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We reexamine the 1/S correction to the self-energy of the gapless magnon of a D-dimensional quantum
Heisenberg antiferromagnet in a uniform magnetic field /2 using a hybrid approach between 1/S expansion and
nonlinear sigma model, where the Holstein-Primakoff bosons are expressed in terms of Hermitian field opera-
tors representing the uniform and the staggered components of the spin operators [N. Hasselmann and P.
Kopietz, Europhys. Lett. 74, 1067 (2006)]. By integrating over the field associated with the uniform spin
fluctuations, we obtain the effective action for the staggered spin fluctuations on the lattice, which contains
fluctuations on all length scales and does not have the cutoff ambiguities of the nonlinear sigma model. We
show that in dimensions D =< 3, the magnetic-field dependence of the spin-wave velocity ¢_(%) is nonanalytic
in 2, with €_(h)—&_(0) 1 In|h| in D=3, and ¢_(h)-&_(0)|h| in D=2. The frequency-dependent magnon
self-energy is found to exhibit an even more singular magnetic-field dependence, implying a strong momentum
dependence of the quasiparticle residue of the gapless magnon. We also discuss the problem of spontaneous
magnon decay and show that in D> 1 dimensions, the damping of magnons with momentum k is proportional

to |k|*P~! if spontaneous magnon decay is kinematically allowed.
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I. INTRODUCTION

One of the most successful methods for obtaining the
low-temperature properties of ordered quantum Heisenberg
magnets is the expansion in inverse powers of the spin
quantum number S. The idea is to first map the spin
Hamiltonian onto an interacting boson model using
either the Holstein-Primakoff! or the Dyson-Maleyev
transformation,>* and then study the resulting interacting bo-
son system by means of the usual many-body machinery. As
the interaction vertices appearing in the boson Hamiltonian
involve the small parameter of 1/, the perturbative treat-
ment of the interaction is formally justified for large S. See,
for example, Refs. 4 and 5 for early applications of this ap-
proach to quantum antiferromagnets (QAFM). A disadvan-
tage of this method is that calculations for QAFM beyond
the leading order in 1/S are very tedious due to a large num-
ber of interaction vertices.” Moreover, the vertices are even
singular for certain combinations of external momenta.>~’ Al-
though the singularities cancel in physical quantities if the
total spin is conserved,® the appearance of singularities at
intermediate stages of the calculation indicates that this ap-
proach is not always the best way of calculating fluctuation
corrections to the magnon spectrum.

In this work we shall reconsider the leading 1/S correc-
tion to the magnon self-energy of spin-S quantum Heisen-
berg antiferromagnets in a uniform magnetic field & at zero
temperature in the regime where the system has a finite stag-
gered magnetization. Our starting point is the Heisenberg
Hamiltonian

P |
H:EEJUSlSj_EhSu (11)

)

where §; are spin operators normalized such that Si2=S(S
+1) and the magnetic field k is measured in units of energy.
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The exchange integrals J;; connect nearest-neighbor sites r;
and r; on a D-dimensional hypercubic lattice with lattice
spacing a, total volume V=aPN, and N sites. As long as |h| is
smaller than a certain critical value A, [see Eq. (2.20) below],
the spin configuration in the ground state is canted, as shown
in Fig. 1. We choose our coordinate system such that the
magnetic field h=he, points along the x axis, and the stag-
gered magnetization M,=M e, points in z direction. The
magnetic field generates a uniform magnetization M=Me,
pointing in the same direction as k, giving via h a gap in the
transverse magnon polarized parallel to k, while the magnon
polarized perpendicular to & remains gapless.

Due to the canting of the spins, the effective boson Hamil-
tonian obtained from Eq. (1.1) within the Holstein-Primakoff

ngd

FIG. 1. (Color online) Spin configuration (S;)=Sm; in the clas-
sical ground state of a two-sublattice antiferromagnet subject to a
uniform magnetic field z=he, in the x direction. The hypercubic
lattice can be divided into two sublattices, labeled A and B, such
that the nearest neighbors of a given site all belong to the other
sublattice. The solid square denotes a site of the A sublattice and a
solid circle denotes a site of the B sublattice. Here ¥ is the classi-
cal canting angle between the direction of the staggered magnetiza-
tion €; and the local spin direction ;.
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transformation contains cubic interaction vertices propor-
tional to S~'2. Hence, to obtain the complete 1/S correction
to physical observables, the cubic vertices should be treated
in second-order perturbation theory. The leading 1/ correc-
tions to the magnon spectrum turns out to be rather peculiar:
Zhitomirsky and Chernyshev!'® have shown that for interme-
diate magnetic fields in a certain range h. < k| < h,, there are
no well-defined magnons in a large part of the Brillouin zone
due to spontaneous two-magnon decays. Moreover, Syr-
omyatnikov and Maleyev!! calculated the 1/S correction to
the anisotropy induced gap of the magnon polarized parallel
to the magnetic field, and showed that in dimensions D=3,
the correction is unexpectedly large. They suggested that
meaningful results can only be obtained if the 1/S expansion
is resummed to all orders, which is of course impossible in
practice.

