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By comparison of calculated imaginary parts of the ordinary and extraordinary dielectric functions of
wurtzite semiconductors near the band gap with experimental results, we demonstrate that the interband matrix
elements EP

� and EP
� of the momentum operator parallel and perpendicular to the optic axis are different. EP

�

exceeds EP
� and their ratio increases along the series CdSe, CdS, ZnO. The u parameters of GaN, InN, and AlN

suggest that the EP
� /EP

� ratio should increase along this series as well. We also determined the conduction-band
dispersion relation and nonparabolicity, as well as the effective mass, as a function of electron concentration
and wave vector for GaN, ZnO, CdS, and CdSe. In addition, optical response due to transitions into exciton-
phonon complexes was observed and analyzed. We conclude that up to about ten phonons may participate in
such absorption processes in ZnO.
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I. INTRODUCTION

Due to the sixfold rotation symmetry of the crystal lattice,
wurtzite semiconductors belong to a family of optically
uniaxial crystals and should be characterized by two different
sets of optical constants known as the ordinary ��=�1

�

+ i�2
� and extraordinary �� =�1

� + i�2
� dielectric functions

�DFs�. This property is referred to as the optical anisotropy.
The ordinary DF describes the propagation of light with the
electric-field vector E perpendicular to the c �optic� axis �the
ordinary wave�, while the extraordinary DF refers to light
with the E vector parallel to the c axis �the extraordinary
wave�. In the following, the z direction will be chosen as the
direction of the optic axis, while the superscripts or sub-
scripts � and � will denote quantities related to the ordinary
and extraordinary waves, respectively.

Provided the broadening of optical transitions is small
enough, the optical anisotropy can be quite large in a spectral
region of excitonic absorption because the oscillator strength
of A, B, and C excitons strongly depends on the polarization
of light, as shown in Table I for four wurtzite semiconduc-
tors, GaN, ZnO, CdS, and CdSe �see Sec. III for more de-
tails�. Within the framework of the effective-mass approxi-
mation, in which the excitons are treated as being made up of
an electron from the conduction band �CB� and a hole from
each one �A, B, or C� of the three highest valence bands
�VBs�, this behavior is directly related to the symmetry char-
acter �px-, py-, or pz-like� of the VB states close to the center
of the Brillouin zone �BZ�. Optical transitions involving the
px- and py-like states are allowed for light polarized perpen-
dicular to the c axis, while those involving the pz-like states
are allowed for light polarized parallel to the c axis.4,5

At a sufficient distance from the band gap, the optical
anisotropy becomes significantly lower, as seen in Table I
from experimental values of anisotropy parameters �1

� /�1
�

�birefringence� and �2
� /�2

� �dichroism� for photon energies
EgA−0.75 eV and EgA+0.75 eV, respectively, where EgA is

the energy gap between the CB and VB A. Generally, optical
transitions over the whole spectral range contribute to �1

� and
�1

� values and, hence, to the magnitude of birefringence in the
transparent region. For example for GaN, it was observed in
Ref. 1 that the effect of high-energy critical points of the
joint density-of-states function is considerably larger than
that due to the E0 critical point. On the other hand, owing to
the resonant character of the imaginary part of the DF, its
value at a photon energy E is determined by optical transi-
tions only in a narrow range near the same photon energy
provided the broadening of electronic states is not too large.
In the present work, we analyze �2

��E� and �2
� �E� spectra up

to a photon energy of about EgA+1.8 eV, which is essen-
tially below the E1 critical point. In this spectral range, the
imaginary part of the DF is determined by excitons at the
fundamental absorption edge and band-to-band optical tran-
sitions between states of the three highest VBs and the low-
est CB with electron wave vectors near the zone center.
Then, a noticeably lower dichroism above the band gap com-
pared to that due to exciton effects at the absorption edge
�see Table I� may be qualitatively understood considering
that, first, optical transitions from all three VBs to the CB
contribute to �2 at a given photon energy and, second, there
is a mixing of the VB states at nonzero wave vectors, giving
rise to variations in transition probabilities.6,7 For a quantita-
tive description, explicit VB and CB dispersion relations
must also be taken into account.8 In addition, the hexagonal
symmetry of wurtzite semiconductors allows the interband
momentum matrix elements EP

� and EP
� to be not equal,9

which can also affect the optical anisotropy near the E0 criti-
cal point.

As yet, no detailed physical model exists to account for
the observed difference between the ordinary and extra-
ordinary DFs above the band gap. It was derived from analy-
sis of the conduction-band g factor10 and band-structure
calculations11 that EP

� is greater than EP
� in GaN. However,

the opposite relationship has also been reported.12 Both the
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state mixing and noticeable anisotropy of the effective mass
are present in the VB, as can be concluded from the reported
parameters of the Rashba-Sheka-Pikus �RSP� Hamiltonian
for GaN,6,11,13–19 ZnO,20,21 and CdS and CdSe.14 Theoretical
studies yield also different values of the electron effective
mass parallel �mez� and perpendicular �met� to the c axis.
However, no consensus exists on the relation between them,
i.e., met�mez was found for GaN,6,11,15,18,19,22–27 ZnO,22,27

and CdS and CdSe,22 while other authors reported that met
�mez for GaN �Refs. 12, 13, 16, 28, and 29� and ZnO,20 or
met�mez for GaN.30–32 On the other hand, experiments re-
vealed no detectable anisotropy of the CB for GaN �Ref. 33�
and CdS and CdSe.34 Only for ZnO, it was observed that
met�mez from cyclotron resonance35 and infrared
reflectance36 measurements.

The goal of this work is to determine the interband mo-
mentum matrix elements of wurtzite semiconductors GaN,
ZnO, CdS, and CdSe and to clarify based from these what
physical properties are responsible for their dichroism near
the E0 critical point. We also observe the conduction-band
nonparabolicity and determine the CB dispersion relation
and effective mass. Our approach is based upon comparing
experimental and calculated imaginary parts of the ordinary
and extraordinary DFs. This work is an extension of our
recent study of zinc-blende semiconductors37,38 to the wurtz-
ite crystal structure.

The paper is organized as follows: In Sec. II, modifica-
tions of the method to take into account the hexagonal crys-
tal symmetry, as well as input parameters for the calculations
of the DFs, are described. In Sec. III, we calculate the tran-
sition probability and study the effects of the band-structure
anisotropy on the DF. It will be demonstrated that the experi-
mentally observed dichroism near the E0 critical point can be
explained only by the assumption that EP

�
�EP

�. Section IV
addresses experimental data for the DFs that we used to com-
pare with the calculations. In particular, we re-examine ex-
isting literature data for ZnO, report on our measurements of
C-plane ZnO crystals, and present a new data set which is in
much better agreement with the k ·p theory. In Sec. V, the
concept of optical transitions into exciton-phonon complexes
�EPC� is briefly discussed. It has been shown that the effect
of EPC on the DFs is quite large in ZnO.8 Here, we develop
a model which takes into account differences in ionic char-
acter of the semiconductors investigated. In Sec. VI, main

results of the present work are reported. We discuss the effect
of dichroism near the E0 critical point on birefringence in the
transparent region and near the absorption edge. The deter-
mined anisotropy of the momentum matrix element is inter-
preted in terms of an inherent anisotropy of an ideal wurtzite
structure and the departure of the actual crystal structure
from the ideal wurtzite �Sec. VI A�. The CB nonparabolicity
and effective mass as a function of electron concentration
and wave vector are presented and compared with those in
literature in Sec. VI B, while in Sec. VI C a comparison to
k ·p models is done. Section VII is a brief summary of the
results obtained.

II. MODEL AND INPUT PARAMETERS

Our model for calculating the imaginary part of the DF of
zinc-blende cubic semiconductors in the vicinity of the direct
band gap was introduced explicitly in Ref. 37. Contributions
of optical transitions due to discrete exciton states and
Coulomb-enhanced band-to-band �BB� transitions from three
highest VBs to the CB are taken into consideration. As re-
vealed by band-structure calculations, a feature specific for
wurtzite semiconductors is a considerable splitting of each
VB v �v=A, B, or C� into two different branches �sub-bands�
Ev�v

�k� corresponding to two possible values, “+” or “−,” of
the spin variable �v that characterizes the VB eigenstates.6,7

Another specific property of a hexagonal crystal is that,
owing to the anisotropy of both the static dielectric constant
and the reduced exciton mass, excitons no longer possess
spherical symmetry and are elongated or flattened in shape.
Within a simple anisotropic model,39,40 the exciton energy
levels are determined by the mean static dielectric constant
�s= ��s

��s
��1/2, the mean reduced exciton mass �0, and the

anisotropy parameter �. For the semiconductors in question,
the anisotropy parameter is not large, and only small
deviations from the hydrogenlike n−2 spectral law are
observed.40,41 Much more important corrections to the ex-
citon binding energy and the hydrogenlike behavior origi-
nate in the coupling between exciton states belonging to
different VBs, as well as in interactions of excitons with
optical phonons.20,42 However, since the exciton binding en-
ergy from experiments is taken and room-temperature data
for the DF are analyzed in this work with a consequence
that a noticeable broadening of optical transitions exists, we

TABLE I. Relative oscillator strength of excitons for two principal polarizations of light, as well as
birefringence ��1

� /�1
�� and dichroism ��2

� /�2
�� at photon energies EgA−0.75 eV and EgA+0.75 eV,

respectively.

