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The excitonic states and the quantum degenerate excitonic gas of spatially separated electron hole in an ideal
rolled up nanotube of type-II semiconductor quantum wells with reverse bias configuration are studied theo-
retically. To illustrate the situation using the material constants appropriate to GaAs/AlAs type-II semiconduc-
tor, the exciton binding energy, its ground-state wave function, and the energies of the two low lying rotational
states are calculated by numerical diagonalization of the single electron-hole Hamiltonian. By exploiting the
ground-state wave function, the exciton-exciton interaction potential in the low-density limit is evaluated and
found to be repulsive. It is then shown that a gas of such excitons at low temperature below the energies of the
low lying rotational states behaves as a quasi-one-dimensional bosonic gas, which, at low density, is in the
strong-coupling regime, and the excitons become fermions and the orthoexcitonic gas is paramagnetic.
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I. INTRODUCTION

Since the first experimental observation of the Bose-
Einstein condensation �BEC� in a weakly interacting sample
of ultracold trapped gases of alkali atoms,1 the subject of a
degenerate system of bosons, i.e., the bosonic quantum liq-
uid, has evolved to be a field of very active research in both
atomic and condensed-matter physics.2,3 Such liquid would
exhibit a quantum condensate in which a macroscopic num-
ber of either single particles or of pairs of particles are con-
densed into the same quantum state.4 The quest for the real-
ization of BEC in other systems such as excitons,3,5–7 exciton
polaritons in semiconductor microcavities,8–10 magnons,11

and Hall bilayers12 is still actively pursued with no conclu-
sive evidence. Exciton and polariton BECs are the most
promising candidates, following early suggestions of pos-
sible excitonic BEC proposed by Moskalenko,13 Blatt et
al.,14 and Keldysh and Koslov15 in the 1960s. The strong
Coulomb-correlated pair of electron and hole, which is an
exciton, in a semiconductor behaves like a boson and a gas
of excitons is expected to undergo BEC under appropriate
circumstances. Due to their light masses, excitons transform
into quantum condensate at a temperature several orders of
magnitude higher than for atomic gases.8,9

A very large number of studies have been devoted to the
possible condensation of excitons in different types of bulk
semiconductors.3,16–20 Contrary to the infinite lifetime of
atomic gases, in such systems, difficulty originates from the
short excitonic lifetime, which can range from a few pico-
seconds to microseconds. This prevents sufficient number of
excitons to build up a condensed ordered phase. One way to
overcome this difficulty is to exploit a two-dimensional sys-
tem of spatially separated electron hole �SSEH� pairs, which
are indirect excitons that allows the realization of a long-
lived exciton gas. There have been several claims of the
excitonic condensation of indirect excitons in coupled quan-
tum wells �QWs�.6,21–26 In such systems, interacting elec-
trons and holes are restricted to move in separated lower
dimensional structures. In fact, since the pioneering works in
Refs. 27–32 over the past four decades, designing and creat-

ing new types of SSEH devices for investigating various
possible low-temperature collective phases such as BEC,
Mott transition, and the coherent BCS-type state of e-h pairs
have received tremendous attentions.

In this paper we propose an ideal rolled up type-II semi-
conductor QW with reverse bias configuration in which elec-
trons and holes are spatially separated in two concentric cy-
lindrical tubes by the applied voltage �see Fig. 1�. The
motivation of this work is to create a quasi-one-dimensional
�1D� bosonic gas of excitons �para or ortho� based on curved
SSEH layers and to investigate its properties. Owing to the
advancement of semiconductor nanotechnology, it is becom-
ing possible to fabricate such curved two-dimensional sys-
tems where the electrons and holes are close enough to in-
teract strongly while tolerably separated from others to
prevent tunneling and optical recombination.33 Some early
works34 have also shown that in spatially separated excitonic
systems when the charge separation between the electrons
and holes within a single exciton in low-dimensional struc-
tures is large enough, the interaction between indirect exci-
tons are completely repulsive so that the exciton gas is stable
against collapse.