Unfortunately, within the conventional 1/S expansion, the
expressions for the magnon self-energies (see Refs. 10 and
11) are quite complicated. For example, from the expression
for the magnon self-energy given by Zhitomirsky and
Chernyshev!'? (which we reproduce in Appendix B), it is not
immediately obvious that one of the magnon branches re-
mains gapless. In this work we shall therefore reconsider this
problem using our recently proposed parameterization of the
1/S expansion in terms of Hermitian field operators.” The
advantages of such an approach have already been pointed
out in Ref. 7, but the practical usefulness of this method has
not been demonstrated. In a sense, our method is a hybrid
approach between the 1/S expansion and the nonlinear
sigma model (NLSM) approach.”!%!3 Recall that the NLSM
is an effective continuum theory for the staggered spin fluc-
tuations of a QAFM. In contrast to the singular interaction
vertices encountered in the conventional 1/S expansion, the
vertices describing interactions between transverse spin fluc-
tuations in the NLSM are finite in momentum space and all
scale as k2 for h=0. On the other hand, the NLSM has to be
regularized using an ultraviolet cutoff, so that the NLSM
approach cannot be used to obtain the numerical value of the
observables, which receive contributions from wave vectors
in the entire Brillouin zone. Our approach combines the ad-
vantages of the 1/§ expansion with the those of the NLSM
by parameterizing the degrees of freedom in the 1/§ expan-
sion from the beginning in terms of a lattice version of the
continuum field, representing staggered spin fluctuations in
the NLSM.

The rest of this work is organized as follows: After giving
a detailed description of our hybrid approach in Sec. II, we
derive the effective action for staggered spin fluctuations of
our lattice model in Sec. III and exhibit the precise connec-
tion with the NLSM, where only the leading orders in the
derivatives are retained. In particular, we show how the regu-
lar vertices of the NLSM emerge from the conventional 1/§
expansion. In Sec. IV we then use our method to derive
expressions for the frequency-dependent part of the magnon
self-energies, which for small magnetic field k, determines
the dominant & dependence of the magnon dispersions. In
Sec. V the self-energy of the gapless magnon is evaluated; in
particular, we show that in dimensions D=3 the fluctuation
corrections to the spin-wave velocity and the quasiparticle
residue of the gapless magnon exhibit a nonanalytic & depen-

PHYSICAL REVIEW B 78, 035127 (2008)

dence. We also discuss the problem of spontaneous magnon
decay in general dimensions. After a brief summary of our
results in Sec. VI, we give in Appendix A explicit expres-
sions for the quartic interaction vertices associated with two-
magnon scattering in our hybrid approach. Finally in Appen-
dix B we show numerically that in D=2, our result for the
magnetic-field dependency of the spin-wave velocity of the
gapless magnon can also be extracted from the self-energy
given by Zhitomirsky and Chernyshev in Ref. 10.

II. HYBRID APPROACH: COMBINING THE ADVANTAGES
OF THE 1/S EXPANSION WITH THOSE
OF THE NLSM

A. Holstein-Primakoff boson Hamiltonian

For completeness, let us briefly recall the general proce-
dure for setting up the 1/§ expansion around a given classi-
cal ground state, characterized by the directions m;
=(S,)/|(S;)| of the local magnetic moments.'* Supplementm
the unit vector m by two additional unit vectors e(1 and e
such that e(l) , m; form a right-handed orthogonal triad of
unit vectors, and deﬁnlng the corresponding spherical basis
vectors e :ef.')+ipel(-2), p=7=, we express the components of
the spin operator S; in terms of canonical boson operators b;
and blT using the Holstein-Primakoff transformation,’

S, =S, + S} =S, + ~ ES‘PeP (2.1)
with
Sl=S—n; n;=blb,, (2.2a)
n.
ST =\285/1-—Lb, 2.2b
P =\ Sgbi (2.2b)
- Jropt i
ST =v25b/\/1 - . 2.2
i = \25b; 1/ oS (2.2¢)

Our spin Hamiltonian [Eq. (1.1)] can then be written as the
following bosonic many-body Hamiltonian:'>

H=E+H)+H,+H" +H', (2.3)
with the classical ground-state energy
s2
ij i

and

A S
i:—EZJUm i ( n+n)+2h mn;, (2.5)

i

|
I{H = _2 J,jrfl, 'ﬁjninl, (26)
2% '
= —E JUS,L SL = —E > Jijet - e” )S; ”S_”
’7 pp’
(2.7)
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27 L Il
H=-35} <h -3 Jijs_,.mj>
i J

i l J

(2.8)

The part H' of the Hamiltonian describes the coupling be-
tween transverse and longitudinal spin fluctuations generated
by the uniform magnetic field. Within the Holstein-Primakoff
approach, we expand the square roots in Egs. (2.2b) and
(2.2¢) in powers of S,

b.

