fixed radius.
The linear dependence of the yield on total energy deposited
above a threshold corresponding to the cohesive energy of
0.08 eV is a feature of both molecular dynamics12–14 and
fluid dynamics18 calculations. For low total initial energy
deposition, the number of atoms with high initial energy is
also larger for the cylinder model than for thermal deposi-
tion, where the energy is spread over a larger number of
atoms. It is conceivable that there is a more efficient contri-
bution to sputtering by atoms that have received a higher
initial energy. The yield against total initial deposition Si,0.08
calculated for only those atoms that start out with a deposited
energy greater than the cohesive energy of 0.08 eV is plotted

in Fig. 7. A similar scaling is indeed observed for all models
at low Si,0.08 values.

This argument does not, however, explain the yield ob-
served for high values of initial deposited energy Si,0.08 �Fig.
7�b��. For the same Si,0.08, yield for cylindrical deposition is
lower than that for thermal deposition. This is similar to the
yield dependence on the initial deposition Si on all atoms
�Fig. 6�. The yield as a function of the number of atoms with
an initial energy kick above 0.025 eV �the displacement en-
ergy for our LJ target is 0.0236 eV�, and above 0.08 eV, is
plotted in Fig. 8. We note the number of atoms is the same,
independent of Se, for the plots of the cylindrical model in
Fig. 8; this implies that for all except the lowest Se, the
deposited energy is enough to kick all atoms in the energized
cylinder above the threshold values. For cylindrical deposi-
tion, the total number of atoms that can receive energy is
constrained to the total number of atoms in the 7 Å ener-
gized cylinder and all the deposited energy is distributed
equally among a relatively small number of atoms. For ther-
mal deposition, the radius of the energized cylinder is as-
sumed to increase with Se. This implies more energized at-
oms for larger Se. Further, the energy is not distributed
equally but falls off with radial distance from the projectile
track; consequently, many energized atoms may be expected
to receive a relatively small amount of energy. From Fig. 8,
it is clear that for all but the smallest values of deposited
energy, a larger number of atoms is energized above the
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0.025 and 0.08 eV threshold values for the thermal deposi-
tion model than for cylindrical deposition at any given value
of Si. It is also apparent that the sputtering yield cannot be
related simply to a threshold value for the initial deposition
on an atom: for the cylindrical model, the yield rises with Si
even though the number of atoms above the threshold does
not change.

The dependence of the yield on the deposited energy ap-
pears thus to be amenable to different explanations for low
and high Si. At low Si values, the dependence is consistent
with the assumption that a minimum threshold deposition on
an atom is necessary for a contribution to sputtering. This is
not the case for large Si values. Instead, a higher yield is
associated with the deposited energy being spread out to a
larger number of atoms in a bigger radius �Figs. 5–7�. A
possible explanation for this may lie in the competition be-
tween radial flow and sputtering in the dissipation of the
deposited energy.18,20 In thermal spikelike models, the ex-
pansion of the electron gas during the deposition process
means that atoms farther away from the projectile track core
are directly able to receive energy from the electronic sys-

tem. Analytical thermal spike calculations show the relation
between the expansion of the electron system and the heating
of the track core;23 the heating time determined from these
calculations is nearly equal to the mean-free time deduced
from the electron-mean-free path. The increase in the tem-
perature near the core track is thus related to the heating
time, given by the electron energy expansion. In a cylindrical
deposition model, however, radial expansion takes place af-
ter the deposition and part of the deposited energy is trans-
ferred to atoms outside the initially energized cylinder. For
large Si, most of the sputtering does indeed involve atoms
that have not initially been energized; while only a few hun-
dred atoms in a 7 Å cylinder are directly assigned energies
at t=0, the sputtering yield reaches thousands and the radius
R0 of the minimal cylinder enclosing the positions at t=0 of
the sputtered atoms reaches tens of angstroms. The lower
yields observed for cylindrical deposition in Fig. 7�b� are
then indicative of some dissipation of the initial deposited
energy in the process of radial expansion and transfer to
atoms outside the initially energized cylinder.