The paper is organized as follow. In Sec. II, we adopt an
ideal type-II semiconductor QW nanotube in reverse bias
configuration based on the GaAs/AlAs material
properties35,36 where, because of reverse biasing, the elec-
trons are restricted to move on the outer tube, and the holes
over the inner one and the center of mass of the exciton has
translational motion along the tube axis. We establish the
single exciton Hamiltonian and calculate its low lying spec-
trum. In Sec. III, using the aforesaid single exciton wave
functions, the exciton-exciton interaction is evaluated and
found to be repulsive. This repulsive interaction between the
excitons is helpful to stabilize the exciton state against estab-
lishment of exciton molecules and for the formation of
quasi-1D repulsive bosonic gas. Finally, in Sec. IV, by map-
ping the exciton gas onto a quasi-1D bosonic gas interacting
via the delta-function potential, we discuss the properties of
the quasi-1D bosonic gas of excitons at the low-temperature
and low-density limit.
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II. MODEL AND APPROACH

As depicted in Fig. 1, we address a model consisting of a
rolled up type-II semiconductor QW nanotube in which by
reverse biasing the electrons and holes, accumulate and
move over the outer and inner tubular shells close to the
outer and inner dielectric layers, respectively. As a model, we
assume that the electrons and holes are strongly confined in
the radial direction close to the dielectric layers by the ap-
plied reverse bias voltage. Consequently, the effective thick-
ness of each accumulation layer is assumed to be very nar-
row. This assumption implies that the wave-function spread
for both electrons and holes in the radial direction is negli-
gible. In this model, contrary to the case of single-wall nano-
tube, the electron and hole wave functions cannot overlap
and they can only interact via their Coulomb attraction, and
the electron-hole exchange term is zero.3 Also, due to spatial
separation of electron and hole in double-wall nanotube, the
excitons have permanent electric multipole fields. For sim-
plicity, we assume the thicknesses of the accumulation layers
to be zero. Furthermore, we only consider the low-density
limit. In this limit, the screening, due to other electrons and
holes on the Coulomb attraction between electron and hole
of an exciton, can be neglected.

For electron and hole masses, we choose the parameters
of GaAs/AlAs: mez

� =1.1me, mexy

� =0.19me, and mhz

� =mhxy

�

=0.37me, where me is the free-electron mass.34,35 Using cy-
lindrical coordinates, x�i= ��i ,�i ,zi�,37 where the indices i
=h ,e correspond to the hole and electron, and �h and �e
��h��e� are the radii of the tubular shells of the accumulated
holes and electrons, respectively. The Hamiltonian describ-
ing the dynamic of electron and hole in the effective-mass
approximation is given by

Ĥ = −
�2

2mexy

� �e
2

�2

��e
2 −

�2

2mez

�

�2

�ze
2 −

�2

2mhxy

� �h
2

�2

��h
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�2

2mhz

�

�2

�zh
2

−
e2

���e
2 + �h

2 − 2�e�h cos��e − �h� + �ze − zh�2�1/2 , �1�

in which the first and the second terms are, respectively,
kinetic energies of the electron and hole, and the last term is
the Coulomb potential, e is the electron charge, and �
=12.53 is the dielectric constant of the nanotube. It is now
convenient to separate the motion of the two particles in the
z direction into that of the center of mass of the exciton and
its relative motion. The exciton wave function may then be
written as

��zcm;zrel,�e,�h� = ��zrel,�e,�h�	k�zcm� , �2�

where 	k�zcm�=1 /�2
eikzcm is the wave function of the cen-
ter of mass and ��zrel ,�e ,�h� is the relative wave function of
the exciton. As a consequence of the axial symmetry of the
nanotube, the total angular momentum of the exciton, Lz
=Lze

+Lzh
, is conserved and there is no coupling between the

eigenfunctions with different values of the total angular mo-
mentum. Therefore, it is convenient to expand the relative
eigenfunctions of the exciton in terms of the normalized
eigenfunctions of the Lz, ��1 /2
�ei�l1�e+l2�h��. If we denote
the relative eigenfunctions of the exciton by �l

n in the eigen-
function basis of Lz, they can be written as

�l
n�zrel,�e,�h� = � 1

2

� �

l1,l2=−�

l=l1+l2

�

f l1,l2
n �zrel�e−i�l1�e+l2�h�, �3�

where l= l1+ l2 is the quantum number of the total orbital
angular momentum of the exciton and n is its principle quan-
tum number. The functions f l1,l2

n �zrel� in Eq. �3� depend on the
relative coordinate of the electron and hole in the z direction,
and they obey the following coupled-channel Schrödinger’s
equation,

