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In this work we show that the spreading Ohmic resistance of a quasi-two-dimensional system of size �,
thickness t, and with a constriction of size W connecting two half-parts of resistivity � goes as
�2� /�t�ln�� /W�, diverging logarithmically with the size. Measurements in highly oriented pyrolytic graphite
�HOPG� as well as numerical simulations confirm this relation. Furthermore, we present an experimental
method that allows us to obtain the carriers’ mean-free path ��T�, the Fermi wavelength ��T�, and the mobility
��T� directly from experiments without adjustable parameters. Measuring the electrical resistance through
microfabricated constrictions in HOPG and observing the transition from Ohmic to ballistic regime, we obtain
that 0.2 �m���10 �m, 0.1 �m���2 �m, and a mobility 5�104 cm2 /V s���4�107 cm2 /V s
when the temperature T decreases from 270 to 3 K. A comparison of these results with those from literature
indicates that conventional, multiband Boltzmann-Drude approaches are inadequate for oriented graphite. The
upper value obtained for the mobility is much larger than that for the mobility in graphene samples of
micrometer size can have.
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I. INTRODUCTION

If the mean-free path � is of the order or larger than the
sample size, ballistic transport and not Ohm’s law rules the
physical properties. Therefore, a requisite to understand the
transport properties of micrometer size or smaller conducting
samples is the knowledge of the mean-free path. If this is of
the order or larger than the sample size �or the macroscopic
crystallite size within a polycrystalline sample� Boltzmann’s
equations cannot be used to determine the electrical resis-
tance. Nowadays graphite is a material that attracts the inter-
est of the solid-state community, partially because of its
anomalous transport behavior as the ordinary magnetoresis-
tance �OMR� �Ref. 1� ferromagnetism2 and because it is sim-
ply composed by graphene layers, which perfection is
thought to be much larger than in single graphene layers
attached to dielectric substrates.3 Additionally, measurements
of the OMR in graphite samples as a function of temperature
�T� and sample size4 indicate that the mean-free path should
be of the order of microns or larger at low T. Therefore, the
determination of � is crucial to understand the previous phe-
nomena. Not only � but also the Fermi wavelength � are of
importance because this last is directly related to the carrier
density n. If � is of the order of the sample size we will also
have electron-diffraction effects. The carrier density in turn
determines the screening length that indicates the metallic,
semiconducting or insulating behavior of the material.

In the proposed band structure for idealized translational
invariant graphite,5 all the previous physical parameters are
temperature dependent. For decades, the transport properties
of graphite have been studied by measuring the resistance R,

the OMR, the Hall effect, etc., and interpreted them using the
so-called two band model within the usual Boltzmann-Drude
approach.6 This model consists in a four temperature depen-
dent free parameters, namely, two mobilities and two carrier
densities and the basic assumption of diffusive Ohmic behav-
ior of the conduction electrons. The determination of these
parameters using this model implies fitting transport data
with at least four free parameters. In clear contrast to this
general practice we develop here an experimental method
that allows obtaining these quantities directly from experi-
ment without free parameters or arbitrary assumptions. The
idea is to use constrictions built in a graphite sample.

The transport of carriers shifts from Ohmic to ballistic
when ��T��W, the constriction width.7 Measuring R as a
function of W as well as of T we can determine experimen-
tally and in a unique way ��T� observing the shift and change
in slope of R�T� from Ohmic to a ballistic regime as T re-
duces. To our knowledge this is a clear way to distinguish the
ballistic from the Ohmic resistance of the sample and to de-
termine the Knudsen-Sharvin resistance7,8 this regime cross-
over should rather be universal and be observed for all con-
strictions. The difference between the resistance of the
samples with and without constriction gives us ��T�. We note
that our experiment provides an average behavior of the car-
riers. As our sample is highly oriented pyrolytic graphite
�HOPG� we discuss the problem as a two-dimensional �2D�
system with a given number of layers. Our data demonstrate
that not only the carriers in HOPG have very large ��T� in
agreement with OMR results but also a giant mobility, which
rises to 4�107 cm2 /V s at low temperatures.

The paper has five more sections. Section II describes
shortly the existing theory for the resistance of constrictions
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in three dimensions following with the corresponding formu-
las for the 2D case, our original contribution, and the de-
scription of the experimental method we propose to obtain
the mean-free path directly from experiments without adjust-
able parameters. Section III provides a few experimental de-
tails. In Sec. IV we show the main experimental results. The
discussion and the comparison of the results with published
data are given in Sec. V. The main conclusions are shown in
Sec. VI.

II. OHMIC AND BALLISTIC CONTRIBUTIONS TO THE
RESISTANCE OF THREE-DIMENSIONAL AND 2D

SYSTEMS WITH CONSTRICTIONS

In what follows we first review shortly the existing theory
for three-dimensional �3D� constrictions and then develop
the behavior for two dimensions since our experiments will
be done in 2D constrictions. We used a free-electron-gas
model for massive electrons that is consistent with a band
structure for low carrier density and parabolic dispersion
relation.5 For higher densities the dispersion may become
linear but we are interested in densities between 108 and
1011 electron /cm2, where the transport is ballistic with a
large mobility and mean-free path.