The radial distribution of the deposited energy may be
quantified for thermal spike deposition by defining a thresh-
old for the energy deposition on a single atom, above which
the atom may be considered to be energized. A threshold
value of 0.001 eV is low enough to ensure that almost all
atoms that have received any energy during the transfer pro-
cess are counted among the energized. The smallest cylinder
enclosing all such energized atoms will be referred to as an
energized cylinder. At low initial deposition values, the ra-
dius of the energized cylinder for the thermal spike model
calculations is greater than but still comparable to the 7 Å
radius for the cylindrical deposition model. Above a few
hundred eV of total deposited energy, the number of ener-
gized atoms �Fig. 9� and the radius of the energized cylinder
�Fig. 10� are much larger for thermal spike deposition than
for the cylindrical deposition model.

The size of the sputtering yield has been shown to be
linked to the transport of energy to the surface.13 The part of
the initial deposited energy that goes into sputtering can thus
be expected to be related to the axial kinetic energy of the
atoms in the bulk. A comparison of the axial kinetic energies
of atoms in the initially energized cylinder and the cylinder
enclosing the initial positions of atoms that are finally sput-
tered is instructive. The time evolution of the total and axial
components of kinetic energy summed over all atoms, for
small and large Si, is plotted in Fig. 11. The time evolution of
the number of atoms with axial kinetic energy greater than
the surface binding energy of 0.08 eV for cylindrical and
thermal spike depositions is plotted in Fig. 12, with Se cho-
sen to provide similar initial energy depositions Si on the
lattice. For smaller energy depositions where the radii of the
energized cylinder are similar for all models, the axial kinetic
energies are larger for cylindrical deposition than for thermal
deposition and larger for the thermal spikelike deposition
with �=1 nm than for �=2 nm. For large energy deposi-
tions, this difference is much less significant.

The time evolution of the total and axial kinetic energies
summed over all atoms in a cylinder of radius 0.7R0 is plot-
ted in Fig. 13. The transfer of energy from atoms in the
initially energized cylinder to atoms outside for the cylinder
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deposition is reflected in the falling off of the 7 Å curve
relative to the 41 Å curve. The difference between the en-
ergy for the initially energized 7 Å cylinder and the larger

41 Å cylinder is more pronounced for the total than for the
axial kinetic energy. While the total kinetic energy is higher
for cylinder deposition than thermal deposition for atoms in
the 0.7R0 cylinder at large Se, the axial kinetic energy �Fig.
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13�d�� is comparable for the two deposition mechanisms.
This is reflected in the plots in Fig. 12 as well: the number of
atoms with an axial kinetic energy greater than 0.08 eV is
much larger for cylinder deposition at low Si and much
smaller than for thermal deposition at large Si. The overall
trend is similar to that in Fig. 11; the axial kinetic energy is
larger for cylinder deposition at low Si and not very different
from thermal spike deposition at high Si. This is consistent
with the trends for the yield at low and high values of the
total deposited energy. We may conclude from this that for
cylinder deposition at high Si values, the energy transfer out
of the initially energized cylinder appears to result in a less
than proportional increase in the axial kinetic energy of at-
oms outside. For low Si, however, this does not appear to be
a factor, and atoms receiving energy above a threshold con-
tribute efficiently to sputtering for both cylindrical and ther-
mal spike depositions.

IV. CONCLUSIONS

Using different values of the electron-lattice coupling for
the femtosecond- scale deposition of energy from the elec-
tronic system to the lattice, and the same classical molecular
dynamics framework for atomic motion and sputtering from
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a Lennard-Jones target, we observe a strong influence of the
radial distribution of the initially deposited energy on the
sputtering yield. The yield dependence reflects the radial ex-
pansion, in the thermal spikelike models, of the electronic
system prior to the transfer of energy to the lattice. While the
sensitivity of the yield to the time and radial distributions of
the initial energy deposition offers the possibility of a more
precise understanding of the electron-lattice coupling, it also

points to the need for more complete modeling of the trans-
fer process in order to facilitate comparisons with experi-
ment.
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