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Effect of spatial resolution on the estimates of the coherence length of excitons in quantum wells
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We evaluate the effect of diffraction-limited resolution of the optical system on the estimates of the coher-
ence length of two-dimensional excitons deduced from the interferometric study of the exciton emission. The
results are applied for refining our earlier estimates of the coherence length of a cold gas of indirect excitons
in coupled quantum wells [S. Yang et al., Phys. Rev. Lett. 97, 187402 (2006)]. We show that the apparent
coherence length is well approximated by the quadratic sum of the actual exciton coherence length and the
diffraction correction given by the conventional Abbe limit divided by 7. In practice, accounting for diffraction
is necessary only when the coherence length is smaller than about one wavelength. The earlier conclusions
regarding the strong enhancement of the exciton coherence length at low temperatures remain intact.
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I. INTRODUCTION

Spatial coherence of a bosonic system is encoded in its
one-body density matrix

p(r) = (Wi ()W (r' +r)), (1)

where W (W) is the particle creation (annihilation) operator
and the averaging is over both the quantum state and the
position r’. In an isotropic system, p(r) depends on the ab-
solute distance r=|r| only. The density matrix decreases with
r as a result of scrambling the phases of the particles’ wave
functions by scattering and thermal fluctuations. When this
decrease is faster than 1/72, we can define a characteristic
decay length of p(r)—the coherence length—by the relation

fﬁ{ f p(r)rdr} [ f p(r)dr}. (2)
0 0

Coherence length &, provides quantitative information about
fundamental properties of the system of interest. For ex-
ample, a rapid growth of &, is anticipated as the bosons are
cooled down below the temperature of their quantum
degeneracy.' In addition, &, sheds light on interactions and
disorder in the system.

A gas of indirect excitons in GaAs coupled quantum wells
is an example of a solid-state system where this rich physics
can be studied. A number of basic physical parameters of
such gases (concentration, exciton lifetime, etc.) can be con-
trolled to bring them to a quasiequilibrium at very low
temperatures.® The coherence of excitons is imprinted on the
coherence of the light they emit.*~8 This allows one to mea-
sure &, by optical methods. In this paper, we discuss a par-
ticular real-space technique, which has proved to work in our
experimental conditions.? It has enabled us to determine the
exciton coherence length &, and confirm its rapid increase as
temperature 7 drops below a few degrees Kelvin.

Traditionally, real-space measurements of the optical co-
herence are done by two-slit (or two-point) interferometry.
However, this method becomes inaccurate when &, is smaller
than the spatial width of the regions from which the light is
collected. This is the case in our experiment where &, does
not exceed a few microns. However, our technique circum-
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vents this limitation by using a single pinhole. It works well
in the regime & <D/M,, where D is the pinhole diameter
and M is the image magnification factor. In other words, the
smallest measurable &, is determined not by D/M | but by the
finite spatial resolution of the optical system. In this paper,
we show how this resolution can be taken into account.

The paper is organized as follows. In Sec. II, we summa-
rize the main elements of the experimental technique and
present our principal results. In Sec. III, we review the the-
oretical model used in Ref. 9. In Sec. IV, we refine it to
incorporate the finite-resolution effects. Discussion and con-
clusions are given in Sec. V.

II. RESULTS
A. Measured exciton coherence length

In order to introduce the key parameters of the problem,
we need to briefly review the basic steps of the experimental
implementation of our method for measuring the coherence
length.’ The exciton PL is collected from an area of size
D/M{=2-10 pum in the middle of one of the exciton
beads!® ranging ~30 wm across. This is done by placing a
pinhole of diameter D=10-50 wm at the intermediate im-
age plane of magnification M, =3, see Fig. 1(a). The light is
then passed through a Mach-Zehnder (MZ) interferometer
with a tunable delay length &l. The output of the interferom-
eter is further magnified by the factor M, = 1.6 (so that the
total magnification factor is M=M M) and then dispersed
with a grating spectrometer, resulting in a periodically modu-
lated interference pattern. The intensity /=1(x) of this pattern
is recorded by a charge-coupled device (CCD) [Fig. 1(b)].
Here, x is the coordinate along the CCD image. The visibility
contrast, V=~ Imin)/ (Imax + Imin)- i calculated [Fig. 1(c)].
Finally, a theoretical model that relates V to &, is used to
analyze the data and determine &, as a function of tempera-
ture.