E�c E �c

A B C A B C �1
� /�1

� �2
� /�2

�

GaN 1 0.619 0.381 0 0.763 1.237 1.032a 1.050a

ZnO 0.29 1 0.01 0.01 0 1.29 1.017b 1.096b

CdS 1 0.532 0.468 0 0.937 1.063 1.015c 1.084c

CdSe 1 0.374 0.626 0 1.251 0.749 1.016c 1.066c

aReference 1.
bReference 2.
cReference 3.
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expect that the hydrogenlike anisotropic model, as given by
Eq. �2�, is accurate enough to account for the excitonic con-
tribution. Then, based on the results for zinc-blende cubic
semiconductors37,38 and taking into account the uniaxial op-
tical anisotropy of wurtzite hexagonal semiconductors, the
imaginary part of the DF at a photon energy E is expressed
as follows:

�2
��E� = fx�2�

DX�E� +
A0m0EP

�

16�2E2 �
v,�v

�
BZ

�1 + fx�Sv − 1��

	Fv�v

� �k�
�Ec�k� − Ev�v
�k� − E�dk , �1�

with

�2�
DX�E� =

A0m0EP
�

2E2 	8��0�s

e2 
3

	�
v

�
n=1

�

Fv�
DX	Ebv

n

3


	E − Egv +
Ebv

n2 
 , �2�

and

Sv = �2���v�/�1 − exp�− 2�/��v�� , �3�

where the first and the second terms in Eq. �1� describe con-
tributions from discrete exciton states and BB transitions,
respectively, � stands for � or �, fx is the weighting factor for
the excitonic contribution depending on the temperature and
semiconductor of interest,37,38 A0=�2e2 /�0m0

2, � is the
Planck constant, e and m0 are the free-electron charge and
mass, respectively, �0 is the electric constant, EP

� denotes the
interband momentum matrix element in energy units, Sv is
the Sommerfeld factor, Fv�v

� �k� is a dimensionless wave-
vector-dependent quantity that determines the transition
probability between the �v sub-band of the VB v and the CB
for the light polarization indicated by the superscript �, Ec�k�
is the dispersion relation in the CB, �s is the mean static
dielectric constant, Fv�

DX and Ebv are the relative oscillator
strength and the exciton binding energy of the exciton series
belonging to the VB v, Egv is the energy gap between the CB
and the VB v at k=0, and �v= �E−Egv� /Ebv.

The VB structure and transition probabilities were calcu-
lated by solving the RSP Hamiltonian for eigenfunctions and
eigenvalues. The RSP Hamiltonian contains crystal-field
�1� and spin-orbit �2 ,3� energies and seven Ai param-
eters. Our analysis of �2

��E� is restricted to a photon energy
of about EgA+1.8 eV, which corresponds to a limiting elec-
tron wave vector of approximately 3.5 nm−1; i.e., k vectors
up to about a quarter of the distance between the � point and
the zone boundary are involved. This region near the zone
center is well within the range of k points commonly em-
ployed for deriving the RSP parameters by a direct fitting to
first-principles calculations of the VB structure.6,13,14,19,20

The RSP parameters we use in the calculations are listed in
Table II. To our knowledge, parameter sets presented by Jeon
et al.14 are the only ones available for CdSe and CdS. For
ZnO, two sets of RSP parameters have been published.20,21

We use the set in Ref. 20. Note that the values of crystal-field
and spin-orbit splittings for CdSe, CdS, and ZnO quoted in
Table II are close to those determined experimentally from

low-temperature exciton absorption and reflectance measure-
ments �see, e.g., Refs. 34 and 43�.

Much theoretical work was done in deriving the VB pa-
rameters of GaN.6,11,13–19 However, the calculated crystal-
field and spin-orbit splittings deviate significantly from val-
ues observed by experiments. The crystal-field splitting 1
especially is strongly overestimated by most calculations;
see, e.g., the lists in Refs. 44 and 45. A consistent set of VB
parameters for GaN is not available at present.33 It must be
emphasized that, owing to the small spin-orbit and crystal-
field splittings, their experimentally determined values tend
to be more reliable than those from calculations. On the other
hand, a direct fitting to band-structure calculations is at
present the only way to obtain all A1-A7 parameters. To our
knowledge, only Torii et al.46 reported on the experimental
determination of several Ai parameters from reflectance and
emission of excitonic polaritons. However, the reported set is
incomplete and, additionally, depends on the electron effec-
tive mass chosen. The set used in this work �see Table II� is
composed as follows: We employ the crystal-field and spin-
orbit energies resulted from a comprehensive study of exci-
tons in epitaxial GaN films by Gil.47 Note that these i’s
describe not only the energy positions of A, B, and C exci-
tons but also their relative intensities. In particular, the cal-
culated relative oscillator strengths for the E�c polarization
�see Table I� are in good agreement with experimental polar-
izabilities of the excitons observed with homoepitaxial GaN
films.48 However, using the i values from experiments
needs the A7 parameter to be modified properly. Because a
major difference between calculations and experiments is the
crystal-field energy 1 and the quantity 2�A7

2 /1� affects the
effective mass at the � point,6,13 we evaluated the average of
2�A7

2 /1� terms reported in the literature.6,11,13,15,17–19 Com-
bining it with the 1 value from Table II yields the A7 pa-
rameter. At large wave vectors, when the spin-orbit splitting
and terms linear in k in the RSP Hamiltonian may be ignored

TABLE II. Parameters of the Rashba-Sheka-Pikus Hamiltonian
and room-temperature values of the electron effective mass, mean
static dielectric constant, exciton binding energy, and weighting fac-
tor for the excitonic contribution to the DF used in calculations.

GaN ZnO CdS CdSe

1 �meV� 10.0 38.0 26.3 39.0

2 �meV� 6.2 −4.53 22.3 148

3 �meV� 5.5 −3.05 22.3 148

A1 −6.75 −3.78 −4.53 −5.06

A2 −0.592 −0.44 −0.39 −0.43

A3 6.20 3.45 4.02 4.50

A4 −2.83 −1.63 −1.92 −1.29

A5 −2.90 −1.68 −1.92 −1.29

A6 −3.80 −2.23 −2.59 −0.467

A7 �eV Å� 0.0801 0.180 0 0

me0
� 0.183 0.216 0.178 0.118

�s 9.60 7.93 8.53 9.34

Eb �meV� 23.6 54 26.5 13.9

fx 0.97 0.93 0.78 0.53
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�i.e., 2=3=0, A7=0�, all three VBs are parabolic in direc-
tions perpendicular and parallel to the optic axis. Within this
approximation, the effective mass �in units of the free-
electron mass� is as follows:13

1/mAt
� = − �A2 + A4 − A5� ,

1/mBt
� = − �A2 + A4 + A5� ,

1/mCt
� = − A2,

1/mAz
� = 1/mBz

� = − �A1 + A3� ,

1/mCz
* = − A1.

Parameters A1–A5 listed in Table II were derived by av-
eraging the above effective masses reported in Refs. 6, 11,
and 13–19, while A6 was then deduced using the quasicubic
model.6

Further parameters needed to calculate �2
� by using Eqs.

�1�–�3� are the electron effective mass, the mean static di-
electric constant, the exciton binding energy, and the weight-
ing factor for excitonic contribution. It was mentioned in
Sec. I that except for ZnO, experiments indicate no or neg-
ligible CB anisotropy. Furthermore, we will demonstrate by
calculations in Sec. III that a moderate CB anisotropy would
have only little effect to be not enough to account for the
experimentally observed optical anisotropy. For these rea-
sons, we adopt a spherical CB. The electron effective mass at
the CB bottom used in our calculations is given in Table II.
The values for CdSe and CdS stem from recent cyclotron
resonance measurements,49 while those for ZnO and GaN
were obtained in this work �see Sec. VI�.

The assumption of a spherical CB allows us to use a
simple description of the nonparabolicity, as in Refs. 37 and
38, with nonparabolicity coefficients Ni which do not depend
on the direction in k space:

Ec�k� =
�2

2m0

k2

me0
� + �

i=1

i0

Ni	 k2

me0
� 
i+1

, �4�

where me0
� is the electron effective mass at the CB bottom in

units of the free-electron mass and the electron energy is
counted from the CB bottom. Then, the energy-dependent
electron effective mass me

� can be introduced by the follow-
ing equations:

Ec =
�2k2

2m0me
� , me

� = me0
� 	1 + �

j=1

j0

MjEc
j
 , �5�

where Mj is a new set of nonparabolicity coefficients. Also
the momentum �dynamical� electron effective mass mp, de-
fined by 1 /mp= �1 /�2k��dEc /dk�, can be found as a function
of electron energy and concentration ne �see Ref. 38 for more
details�.