−
d2

dzrel
2 f l1,l2

n �zrel� + �
m=−�

�

Vl1,l2
m �zrel�f l1+m,l2−m

n �zrel�

= El
nf l1,l2

n �zrel�; l = l1 + l2, �4�

for l=0, �1, �2, . . . and n=0,1 ,2 , . . .. The transforma-
tion of the Hamiltonian �Eq. �1�� to the center of mass with
their associated variables, and the functional form of Vl1,l2

m

and their graphs are presented in Appendix A
Since we are interested in obtaining low lying bound

states of the exciton, we numerically solve the system of Eq.
�4� with boundary conditions f l1,l2

n �−��= f l1,l2
n ���=0. For this

purpose, we have exploited the FDEXTR code based on the

FIG. 1. �Color online� Cross section of an ideal rolled up semi-
conductor QW nanotube of GaAs/AlAs. The outer and inner tubes
are wide band-gap dielectrics; the dotted circles adjacent to the
dielectric layers are the electron and hole accumulation layers. The
structure is in reverse bias configuration. For the numerical calcu-
lation, we have assumed �h=25a�	600 Å, and the separation of
the electron and hole accumulation layers to be d= 
�e−�h
=1.5a�

	36 Å.

MEHRAN BAGHERI AND FARSHAD EBRAHIMI PHYSICAL REVIEW B 78, 045312 �2008�

045312-2



Richardson extrapolation.38 The systems of coupled equa-
tions are solved for a fixed value of l. For example, the case
l2=−l1 corresponds to zero total angular momentum l=0. So,
we have to solve a system of coupled equations for each
value of the total angular momentum l separately. For our
objective, we run the code with the configuration of Fig. 1
for l=0 and l= �1 with 105 and 106 channels, respectively.
Increasing the number of channels leaves the results practi-
cally unchanged up to 10−5. As depicted in Fig. 2, the
ground-state energy for the cases l=0 and l= �1, i.e., El=0

0

and El=�1
0 , are −13.85364 and −13.83537 meV, respectively.

We have also calculated the first-excited-state energy for the
case l=0. For the binding energy of this state, we obtained
the value of −6.38184 meV. Furthermore, in Fig. 3, we have
presented the calculated exciton ground-state energy as a
function of the separation of the electron and hole layers. In
Fig. 4, panels �a� and �b� show the first five smallest and the
first five largest terms of the expansion of the ground-state
wave function of the exciton, respectively. As shown, the
dominant contribution comes from the component f0,0

0 . The
size of the exciton, which is related to the e-h interaction,
can be determined from the width of the ground-state prob-
ability distribution. Figure 5 exhibits the ground-state prob-
ability distribution of the exciton along the zrel direction. Fi-
nally, we have calculated the mean quadratic e-h separation,
a= �zrel

2 �1/2, which gives an idea of the size of the exciton. It
is found to be 41.52 Å.

III. EXCITON-EXCITON INTERACTION

Since we are interested in the bosonic properties of spa-
tially separated excitonic gas in rolled up nanotube of GaAs/
AlAs QW, we consider the low density limit set by the con-
dition, n1Da1, where n1D is the linear density of the gas
and a is the size of the exciton. This is the density range
where the interparticle spacing, n1D

−1 , is much larger than the
size of the exciton, a. In this range of density, the excitons
will act as bosons and the Bose properties of excitons domi-
nate the behavior of the gas.

The Hamiltonian of such a bosonic gas consists of the
energy of the relative motion of electrons and holes, the ki-
netic energy of the translational motion of the center of mass
of the excitons, and the sum of the exciton-exciton interac-
tions. In terms of second-quantized bosonic field operators

�̂�zcm ;zrel ,�e ,�h�, the first two parts of the Hamiltonian can
be written as39

Ĥ1 = �
−�

� �
−�

� �
0

2
 �
0

2


dzcmdzreld�ed�h�̂†�zcm;zrel,�e,�h�

� �−
�2

2M�

�2

�zcm
2 + Ĥrel��̂�zcm;zrel,�e,�h� . �5�

The contribution of the exciton-exciton interactions to the
Hamiltonian of the exciton gas has two parts: one from the
direct Coulomb interactions between electrons and holes of
different excitons, which has the form

Ĥ2 =
1

2
�

−�

� �
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FIG. 2. �Color online� The energy diagram for �n=0, l=0�, �n
=0, l= �1�, and �n=1, l=0� states of the exciton in rolled up nano-
tube of GaAs/AlAs QW with �h=25a�, �e=26.5a�, and d=1.5a�.
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FIG. 3. �Color online� The exciton ground-state energy E0
0 as a

function of 18 values of the separation of the electron and hole
layers.
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and a part from the Coulomb exchange effect. We will show
that in our model, due to the repulsive force between exci-
tons, this term is small and can be dropped from the Hamil-
tonian.