Consider the geometry depicted in Fig. 1�a� for a constric-
tion in a screen. Since Maxwell it is known that a constrict-
ing circular orifice of diameter W in a thin, nontransparent
screen of size Ls produces a spreading resistance that is equal

to the ��T� /W if the ratio �/W	1 ���T� is the resistivity of
the material�. However when this ratio increases there are
two corrections to the Maxwell spreading resistance: �i� the
Ohmic value is corrected by a factor of the order of unity as
pointed by Wexler9 �ii� and more important, a dominant bal-
listic term appears when � /W
1. This was observed by
Knudsen and Sharvin7,9 and the value of R reads8,9

R3D = 4��T��/3A + ��k���T�/W , �1�

where A=�W2 /4 is the area of the hole or constriction and
���� is a smooth varying geometrical factor that is unity
when �=W /� tends to infinity, recovering the Maxwell re-
sistance, and is 0.67 when � goes to zero.9 In Eq. �1� the first
and the second terms of the right-hand side �rhs� correspond
with the Knudsen-Sharvin and Ohmic resistances, respec-
tively. The spreading Ohmic resistance in three dimensions
can be estimated within a factor 2 /� off from the exact Max-
well’s solution assuming a hemisphere in which the electric
field E�r�=J3D�r���T�. The radius r is taken at the constric-
tion middle point and J3D�r� is the current density equal to
the total current I divided by half of a sphere, i.e., J3D�r�
= I /2�r2 assuming that due to symmetry the current is radial
far away from the constriction. For a similar calculation in
the 2D case we have assume that the spreading Ohmic resis-
tance of a constriction separating two semi-infinite media is
given by

Rs,2D = 2���T�/t�
�

W/2

�/2

�I/�r�dr

I
= 2��T�ln��/W�/�t , �2�

where � and t are the width and the thickness of the system,
respectively. This result does not take into account the size
effects near the constriction where the assumed radial depen-
dence for J2D�r� may have deviations.

Solving numerically the Maxwell equations for the 2D
case we have calculated the current lines and potential drop
in a sample with squared geometry �=Ls for a constriction
of length L=W=4 �m �see Fig. 2�a�� and for W=100 �m
L=1 �m �see Fig. 2�b��. It can be seen that for the first
case and at a radius r�4 �m, the current lines have a radial
dependence outward of the constriction. However, in the vi-
cinity and within the constriction this is not true. In particu-
lar, in the constriction the lines are nearly parallel to it, i.e.,
the constriction behaves like a tube with resistance
��T�L / tW. In the example for a 100 �m constriction we see
that the potential drops mainly around the constriction �see
Fig. 2�b��. The potential drop as a function of the position in
the sample at different constriction widths W can be seen in
Fig. 2�c�. The calculated resistances as a function of W for
L=1 and 4 �m are plotted in Fig. 3. The logarithmic depen-
dence is given exactly by the 2D spreading resistance of Eq.
�2�. This is an interesting result, which indicates a logarith-
mic divergence with the system size � in contrast to the
3D-Maxwell result where this resistance is system-size inde-
pendent when the system size is large, i.e., k→�. The de-
viation from the logarithm behavior at small W is due to the
resistance ��T�L / �Wt� of the tube itself. We have calculated
and plotted this correction and the total Ohmic resistance in

L

W

Ls

Ω

(a)

(b) (c)

FIG. 1. �Color online� �a� Sketch of the sample geometry with
the electrode positions at the edges. The length and the width of the
constriction are shown as L and W. �b� Scanning electron micro-
scope picture of the 2 �m constriction done on the HOPG sample.
�c� Electron backscattering image shows the in-plane orientation of
the crystallites of the HOPG sample in a scan size of 200
�110 �m2; the crystallites observed here are in the
�5, . . . ,20 �m range of elongation.
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Fig. 3 for L=1 and 4 �m. We obtain an excellent agreement
between the numerical simulation data and the sum of the
two resistances without any fitting parameters.

All of the above are valid for the diffusive case, i.e., when
the ratio � /W	1. When this is not the case the Knudsen-
Sharvin ballistic contribution given by
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FIG. 2. �Color online� �a� Two-dimensional
plot of the current-density distribution through a
constriction of 4 �m width and 4 �m length.
The thickness of the sample is 100 nm. The color
scale represents the current density and the
stream lines indicate the current flow with the
density proportional to the current density too. �b�
Two-dimensional plot of the electric potential
distribution and the current flow through a con-
striction of 100 �m width and 4 �m length. The
color scale represents the electric potential drop
from 1 to 0 V and the stream lines indicate the
current flow inserted with arrows which sizes are
proportional to the local current density. These
numerical simulations are done for the case of the
resistivity of Cu at room temperature, �
=1.66 �� cm, and 100 nm thickness. The result
scales for any other material and thickness. �c�
Numerical results for the voltage across the
sample length �Ls=�=1000 �m� for different
constriction widths W=1, 4, 10, 20, 50, 100, 500,
and 1000 �m starting at the black continuous
curve and constriction length L=1 �m.