To deduce room-temperature �s
� values, we used the

Lyddane-Sachs-Teller relation �s
�=��

� ��LO
� /�TO

� �2, which
may be written independently for the two principal polar-
ization directions in hexagonal crystals,50 where ��

� is the

high-frequency dielectric constant, while �LO
� and �TO

� are
frequencies of the LO and TO phonons polarized perpen-
dicular ��=�� and parallel ��= �� to the optic axis. These
phonon polarizations are also known as E1 and A1 modes,
respectively. Values of ��

� were taken from spectroscopic
ellipsometry measurements of GaN �Ref. 1� and studies
of ZnO, CdS, and CdSe by prism-minimum-deviation
method.51–53 Frequencies of E1 and A1 optical phonons were
obtained by averaging Raman,54–59 infrared reflectance,60

and infrared spectroscopic ellipsometry61 data for GaN,
Raman,62–65 infrared reflectance,36 and infrared spectro-
scopic ellipsometry65 data for ZnO, as well as Raman and
infrared spectroscopy data for CdS and CdSe compiled in
Ref. 34. Values of ��

� and �s
� derived in this way agree well

with data from infrared reflectance and transmission studies
of GaN,58,66 ZnO,67 CdS,68,69 and CdSe,68,70 from prism-
coupled-waveguide measurements for GaN �Ref. 71� and
ZnO,72 and from spectroscopic ellipsometry for ZnO.65,73

The resultant mean dielectric constants �s= ��s
��s

��1/2 are
listed in Table II.

The exciton binding energy is mostly known from low-
temperature experiments. Usually somewhat differing values
are reported for A, B, and C excitons �see Refs. 74–77 for
GaN, Refs. 78–84 for ZnO, and Ref. 34 for CdS and CdSe�.
However, noticeable discrepancies exist between data of
various groups, especially for ZnO. Calculations of excitonic
spectra from first principles yielded similar binding energies
of the A, B, and C, excitons for GaN �Ref. 85� and ZnO.86 In
this work the exciton binding energy is taken to be identical
for all three excitons. Its average values at low temperatures
are 26 meV for GaN,42,74–77,87,88 59 meV for ZnO,5,20,78–84,89

29.1 meV for CdS,34,90,91 and 15.4 meV for CdSe.34 Consid-
ering the temperature dependence of the static dielectric con-
stant reported in Refs. 92–95 and using the procedure de-
scribed in Refs. 37 and 38, we obtained the room-
temperature Eb values presented in Table II.

The weighting factor fx for ZnO, CdS, and CdSe was
calculated using Eq. �16� of Ref. 37. The necessary experi-
mental data were taken from Ref. 34. For GaN, fx was set at
0.97.37 This value agrees well with recent experimental data
on elastic constants,58,96 heat capacity,97–100 thermal
conductivity,97,99–101 and phonon mean free path.100

III. TRANSITION PROBABILITY AND EFFECTS OF THE
BAND-STRUCTURE ANISOTROPY

In calculating the VB structure and the transition prob-
ability between the VB and the CB, we follow Sirenko et al.7

�see also Ref. 37�. By applying six basis functions �vl ,�v,
where l=1–3, the 6	6 RSP Hamiltonian is transformed into
the block-diagonal form, with the spin variable �v=� as-
signing the basis states to the 3	3 upper �H+� and lower
�H−� Hamiltonian blocks �see Eqs. �21� and �22� of Ref. 7�.
The eigenstate belonging to the �v sub-band of the VB v is
characterized by the eigenfunction wv�v

which is a linear
combination of �vl ,�v:

wv�v
= �

l=1

3

�avl�v
+ ibvl�v

��vl,�v . �6�

Solving the H+ and H− matrices yields the eigenfunctions
wv�v

�k� and eigenvalues Ev�v
�k� for the “upper” �corre-

SHOKHOVETS et al. PHYSICAL REVIEW B 78, 035207 �2008�

035207-4



sponding to �v=+� and “lower” ��v=−� sub-bands of each
VB v.

An electron state in the CB is described by a Bloch func-
tion uc�c

, where �c denotes the electron spin. In the dipole
approximation, the transition probability is determined by
the matrix element �wv�v

�ep�uc�c
, where e is the unit vector

in direction of the light polarization and p is the momentum
operator. To calculate the above matrix element, we used
matrix elements epl�v→c�c

= �vl ,�v�ep�uc�c
 of optical transi-

tions between valence-band basis states and conduction-band
states given in Table 1 of Ref. 7. As similarly done in Ref.
37, we introduce the squared total matrix element ��epvc�tot

2 ��v
defined as a noncoherent sum over two possible sets of spin
configurations due to the twofold spin degeneracy of the CB:

��epvc�tot
2 ��v

= �
l=1

3

�avl�v

2 + bvl�v

2 ��epl�v→c�c
�2. �7�

Equation �7� describes the transition probability between
the �v sub-band of the VB v and the CB for an arbitrary
polarization of light. The latter is specified by the direction
of the e vector characterized by spherical angles �e and �e.
Due to rotation symmetry of the RSP Hamiltonian, the tran-
sition probability does not depend on �e.

7 Setting �e=� /2
and �e=0 in Eq. �7� yields the transition probability for the
ordinary and extraordinary waves, respectively. For the two
principal light polarizations, Eq. �7� can be rewritten as
follows:37,102

��epvc�tot
2 ��v

� =
m0

2
EP

� Fv�v

� �k� , �8�

where EP
� ��2m0 /�2��P��2, P� is the Kane parameter and a

dimensionless quantity Fv�v

� �k� describes the wave-vector
dependence of the transition probability between the sub-
band �v of the VB v and the CB. Note that the momentum
matrix element EP

� is a materials constant which, as seen
from Eqs. �1�–�3�, scales the magnitude of the imaginary part
of the DF, while the spectral dependence of �2

��E� is deter-
mined by details of the band structure and the quantity
Fv�v

� �k�. The latter will further be called the relative transi-
tion probability.

Figure 1 presents the VB structure of GaN in the direction

perpendicular �kt� and parallel �kz� to the c axis calculated
using the composite set of RSP parameters �see Table II�.
Constant-energy surfaces of all six sub-bands are rotationally
symmetric �for their constant-energy contours, see the inset
of Fig. 3 �top��. The two sub-bands of each one of the three
VBs are degenerate when k is parallel to the c axis. As the k
direction moves away from the optic axis, the splitting of the
sub-bands increases and reaches a maximum for an
in-xy-plane orientation of the wave vector. In Fig. 2, the
relative transition probability for the ordinary and extraordi-
nary waves is shown as a function of the wave-vector length
for states with k perpendicular to the optic axis. Major
changes occur in the vicinity of the anticrossing point of the
B and C VBs �compare to Fig. 1�. The insets of Fig. 2
present the transition probability for states with k �c. Com-
parison to the respective data for k�c orientation reveals
that, generally, there is a strong dependence on the angle �
between the wave vector k and the optic axis. A qualitatively
similar behavior is observed for other semiconductors stud-
ied as well. Some peculiarities of ZnO are related to the
anomalous valence-band ordering.5,20 However, this has no
fundamentally different effect on the DFs, as revealed by the

FIG. 1. Valence-band structure of GaN calculated using RSP
parameters of Table II. Upper and lower sub-bands are shown by
the solid and dotted lines, respectively.

FIG. 2. Relative transition probability between the valence
bands and the conduction band of GaN for ordinary �top� and ex-
traordinary �bottom� waves involving states with wave vector per-
pendicular to the optic axis. The solid and dotted lines refer to upper
and lower sub-bands, respectively. The insets show the results for
states with wave vector parallel to the optic axis.
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calculations, and will be not discussed in detail.
As seen in Fig. 2, for small k the probabilities of optical

transitions involving A, B, and C valence-band states are
approximately independent of � and wave-vector length. The
sum Fv

��k�=Fv,�v=+
� �k�+Fv,�v=−

� �k� at k=0 determines the os-
cillator strength of the respective excitons in both principal
light polarizations, i.e., Fv�

DX=Fv
��0� in Eq. �2�. Note also that

the equality �vFv
��0�=2 holds regardless of the polarization

of light. Fv�
DX values for GaN, CdS, and CdSe that resulted

from the RSP parameters in Table II are listed in Table I. For
ZnO, modified values are given which account for the ex-
perimentally observed weakness of the A exciton �see Sec.
VI for a detailed discussion�.