Sf= /%{bi— r;’—S’ + ] , (2.9a)
. b,

S = \Es[b; - i—;l’+ } (2.9b)

The boson representation of the operator H* can then be
written as an infinite series of multiple-boson interactions

involving even powers of boson operators, while H' be-
comes an infinite series of terms involving odd powers of
boson operators,

H*=H} +Hf +0(5™), (2.10)

H =H, +H;+0(5"?), (2.11)

where the subscripts indicate the number of boson operators.
Making the reasonable assumption that the true spin configu-
ration in the ground state resembles the classical one shown
in Fig. 1 (but with a renormalized canting angle 1), we have

(S = (S, (2.12)

where we have chosen h=he,, and the true canting angle ¥
is related to n and m via n=cos ¥ and m=sin ¥. Here {;
assumes the value +1 on one sublattice (which we call the A
sublattice) and —1 on the other sublattice (the B sublattice).
A convenient choice of the other members of the local triad
is

’ﬁiz g,nez+mex,

ef”:ey, e? =—Cne, +me.. (2.13)

The relevant scalar products in this basis are for nearest-
neighbor sites i and j,

rle~iﬁj:m2—n2:—a, (2.14a)
e -ef=e;-e;=2n" (2.14b)
e/ -ej=e; -e;=2m", (2.14¢)
e;r-rﬁj=—e;~lﬁj:—2inm§i:—i)\§i, (214(1)
h-m;=hm, (2.14e)

where we have defined
a=n*-—m*=1-2m*=cos(29), (2.15)
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N =2nm =sin(29). (2.16)
Then we obtain from Eq. (2.4),
EY'=—NDJS?a— NShm, (2.17)
and from Eq. (2.5),
A Z
H = Ehth n, (2.18)
where
2moh
Zh = 1 + N (2 19)
h
and we have introduced the notation
h.=4DJS, (2.20)
Sh=h—hgn. (2.21)

In the classical limit S— o the exchange field h.m exactly
cancels the external field / so that in this limit, h=0. How-
ever, for finite S the difference oh=h—h.m is finite. We shall
show in Sec. III that &k is actually of the order of mh,/S. The

longitudinal part I-AIL" of the Hamiltonian involving four boson
operators is

ij

and the leading two terms of the transverse part of the
Hamiltonian are

A S _ B N
Hy = ZE Jil(ef - ej)bjbj +(e; -€))bjb;+ (e - e}r)bjb}
ij
+ (el_ * e;)b,bl]

S .
= EE Tylm*(b]b;+ bib) + n*(b[bl + bp)],  (2.23)
ij

2
A~ n
Al =- Ez Jilnbb;+bnb;+bbin; +bind]
ij

2
ij

(2.24)

Finally, the part H' of our effective boson Hamiltonian de-

scribing the coupling between transverse and longitudinal
fluctuations can be written as

H =\ J;68Pn;+néh 2, £, (2.25)
ij i
where we have set =5V + S so that
(1) _ P
sV = el 8;= (ST + 50, (2.264)
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(2.26b)

SO _ @ g = l(S.+ -5).
L 1 1 2l~ 1 1

The alternating factor ; in Eq. (2.25) indicates that this term
describes Umklapp scattering across the boundary of the an-
tiferromagnetic Brillouin zone. For our purpose it is suffi-
cient to neglect all terms in the expansion of Eq. (2.11) in-
volving five and more boson operators, which amounts to

retaining only H 1 and 1:13. With our choice of basis vectors
these can be written as

—
) hs .
fy=ndh" =3 ¢i(bi=b). (2.27)
Ly
-
. \2s
A= x\z—,E TiLi(bi = bn,. (2.28)
i

]

Let us emphasize that if we use the Dyson-Maleyev
transformation®> to bosonize the spin operators, we obtain a
non-Hermitian transverse part Hj, which differs from Eq.
(2.24) while H,, H,, Hs, and H), are the same as above. Since
the physical quantities calculated in this work are essentially
determined by Hj, our results do not depend on whether we
use the Holstein-Primakoff or the Dyson-Maleyev formal-
ism.