TRANSITION FROM OHMIC TO BALLISTIC TRANSPORT… PHYSICAL REVIEW B 78, 035413 �2008�

035413-3



Rb,2D =
���T���T�

4Wt
=

h

4e2

1

Ns

��T�
2W

�3�

has to be taken into account. The expression at the rhs of Eq.
�3� is valid for graphite �factor 4 in the denominator instead
of a factor of 2 for metals� because it has two pockets of
carriers at the Fermi level; Ns is the number of graphene
layers of the sample. The constants h and e are the Planck
constant and the electron charge. The total 2D resistance is

R2D =
a���T���T�

4Wt
+ �2a��T�ln��/W�

�t
�

W	�

+
��T�L

Wt
,

�4�

where we include a constant a�1 /2 that takes care of the
influence of the sample shape and the topology of the elec-
trode position in the sample. It can be obtained from the
measurement of the resistance as a function of W, as it is
shown below, or through numerical simulations knowing the
exact positions of the electrodes.

Equation �4� has two temperature dependent functions,
namely, ��T� and ��T�. Since ��T� is a nonsimple function of
��T�, it is difficult to obtain from experiments without mak-
ing assumptions and fittings that have always some arbitrari-
ness. However Eq. �4� has a very interesting structure; note
that all the terms are multiplied by ��T� / t. This quantity can
be obtained from the measurements of the sample without
constrictions. Then if we divide R2D by this quantity we ob-
tain a normalized resistance,

R2D
� =

��T�a�

4W
+ �2a ln��/W�

�
�

W	�

+
L

W
. �5�

This is an illuminating result because it does not contain ��T�
anymore and depends only on the function ��T�, which can
be extracted directly from the experimentally determined R2D

�

without free parameters. This 2D equation will be applied for
constrictions done in a HOPG sample. It should be noted that
one cannot obtain the carrier mass from transport problems
because the relevant parameters are the mean-free path and
the Fermi wavelength; to have the mass is necessary to ob-
tain the Fermi energy.

It is interesting to note that Eq. �5� implies that R2D
� grows

proportional to �. This is provocative and not only due to the
2D case; it is the same as in the Knudsen-Sharvin formula7–9

for three dimensions. The apparent divergence is due to the
fact that the resistance R is divided by the resistivity that
behaves as 1 /�. However this apparent “divergence” is in the
beauty of the ballistic theory because � never tends to infin-
ity, but as it is clear from our experiments, it saturates. The
maximum possible size of � is the size of the sample.

Note that we assumed specular reflection at the bound-
aries. This is correct if the Fermi wavelength is much larger
than the atomic structure because then multiple scattering
with the atomic roughness is completely negligible. The pro-
file of the constriction does not show irregularities compa-
rable to the size of the Fermi wavelength. Note that in our
case the Fermi wavelength is larger than �100 nm, espe-
cially at low T where the errors are small. For metals the
Fermi wavelength is of the order of the atomic structure and
the assumption of specular reflection is more doubtful �see
Ref. 8 where this point is discussed�. In what follows we
describe the sample characteristics and the preparation of the
constrictions following with the experimental results.

III. EXPERIMENTAL DETAILS

A HOPG sample of ZYA grade �i.e., 0.4° rocking curve
width� with lateral dimensions of 3 mm length and 1 mm
width was glued with varnish on a glass substrate. By peel-
ing with double sided tape the thickness was reduced from
300 to �33 �m. The glass substrate was placed inside a
multielectrode chip. The electric contacts were done with Au
wires and conductive silver in the four-point van der Pauw
arrangement �see Fig. 1�a��, with Ls /1.25�W�0.6 mm.
The resistance measurements were performed with an ac
Linear Research LR700 bridge with currents between 100
nA and 10 �A. The quantity ��T� / t has been obtained using
the expression ��T� / t=��R1+R2�f /2 ln�2�, where R1,2 are
the measured resistance interchanging the current and volt-
age electrodes and f =0.95 using the measured resistance
ratio.10