Further, we will address features of the band structure that
affect the dichroism of wurtzite materials in a spectral region
above the band gap, where the BB transitions dominate. For
these calculations, EP

�=EP
� is assumed. Figure 3 shows the

imaginary part of the ordinary and extraordinary DFs of GaN
and ZnO due to transitions between all three VBs and the
CB. The Coulomb enhancement and broadening �see Table
VI for the broadening parameter� are included. The RSP pa-
rameter sets of Table II are used and a parabolic and isotropic
CB is assumed. The spectra are normalized on �2

� values at
the photon energy EgA+0.75 eV. Two important features
should be emphasized which are a direct consequence of the

hexagonal symmetry of wurtzite semiconductors. First, the
onset of a strong absorption of the extraordinary wave is
shifted to higher photon energies compared to the ordinary
wave. This behavior correlates with the polarization depen-
dence of excitonic absorption. The explanation is that at
small wave vectors, the probabilities of BB transitions in-
volving the A, B, and C VBs only weakly depend on k, being
approximately the same as for the respective excitons, as
seen from Fig. 2. Second, as the wave vector is increased,
strong state mixing and related changes in the transition
probabilities occur. This, however, does not completely
eliminate the difference between �2

� and �2
� ; their magnitudes

remain unequal at larger photon energies as well. Such a
dependence on the light polarization is not observable in
cubic zinc-blende semiconductors.37

As for the magnitude of dichroism above the band gap,
we see from Fig. 3 that �2

� /�2
��1 �this is also valid for CdS

and CdSe�, whereas the opposite relationship is observed by
experiments �see Table I�. However, the calculations show
that the �2

� /�2
� ratio depends on both the CB anisotropy and

an individual set of RSP parameters. The effect of the CB
anisotropy was studied assuming a parabolic CB with an
ellipsoidal constant-energy surface characterized by compo-
nents met and mez of the electron effective mass tensor. The
components were chosen to satisfy the requirement me0

�

= �met
2 mez�1/3 /m0, where me0

� is taken from Table II. In Fig. 4,
the calculated dichroism at EgA+0.75 eV is presented as a

FIG. 3. Normalized ordinary �solid� and extraordinary �dotted�
imaginary parts of the dielectric functions of GaN �top� and ZnO
�bottom� due to band-to-band optical transitions. The insets show
constant-energy contours of the valence bands in a plane containing
the optic axis �solid and dotted lines for upper and lower sub-bands,
respectively; Ev=0.04 eV from top of the A band�.

FIG. 4. Dichroism at a photon energy EgA+0.75 eV. The filled
symbols denote experimental data for GaN �Ref. 1�, ZnO �Ref. 2�,
CdS, and CdSe �Ref. 3�. The lines represent the dependence on
met /mez ratio calculated using RSP parameters in Table II. The open
symbols are data points obtained with original RSP parameters and
electron effective masses proposed in the literature for GaN ��a�–
�i��, ZnO �j�, CdS �k�, and CdSe �l�. For the calculations, EP

� =EP
�

was assumed. �a� Ref. 13; �b� Ref. 15; �c� Ref. 6; �d� Ref. 17; �e�
Ref. 18; �f� Ref. 19; �g� Ref. 14; �h� Ref. 16; �i� Ref. 11; �j� Ref. 20;
��k� and �l�� Ref. 14.
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function of met /mez ratio for GaN, ZnO, CdS, and CdSe pro-
vided EP

�=EP
� and RSP sets of Table II are used. As seen, the

�2
� /�2

� ratio increases with increasing met /mez value. How-
ever, the effect is relatively weak, not enough to explain the
experimentally observed dichroism �filled symbols in Fig. 4�.
Open symbols refer to the calculations employing original
RSP parameters and electron effective masses proposed in
the literature.6,11,13–20 More or less elongated and warped
constant-energy surfaces of the VBs �see the insets of Fig. 3�
are obtained according to various authors. As a result, scat-
tering of the calculated data points is observed �see Fig. 4�.
For example, a larger elongation of the B and C VBs in the
direction parallel and perpendicular to the optic axis, respec-
tively, promotes a lesser �2

� /�2
� value. However, the elonga-

tion is not the only deciding factor. Both the transition prob-
ability and the detailed shape of the constant-energy surfaces
are sensitive to all i and Ai parameters, and the resultant
dichroism is determined by their interplay.

The following conclusions can be drawn from the above
discussion, especially from Figs. 3 and 4. First, the experi-
mentally observed dichroism cannot be explained quantita-
tively without an assumption that EP

�
�EP

�. Second, the CB
of CdSe and CdS is isotropic,34 while met /mez values for
GaN and ZnO reported from calculations6,11–32 and
experiments33–36 fall into an interval of about 0.8–1.2. Such a
moderate CB anisotropy would only slightly alter the dichro-
ism calculated for met /mez=1 �see Fig. 4�. Therefore, we will
adopt an isotropic but not parabolic CB in the following
analysis for all semiconductors studied.

IV. EXPERIMENT

Jellison and Boatner2 determined the ordinary and ex-
traordinary DFs of ZnO by generalized ellipsometry. Their
data are, perhaps, the most accurate in the region close to the
band gap. The measurements were performed with high
spectral resolution on samples grown using the chemical va-
por transport method and the hydrothermal method, undoped
and Sn doped, with in-plane and off-normal orientations of
the optic axis. Near and above the band edge, the resulting
DFs from all samples were identical within error, while the
refractive indices determined below the band edge agree with
those by prism-minimum-deviation method. However, an un-
expected lowering of the �2 magnitude is observable at pho-
ton energies higher than 4 eV. Using the data in Ref. 2 results
in a low CB nonparabolicity,8 which contradicts the k ·p
theory. This discrepancy may be related to the overestima-
tion of the overlayer thickness dovr which was derived in Ref.
2 under the assumption that the overlayer causes all experi-
mentally observed deviations from an ideal behavior ex-
pected for an abrupt air/ZnO boundary in the transparent
region �1.5–3.1 eV�. Then, the fitting parameters of the over-
layer were used to determine the optical constants of ZnO
above the band gap �up to 5 eV�. However, ellipsometric
data can be affected not only by an overlayer but also by
other effects, such as backside reflection and light scattering,
which may be especially strong in a transparent region. In
addition, as the effect of an overlayer is proportional to
�dovr /��2, where � is the wavelength of the light,103 an error

in dovr that is not important at low photon energies may
become significant at higher energies. Therefore, more reli-
able optical constants would result if �a� detrimental effects
due to nonidealities of samples are minimized and �b� a self-
consistent procedure of data analysis is used, e.g., multiple-
sample fit in which many data sets are treated simultaneously
in the same spectral range.

To reduce backside-reflection and light-scattering effects,
we carried out measurements with the sample surface to be
screened off except for a small active area. Four different
C-plane wafers, one-side polished, supplied by Tokyo Denpa
Co., Ltd. �hydrothermal method�, Eagle-Picher Co., Ltd.
�vapor-phase method�, Cermet, Inc. �pressurized melt growth
technique�, and CrysTec GmbH �hydrothermal method� were
studied using spectroscopic ellipsometry �angles of incidence
of 55°, 60°, 65°, and 70°� and reflectance �s-polarized light,
angles of incidence of 20° and 40°�. From measurements of
the C plane above the absorption edge, the so-called isotro-
pic DF is determined.1,104 This was derived by multiple-
sample fit to all the spectra measured. In doing that, the
material properties were assumed to be identical for all
samples, while the overlayer thickness was allowed to vary
for different samples. The overlayer was modeled using a
50%/50% air/ZnO Bruggeman effective medium. The result
is presented in Fig. 5, together with the ordinary DF from
Ref. 2. Note distinctions between the ordinary DF and the
“isotropic” DF observable in the region of excitonic absorp-
tion. A detailed discussion of the relation between the ordi-
nary, extraordinary, and isotropic DFs is out of the scope of
this work and will be done elsewhere. Here we only remark
that, owing to considerably larger exciton binding energy,
oscillator strength and energy separation between the �A, B�
exciton doublet and the C exciton, these distinctions are
much more important for ZnO than for GaN, in agreement
with our model calculations �not presented here�. At a suffi-
cient distance from the absorption edge, approximately equal
�within less than 2%� imaginary parts of the ordinary and
isotropic DFs are predicted by the calculations for ZnO.
Within experimental error, this is also fulfilled, as seen in

FIG. 5. Isotropic dielectric function of ZnO measured in this
work �solid lines� in comparison to the ordinary DF from Ref. 2
�dotted lines�.
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Fig. 5, except for photon energies higher than 3.7 eV, where
our �2 data significantly deviate from that of Ref. 2. We
attribute this discrepancy to an overestimated overlayer
thickness in Ref. 2, as discussed above. Therefore, in deter-
mining the momentum matrix elements and the CB nonpa-
rabolicity of ZnO, we used a compiled data set consisting of
�2

� and �2
� data of Ref. 2 in the 3.1–3.7 eV region and our

data for �2
� at higher photon energies.