The results of this analysis are shown in Fig. 2. As one
can see, at 7<<4 K, the exciton coherence length grows to a
few micrometers, which exceeds the thermal de Broglie
wavelength
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FIG. 1. (a) Experimental setup. The collection angle of the lens
2a=32°. (b) The interference pattern on the CCD for D=25 um,
S8l=4.2 mm, and T=1.6 K. (c) Visibility function V(T) measured
in Ref. 9 for D=50 um and 6/=4.2 mm.
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by an order of magnitude (\gqg~0.1 wm at T=2 K). Here,
m=0.2 is the exciton mass in the quantum well in units of the
bare electron mass. The inequality &, A4 is anticipated for
an exciton system near the superfluid transition. The possi-
bility of such a transition in systems with spatially separated
electrons and holes has been put forward in Refs. 12—14. The
conventional estimate of the transition temperature!!>10
Tgxr~ (h2/m)(n/g) gives a few degrees K for the exciton
concentrations'” n/g~10'" cm™ (g=4 is the spin degen-
eracy).
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FIG. 2. (Color online) Main panel: &, deduced from the fits of
V(T) to the theoretical curves in Fig. 3. The triangles (squares) are
the estimates with (without) taking into account the spatial reso-
lution of the experimental setup. The dashed lines indicate bound-
aries of experimental accuracy. Inset: previous estimates of the co-
herence length (Ref. 11).
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In Ref. 9, we used an approximation of geometrical optics
for describing the light collection in the apparatus. This is
justified in the most interesting regime of low 7 where &, is
large. On the other hand, at the upper end of the temperature
range shown in Fig. 2, the estimated coherence length &, was
comparable to the diffraction-limited resolution of the optical
system, e.g., the Abbe limit!31

Ab= —2. (4)

Here, NA=sin « is the numerical aperture and A, is the
wavelength. In our experiment, NA=sin 16° =0.3 and A,
~800 nm.

In this paper, we take diffraction into account and obtain
refined estimates of &, which are shown in Fig. 2 by the
triangles. The difference between previous and current esti-
mates is insignificant for all but a few data points at the
boundary of the experimental resolution. Therefore, the case
for a rapid and strong onset of the spontaneous coherence of
the exciton gas below the temperature of a few degrees
Kelvin remains intact.

B. Relation between exciton and optical coherence lengths

It is well understood that the Abbe limit is not a “hard”
limit but simply a characteristic measure of the optical reso-
lution. In fact, another commonly used formulas due to
Rayleigh?®?! differ from Eq. (4) by numerical factors.
Roughly speaking, our theoretical model enables us to deter-
mine which numerical factor is appropriate for our method of
measuring &,. More precisely, our main result is as follows.
Under certain assumptions, &, is related to the optical coher-
ence length & by

11 N
0> Q0 2aNA’

E=1\/E+ (5)

Here, in analogy to Eq. (2), £ is defined by

é= l{fc g(O,R)RdR] Uw g(O,R)dR}’ (6)
M 0 0

where
g(t,R)=(E(t' +t,R" + R)E(,R"){E* (' ,R")) (7)

is the coherence function?! of the PL signal E(z,R) emitted
by excitons and collected by the described system. In writing
this formula we assumed, for convenience, that the second
magnification (M,) of the image occurs before the MZ inter-
ferometer, in which case R and R=|R| are, respectively, the
two-dimensional and the radial coordinates in the plane of
the fully magnified image.

Equation (5) is natural because an experimental measure-
ment of any length is affected by the spatial resolution limit.
However, Eq. (5) specifically indicates that for &, measured
using the setup depicted in Fig. 2(a), the Abbe limit must be
divided by m. This makes its effect quantitatively smaller
than one would naively think.

In addition to the limitation from below, & =1/Q, the
accuracy of the present method is restricted from above.
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FIG. 3. (Color online) Visibility of the interference fringes vs &,
for parameters &l=4.2 mm, D=50 um, M,;=5, M,=1.6, Q!
=0.42 um. The solid line is the current theory; the dashed line is
from Ref. 9; the dotted line is obtained from the dashed one by the
replacement &, — V"§§+Q‘2. The inset shows function V(&,) over a
larger range of &, with the dashed line indicating the asymptotic
value V(&,=).