Due to the different boundary conditions between the ar-
rangement of the simulations �see Fig. 2� and the van der
Pauw configuration used in the experiment, we have a small
correction to the first two terms of Eq. �5�, which is included
in the constant a in Eq. �4�. The constrictions were produced
at the sample middle and between the electrodes using the
sputter capabilities of a FEI NanoLab 200XT dual-beam mi-
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FIG. 3. �Color online� Resistance versus constriction width W.
Left y axis: the symbols �+,�� correspond to the numerical values
of the of a Cu plate of 100 nm thickness with 1 mm length and
width and for two constrictions with L=1 �m�+� and 4 �m ���.
The continuous �red� and dash-dotted lines correspond to Eq. �4� for
the two constriction lengths. The parameters used are � / t=0.16
�10−3 �, which corresponds to Cu, a=1 for a linear electrode
arrangement, and mean-free path �	W. Right y axis: ��� Experi-
mental values of the measured resistance vs constriction width at
T=250 K for the HOPG sample. The continuous line follows Eq.
�4� with � / t=22.8 m�, a=0.42, and L=W �note that the fit takes
care only of the points where this relation holds�.
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croscope �DBM�. The Ga+ ion beam of the DBM allowed a
defined surface ablation. The ion current was selected upon
the constriction width using a maximum of 7 nA and a mini-
mum of 50 pA with 30 kV voltage and a beam overlap of
50%. During the cut the resistance was measured in situ
continuously, allowing us to identify when the cut was
through all the sample thickness as well as the current dis-
tribution through the sample thickness. To reduce Ga+ dam-
age and to obtain sharp edges the cuts were done in two
steps. After the initial cut the ion current and the length of
the cut were reduced. Three constrictions of lengths L�35,
3, and 2 �m and widths W=35, 16, and 2 �m were pro-
duced. Figure 1�b� shows a DBM picture of the smallest
constriction.

To characterize the size of the crystallites in the HOPG
sample we used the electron backscattering diffraction
�EBSD� option in the DBM. The measurement was per-
formed with a commercially available device �Ametek, TSL�.
In this setup the sample under investigation was illuminated
by the electron beam and the diffracted electrons were de-
tected by a fluorescence screen and a digital camera. The TSL

software was used to calculate the orientation of the HOPG
surface as a function of the electron-beam position. Figure
1�c� shows an area of 200�110 �m2 of the HOPG sample
where the grain distribution is recognized by the in-plane
orientation depicted by the �blue-green� color distribution.
Crystallites in the �5, . . . ,20 �m range of elongation are
observed.

IV. EXPERIMENTAL RESULTS

A. Determination of the electron mean-free path �(T) and
Fermi wavelength �(T)

The resistances as a function of temperature were mea-
sured from 270 to �2.5 K for the sample with and without
three different constrictions. Figure 4 shows the experimental
values for the four cases. These results show that the resis-
tance R increases reducing the constriction width W. At high

enough T�T1 so that ��T�	W the results show that R fol-
lows the logarithmic dependence on the constriction width W
�see Eq. �2��. Plotting R vs W and using Eq. �4� with L
	W, the experimentally determined ratio ��250 K� / t
=22.8 m�, we obtain a=0.42 from the fit �see Fig. 3�. Note
that we plotted R�T1=250 K� because at that temperature or
above the required condition for ��T1� is satisfied. When we
divide the curves obtained for the constrictions by the ��T� / t
curve, we find a result that can be related to Eq. �5�.

Note also that the good agreement of the logarithmic de-
pendence with experiment �see Fig. 3� indicates that the re-
sistivity in the constriction has not been modified. This is not
surprising because �1� the used ion-beam spot is around 20
nm and the smaller constriction is 2 �m, 2 orders of mag-
nitude larger. Therefore the constriction boundaries practi-
cally do not contribute. �2� The grain boundary depth or the
thickness of the single crystalline regions is less than
0.1 �m thick �transmission electron microscope measure-
ments done parallel to the graphene layers on similar HOPG
samples� and therefore, in 30 �m thick sample one has at
the constrictions and in average the same grain-boundary
density as in other parts of the sample. Since the constriction
region is part of the bulk sample it is expected that for the
smallest constriction size the resistivity should remain simi-
lar to that of the bulk sample.

The experimental values for the normalized resistances
are presented in Fig. 5. We see that reducing T there is a
clear increase in the experimental R2D

� , which is due to the
crossover between the Ohmic, diffusive to a ballistic regime
when the mean-free path ��T� grows, an expected result.
From Eq. �5� we obtain ��T� using the experimental R2D

� .
Using the data for the smallest constriction the obtained ��T�
is plotted in Fig. 6. It grows from a value of �0.2 �m at
T�200 K �note that the error in � at these temperatures is
large� to 10 �m below 10 K. This maximum value appears
to be restricted by the size of the crystallites in our HOPG
sample �see Fig. 1�c�� because the mean-free path cannot be
larger than the crystallites conforming the sample. We think
that this is an important result and we are not aware of any
other method to obtain the mean-free path of the carriers
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for the HOPG sample without �+� and with three constrictions of
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changing the current and voltage electrodes, following Ref. 10.
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without using adjustable parameters and additional assump-
tions.