Since we are interested in the excitonic states of electron

hole, we expand the field operator �̂�zcm;zrel ,�e ,�h� in
terms of the center-of-mass wave functions, �	k�zcm��, and
excitonic eigenfunctions, ��l

n�zrel ,�e ,�h��,

�̂�zcm;zrel,�e,�h� = �
n=0

�

�
l=−�

�

�
k

b̂l
n�k�	k�zcm��l

n�zrel,�e,�h� ,

�7�

where n and l are introduced in Eq. �3�, and b̂l
n�k� is the

annihilation operator, which obeys the usual boson commu-

tation relations. For temperatures much lower than the ener-
gies of the first-excited rotational states of the exciton, i.e.,
n=0 and l= �1, we can approximate the field operator by
keeping only the n=0, l=0 term in the expansion. This re-
duces the form of the field operator to

�̂�zcm;zrel,�e,�h� = �
k

b̂0
0�k�	k�zcm��0

0�zrel,�e,�h� . �8�

Using the above field operator in the total Hamiltonian and
defining the bosonic field operator

�̂�zcm� = �
k

b̂0
0�k�	k�zcm� , �9�

which annihilates an exciton when it is in its ground state at
point zcm, after integration over the variables zrel1

, zrel2
, �e,

and �h, we obtain the following effective 1D Hamiltonian

Ĥeff = �
−�

�

dzcm�̂†�zcm��−
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� �
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� ,

�10�

where V�z�, with z��zcm1
−zcm2

�, is the interaction potential between two excitons in their ground, state which is the sum of
the following four terms
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0 �zrel1

�
2
f��,−��
0 �zrel2

�
2; i = 1,2,3,4, �11�

zrel/a
*

f0 l,-
l

0 1 2 3 4
0

0.0001

0.0002

0.0003

0.0004

0.0005 f0
52,-52=f0

-52,52

f0
51,-51=f0

-51,51

f0
50,-50=f0

-50,50

f0
49,-49=f0

-49,49

f0
48,-48=f0

-48,48

(a)

ρ

ρ
e

h

=26.5a*

=25a*

zrel/a
*

0 3 6 9 12
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14
f0
5,-5=f0

-5,5

f0
3,-3=f0

-3,3

f0
2,-2=f0

-2,2

f0
1,-1=f0

-1,1

f0
0,0

(b)

ρ

ρ
e

h

=26.5a*

=25a*

FIG. 4. �Color online� The �a� five smallest and the �b� five largest terms of the ground-state exciton wave function as functions of the
electron-hole separation zrel.
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where Ci and �i for i=1,2 ,3 ,4 are given in Appendix B. The
numerically calculated interaction potential between two ex-
citons for three different thicknesses are plotted in Fig. 6, the
interaction is repulsive for all values of z. This can be ex-
plained by the effects of the charge separation of excitons
imposed by the double-wall geometry of the nanotube, which
creates effective electric multipole moments for the excitons.
In Appendix B, the lowest-order multipole expansion of the
interaction potential between two excitons is derived. In the
lowest order, the interaction potential for z̄��̄e has the form
Mquad / 
z̄
5. This is a repulsive quadrupole interaction with

Mquad=12�mez

�2
−mhz

�2
�2ā4 /M�2

+3��̄e
2− �̄h

2�2. The second term is
due to the charge separation of excitons, which, for single-
wall nanotube, is absent. The absence of dipole term in the
interaction potential is owing to the cylindrical symmetry of
the nanotube, which averages the dipole term to zero.

The order of exchange interaction between two excitons
and its contribution to the total energy of the gas depends on
the degree of overlap of wave functions of the excitons, and
the density of the gas, respectively. The extent of overlap of
the wave functions depends on the penetration probability
through the repulsive potential between two excitons. Using
the WKB �Ref. 40� approximation, we have calculated the
penetration probability through the potential, given by the
sum of the four terms in Eq. �11�, to a distance of the size of
the exciton. For �h=25a� and �e=26.5a�, and energy of the
exciton of the order of its thermal energy for temperature less
than 0.2 K, the penetration probability is less than 8.44
�10−2. So, for the temperature range of our model, the over-
laps of the wave functions of the excitons are very small and
for the low-density regime, n1Da1, the exchange effects
can be neglected.