When the coherence length exceeds the size of the studied
region of the sample D/M,, the dependence of V on ¢,
should saturate, see the inset of Fig. 3. This may become
important at low enough temperatures. The two limitations
are indicated by the dashed lines in Fig. 2.

III. GEOMETRICAL OPTICS APPROACH

In order to construct the model of the described above
measurement scheme, we need to know the functional form
of p(r). Unfortunately, at present there is no comprehensive
theoretical framework that provides that. This is because p(r)
is affected by many factors, including thermal broadening
and a variety of scattering mechanisms; see more in Sec. V.
On the other hand, the present state of experiment’ does not
allow us to extract reliably anything more than a character-
istic decay length of function p(r). Therefore, we take a phe-
nomenological approach and consider two simple approxi-
mations for p(r). The first one, used in Ref. 9, is an
exponential

p(r) = p(O)eXP(— é) . 8)

This ansatz should be reasonable over at least some range of
r determined by the interplay of the disorder-limited mean-
free path (~1 wm in high-mobility GaAs structures), ther-
mal wavelength Ajg~0.1 um, and possibly some others.
Most importantly, Eq. (8) provides a convenient starting
point because it contains a single characteristic length §&,.
Later in Sec. IV we will also consider a Gaussian form,

2
p(r) =p<0)exp<— ’—2), (9)
&,
for comparison.
The crucial point is the relation between p(r) and g(R).
(Here and below we drop 7 in the argument of g because the
time dependence is not relevant for the calculation.) If the
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experimental apparatus can be described by geometrical op-
tics, then the only difference between the two functions is the
linear magnification M and rescaling by a constant factor. In
this case, Eq. (8) entails

8(R) = g(0)exp(—- RIME,). (10)

In turn, Eq. (6) gives £=&,, as expected. Until the very end of
this section we will use these two lengths interchangeably.

We have shown previously” that the interference visibility
contrast V is related to g as follows:

V= 0(1 _A)Vo,

I
f %sin[F(l —A)z]sin[FA(1 - 2)]g(zDy)
0

0= Uiz ’
FAf ;sin(Fz)(l -2)g(zDy)
0
AND ol
=17 s’ DS:MzD, A= P (11)
No Nhg

where 6(z) is the step function,?? A is the linear dispersion of
the spectrometer, and N is the number of grooves in the
diffraction grating. (A=1.55 nm/mm and N=1.5X10* in
Ref. 9.)

For g(r) given by Eq. (10), it is straightforward to com-
pute the integrals in Eq. (11); however, in general it has to be

done numerically. For short coherence lengths, ¢
<Ng/ANM,D,/M, one can also derive the analytical
formula’
ol \|sin X
V=|l-—" , (12)
N\ X
where
ol M Ao
=—|1-—&]|, dOly=—1. 13
510< Df) °7 AD, (13)

This equation can be obtained by expanding the sin-factors
in the integrals to the order O(z) and extending their integra-
tion limits to infinity.

At 8l=6l, and for small enough &, Eq. (12) yields

V(8ly, &) (1 ANDX>DX§' (14)
Thus, as such & the visibility contrast V vanishes unless £ is
nonzero. Working with 8l= dl ensures the highest sensitiv-
ity to & In our experiment,” we extracted & at 8[=4.2 mm,
which is close but not exactly equal to dl,=5.2 mm. There-
fore, we computed V using the full formula (11). The results
are shown by the dashed line in Fig. 3. We fitted this theo-
retical curve V(§) to the experimentally measured V(T) [Fig.
1(c)] using é&=&(T) as an adjustable parameter. In this man-
ner we obtain the graph shown by the squares in the main
panel of Fig. 2. We see that the exciton coherence length
exhibits a dramatic enhancement at 7<<4 K. On the other
hand, at T~4 K this approach gives &.=&~\,. One can
anticipate that the geometrical optics becomes inaccurate at
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such small ¢, so that & and &, are in fact different. This
question is studied in Sec. V.