The same behavior, i.e., the increase in R� lowering T, is
observed for all values of W. The same sample with larger W
yields similar values of � but, as expected, the relative in-
crease in R� is much smaller for the other two constrictions
because W� and then in those constrictions the dynamic is
mostly not purely ballistic. Therefore, the error in estimating
� is much larger for those large constrictions, as it is the case
for the smallest constriction �W=2 �m� at high tempera-
tures T�200 K �see Fig. 6�. Note that the deduction of the
ballistic term7–9 is done for the case of a screen, i.e., L tend-
ing to zero.

With these data we can now obtain the Fermi wavelength
��T� using Eq. �3� without any adjustable parameter �see Fig.
6�. The obtained values indicate that ��T� is a factor �5
smaller than ��T�10 K� increasing to �2 �m at low tem-
peratures �see Fig. 6�. These values are consistent with a
Fermi wavelength determined basically by thermal electrons,
i.e., if the Fermi energy EF�kBT and �=h / �2m�EF�1/2 one
obtains 0.1 �m���1.3 �m for 300 K�T�2 K and as-
suming an effective mass m�=0.005 m �m the free-electron
mass� as an intermediate value between the massless Dirac
fermions and massive ones with m��0.02 m, well between
the limiting values obtained from old and new Shubnikov–de
Haas and de Haas–van Alphen oscillation measurements.6,11

Due to the square-root dependence, a factor 4 change in the
effective mass will not change substantially the estimated
Fermi wavelength. This result indicates that for an ideal
graphite sample we would expect that the electronic density
n tends to zero for T→0, as expected for an ideal semimetal.
For thin samples, however, sample preparation introduces in
general enough defects in the graphite layers that may in-
crease substantially the electron density.

Taking into account possible multiband contributions to
the resistivity and the applicability of Eqs. �4� and �5� to
graphite, we stress again that our experiment provides an
average values of the parameters of the carriers. For ex-
ample, the contributions of two bands can be splitted in the
model using an effective resistivity as 1 /�=�1+�2, where �i
is the conductivity of the carriers of the i band. The mea-
sured � is the effective one we use to divide the total resis-
tance. The mean-free path � in Eq. �5� is also an effective
one. In case there are large differences between the conduc-
tivities and mean-free paths between the bands, then our
method provides the values for the carriers with highest con-
ductivity and largest mean-free path.

B. Determination of the mobility �(T)

We can also calculate the carrier mobility without any
adjustable parameter according to

� = �e/h���T���T� . �6�

The mobility � increases from �5�104 to �4
�107 cm2 /V s from 270 to below 10 K �see Fig. 7�. In the
same figure we show the carrier density that decreases from
�5�1010 to �2�108 cm−2.

V. DISCUSSION AND IMPLICATION OF THE OBTAINED
RESULTS

A. Comparison with results obtained in HOPG using the two-
(three-) band model under the Boltzmann-Drude

approach

The physics underlying the results presented in this work
is very different from that found in metals because in metals
the electronic densities as well as the Fermi wavelength are
practically temperature independent. In comparison with
metals, the mean-free path in HOPG is very large. It is so
large that for micrometer size samples one cannot use any-
more the Boltzmann equation to describe the transport prop-
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FIG. 6. Mean free path ���� and the Fermi wavelength ��o� in
microns, obtained from Eqs. �5� and �3�, respectively, using the
curve shown in Fig. 5 for W=L=2 �m, the constant a=0.42, and
the measured ratio � /W=300. The error bars are calculated assum-
ing an error of 10% in the ratio � /W. The continuous line is a fit to
the data using Eq. �7� and a T−2 dependence for the mean-free path
�e�T�. The dashed line is calculated using Eq. �7� and the scattering
rate obtained by fitting with a three-band model the magnetotrans-
port data of HOPG as described in Ref. 13 assuming a
T-independent Fermi velocity �see text�.
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erties because both are comparable. Recent experiments re-
vealed that the OMR of small graphite samples and in HOPG
samples with constrictions is largely reduced in comparison
with larger samples.4 This is an indication of the lack of
validity of Boltzmann-Drude classical theory in graphite.

In general the magnetotransport properties of oriented
graphite have been interpreted in terms of two- �or three-�
band models under the basic assumption of Ohmic behavior
using the Boltzmann-Drude theory. It should be clear that if
the mean-free path is of the order of the grain size, the
above-mentioned assumptions loss their validity. Taking into
account the obtained mean-free path in this work as well as
the fact that the magnetoresistance of oriented graphite is
sample size dependent,4 we should have doubts about the
interpretation of the transport properties based in those mod-
els. Moreover, the fact that macroscopic HOPG samples are
nonhomogeneous, composed by micrometer large regions
�patches� with different electrical properties,12 very likely
due to defects in the graphite lattice �i.e., a nonintrinsic ori-
gin�, makes also doubtful the use of homogeneous multiband
models to understand graphite transport properties. To pro-
vide an example of this failure, we compare below the mean-
free path, carrier density, and mobility obtained in this work
without any adjustable parameter with those obtained in
Refs. 13 and 14 where a two- �or three-� band model was
used to interpret the magnetoresponse of HOPG and obtain
the above-mentioned transport parameters and their tempera-
ture dependence.