In the low-density limit, we can approximate the exciton-
exciton interaction potential by its s-wave scattering length,
V�z�=g1D��z�, where g1D=−�2 / �̃�a1D is the coupling
strength in which �̃�=M� /2 is the reduced mass of two ex-
citons and a1D is the 1D scattering length.41 The scattering
solution of the 1D Schrödinger equation with the relative
coordinate z has the general form42

�̃�z�  eikz + 2eik
z
�
�=0

1

iei�� sin����Y��ẑ� , �12�

where 
k
=�2�̃�Ẽ /�, and Y��ẑ� and �=0,1 are 1D spherical
harmonics defined as Y0�ẑ�=1 /�2 and Y1�ẑ�=sign�z� /�2,
and �� are the scattering phase shifts, which for s wave, �
=0, is given by the formula42

�0�k� = − kR + arctan�−
�0�k�

k
� . �13�

In the above equation, R is the maximum range of the
exciton-exciton potential, in which we can choose to comply
with the accuracy of the potential �10−5�, and �0 is the
logarithmic derivative of the wave function evaluated at
point R. The 1D s-wave scattering length can be determined
using the relation41

a1D = − lim
k→0

��0�k�
�k

. �14�

For the potential, V�z�, depicted in Fig. 6 �d=36 Å� and
choosing R25a� to comply with the numerical accuracy,
we obtain, for the a1D, the value of 86.14 Å. Thus, a gas
of SSEH excitons in a rolled up nanotube of GaAs/AlAs QW
at low enough temperatures and low enough densities be-
haves as a quasi-1D bosonic gas with repulsive delta-
function potential.

IV. RESULTS AND CONCLUSION

We now investigate the prospect of reaching the quantum
degeneracy in the SSEH excitonic gas in the rolled up nano-
tube of GaAs/AlAs semiconductor QW. We start by briefly
reviewing the properties of an interacting 1D Bose gas in the
thermodynamic limit.

For a 1D Bose gas with repulsive delta-function potential
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FIG. 5. �Color online� The extent of the ground-state probability
density distribution of the exciton along zrel.
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FIG. 6. �Color online� The exciton-exciton interaction potential
as a function of the relative distance for three different values of the
separation of the electron and hole layers.
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with the coupling strength, g1D, linear gas density, n1D, and
particle mass, M�, the dimensionless coupling parameter is
�=M�g1D /2�2n1D. In the weak-coupling limit, i.e., when �
1, for temperatures between the quantum degeneracy tem-
perature, Td=�2n1D

2 /2M�kB, and ��Td, the gas is in the fully
decoherence regime. For temperatures less than ��Td, the
gas enters the quasicondensate state, which is a Bose con-
densate state with fluctuating phase. In the strong-coupling
regime �Tonks-Girardeau regime43�, ��1, the phenomena of
fermionization happens. In this regime due to the strong re-
pulsive potential between the bosons, the wave function of
the gas must be antisymmetric with respect to the space vari-
ables of the particles. In this regime, the boson gas behaves
like a free fermion gas both below and above the degeneracy
temperature.44

For the SSEH exciton gas presented in the previous sec-
tion, at temperatures less than 
El=�1

0 −El=0
0 
 /kB, only the

ground state of the exciton is relevant and the exciton gas
can be considered as a single-component quasi-1D Bose gas.
This temperature for our model is 0.2 K. The quantum de-
generacy limit is reached when the thermal de-Broglie wave-
length, �T= �2
�2 /M�kBT�1/2, becomes comparable with the
interparticle spacing, n1D

−1 , i.e., when we have n1D�T1. This
happens at temperature equal to Td. At low densities when
n1Da1D1, the SSEH exciton gas in our model has a repul-
sive delta-function potential. If we choose the linear densities
of electrons and holes to be about n1D=5�104 cm−1, the
degeneracy temperature is Td7.42 mK with a1D
=86.14 Å, the coupling constant is g1D121 meV Å, and
the above condition for the s-wave approximation is well
satisfied, and the exciton gas in the nanotube is in the strong-
coupling regime with �48. In this regime the excitons be-
come fermions with respect to their space variables, both
below and above the degeneracy temperature, and the ground
state of the gas has a 1D Fermi-Dirac distribution with each
state being occupied with only one exciton regardless of its
spin state. Thus, a gas of orthoexcitons, s=1, in this regime
is paramagnetic.44 Furthermore, for all the excitons to be-
come fermionic, it is also necessary that the Fermi energy of
the gas be less than 
El=�1