So far, no experimental data for the ordinary and extraor-
dinary DFs of GaN close to and above the band gap are
available in the literature. However, the isotropic DF is
known with good accuracy from measurements of C-plane
films. Here, we use our data presented in Ref. 104 which
were obtained from spectroscopic ellipsometry study of
high-quality films with low electron concentration grown on
C-plane sapphire substrates. The room-temperature isotropic
�2 value of GaN is close to the imaginary part �2

� of the
ordinary DF over the whole spectral range studied.104 Subtle
distinctions occur only near the main excitonic peak.

There have been several spectroscopic ellipsometry stud-
ies of CdS �Refs. 105 and 106� and CdSe.107–109 In this work,
we use data sets published by Ninomiya and Adachi,106,109

which, to our knowledge, are the only complete ones for the
both light polarizations in a spectral range close to and above
the absorption edge. Single crystals grown by a vapor-phase
method, not intentionally doped, with in-plane orientation of
the c axis were measured. Possible effects of the overlayer
due to surface roughness and contaminations have been not
completely clarified and not eliminated, with a consequence
that an overestimated �2 magnitude in data sets of Refs. 106
and 109 may be expected. This, however, should have little
effect on the EP

� /EP
� ratio determined in this work.

V. EXCITON-PHONON COMPLEXES

Owing to the small energy separation between A and B
excitons in GaN and ZnO, they are not resolved in room-
temperature absorption, reflectance, and spectroscopic ellip-
sometry spectra; a single peak is observed due to the both
excitons in the E�c polarization.2,104 A similar peak seen in
the E �c polarization is shifted to a higher photon energy and
is related to the C exciton. In addition, a significantly broader
and asymmetrical band is present on the high-energy side for
the both light polarizations.2 Studying the transmission of
ZnO crystals, Liang and Yoffe78 first suggested that these
sidebands are due to transitions into exciton-phonon com-
plexes �EPCs�. An additional broad feature which appears at
about one LO-phonon energy above the main excitonic peak
has been observed by many other authors in the optical spec-
tra of GaN,110,111 ZnO,112,113 CdS and CdSe,114 and other
materials.115,116 It can be concluded from experiments that
EPC transitions are favored in materials of increasing ionic
character, where the lattice can be readily polarized. In addi-
tion, the energy of the complexes is not a simple sum of the
exciton and phonon energies, and more than one phonon may
be involved.

The problem of the optical response including processes
where a photon simultaneously creates an exciton and
phonons was treated theoretically in Refs. 116–119. How-

ever, there is yet no analytical expression available for the
description of EPC. In Ref. 8, a simple model was used
which accounts for the sidebands in spectra of the ordinary
and extraordinary DFs of ZnO as phonon replicas of the
discrete exciton contribution. It was found that EPCs make a
significant contribution to the DFs and might not be ne-
glected in quantitative analyzing of experimental data. Here,
we develop a more sophisticated model to take into consid-
eration differences in the ionic character of the semiconduc-
tors studied. To provide an insight into properties of EPC,
below we briefly discuss some basic results regarding
electron-phonon and exciton-phonon systems.

In a polar semiconductor, a moving electron interacts with
the positive and negative lattice ions displaced by the own
electric field of the electron. The state of the electron with its
surrounding polarization of the crystal lattice can be thought
a quasiparticle, the polaron. In theory, the polaron is de-
scribed as an electron surrounded by a cloud of virtual
phonons.120 The interaction with the lattice via LO phonons
is dominant. This coupling is described by a Fröhlich Hamil-
tonian with a dimensionless �Fröhlich� parameter �e,h that
plays the role of a coupling constant of the charged particle
�electron or hole� with the lattice:

�e,h =
e2

8��0�
	 2me,h

��LO

1/2	 1

��

−
1

�s

 , �9�

where the subscripts e and h refer to the electron polaron and
the hole polaron, respectively, and me,h is the bare effective
mass of the charged particle. It was shown120 that the mean
number of phonons in the cloud around the charged particle
is Ne,h=�e,h /2, and the induced polarization charge distribu-
tion has a mean extension of re,h= �� /2me,h�LO�1/2, known as
the polaron radius. Values of the polaron radii are especially
important for an exciton-phonon system.121,122 As the dis-
tance between the electron and the hole is decreased, their
polarization clouds partially neutralize each other. It allows
two limiting cases to be treated: �a� when the exciton radius
ax is larger than the sum of the polaron radii, the exciton can
be assumed to consist of two independent polarons; and �b�
for small ax, the exciton is coupled as a whole to the crystal
lattice. In the former case, the limiting number of phonons
coupled to the exciton is N= ��e+�h� /2, while no phonons
couple to the exciton if its radius is very small compared to
the polaron radii.121

In Table III, exciton and polaron radii and Fröhlich pa-
rameters are presented, as well as quantities used to calculate
them: ��= ���

���
� �1/2; LO-phonon energy ��LO, where �LO

= ��LO
� �LO

� �1/2; and the hole effective mass mh
�. The latter was

evaluated as the average of the effective masses for all three
VBs at k=0 in two principal directions. �s values are given
in Table II. As seen from Table III, the exciton radius is in
the order of the sum of the polaron radii, and the sum of
Fröhlich parameters for electrons and holes is quite large.
Hence, especially for ZnO, a considerable number of
phonons are expected to couple with excitons. Recently, us-
ing Monte Carlo method, Mishchenko et al.123 studied the
structure of the polaron cloud in terms of partial contribu-
tions of states with N=0, 1, 2, 3, etc., phonons. According to
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their results, for �e=1 these contributions are about 0.6, 0.3,
0.08, and 0.015 for the first four states. As �e is increased,
the contribution of the N=0 state decreases. For example, it
amounts to only 0.17 for �e=3. In addition, a peak at N̄
�1 arises. The distribution of multiphonon states around the
peak is asymmetric with a tail on the N� N̄ side.

Based on these results and on our previous study,8 we
modeled the effect of EPC on the DF as multiphonon �N
=1,2 ,3 , . . . ,Nm� replicas of the discrete excitonic contribu-
tion scaled by a factor f0bN−1 and shifted to higher photon
energies by NE0. Then, a quantity FEPC= f0�N=1

Nm bN−1 is a
measure of the EPC contribution as compared to that of the
discrete excitons, with f0 yielding the relative contribution of
the N=1 state. On condition that b is less than unity, which
should be expected for the semiconductors studied, a larger b
will result in a more asymmetrical sideband. Values of f0, b,
and E0 were treated as adjusted parameters to be deter-
mined from comparison with experiment.

Figure 6 shows room-temperature experimental data
�circles� for the DF of ZnO �Ref. 2� and GaN.104 Note the
presence of the sidebands in the spectra of both materials at
photon energies above the excitonic peaks, with the GaN
sideband being much less pronounced than the ZnO ones.
The solid lines in Fig. 6 represent fits to the experimental
data, taking into account the Coulomb-enhanced BB transi-
tions and discrete excitons, as specified by Eqs. �1�–�3�, as
well as the EPC, as described above. Their particular contri-
butions are shown by broken lines. It is seen in Fig. 6 that the
sidebands cannot be reproduced correctly without taking into
consideration the presence of EPC.

Table III lists parameters that describe the contribution of
EPC to the DFs. Other results of fits will be presented in Sec.
VI. Below we give brief explanations to the derived param-
eters of EPC. Provided that ��e+�h��1, b=0.25 can be
adopted from the data of Ref. 123. This was found to be
appropriate for GaN and means that states with N�3 are
practically not present in the polarization cloud around the

excitons. For ZnO, a significantly larger b value was deter-
mined from the fits �see Table III� indicating that states up to
Nm=12 can be effective. In addition, the determined f0 value
is considerably larger for ZnO than for GaN. The resulting
FEPC values, which characterize the magnitude of the EPC
contribution as compared to that of the discrete excitons, are
also shown in Table III. As seen, contributions of discrete
excitons and EPC have the same order in the case of ZnO.
For GaN, the effect of EPC is of lesser importance. Finally,
E0=88 meV and E0=32 meV were determined from the
fits for GaN and ZnO, respectively. Whereas for GaN E0 is
only slightly lower than the LO-phonon energy �see Table
III�, a large difference between E0 and ��LO values exists
for ZnO. This behavior can be understood by considering the
polarization cloud in case of ZnO to consist of many mul-
tiphonon states. Then, all long-wavelength optical phonons
may be assumed to participate in the coupling between the
lattice and the excitons. Their mean energy should be be-
tween 13 meV �E2 mode62–65,124� and 72 meV �Table III�.
The observed E0 value for ZnO falls close to the middle of
this interval and is also in excellent agreement with an effec-

TABLE III. Mean values of high-frequency dielectric constant,
LO-phonon energy, and hole effective mass, as well as exciton and
polaron radii, Fröhlich coupling constants, and parameters of
exciton-phonon complexes �see text�.