In Fig. 6 we have plotted the obtained mean-free path vs
temperature. The observed temperature dependence can be in
general described assuming the independent contribution of
different scattering mechanisms �Matthiessen’s rule�,

��T� = 
�0
−1 + ��e�T��−1�−1, �7�

where �0 denotes the scattering of electrons with the bound-
aries of the crystals inside the sample and �e�T� is a
T-dependent mean-free path where different scattering
mechanisms, i.e., electron-electron, electron-phonon, etc.,
may play a role and can be, in principle, written also as the
sum of independent scattering rates. The obtained T depen-
dence of the mean-free path can be well fitted up to �200 K
using Eq. �7� with �0=10 �m and �e�T�=5.63
�103T−2 �m �with T in K� �see continuous line in Fig. 6�.
The T−2 dependence of the mean-free path suggests an
electron-electron-scattering mechanism. In general and in
usual metals, due to the smallness of the prefactor �kBT /EF�2

the electron-electron scattering is relatively small. However,
in the case of graphite with a carrier density that is basically
thermally activated �see Sec. IV� we have kBT�EF and
therefore this scattering mechanism should have a non-
negligible contribution because the prefactor is of the order
of unity.

Electron-phonon scattering has been several times in-
voked in the past as the main one for electrons in graphite. In
fact, this scattering mechanism has been thought to be the
reason for the T1 dependence obtained for the scattering rate
in Ref. 13, for example. However, the assumptions used in
Ref. 13 to obtain the scattering rate and its T dependence
seem to be inconsistent with our results. With the relaxation

rate �−1�T�=0.065kBT /� obtained using a three-band model
and Boltzmann-Drude theory,13 we might try to estimate the
mean-free path �e�T� and compare it with our results. If we
assume a constant Fermi velocity, e.g., vF�106 m /s, the
relaxation rate13 can be translated as �e�T�=1.18
�102T−1 �m, which inside Eq. �7� gives the dashed line
shown in Fig. 6. However, due to the large change in carrier
density with T and assuming a parabolic dispersion relation,
the Fermi velocity may not be T independent. In this case
and if one estimates vF using the experimentally determined
Fermi wavelength with a constant effective mass m�, then the
T dependence of �e�T�, using the scattering rate obtained
from fitting magnetotransport data with the multiband
model,13 would be even weaker than the one shown by the
dashed line in Fig. 6.

On the other hand and due to the huge anisotropy of
graphite �resistance ratio between normal to and within lay-
ers ≿105 �Ref. 1�� we expect a highly anisotropic Fermi sur-
face, actually a 2D Fermi surface as several experimental
facts suggest.3 In this case the scattering rate due to electron-
phonon interaction in graphite may follow a weaker depen-
dence, i.e., T2 or T3, than the usual T5 at T��D �Debye
temperature�, as is the case for bismuth15,16 or antimony.17

In Ref. 13 the carrier density in three dimensions was
obtained applying a three-band model to the HOPG transport
data. This density is depicted in two dimensions in Fig. 7
�close stars�. The actual carrier density of HOPG is between
10 and 200 times smaller than the one obtained in Ref. 13.
The mobility of HOPG obtained in Ref. 14 within a similar
formalism is also shown in Fig. 7 �open stars� and shows
similar differences with respect to that obtained without ad-
justable parameters.

B. Comparison with graphene

Equation �6� for the mobility is highly relevant. It indi-
cates that for a 1 �m sample size, as those used to study
graphene, for example, the mobility can never be larger than
�5�105 cm2 /V s because ��T��0.1 �m to have at least
100–1000 electrons in the sample �i.e., n
�1010, . . . ,1011 cm−2� with a maximum mean-free path of
1 �m. Recent results on suspended graphene show that the
best obtainable mobility is �2�105 cm2 /V s.18,19 This
value may be increased by a factor of 2 or 3. However, the
reached carrier densities are still far away from the Dirac
point. To decrease the electronic density having large mobil-
ity as in the case of HOPG, the suspended graphene samples
should have �100 times larger areas �with similar or
smaller defect density�, which is actually a complicated issue
nowadays.

Within our experimental arrangement and sample thick-
ness we cannot change systematically the carrier density ap-
plying an electric field. However, because in HOPG the car-
rier density is basically thermally activated and it changes
several orders of magnitude, we can correlate the obtained
mobility with the carrier density and compare it with data
obtained for suspended graphene. This is shown in Fig. 8
with our data ��� and the data from Refs. 18 and 19. From
this comparison it becomes clear that the mobility values for
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HOPG are larger at similar temperatures than for suspended
graphene samples and that the graphene layers inside HOPG
have a much smaller carrier density, i.e., reach much closer
the Dirac point than single graphene, a fact that speaks out
for the higher perfection of the graphene layers in HOPG.