0 −El=0
0 
 or n1D

��2M�
El=�1
0 −El=0

0 
 /
2�2 to prevent transition to the l
= �1 rotational states of the exciton where, for n1D=5
�104 cm−1, this condition is also fulfilled.
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APPENDIX A

In this appendix we present the transformation to the cen-
ter of mass and relative coordinates of the exciton. We utilize
zcm= �mez

� ze+mhz

� zh� / �mez

� +mhz

� � and its relative coordinate,
zrel=ze−zh, in the z direction, thereby introducing the total
mass M�=mez

� +mhz

� and the reduced mass ��=mez

� mhz

� /M�.

Therefore, the total Hamiltonian of the exciton can be writ-
ten as follows:

Ĥ = Ĥcm + Ĥrel, �A1�

in which

Ĥcm = −
�2

2M�

�2

�zcm
2 , �A2�

and

Ĥrel = −
�2

2��

�2

�zrel
2 −

�2

2Ie

�2

��e
2 −

�2

2Ih

�2

��h
2

−
e2

���e
2 + �h

2 − 2�e�h cos��e − �h� + zrel
2 �1/2 , �A3�

where Ie=mexy

� �e
2 and Ih=mhxy

� �h
2 are the electron and hole

moment of inertia, respectively. For determining the eigen-
functions and eigenvalues of the relative Hamiltonian, it is
desirable to expand the Coulomb interaction potential in
terms of the angular functions as follows:45

−
e2

���e
2 + �h

2 − 2�e�h cos��e − �h� + zrel
2 �1/2

= −
e2


���e�h
�

m=−�

�

eim��e−�h�Q
m
−1/2��� , �A4�

where Q
m
−1/2 is the half-integer degree Legendre function of
the second kind with ����e

2+�h
2+zrel

2 � / �2�e�h�. Using the ef-
fective Bohr radius a�=��2 /��e2	24 Å and the effective
Rydberg energy Ryd�=�2 /2��a�2	24 meV as units of
length and energy, respectively, we define the dimensionless
coordinate z̄rel=zrel /a� and the dimensionless energy E
=E /Ryd�. Thus, the relative wave function of the exciton
meets Schrödinger’s equation as follows:

�Ĥrel − ÎE���z̄rel,�e,�h� = 0, �A5�

which the matrix elements of its potential expression, Vl1,l2
m ,

is given by

Vl1,l2
m ��� = −

2


��̄e�̄h

Q
m
−1/2���

+ ��� �l1 + m�2

mexy

� �̄e
2 +

�l2 − m�2

mhxy

� �̄h
2 ��m,0, �A6�

with �̄i=�i /a� for i=e ,h. These matrix elements are equal
along each codiagonal in the space spanned by l1 and l2.
More importantly, the potential matrix has even parity so the
functions f l1,l2

n �z̄rel� of the eigenvectors are either all symmet-
ric or antisymmetric. In Fig. 7, the first nine elements of the
matrix Vl1,l2

m �zrel� are depicted as functions of zrel for the case
l=0. The components Vl1,l2

m are finite for zrel=0 and
Q
m
−1/2��� have −1 / z̄rel asymptotic behavior for z̄rel→�.
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APPENDIX B

The constants Ci and the variables of the Legendre func-
tion of the second kind, �i, for i=1,2 ,3 ,4 are C1=e2 /
��e,

C2=e2 /
��h, and C3=C4=−e2 /
���e�h, and �1=1
+ �� /a��2+z1

2 /2�e
2, �2=1+ �� /a��2+z2

2 /2�h
2, �3= ��e

2+�h
2

+z3
2� /2�e�h, and �4= ��e

2+�h
2+z4

2� /2�e�h, where z1=z+ �zrel1

−zrel2
�mhz

� /M�, z2=z− �zrel1
−zrel2

�mez

� /M�, z3=z+ �mhz

� zrel1
+mez

� zrel2
� /M�, and z4=−z+ �mez

� zrel1
+mhz

� zrel2
� /M�. The con-

stant �=10−5a� is the classical radius of electron, introduced
into the potential to prevent the e-e and h-h Coulomb inter-
actions from diverging at z1=0 and z2=0.