GaN CdSe CdS ZnO

�� 5.25 6.00 5.24 3.65

��LO �meV� 91.5 26.1 37.6 72.0

mh
� 0.611 0.835 0.780 1.374

ax �nm� 3.18 5.54 3.18 1.66

re �nm� 1.51 3.65 2.44 1.59

rh �nm� 0.826 1.32 1.14 0.621

�e 0.450 0.451 0.576 0.930

�h 0.824 1.24 1.23 2.38

f0 0.12 0.15a 0.16a 0.31

b 0.25 0.29a 0.30a 0.67

FEPC 0.16 0.21a 0.23a 0.99

E0 / ���LO� 0.96 0.86a 0.82a 0.43

aObtained by linear interpolation between GaN and ZnO.

FIG. 6. Experimental DFs �circles� of ZnO �Ref. 2� and GaN
�Ref. 104� and fits �solid lines�. Contributions of free excitons,
band-to-band transitions, and transitions into exciton-phonon com-
plexes are denoted by DX, BB, and EPC, respectively.
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tive phonon energy of �33�7� meV which, according to
Klingshirn et al.,125 determines the exciton linewidth at not
too low temperatures.

Compared with ZnO and GaN, the experimental spectra
of the DFs for CdSe and CdS are strongly broadened �see
Figs. 6 and 7�, and it was impossible to determine unambigu-
ously the EPC parameters for these materials using the above
procedure. However, the obtained results for GaN and ZnO
demonstrate a correlation between the sum ��e+�h� and the
b, f0, and E0 /��LO values �see Table III�. Therefore, using
known ��e+�h� values, we estimated the EPC parameters for
CdSe and CdS by a linear interpolation between GaN and
ZnO. As seen in Table III, the EPC contribution is relatively
small for CdSe and CdS compared with ZnO.

VI. RESULTS AND DISCUSSION

In this section, the momentum matrix elements and the
CB dispersion relations are reported and discussed. To deter-
mine them, calculated �2

� spectra were fitted to experimental
ones. Experimental data for the DFs we analyzed are re-
stricted to photon energies of 5.6, 5.2, 4.1, and 3.2 eV for
GaN, ZnO, CdS, and CdSe, respectively, which are essen-
tially below their E1 critical points �approximately 7, 9, 5,
and 4 eV, respectively; see e.g., Refs. 1 and 3�. In this spec-
tral range, the imaginary part of the DF is determined by
excitons at the E0 critical point and optical transitions be-
tween states of the three highest VBs and the lowest CB with
electron wave vectors near the zone center. The calculation
of �2

� is carried out using Eqs. �1�–�3� and taking into account
the EPC contribution, as discussed in Sec. V. Input param-
eters are given in Tables II and III. The broadening is incor-
porated into the calculated �2

��E� spectra using the Gaussian
line-shape function with � as the broadening parameter. Ar-

guments in favor of the Gaussian broadening as compared to
the Lorentzian one have been given previously.37 Varying the
EP

� value, coefficients Ni in Eq. �4� and the broadening pa-
rameter �, the calculated �2

� spectrum is adjusted to the ex-
perimental one in the whole spectral region studied. The de-
rived CB dispersion relation is then fitted by Eq. �5� to
determine the Mj coefficients. Terms up to i0=5 and j0=3
were included in Eqs. �4� and �5�, respectively. Since experi-
mental �2

� spectra of ZnO and GaN show features unambigu-
ously identified with discrete excitons, EPC and BB transi-
tions �see Sec. V�, the fitting procedure used is capable of
determining the me0

� value. The spectra of CdSe and CdS are
rather structureless due to the large broadening of optical
transitions �compare Figs. 6 and 7�. The determination of me0

�

in a way similar to GaN and ZnO would be unjustified in
view of possible correlation between calculated contributions
of different mechanisms. Therefore, me0

� values from cyclo-
tron resonance measurements were used in our calculations
for CdSe and CdS �see Sec. II and Table II�.

A remark should be made concerning ZnO. Now the
anomalous valence-band ordering is mostly accepted �see,
e.g., Refs. 20, 86, 126, and 127�, which has been explained
in terms of a negative spin-orbit splitting.5,20,126,128 One of
the consequences is that the B exciton, not the A, has a larger
oscillator strength for the E�c polarization of light.5 For
instance, using RSP parameters of Table II, we obtain FA�

DX

=0.99 and FB�
DX =1. However, the calculated ratio of the os-

cillator strengths is still close to unity, whereas
experiments5,82,129,130 yield a mean value of about 0.29 for
this ratio; i.e., the A exciton is significantly weaker. The dis-
crepancy may be due to the fact that, first, experimental de-
terminations of i parameters mainly use energy positions of
excitons, while oscillator strengths are taken into account
only qualitatively; and second, not all important interactions
are included into an exciton Hamiltonian used in analyzing
experimental data. Gil131 suggested that, in contrast to GaN,
the electron-hole spin exchange interaction is very important
for ZnO and including it would account for both the energies
and oscillator strengths of excitons even without an inverted
VB ordering. Not going into the details of the discussion, we
notice that the �A, B� exciton doublet is not resolved at room
temperature; hence, we expect little influence of the VB or-
dering on the DF. However, the experimentally observed
weakness of the A exciton means that its contribution to the
DF is considerably decreased. In addition, a further experi-
mental observation must be taken into account, namely, the
sum of oscillator strengths of A and B excitons in E�c
polarization is approximately equal to the oscillator strength
of the C exciton in E �c polarization.5,82,129,130 Therefore, in
calculating the excitonic contribution to the DFs of ZnO, we
used the Fv�

DX values given in Table I which satisfy the above
experimental observations. For comparison, the following
would result from the RSP parameters listed in Table II:
FA�

DX =0.99, FB�
DX =1, FC�

DX =0.01, FA�
DX=0.02, FB�

DX=0, and
FC�

DX=1.98. The BB transitions were calculated such as is
prescribed by the RSP parameters.

Figures 7 and 8�a� show experimental �2
� spectra �sym-

bols� and fits to them �solid and dotted lines� for CdSe, CdS,
and ZnO. From the fits we obtain EP

�, EP
� , Ni, and �. For

GaN, only �2
��E� is available from experiment �open circles

FIG. 7. Experimental ordinary �open circles� and extraordinary
�filled circles� DFs of CdS �Ref. 106� and CdSe �Ref. 109� and fits
�solid and dotted lines�.
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in Fig. 9�a��; hence, EP
�, Ni, and � are determined from com-

parison to the calculation �solid line�. Using the derived fit-
ting parameters, �2

� �E� spectrum can be calculated. In Ref. 1,
the ratio �2

� /�2
�=1.050 for photon energies above the E0 criti-

cal point was found from experimental �1
� and �1

� in the
transparent region. The use of this value as a mean calculated
dichroism in the 3.7–4.5 eV spectral region yields an esti-
mate of EP

� . The corresponding �2
� �E� spectrum is shown in

Fig. 9�a� by the dotted line.
Results of fits regarding the interband momentum matrix

elements and CB dispersion relations are summarized in
Tables IV–VI and will be discussed in Secs. VI A and VI C.
Note that a similar approach as that in the present work was
used by us to study GaN �Ref. 104� and ZnO.8 However,
wave-vector dependence of the BB transition probability and
the effect of EPC were neglected in Ref. 104, which resulted
in slightly different values of EP

� and me0
� of GaN compared

to this work. For ZnO, we re-examined experimental data for
the DFs at higher photon energies �see Sec. IV�. The result-
ing CB dispersion relation differs from that of Ref. 8 as
being more realistic, as revealed by analysis in terms of its
correspondence to the k ·p theory �see Sec. VI C�.

Now we briefly discuss the relation between dichroism at
the E0 critical point and birefringence in the transparent re-
gion and close to the absorption edge. The solid and dotted
lines denoted by KK in Fig. 8�b� represent contributions to
the real part of the ordinary and extraordinary optical suscep-
tibilities � of ZnO obtained by the Kramers-Kronig transfor-
mation of the respective calculated �2

��E� spectra in Fig. 8�a�.
Note that the optical susceptibility is related to the DF by
�=1+�. Comparison to measured �1

��E� spectra �symbols in
Fig. 8�c�� shows that the contribution from the E0 critical
point is not enough to account for the magnitude of the real
part of the DFs. This demonstrates an important role of high-
energy optical transitions. As shown in Fig. 8�c� by solid and
dotted lines, the experimental �1

��E� spectra up to about 3.8
eV can be well described by adding a single nonbroadened
Lorentz oscillator. Lines denoted by Lo in Fig. 8�b� represent
the resultant contributions of high-energy transitions.

Results of a similar analysis for GaN are illustrated in
Figs. 9�b� and 9�c�. Experimental �1

��E� data have been re-
ported only for the transparent region �symbols in Fig. 9�c��.
Their values and energy dependence are well accounted for
by the above procedure. In addition, we observe that the
effects of high-energy critical points on the DFs in the trans-

TABLE IV. Momentum matrix element and its anisotropy.