C. How can graphite show such a low resistivity?

There is an additional interesting point concerning the be-
havior of the resistivity of graphite. For the sample studied in
this work, the resistance as a function of T reduces a factor of
3 between 100 and 2.5 K; it has a clear crossover at
�100 K, remaining nearly constant above this T. This in
principle maybe consider not so provocative. However, note
that in the same temperature range ��T� increases a factor of
�5 and the carrier concentration n�T�, which is proportional
to ��T�−2, decreases a factor of �25. If we consider that
��T��n�T�−1, then we would expect that it should increase
actually a factor of 25 below 100 K, instead of the measured
decrease of a factor 3. In other words, we have a resistivity
that decreases effectively a factor of �75 and rather sharply
below 100 K. Additionally, we should ask ourselves how it is
possible that a semimetal with a carrier density of the order
of 108 cm−2 can have such a low resistivity, i.e., �
�10 �� cm at low T. This is a very peculiar behavior and
points to superconductivity, representing additional hints to
the recently done magnetoresistive experiments performed in
HOPG.20 In this experiment hysteresis in the magnetoresis-
tance has been observed that can be only explained by Jo-
sephson coupling between superconducting regions through
normal region, as well as magnetoresistance oscillations sug-
gesting Andreev’s reflections. In this sense when we apply a
magnetic field of 0.2 T perpendicular to the graphene layers,
the resistance of the sample studied in this work increases
almost 1 order of magnitude at low temperatures, showing
the usual metal-insulator transition of graphite, previously

reported and assigned to a possible superconducting state.1 It
remains to be seen whether in pure bismuth, which shows a
very similar magnetic-field induced metal-insulator transition
and also has a very low resistivity,13 a similar phenomenon
may play a role. We note that bismuth, as graphite, has a low
density, low effective mass of carriers, and huge values of
the electron mean-free path.15,16

VI. CONCLUSION

The main messages of our work are as follows. We prove
experimentally and theoretically that the spreading Ohmic
resistance of a quasi-two-dimensional conducting material
with a constriction diverges logarithmically with the system
and constriction size. This result overwhelms the Maxwell
old result for three-dimensional constrictions generally used.
It is of general importance due to the broad application of
this kind of formula to calculate the resistance of metals and
semiconductors with constrictions and the resistance of con-
tacts between them. We present an experimental method and
the theoretical basis to obtain the mean-free path and two
other important transport properties of the transport carriers
without adjustable parameters. The method is based on the
measurement of the electrical resistance as a function of tem-
perature through constrictions and observing the transition
from the usual Ohmic to the ballistic regime. This method is
a free-parameter experimental method that allows obtaining
the above-mentioned quantities without fittings and further
arbitrary assumptions. As an example we apply this method
to oriented graphite. We obtain that the mean-free path and
Fermi wavelength reach micrometer length at low tempera-
tures in graphite. The mean-free path is so long that it is
limited by the crystallite size inside the sample ��10 mi-
crometers� and therefore ballistic electronics in graphite can
be a reality. Because of the huge values of these two param-
eters, experiments testing the conduction-electron-diffraction
phenomena in graphite may be possible. From the original
data obtained in graphite and a further comparison with data
for graphene we conclude that the huge mobility we obtain
in our macroscopic graphite sample cannot be obtained in
graphene or graphite samples of micrometer size due to
sample size limitations. In particular we obtain 10 �m
mean-free path and a mobility of 4�107 cm2 /V s �one of
the largest ever measured for two-dimensional systems� in
the ballistic region of graphite when the electronic density
goes to zero ��108 electrons /cm2� below 10 K. This is pos-
sible to obtain only in nearly perfect samples and without
impurities ��1 ppm�. Our results obtained in graphite as
well as the above-mentioned intrinsic limitation have a direct
influence in the nowadays research activities on this kind of
material �graphene as well as graphite�. These results open
some perspectives for ballistic electronics based on graphite.
Finally, the results presented here as well as those already
discussed in Ref. 4 cast strong doubts about the validity of
the multiband Boltzmann-Drudde approach to understand the
magnetotransport properties of oriented graphite and it needs
further consideration.

ACKNOWLEDGMENTS

This work was done with the support of a HBFG under

108 109 1010 1011 1012
104

105

106

107

108

T < 100 K

M
ob
ili
ty
µ(
cm

2 /V
s)

Electron density n(cm-2)

T < 30 K
HOPG

Ballistic (100K)

suspended graphene

FIG. 8. Mobility vs carrier density obtained for HOPG �our
data, ����. Note that the carrier density in our case changes with
temperature that is why two temperature regions are depicted in the
figure as a guide. The shadowed region called “ballistic” is obtained
from the ballistic model prediction at 100 K from Ref. 19. The
suspended graphene data are obtained from Ref. 19 �shadowed area
and dashed line� for temperatures between 20 and 300 K and from
Ref. 18 �vertical error bars� at 5 K.