For considering the asymptotic behavior of the functions
Q
m
−1/2��i�, we express them in terms of Gauss’s hypergeo-
metric functions, as follows:

Q
m
−1/2��i� =
�
�� 2m+1

2 �
��m + 1��2�i�2m+1/2 2F1�2m + 3

4
,
2m + 1

4
;m

+ 1;
1

�i
2� ; i = 1,2,3,4, �B1�

where � is the Gamma function and 2F1 is the specific hy-
pergeometric function.45 Using the series expansion for 2F1,
we obtain the following expression for Q−1/2��i�

Q−1/2��i� =
�� 1

2��


�� 3
4��� 1

4��2�i�1/2 �
n=0

�
�� 4n+3

4 ��� 4n+1
4 �

���n + 1��2�i
2n ;

i = 1,2,3,4. �B2�

Upon evaluating the limit of CiQ−1/2��i� for large values of z,
z��e, to the order of 1 / 
z̄
6 in terms of dimensionless vari-
ables, we obtain

lim
z̄→�

��
i=1

4

CiQ−1/2��i�� = 2�− A1 − A2 + A3 + A4�� 1


z̄

�2

+ 2��A1
2 −

1

2B1
� + �A2

2 −
1

2B2
� − �A3

2 −
U

2B
� − �A4

2 −
U

2B
��� 1


z̄

�3

+ 2��− A1
3 +

3A1

2B1
� + �− A2

3 +
3A2

2B2
� − �− A3

3 +
3A3U

2B
� − �A4

3 −
3A4U

2B
��� 1


z̄

�4

+ 2��A1
4 −

3A1
2

B1
+

3

8B1
2� + �A2

4 −
3A2

2

B2
+

3

8B2
2�� − �A3

4 −
3UA3

2

B
+

3U2

8B2 �
− ��A4

4 −
3UA4

2

B
+

3U2

8B2 � −
3

8B2 +
3

16B1
2 +

3

16B2
2�� 1


z̄

�5

+ O� 1


z̄

�6

, �B3�

in which A1= �z̄rel1
− z̄rel2

�mhz

� /M�, A2=−�z̄rel1
− z̄rel2

�mez

� /M�,

A3= �mhz

� z̄rel1
+mez

� z̄rel2
� /M�, A4= �mez

� z̄rel1
+mhz

� z̄rel2
� /M�,

B1=1 /2�̄e
2, B2=1 /2�̄h

2, B=1 /2�̄e�̄h, and U=
�̄e

2+�̄h
2

2�̄e�̄h
. In Eq. �B3�

only those terms, which have even parity over zrel1
and zrel2

,
contribute to the interaction potential between two excitons.
Owing to the odd symmetry, it can be easily verified that the
first three terms do not have any quota. Therefore, only the
even-parity terms in the coefficient of the quadrupole term,
i.e., the fourth term, has significant contribution. By drop-

ping terms that have odd parity, the coefficient of the quad-
rupole term simplifies to

Cquad = 12�mez

�2
− mhz

�2

M�2 �2

z̄rel1
2 z̄rel2

2 + 6�mez

�2
+ mhz

�2

M�2 ���̄e
2 − �̄h

2�

��z̄rel1
2 − z̄rel2

2 � + 3��̄e
2 − �̄h

2�2. �B4�

Using Eq. �11� the repulsive quadrupole interaction between

zrel/a
*

V
m l1

,l2

0 10 20 30 40 50

-0.12

-0.09

-0.06

-0.03

0

V1
-1,1=V1

0,0=V-1
0,0=V-1

1,-1

V2
-1,1=V-2

1,-1

V0
-1,1=V0

1,-1

V0
0,0

FIG. 7. �Color online� Plots of the first nine components of Vl1,l2
m

as functions of the axial electron-hole separation, zrel, for �h=25a�,
�e=26.5a�, d=1.5a�, and l=0.
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two excitons can then be written as follows:

V�
z̄
� =
Mquad


z̄
5
, �B5�

where Mquad is given by

Mquad = �
−�

� �
−�

�

dz̄rel1
dz̄rel2

Cquad�z̄rel1
, z̄rel2

� �
�=−52

52

�
��=−52

52


f�,−�
0 �z̄rel1

�
2
f��,−��
0 �z̄rel2

�
2, �B6�

which is equal to

Mquad = 12�mez

�2
− mhz

�2

M�2 �2

ā4 + 3��̄e
2 − �̄h

2�2. �B7�
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