B. Linear spin-wave theory

To obtain the magnon spectrum within linear spin-wave
theory, we neglect Iﬂ and H', and approximate the trans-
verse part H* by its quadratic term in the expansion of the

spin operators in terms of the boson operators, H* z1’212L We
should now diagonalize the quadratic boson Hamiltonian

1:12:19'£+I:12L. We work in the sublattice basis and Fourier
transform the spin and boson operators on each sublattice
separately: for sites r; belonging to the A sublattice we define

2 .
st = \/iZ e*risp) (2.29)
N% ’
AN
b= | —> e*"iA,, (2.30)
N7
and for sites r; belonging to the B sublattice,
2 :
S¥) = \/;E Tise), (2.31)
k
2 ikr;
b;= X}E e*"iB,, (2.32)
k

where the wave-vector sums are over the reduced (antiferro-

magnetic) Brillouin zone. The quadratic part 1:12:1:1%1612l of
our effective boson Hamiltonian becomes

PHYSICAL REVIEW B 78, 035127 (2008)

1:12 = 7052 [Zh(AltAk + B;;Bk) +n? Ye(B_yAy + AITcBik)
k

+m*y(BiA + AjBy)], (2.33)
where Ykzjk/jo with
~ 1 )
Jk - ]TJE e_lk.(ri_rj)‘]ij‘ (234)
ij
Note that
JoS=2DJS=h,2. (2.35)

To completely diagonalize I:Iz we first introduce the symmet-
ric and antisymmetric combinations

1
Ck0'= _/_[Ak + O'Bk], o= * 1, (236)

V2

and then perform a Bogoliubov transformation,

Cko’ _ Uko — OUgq \frko (2 37)
Cikcr — OUky Uk \i}iko’ ' '

where
Zy+ am’y, + €
Uy = [ £ Vi ko’ (2.38a)
26k0'
Z,+ om*y, — €
Vg = | YT Gk (2.38b)
2€k0'
with
o =[(Zy + om*y)* = (n*y)*]"?
=[Zy+ on]"(Z), - oay]"?. (2.39)
Note that
Z, + am?®
w2+ vp, = AT (2.40)
€ko
”27’k
2ukovkg = (241)
€ko

Within linear spin-wave theory h=0 and hence Z,=1, but
the factor Z,, will deviate from unity if we take higher orders
in 1/S into account. Since the above transformations are ca-

nonical, our magnon operators Wy, satisfy the usual bosonic
commutation relations,

[\i}k(ﬂ \I},‘Z,U/] = 5k,k/ 50.’0./ (242)

In terms of the new operators ‘f’kg the quadratic spin-wave
Hamiltonian 1:12 is diagonal,

. PP
Hy=2 Ekg{‘lf}zg‘l’ka+ 5} +E, (2.43)

ko

with the magnon dispersions
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Epy=JoS€rs. (2.44)

The constant

N_ -~ Z
Ef) =- S 2l =~ NDJSZE}' (2.45)
is the 1/ correction to the ground-state energy due to lon-
gitudinal spin fluctuations. The total 1/S correction to the
ground-state energy is obtained by adding the zero-point en-

ergy of the transverse spin waves to E&‘ ,

Ci(h
Ey) = Eg) + EEko ~ NDJS? ls( ) (246)
with
1
Ci(h) =~ (Zy— &) (2.47)
Nko’

In the long-wavelength limit we obtain to linear order in
Sh=h—-h.m and to quadratic order in k,

E;, =mh.h + 2k, (2.48a)
E;_=n’mh,oh + c*k>. (2.48b)
For small m the spin-wave velocities are
c2=cp(1-3m?), (2.49a)
c? = ci(n®+2mShih,), (2.49b)

where ¢, is the leading large-S result for spin-wave velocity
for h=0,

co=2\DJSa. (2.50)

At the level of linear spin-wave theory, we may approximate
the canting angle by its classical value %, which is deter-
mined by the condition k=0, or equivalently

m=sin 9= h/h,. (2.51)

This result can also be obtained by minimizing the classical
energy Ef in Eq. (2.4). The gap of the dispersion Ey, is then
simply given by h, while the dispersion Ej_ is gapless with
spin-wave velocity
h2
c_=coh=cy 1—;.

c

(2.52)

C. Hermitian field operators

In the usual 1/§ approach one now substitutes the rela-
tions between the original Holstein-Primakoff bosons b; and

the magnon operators ‘f’ko into Egs. (2.22), (2.24), (2.27),
and (2.28). This yields rather lengthy expressions involving
momentum-dependent vertices. However, if one is only in-
terested in the transverse staggered spin fluctuations, it is
better perform another transformation which separates the
staggered from the uniform spin fluctuations. Therefore we

PHYSICAL REVIEW B 78, 035127 (2008)

express the magnon operators Wy, in terms of two Hermitian

field operators )A(ko and I3kg, achieving the natural normaliza-
tion on a lattice as follows:”-16:17

\IA,kzr:pa' \l Xk0'+ ’l_PkU s (253)
2 V20,

where the phase factors p,=—i and p_=1 are chosen for later
convenience. Here the dimensionless factors v, are defined
by

Vi = %‘: , (2.54)
where
Ao =2708Zk0 = heZpos (2.55)
and

Zko = [Uho + Viol €ol2 = [Z),+ (n* + om®) 3, 1/2.
(2.56)