GARCÍA et al. PHYSICAL REVIEW B 78, 035413 �2008�

035413-8



Grant No. 036–371, the Spanish CACyT and Ministerio de
Educación y Ciencia, the Deutsche Forschungsgemeinschaft
�DFG� under Grant No. ES 86/16-1, the European Union

project “Ferrocarbon,” and the DAAD under Grant No.
D/07/13369 �“Acciones Integradas Hispano-Alemanas”�.

1 Y. Kopelevich, P. Esquinazi, J. E Spahn Torres, R. Ricardo da
Silva, and H. Kempa, in Advances in Solid State Physics Vol .
43, edited by B. Kramer �Springer-Verlag, Berlin, 2003�, pp.
207–222.

2 H. Ohldag, T. Tyliszczak, R. Höhne, D. Spemann, P. Esquinazi,
M. Ungureanu, and T. Butz, Phys. Rev. Lett. 98, 187204 �2007�;
J. Barzola-Quiquia, P. Esquinazi, M. Rothermel, D. Spemann, T.
Butz, and N. Garcia, Phys. Rev. B 76, 161403�R� �2007�.

3 Y. Kopelevich and P. Esquinazi, Adv. Mater. �Weinheim, Ger.�
19, 4559 �2007�.

4 J. C. González, M. Muñoz, N. García, J. Barzola-Quiquia, D.
Spoddig, K. Schindler, and P. Esquinazi, Phys. Rev. Lett. 99,
216601 �2007�.

5 J. W. McClure Phys. Rev. 108, 612 �1957�; J. C. Slonczewski
and P. R. Weiss, ibid. 109, 272 �1958�.

6 B. T. Kelly, Physics of Graphite �Applied Science, London,
1981�.

7 Yu. V. Sharvin, Sov. Phys. JETP 48, 984 �1965�.
8 N. García, M. Bai, Y. Lu, H. Chen, and A. P. Levanyuk, J. Phys.:

Condens. Matter 19, 016212 �2007�.
9 G. Wexler, Proc. Phys. Soc. London 89, 927 �1966�, and refer-

ences therein.
10 L. J. van der Pauw, Philips Tech. Rev. 20, 220 �1958/1959�.
11 M. S. Dresselhaus and G. Dresselhaus, Adv. Phys. 30, 139

�1981�; S. J. Williamson, S. Foner, and M. S. Dresselhaus, Phys.
Rev. 140, A1429 �1965�; Y. Kopelevich, J. H. S. Torres, R. R.
da Silva, F. Mrowka, H. Kempa, and P. Esquinazi, Phys. Rev.

Lett. 90, 156402 �2003�; I. A. Luk’yanchuk and Y. Kopelevich,
ibid. 97, 256801 �2006�.

12 Y. Lu, M. Munõz, C. S. Steplecaru, C. Hao, M. Bai, N. Garcia,
K. Schindler, and P. Esquinazi, Phys. Rev. Lett. 97, 076805
�2006�; See also the Comment by S. Sadewasser and Th. Glat-
zel, ibid. 98, 269701 �2007�; and the accompanying Reply by, Y.
Lu, M. Munõz, C. S. Steplecaru, C. Hao, M. Bai, N. Garcia, K.
Schindler, D. Spoddig, and P. Esquinazi, ibid. 98, 269702
�2007�; See also R. Proksch, Appl. Phys. Lett. 89, 113121
�2006�; D. Martinez-Martin and J. Gomez-Herrero,
arXiv:0708.2994 �unpublished�.

13 X. Du, S. W. Tsai, D. L. Maslov, and A. F. Hebard, Phys. Rev.
Lett. 94, 166601 �2005�.

14 T. Tokumoto, E. Jobiliong, E. S. Choi, Y. Oshima, and J. S.
Brooks, Solid State Commun. 129, 599 �2004�.

15 A. N. Friedman, Phys. Rev. 159, 553 �1967�.
16 V. F. Gantmakher and Yu. S. Leonov, JETP Lett. 8, 162 �1968�.
17 V. F. Gantmakher and Yu. S. Leonov, Sov. Phys. JETP 33, 1215

�1971�.
18 K. I. Bolotin, K. J. Sikes, Z. Jiang, M. Klima, G. Fudenberg, J.

Hone, P. Kim, and H. L. Stormer, Solid State Commun. 146,
351 �2008�.

19 X. Du, I. Skachko, A. Barker, and E. Y. Andrei, arXiv:0802.2933
�unpublished�.

20 P. Esquinazi, N. García, J. Barzola-Quiquia, M. Muñoz, P. Rö-
diger, K. Schindler, J.-L. Yao, and M. Ziese, arXiv:0711.3542
�unpublished�.

TRANSITION FROM OHMIC TO BALLISTIC TRANSPORT… PHYSICAL REVIEW B 78, 035413 �2008�

035413-9