GaN ZnO CdS CdSe

EP
� �eV� 18.8 12.8 16.6 22.2

EP
� �eV� 21.0 14.7 18.7 24.7

EP
� /EP

� 1.117 1.148 1.127 1.113

TABLE V. Nonparabolicity coefficients Ni and Mj �see Eqs. �4�
and �5� and text�. klim and Ec,lim denote the limiting electron wave
vector and the energy of their validity, respectively.

GaN ZnO CdS CdSe

N1 −2.30 −1.91 −2.80 −3.08

N2 0.77 0.53 1.09 1.95

N3 −0.24 −0.48 −0.31 −2.03

N4 0.07 0.19 0.09 1.05

N5 0.05 −0.07 −0.007 0.14

klim �nm−1� 4.0 3.8 3.7 3.1

M1 0.177 0.150 0.246 0.294

M2 −0.0169 −0.0291 −0.101 −0.203

M3 0.460 0.0449 0.126 0.209

Ec,lim �eV� 2.0 1.8 1.7 1.6

FIG. 8. Measured imaginary �a� and real �c� parts of the ordi-
nary �open circles� and extraordinary �filled circles� DFs of ZnO
�Ref. 2 and this work� and fits �solid and dotted lines�. �b� Contri-
butions to the real part of the ordinary �solid� and extraordinary
�dotted� optical susceptibility due to low-energy and high-energy
optical transitions. The lines denoted by KK are obtained by the
Kramers-Kronig transformation of the calculated �2

� spectra of �a�.
The effect of all high-energy transitions is modeled using a single
Lorentz oscillator described by �=B1 / �E1

2−E2� with the resonance
energy E1=9.87 eV and magnitude B1 to be equal to 208.3 and
212.7 eV2 for the ordinary and extraordinary waves, respectively.
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parent region are considerably larger for GaN than for ZnO.

A. Anisotropy of the momentum matrix element

The determined values of the momentum matrix element
and its anisotropy, i.e., the ratio EP

� /EP
�, are listed in Table

IV. In the literature, anisotropy of the momentum matrix
element was reported only for GaN.10–12 Rodina and Meyer10

used experimentally observable anisotropy of the Landé g
factor and obtained EP

�=17.7 eV and EP
� =18.7 eV, or EP

�

=16.9 eV and EP
� =17.8 eV, dependent on a set of param-

eters describing the influence of higher conduction bands.
The early result by Suzuki and Uenoyama12 �EP

�=15.4 eV,
EP

� =13.1 eV� seems to be not reliable as this was found by
fitting the VB energy dispersion calculated under assumption
that 2=3=0 and A7=0. In addition, met�mez was ob-
served in that work, which contradicts most of later calcula-
tions �see, e.g., Fig. 4�. Rinke et al.11 reported EP

�

=16.2 eV and EP
� =17.4 eV from band-structure calcula-

tions, which is in qualitative agreement with Ref. 10 and the
present work. As seen from Table IV, the anisotropy of the
momentum matrix element depends on the semiconductor.
Below we shall show that this behavior can be related to the
departure of the actual crystal structure from the ideal wurtz-
ite, which is different for the semiconductors in question.

The ideal wurtzite structure is composed of two interpen-
etrating hexagonal close-packed sublattices. Each individual
sublattice is described by a hexagonal prism with base a and
height c. The two sublattices are displaced from each other
by a distance �3 /8�1/2a, and the ratio c /a is �8 /3�1/2

�1.633.133 Defining a parameter u, such as uc is the relative
displacement of the two sublattices, one expects u= �3 /8�
=0.375. Two distortions are possible in the wurtzite structure
without destruction of the hexagonal symmetry:133 the two
sublattices may be �a� slightly compressed or dilated along
the hexagonal axis and �b� slightly displaced with respect to
one another along the hexagonal axis. The distortions would
result in changing tetrahedral bond lengths, bond angles, or
both, as well as in the departure from the ideal c /a and u
values. It is known from experiments that133–136 only wurtz-
ite structures with c /a ratio lower than the ideal value of
1.633 are stable; the compounds with greatest electronega-
tivity difference have the largest deviation from the ideal
c /a, which is explained by long-range polar interactions; the
parameter u exceeds the value calculated by u
= ��1 /3��a /c�2+ �1 /4��, which is expected if the bond lengths
would be equal; and a strong correlation between c /a and u
exists, i.e., if c /a is decreased then u increases.

From dimensional considerations, Lawaetz137 and Her-
mann and Weisbuch138 concluded that the matrix element of
the momentum operator for zinc-blende semiconductors
should be inversely proportional to the lattice constant. An-
other important factor is the ionicity.137,138 In addition, un-
equal EP

� and EP
� are allowed by the hexagonal symmetry of

wurtzite semiconductors.9 Based on these general results and

FIG. 9. �a� Experimental �2
��E� spectrum of GaN �open circles;

Ref. 104� and fit �solid line�. The dotted line represents the calcu-
lated �2

� �E� spectrum, provided EP
� =21.0 eV �see text�. �b� The

same as in Fig. 8�b� but for GaN. E1=7.68 eV; B1 is equal to 220.4
and 228.8 eV2 for the ordinary and extraordinary waves, respec-
tively. �c� Measured �1

� �open and filled symbols for ordinary and
extraordinary waves, respectively� and fits �solid and dotted lines�.
The data of Refs. 1, 71, and 132 are denoted by squares, circles, and
triangles, respectively. The insets show the calculated �2

� and �1
�

spectra close to the absorption edge.

TABLE VI. Band gap EgA and broadening parameter � derived
from fits to experimental �2

� spectra, as well as EP
� and E� values

that fit the determined conduction-band dispersion relation �see
text�.

GaN ZnO CdS CdSe

EgA �eV� 3.451 3.358 2.481 1.681

� �meV� 6.8 14.5 20 20

EP
� �eV� 18.6 13.4 13.6 14.5

E� �eV� 6.11 7.43 4.98 4.46
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considering the behavior of actual wurtzite structures de-
scribed above, the parameter u can be assumed to express the
variation in the anisotropy of the momentum matrix element
from one compound to the other. Figure 10 shows that such
correlation between EP

� /EP
� and u is indeed observed for the

three II–VI semiconductors studied. The u values were taken
from Refs. 139–141 for CdS, CdSe and ZnO, respectively.
Extrapolating to u=0.375 yields EP

� /EP
��1.11. In light of

the above discussion, this value may be regarded as an in-
herent anisotropy of the momentum matrix element for II–VI
compounds which would be characteristic of an ideal wurtz-
ite structure. Following Refs. 137 and 138, it can be assumed
that the inherent anisotropy is caused by the combined influ-
ence of ionicity and interatomic distances within the crystal
cell, which is different for directions parallel and perpendicu-
lar to the optic axis.

The EP
� /EP

� ratio for GaN �filled triangle in Fig. 10� esti-
mated in this work agrees well with data for II–VI semicon-
ductors. The u parameter of GaN was taken from Ref. 136.
The arrows indicate u values of InN �Ref. 11� and AlN �Ref.
136�. AlN deviates more than GaN and InN from the ideal u;
hence, it can be expected that the EP

� /EP
� ratio increases

along the series GaN, InN, AlN. However, it is not clear
whether the anisotropy of the momentum matrix elements of
InN and AlN may be quantitatively estimated using the data
in Fig. 10 for II–VI semiconductors because III–V semicon-
ductors have a less ionic character. In addition, other factors
can play a role, e.g., d electrons137 or overlap term.138 Note
also that somewhat lower anisotropy was found for GaN in
Refs. 10 and 11 from the conduction-band g factor and band-
structure calculations �1.055 and 1.074, respectively�.

B. Conduction-band dispersion relation and effective mass

The determined CB dispersion relation and effective mass
are expressed in terms of the effective mass me0

� at the CB
bottom and nonparabolicity coefficients Ni and Mj �see Eqs.
�4� and �5��. The nonparabolicity coefficients are listed in
Table V. When using the coefficients Ni to calculate the CB
dispersion relation by Eq. �4�, the wave vector should be
taken in units of �Å�−1, which results in the electron energy
in eV.142 The unit for Mj is �eV�−j. To our knowledge, there
have been no reports on experimental determination of the

CB dispersion relation and/or nonparabolicity in the semi-
conductors in question. Only the electron effective mass has
been measured. Using the data in Table V, we calculated the
momentum effective mass as a function of electron concen-
tration, as described in Ref. 38, and compared it with exist-
ing literature data. We also present the CB nonparabolicity
defined as ENP=Ecp�k�−Ec�k�, where Ecp�k� would be the
electron energy for a parabolic band.