Note that Z,=1 to leading order in 1/S, so that to this order
o= (1+ %2, (2.57a)

=0+ any)/2, (2.57b)

where a=n’*-m>. In particular for k—0 we have z;,— 1

and zk_a(1+a)/ 2=n? One easily verifies the canonical
commutation relations,

[)}ko"ﬁk’cr’] = iak,—k’ 50',0" (258)

The quadratic part of the spin-wave Hamiltonian can then be
written as

22 Akol PioPro+ VX koXio] + Eou (2.59)

ko

In contrast to the lattice normalization of Eq. (2.53), we fo-
cused in Ref. 16 on the continuum limit to exhibit the rela-
tion with the NLSM. In that case a continuum normalization
of the fields is more convenient,

Vo =po\/ Ej, 11 'd 2.60
ko= ZVEkO.[ ko ka'+lX0 ka'] ( )

where xo=(2Ja”)™" is the large-S limit of the uniform trans-
verse susceptibility for 2=0. The continuum fields fulfill the
commutation relation

[f[kg.,(f)k/(r/] = iV5k,_kr5(,,,,/ . (261)

The relation between lattice and continuum normalizations is

~ [ N 4
Hko' = aD _Xko" (262)
Szka'
(ﬁka'= \'NSZkO'f)kO" (263)

Our spin-wave Hamiltonian [Eq. (2.43)] in continuum nor-
malization can be written as
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H,= 2_2 X0 @ _to®ro+ XoEro ol lio] + Eou

(2.64)

The field f[ka corresponds precisely to the continuum field
representing transverse staggered spin fluctuations in the
nonlinear sigma model.” However, here we would like to
calculate also short-wavelength properties on a lattice so that
we shall work with the lattice normalization [Eq. (2.53)].

D. Spin-wave interactions

In order carry out the 1/S expansion using the operators
Xy, and Py, defined in Eq. (2.53), we should first express the
interaction part of the bosonized Hamiltonian in terms of

PHYSICAL REVIEW B 78, 035127 (2008)

ﬁzEf)l+ﬁ1+ﬁ2+I:I3+fI4, (2.65)
where I:I4=Iﬂ+1:1 +- Later we shall use the phase-space path
integral to derive the effective action for staggered fluctua-
tions. All expressions in the Hamiltonian should therefore be
symmetrized whenever powers of noncommutating operators
are encountered.'®2° Only after symmetrization we may re-
place the field operators by numbers. If AlAz' . -An is a prod-
uct of operators consisting of X, or Py, in arbitrary order,
the symmetrized product is

P A 1 PN A
Ady A== ApAp, - Ap,  (2:66)
* P

where the sum is over all n! permutations of 1, ...,n. We
obtain from Eq. (2.27) for the linear part of the Hamiltonian,

the;se operators. To. obtain the. leading 1/§ gorrection to lin§ar A,=noh \*"STVﬁO_. (2.67)
spin-wave theory, it is sufficient to approximate the effective A
bosonized Hamiltonian by The part H; in Eq. (2.28) can be written as
|
A N h\ b 2 PO AA oA
H;= /— Py_+ \/;kkEk Ok ey, 0 [2,Tf§_ (kl’kz’kB){Pkl—sz—Xk3 T+ _Ffff(kl;kakS)Pkl—Xk2+Xk3+
14273
Ffﬁ((h;k2§k3){ﬁk]+f(k2+})2k} + _Ffff(kl »kz,k3)Pk] Py +Pk3 + ;Ffff(klsk25k3)Pkl sz Pk (2.68)

where the vertices are

TPk ke k) = 3/;—27k|, (2.69a)
TEEysheahes) = /—[7k1 ,~ ), (2.69b)
L0k 3k k) = hg); =%, (2.69¢)
P2y ko kes) = %nl, (2.69d)

PPP hc)\
222 (ky ke kes) = @[Ykl + Y, + Vi, - (2.69%)

Explicitly, the symmetrized products in Eq. (2.68) are

~A A 1~ 4
{P1X2}= E[PI’X2]+’ (270)

A oA A 1 ~ ~ 4 A A A 1 A~ & A A A A
{P1X,X5} = §(P1X2X3+X2X3P1)+E(X2P1X3 + X3P X,)
1
E[P13X2X3]+’ (2-71)

where [A,,A,],=
have abbreviated Pk1 by P, and analogously for the other
labels.