IV. DIFFRACTION EFFECTS

The conventional theory?' of the image formation in op-
tical instruments laid down by Abbe'8 in 1873 predicts that a
point source imaged by a lens with a magnification M creates
the diffraction spot

d_zk ikR/M_% (@)
E(R) L<Q(27T)2e ===, (15)

in the image plane. Here, R is the radial distance, Q is given
by Eq. (5), and J,(z) is the Bessel function. The field distri-
bution [Eq. (15)] is known as the Airy diffraction pattern.?®
The physical meaning of Q is the largest tangential wave
number admitted by the lens. Accordingly, the diffraction can
be alternatively viewed as a low-pass filtering of the incom-
ing light by the lens.!”

The Airy pattern plays the role of the response function of
the lens. Its finite spread in R imposes the limit on the
achievable optical resolution ~Q~! and is the source of the
difference between the optical and the actual exciton coher-
ence lengths; see Eq. (5). Indeed, because of the diffraction,
the coherence function g(R) is not just a rescaled copy of
p(R/M) but its convolution with the Airy pattern. Using til-
des to denote the two-dimensional (2D) Fourier transform,
we can express this fact as follows:

g(k) o« 6(Q — Mk)p(Mk). (16)

Note that p(k) has the physical meaning of the momentum
distribution function for excitons. Computing p(k) from Egq.
(8), we get

0(Q — Mk)

g

g(k) = const X
The constant prefactor in this formula has no effect on V. It
is convenient to choose it to be 27M?&, so that

To(kR)kdk

oM

g(R) =M& f : (18)
0 (1 +M2§)2(k2)3/2

In this case in the limit Q— %, we recover Eq. (10) with

g(0)=1. On the other hand, for finite Q, we have

1
=1-=—. 1
2(0) \/TQZQ‘T? (19)
Additionally, at large R, function g(R) acquires the behavior
characteristic of the Airy pattern [Eq. (15)]: quasiperiodic
oscillations with the envelope decaying as R™>?, see Fig. 4.
Finally, computing the optical coherence length & according
to Eq. (6) we get Eq. (5).

The refined theoretical dependence of V on &, can now be
obtained by substituting Eq. (18) into Eq. (11). As before, for
small &, analytical formulas (12)—(14) suffice, with ¢ defined
by Eq. (5). When this ¢ becomes comparable to D,/ M, nu-
merical evaluation of Egs. (11) and (18) is necessary. The
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FIG. 4. (Color online) Optical coherence function g=g(R). The
solid line is computed for the following set of parameters: &,
=1.5 um, M=8, 07'=0.42 um, and D,=80 um. The dashed line
is for geometrical optics, Q™' =0.

representative results are shown by the solid line in Fig. 3.
For comparison, two other curves are included. The dashed
line is the geometrical optics approximation, é=¢§, of Sec.
III. The dotted line is the result of correcting the latter ac-
cording to Eq. (5) and using Q appropriate for our experi-
ment. As one can see, at small &, the effect of the
diffraction-limited resolution of the optical system is indeed
accounted for by Eq. (5). At large &,, the correction becomes
small and all the curves are very close to each other.

It is instructive to examine how our conclusions so far
depend on the model assumption (8) about function p(r). To
this end we consider next the Gaussian ansatz [Eq. (9)],
which is similar to Maxwell-Boltzmann distribution except
the coefficient in the exponential factor is adjusted to satisfy
Eq. (2). Let us compute the corresponding & Using Eq. (16),
we can rewrite Eq. (6) as

0
§=p(0) / { f dkﬁ(k)] (20)
0

Substituting here
~ ~ T 2
pk) = p(O)eXP<— 25 é), (21)

which follows from Eq. (9), we get

N
erf[(Nm/2)0&]

where erf(z) is the error function. This formula replaces Eq.
(5). Interestingly, it implies that for the same &, and Q, the
effect of the finite resolution in the case of a Gaussian decay
is always smaller than for the exponential one. The direct
numerical evaluation of Eq. (11) with the Gaussian profile
[Eq. (9)] confirms this expectation, see Fig. 5. Thus, we
again conclude that the diffraction correction is important for
&=\, but it is very small in the most interesting region &
>N\

Notice that function V(&,) increases somewhat faster with
¢, for the Gaussian case compared to the exponential one, cf.
Fig. 3 vs Fig. 5. Therefore, had we adopted the Gaussian
ansatz [Eq. (9)], the deduced values of £/(T) would have
been somewhat smaller than those plotted in Fig. 2. This is to
be expected: if the exact functional form of p(r) is unknown,

(22)
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FIG. 5. (Color online) Visibility of the interference fringes vs &,
for the Gaussian coherence function (9) and the parameters of Fig.
3. The thick solid line includes the diffraction correction; the dashed
line is for the geometrical optics; the dotted line is obtained from
the dashed one by the replacement of &, by & according to Eq. (22).
The thin solid line is V(&) for the exponential ansarz, replotted
from Fig. 3 to facilitate the comparison.

its characteristic decay length can be determined only up to a
numerical coefficient of the order of unity.