Figure 11 represents the results for GaN. The open sym-
bols show room-temperature literature data obtained by in-
frared reflectance,66,145 Faraday rotation,143 thermoelectric
power,144 infrared spectroscopic ellipsometry,61 and electron
energy–loss spectra146 measurements. Results of low-

FIG. 10. Anisotropy of the momentum matrix element of CdSe,
CdS, ZnO, and GaN as a function of the u parameter of the crystal
lattice. The arrows indicate u parameters of InN and AlN.

FIG. 11. �Top� Conduction-band nonparabolicity and �bottom�
momentum effective mass of GaN determined in this work �solid
lines� as a function of wave vector and electron concentration. The
arrows indicate wave vectors corresponding to electron concentra-
tions of 1018, 1019, 1020, and 1021 cm−3 from left to right, respec-
tively. In the bottom panel, the upper x axis relates the wave vector
from the top panel with free-electron concentration from the bottom
panel. The open and filled symbols denote room-temperature and
low-temperature data, respectively, obtained by various experiments
�see text�. �a� Ref. 66; �b� Ref. 143; �c� Ref. 144; �d� Ref. 145; �e�
Ref. 61; �f� Ref. 146; �g� Ref. 147; �h� Ref. 148; �i� Ref. 149; �j�
Ref. 150; ��k� and �l�� Ref. 151; �m� Ref. 152.

ANISOTROPY OF THE MOMENTUM MATRIX ELEMENT,… PHYSICAL REVIEW B 78, 035207 �2008�

035207-13



temperature cyclotron resonance study147 and far-infrared
spectroscopy of shallow donors148–150 are shown by filled
symbols. Also included are mean values of the effective
mass at the band edge deduced from low-temperature cyclo-
tron resonance and Shubnikov–de Haas experiments with
structures containing a two-dimensional electron gas �see
Ref. 151�, as well as the electron effective mass from
Shubnikov–de Haas oscillations in a polarization-doped
three-dimensional electron slab in a graded AlxGa1−xN
layer.152 Generally, there is good agreement between our data
and literature data regarding the dependence on the electron
concentration, although some uncertainty remains concern-
ing the exact me0

� value. Note, however, that due to localiza-
tion effects, the measured low-temperature effective mass
may be somewhat overestimated by experiments such as in-
frared spectroscopy of shallow donors or trapped electron
cyclotron resonance which is usually observed in wide-gap
semiconductors.153

The CB nonparabolicities and relative momentum effec-
tive masses of ZnO, CdS, and CdSe are presented in Fig. 12
as a function of electron concentration and wave vector. To
our knowledge, there have been no experimental studies of
free-carrier effects on the electron effective mass in these
compounds. The me0

� value of 0.216 we determined in this
work for ZnO �see Table II� is in good agreement with recent
calculations20,27 but is slightly lower than those derived from
infrared reflectance154 �0.265�, Faraday effect155 �0.24�, and
cyclotron resonance35,49 �0.26 and 0.265�.

The arrows in Figs. 11 and 12 indicate wave vectors �elec-
tron energies� which would correspond to several electron

concentrations from 1018 up to 1021 cm−3. It can be con-
cluded that the method we used provides experimental deter-
mination of the CB structure up to electron energies signifi-
cantly higher than those achievable by conventional doping.

C. Comparison to k·p models

Now the obtained results will be analyzed in terms of
their correspondence to the k ·p theory. In this discussion, we
closely follow Ref. 38 and will not repeat details concerning
models of the CB structure. Following Ruf and Cardona,156

who employed an effective two-band model to describe the
nonparabolicity of the CB in GaAs, we define the spin-orbit-
crystal-field-averaged fundamental gap E0

� of a wurtzite
semiconductor by E0

�= �1 /3��EgA+EgB+EgC�. In terms of i
energies, this reads E0

�=EgA+ �1 /3��1+32�. Then the CB
dispersion relation and the effective mass at the CB bottom
are expressed as follows:

Ec�k� = −
E0

�

2
+

E0
�

2
�1 +

�2k2

2m0

4EP
�

�E0
��2�1/2

+
�2k2

2m0
�1 + C�� ,

�10�

1/me0
� = 1 + EP

� /E0
� + C� �11�

where the momentum matrix element is denoted by EP
� and

the C� parameter accounts for effects of higher conduction
bands and remote bands.138,156 One should expect that the EP

�

value is approximately equal to the average of EP
� and EP

� .
Considering the averaged band gap and the electron effec-

tive mass at the band edge to be known, we have two un-
knowns in Eqs. �10� and �11�, EP

� and C�, and, hence, only
one adjusted parameter, EP

� , for instance, to fit the determined
CB dispersion relation by Eq. �10�. The fits are shown in Fig.
13, while the resultant EP

� values are listed in Table VI. For

FIG. 12. �Top� Conduction-band nonparabolicity and �bottom�
relative momentum effective mass of ZnO, CdS, and CdSe as a
function of wave vector and electron concentration. The meaning of
arrows in the top panel and the upper x axis in the bottom panel is
the same as in Fig. 11.

FIG. 13. The determined conduction-band dispersion relations
�solid� and fits �dotted� by Eqs. �10� and �11�. The dashed lines
show the calculated result for CdS and CdSe, provided EP

� is taken
to be 17.7 and 23.5 eV, respectively �see text for more details�. For
clarity, the curves for ZnO and CdSe are shifted vertically by 1 eV.
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more clarity, curves for ZnO and CdSe in Fig. 13 are shifted
upward by 1 eV. As can be seen, Eq. �10� provides a satis-
factory description of the CB dispersion. However, one has
to anticipate the systematic deviation from experiment due to
incapability of Eq. �10� to reproduce to the full extent the
transition from the quadratic into sublinear dependence as k
is increased.

Comparing Tables IV and VI, we see that the deduced
EP

� ’s for GaN and ZnO are close to the corresponding EP
� ’s,

which demonstrates the self-consistency of different param-
eters determined in the present study for these two materials.
For CdS and CdSe, there is a considerable discrepancy be-
tween the EP

� and EP
� values. The average of EP

� and EP
� is

17.7 and 23.5 eV for CdS and CdSe, respectively. Using it as
the value of EP

� in Eq. �11� yields the C� parameter. Then the
CB dispersions can be calculated by Eq. �10�. The result is
shown in Fig. 13 �bottom� by dashed lines, which deviate
considerably from experiment. This indicates that the EP

� val-
ues for CdS and CdSe are somewhat high, implying that the
�2

� magnitude is probably overestimated in Refs. 106 and 109
due to the neglect of surface effects.

Within the framework of a simple model of the CB struc-
ture given by �2k2 / �2m0me0

� �=Ec�1+Ec /E��, the constant E�

can immediately be interpreted as a measure of the CB
nonparabolicity.38 E� values, for which the above equation
matches the determined CB dispersion relation at k=k0,
where the wave vector k0 corresponds to an electron concen-
tration of 2	1019 cm−3, are listed in Table VI. They are
considerably larger than the band-gap energies. This means
that, generally, the conduction band of wurtzite semiconduc-
tors is less nonparabolic as compared to most zinc-blende
compounds.38 A similar behavior is also observed for zinc-
blende GaN, CdS, and CdSe.38

VII. SUMMARY

We studied the dichroism of wurtzite semiconductors in
the vicinity of the E0 critical point. The method we used is
based upon comparing the calculated imaginary parts of the

ordinary and extraordinary DFs with experiment. Contribu-
tions from discrete excitons, band-to-band transitions, and
EPCs were included. The valence-band structure and transi-
tion probability were calculated within the framework of the
6	6 Rashba-Sheka-Pikus Hamiltonian. The CB was as-
sumed to be spherical. According to the results we presented,
the interband matrix elements EP

� and EP
� of the momentum

operator along and perpendicular to the optic axis, respec-
tively, are different, with EP

� exceeding EP
� and the EP

� /EP
�

ratio increasing along the series CdSe, CdS, ZnO. The u
parameters of GaN, InN, and AlN suggest that the EP

� /EP
�

ratio should increase along the GaN, InN, AlN series as well.
The determined anisotropy of the momentum matrix element
was interpreted in terms of an inherent anisotropy that would
be characteristic of an ideal wurtzite structure and the depar-
ture of the actual crystal structure from the ideal wurtzite,
which is individual for each semiconductor.

We also determined the CB dispersion relation and non-
parabolicity, as well as effective mass, as a function of elec-
tron concentration and wave vector for GaN, ZnO, CdS, and
CdSe. Analysis of the derived parameters in terms of corre-
spondence to the k ·p theory showed that those of GaN and
ZnO are self-consistent, while EP

� and EP
� values for CdS and

CdSe are somewhat high, which, probably, is due to the ne-
glected surface effects in Refs. 106 and 109.

In addition, optical response due to transitions into EPC
was observed and analyzed. We found that the EPC effects in
ZnO are in the same order as those due to free excitons. It
follows from the proposed model that states with up to about
ten phonons may be effective in processes when a photon
simultaneously creates an exciton and several phonons. For
GaN, the EPC contribution to the optical response is of less
importance compared to ZnO.
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