Finally, consider the part I-AI4=I;V'A"+IA{ . of the Hamiltonian

involving four boson operators, which according to Eqgs.
(2.22) and (2.24) is given by

1A2+A2A | is the anticommutator and we

A

n’ 1
Hy=- 32 Jij\ nin; + Z[n,-bibj+ binb+ blbin;+ binb!]
ij

i7jvi

2
+m72 J,,{ —[nbb 4 bbin;+ bingb;+ bin b]]}.
ij

(2.72)
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Expressing 1:14 in terms of the operators I3k,, and )A(k(, defined
in Eq. (2.53) and symmetrizing all expressions containing
noncommuting operators, we obtain

H,=EY + 6H) + H,, (2.73)
where
NDJS*a
2
- a5 (2.74)

is a 1/5? correction to the classical ground-state energy, and

N 1 n N N N
SH = 52 [T2(K)P_yPro+ THE)X 4o Xpol  (2.75)
ko

is a 1/ correction to 1:12. The vertices are

h
(k) = 4—;a(l + oY), (2.76a)

F({(k) = Z—;(a - o). (2.76b)

Finally, the properly symmetrized quartic part I:If1 of our
spin-wave Hamiltonian is given in Appendix A. For our pur-
pose it is only important that the corresponding interaction
vertices are nonsingular functions of the external momenta
and are analytic functions of /2.

III. EFFECTIVE ACTION FOR THE STAGGERED SPIN
FLUCTUATIONS

In Ref. 7 the precise relation between the magnon quasi-
particle operators of the 1/S expansion and the continuum
fields II,, representing transverse fluctuations of the stag-
gered magnetization has been established. In this section we
shall use this relation to derive the effective action for the
staggered spin fluctuations for the Hamiltonian [Eq. (1.1)],
retaining subleading 1/S corrections and short wavelength
fluctuations in the entire Brillouin zone.

For weak magnetic fields, the operators 13,, correspond to

transverse fluctuations of the total spin, while )A((, describe
staggered (antiferromagnetic) spin fluctuations. To calculate
the self-energy of antiferromagnetic magnons, we can there-
fore eliminate the degrees of freedom associated with the

generalized momenta 13(,. This is most conveniently done
using path integration. The appropriate path integral in our
case is the imaginary-time phase-space path integral.'®!? Re-
call that for a one-dimensional quantum mechanical system

with position operator X, momentum operator P, and Hamil-
tonian H(P,X), the partition function can be written as

B
Z= f D[P,X]exp{f dT{iPQ( - HS(P,X)] }, (3.1)
0 aT

where H,(P,X) is obtained from the Hamiltonian H (IA’,)?) by
first symmetrizing H(P,X) with respect to the ordering of the

PHYSICAL REVIEW B 78, 035127 (2008)

operators X and P, and then replacing the operators by their
eigenvalues. In principle, ambiguities associated with the op-
erator ordering in the phase-space path integral can always
be resolved by going back to the discretized definition of the
path integral.'®!® However, recently Gollisch and
Wetterich2%25 showed that in the continuum notation, the
symmetrization prescription leads to the same result as the
more fundamental discretized definition of the phase-space
path integral. The Euclidean action corresponding to our
spin-wave Hamiltonian is of the form

[

S[P,Xol= 2 SIP Xl (3.2)
=0

where S[P,,X,] contains [ powers of the fields. To obtain
the effective action S, X,,] for the staggered fluctuations, we
integrate over the generalized momenta,

e_seff[xtr] = f D[PO_]E_S[PU’XU]. (33)

Within the Gaussian approximation (corresponding to linear
spin-wave theory) we truncate the expansion in Eq. (3.2) at
the term [=2. The relevant contributions to S[P,,X,] can be
written as

So=BLEG + Ey], (3.4)
S,[P_]= BndhSNP,_, (3.5)
and
S X = 5 S hualP P+ Xt
~ 0(P_xo Xy~ XioPio)]. (3.6)

where the last term in Eq. (3.6) corresponds to the measure
term iPdX/d7 in the phase-space functional integral [Eq.
(3.1)]. The fields Pk, and X, are defined by replacing the

operators Py, and X, by quantum fields P, (7) and X ,(7),
depending on imaginary time 7 and expanding the fields in
frequency space,

Pr(7) =2 Py, (3.7a)

ng.('T) = E e_inXK(,. (37b)

We combine momenta k and bosonic Matsubara frequencies
iw to form a composite label K=(k,iw). In general the cant-
ing angle can be determined from the condition that the func-
tional average of the field Pg_( _ vanishes,

(Py_)=0. (3.8)

Equation (3.8) defines the correction Sh=h—han=nh
—h,sin ¥ and hence the sine of the renormalized canting
angle sin 9=m=(h—6h)/h.. Within the Gaussian approxi-
mation this implies sh=0, leading to the classical result [Eq.
(2.51)]. Hence S,[P_]=0 within this approximation and the
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effective action for the fields X, is given by the Gaussian
integral

e SetlXol = e_Sof D[P, Je 52 PoXol, (3.9)
Carrying out the integration, we obtain in Gaussian approxi-
mation S.{ X, (,]:SO+S$2[X +J], where

B Ei,+ @
SOIX, 1= 53 X X, (3.10)