V. DISCUSSION

The main purpose of the present work is refinement of the
optical method for determining the exciton coherence length
&.. Unlike previously proposed schemes,”® which involve
angle-resolved photoluminescence, our technique is based on
real-space interferometry.

We showed that in order to obtain an accurate estimate of
¢, the optical coherence length & of the exciton emission
should be corrected because of the diffraction-limited spatial
resolution of the experimental apparatus. However, the cor-
rection is insignificant as long as &, is larger than about one
wavelength and the numerical aperture (NA) of the experi-
mental setup is not too small. The correction does grow as
NA decreases, and so reduced NA should be avoided.

It is well known'®!%2! that limitation of the spatial reso-
lution due to diffraction is equivalent to that due to restric-
tion on tangential wave numbers k admitted by the lens col-
lecting the signal. This k-filtering effect has been considered
in Ref. 24 in application to the measurements of the exciton
coherence length. For the collection angle a=16° in our
experiments,” the results presented in Fig. 3(c) of Ref. 24
give the correlation length due to the k-filtering effect &
~1 um. (This length plays the role similar to that of Q‘Y
=0.42 um in our formalism.) For the considered p(r), this
correction enters either through the quadratic sum, Eq. (5), or
the error function, Eq. (22). As a result, the estimation of the
k-filtering effect per Ref. 24 gives only a small (~10%) cor-
rection, e.g., &— \r§2—§§ to the optical coherence length &
measured in Ref. 9 at low T. Therefore, it cannot explain the
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observed large enhancement of the coherence length at T
<4 K. Our calculations indicate that the correction is even
smaller.

The discussion of physics that is responsible for the ob-
served rapid change in &, at low temperatures is, however,
beyond the scope of this paper. As a final word, we would
like to offer only the following minimal remarks on this mat-
ter.

The density matrix p(r), from which &, is defined through
Eq. (2), is influenced by a number of factors, including Bose
statistics, interactions, and scattering. The effect of the first
two has been studied extensively, albeit for simplified mod-
els of interaction. According to present understanding,'? the
long-distance behavior of function p(r) is qualitatively dif-
ferent above and below the Berezinskii-Kosterlitz-Thouless
(BKT) transition temperature Tggr. At T> Tgxr, Where p(k)
obeys the classical Boltzmann statistics, p(r) decays as a
Gaussian, Eq. (9), with the coherence length

§x = )\dB/7T. (23)

[Our estimates of &, at T<<4 K exceed Agg/ 7 by an order of
magnitude, suggesting that Eq. (23) does not apply at such
temperatures. | At T<<Tgkr, the eventual asymptotic decay of
the density matrix becomes algebraic, p(r)x<r ™ with a
temperature-dependent exponent »(T). The behavior of p(r)
at intermediate temperatures and/or distances is more com-
plicated. In general, it can be computed only numerically,
e.g., by the quantum Monte Carlo method.?

Some of the other mechanisms of limiting the coherence
length &,, such as exciton recombination and exciton-phonon
scattering, are too weak to significantly affect the large mag-
nitude of observed &, at low temperatures.” However, scat-
tering by impurities and defects should be seriously consid-
ered. It can substantially modify the functional form of p(r)
compared to the disorder-free case. Indeed, weak disorder
typically leads to an exponential decay of the correlation
functions on the scale of the mean-free path, which in fact
inspired our ansatz [Eq. (8)]. As temperature goes down, the
strength of the disorder decreases because excitons can
screen it more efficiently.?>2%30 This should increase both the
mean-free path and the exciton coherence length.

The comprehensive theoretical calculation of the exciton
coherence length that would take into account all relevant
thermal, interaction, and disorder screening effects is yet un-
available.
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