2 Ko Ak(r

At long wavelengths this action has the same form as the
corresponding Gaussian part of the action of the NLSM.
However, in contrast to the NLSM, our action is defined on
the lattice so that fluctuations on all wavelengths are in-
cluded. The Gaussian propagator of the X, field is thus

2

A a
(XkoXkr 910 = Sk k' Ot (BAL) ™ ——t

3.11
E,%U+ ® ( )

The other propagators are within Gaussian approximation

E;,
<PKO'PK’0">0 = 5K,—K’ 50.0—’(BAka-)_l 2 k 2 (312)
Ek0'+ w
Ay 0
XoPxr010= G-k O (B 5. (3.13)
E ,+w

Here the symbol {...), denotes functional averaging with the
Gaussian action S,[P,,X,]. Note that the formal sum
2 A XkoP-ko)0 represents the expectation value of the sym-

metric operator ({X;,P;,})o=0, so that we should regularize
formally divergent Matsubara sums using a symmetric con-
vergence factor cos(w0%),

wcos(w0*)

A oA 1
X P =— =0. 3.14
<{ ko ko’}>0 E Elzw_ 4 (,()2 ( )

B o

The higher 1/S corrections to S, X,,] can now be obtained
by including the spin-wave interactions perturbatively.
Therefore we rewrite Eq. (3.3) as

S Xo] = So + SQIX,] + SHIX, 1. (3.15)

where the interaction part S™[X,] is defined via the follow-

ing functional average:

S/[PU"XO'] = SI[P—] + S3[P0"X17]

- 2 \‘Jr% 2 0- N

KKK

PHYSICAL REVIEW B 78, 035127 (2008)
S, =~ In(eSnlPoXel),

J D[P]e_SZ[PU‘XU]g_Sim[PwXU]

=-—In
[ otriesiro

(3.16)

where

[

Sid P Xl = SI[P_1+ 2 S[PyX,].
=3

(3.17)

The leading correction of relative order 1/S arises from the
first-order correction due to Sy[P,,X,], corresponding to 1:14
defined in Egs. (2.73)-(2.75) and (A1), and the second-order
corrections due to the sum of S,[P_] and S5[P,,X,], corre-
sponding to H' =~ H,+H, in Egs. (2.67) and (2.68). Note that
to order 1/S the difference Sh=h—h.m and hence S;[P_] are
finite so that the condition [Eq. (3.8)] for the renormalized

canting angle reduces to
(Po_(81[Po_]+ S3[ P X51))o = 0. (3.18)

Performing the Gaussian averages we obtain to first order in
1/8,

h,
Sh=m[1-C,(h)]—, 3.19
m[ 2( )]25 ( )
with the numerical constant
1
Cy(h) = NE [ty + Vi = TVl + TUR)?]
ko
lw -y —on®
— _E M (3.20)

N €k

Our condition [Eq. (3.19)] leads to the same 1/§ corrections
for the canting angle as in Ref. 21 and thus yields the same
result for the uniform magnetization. Note that S;[P_] is of
order S72 and should be taken into account on the same
footing with S5[P,,X,] in second-order perturbation theory
to collect all corrections of relative order 1/S. Using Eq.
(3.19) we obtain for the total contribution of order S~ to

the action S’[P,.X,] corresponding to H’ in Eq. (2.11),

E 5K1+K2+K3,0

1 1
X [Erfi(i((kl sk k3) P Xi X+ I ¥k, sk k3) P X Xy + Xk, skasks) Py X, X,

gy

1 1
+ _prf(kl ;k23k3)Pk1—P1<2+PK3++ _FPPP(kl’k2’k3)PKl—PK2—PK3— .

20 7 31

(3.21)
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The leading correction to the Gaussian approximation for the
effective action S.{ X,,] is of order 1/+S,

St(’,gZ)[Xa'] = <S,[P0'$XU':I>P7

(3.22)

where the subscript indicates the power of 1/S. The 1/S
correction is

PHYSICAL REVIEW B 78, 035127 (2008)

SUX = (P X D= (S TP X1~ (S TP XD

(3.23)
To calculate the Gaussian average in Eq. (3.22) we use the

fact that averaging the field P, for fixed X yields

(Piop= —Xk- (3.24)

Akcr

After proper symmetrization of the vertices we obtain

2 1 1
Seir” X1 = ﬁ\/j > 5K1+K2+K3,o[—r<_3_>_<K1,Kz,Kg)XKIJKZ_XKT+5r<_3+>+(K,;Kz,Kgx,(lx,(kaﬁ}, (3.25)

KK K3 3!
with
AN | Y, @1 Vi,®2 Vi, 93 (e, + Vi, + Vi) 010203
r® (K, Ky, K3) = s 1 2 ENGN 1 2 2 ’ (3.26)
\V8S Akl_ Ak _ Ak3— Akl_AkZ_Ak3_
h\ w Vi, @3 Yi, @2 Vie, 010203
PO KKK = T (= Yy = W)+ o F o : (3.27)
o V8§ POTOTA L Ay A A A A

Actually, the terms cubic in the frequencies, which are due to the cubic terms in the Pk, in Eq. (3.21), can be omitted because
the contribution of these terms to the self-energy of the X fields is frequency independent to order 1/S. Since we are only
interested in the frequency dependent part of the self-energy, we may thus replace

AN| Y, @1 Vi, W2 Vi, W3
I (K, Ky, K;) — V(K Ky, Ky) = == | ——+ 22—+ —=— |, (3.28)
V8S Akl— Akz— Ak3—
h\ 1) Vi, @3 Vi, @2
PO (K K K3) — V(K Ky Ky) = 7= (= Y= )+ o+ o |- (3.29)
\V8S : Akl— Ak3+ Ak2+

Graphical representations of the interaction vertices V(K;,K,,K3) are shown in Fig. 2.
At this point we can make contact with the NLSM, which is an effective low-energy theory for staggered spin fluctuations.

In the presence of a uniform magnetic field the Euclidean action of the NLSM is

B D
SNLSM[Q] = %j dTJ dDr[ E (&MQ)Z + C_2((?TS) —ih X 9)2] .
0 =1

K K
Vo Vi

Ks Ks Ky 4. Ks

FIG. 2. (Color online) Graphical representation of the interac-
tion vertices V,(K;,K,,K3) and V_(K,,K,,K3) defined in Egs.
(3.28) and (3.29). Solid lines represent the gapless field X_, while
dashed lines correspond to the gapped field X,. The shape of the
symbols reflects the symmetry of the vertices with respect to the
permutation of the labels.

13,12

(3.30)

where the unit vector Q(7,r) represents the slowly fluctuat-
ing staggered magnetization, p, and ¢ are the spin stiffness
and the spin-wave velocity at temperature 7=0, and 4,
=dldr,, is the spatial derivative in direction pu=1, ...,D.
The model [Eq. (3.30)] can be obtained from the correspond-
ing NLSM for h=0 by substituting d,— d,—ihX. Although
this procedure does not explicitly take into account the
magnetic-field dependence of the spin-wave velocity and the
spin stiffness, one usually argues that ¢ and p; in Eq. (3.30)
are effective parameters, implicitly including the effect of the
magnetic field. However, this procedure is based on the as-
sumption that in the presence of a magnetic field, the mag-
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non dispersions can be characterized by a single spin-wave
velocity c(h). From Egs. (2.49a) and (2.49b) it is clear that
this assumption is not justified because the dispersion of
spin-wave mode polarized parallel to the magnetic field in-
volves a different spin-wave velocity than the mode polar-
ized perpendicular to the magnetic field.'® Apparently, there
are no published calculations of the 1/S corrections to the
magnetic-field dependence of the spin-wave velocity. In the
following section we shall show that in dimensions D=3,
the magnetic-field dependence of the spin-wave velocity
c_(h) of the gapless magnon mode is nonanalytic in A2.

To make contact with our spin-wave approach, let us con-
sider the interaction vertex due to the magnetic field in the
NLSM. Therefore we rewrite Eq. (3.30) as

B D
Swol0]=2 [ e dD{ S 0,00+ c-z(w)z}
0 u=1
B
- gyl f dr f dr(h - Q)
0

B
—if drf dPrM - (Q X 9,Q0), (3.31)
0

where y=p,/c* and M= yh. Choosing the coordinate system
such that the staggered magnetization points in direction e,
and keeping in mind that h=he,, we now set Q=1\1- l'[2
+1I1 and expand Eq. (3.31) in powers of the transverse ﬂuc—
tuations II. Retaining only terms up to cubic order in the
fluctuations Il=Il,e,+I1_e,, we obtain in momentum-
frequency space,

E(w +c’k

K o

Snesml Q] = - ,BV h2 4 m%r)H—Ka'HKO'

B
—ixh f dr f dPrI2oI1_+0(I1}),  (3.32)
0
where m?>=0 and m =h?. At the first sight, the cubic inter-
action in Eq. (3. 32) does not resemble the cubic term
g}éz)[X ] in Egs. (3.25)—(3.27). However, the NLSM is only
valid to leading order in the derivatives so that for a com-
parison with Eq. (3.32), we should expand the vertices in
Egs. (3.26) and (3.27) to leading order in momenta and fre-
quencies. Moreover, for small 7 we may approximate Ay,
=~ h,. so that we obtain

"
T (KK K3) =~ E[wl +o,+w;]=0, (3.33)
V

(KKK)~ L[ W+ 0, + ws] ZL 15
0 ) - == ’
1 2 3 \8 1 2 3 SS 1

(3.34)

—++

where we have used the fact that w;+w,+w;=0 by energy
conservation. Finally, using relation (2.62) between con-
tinuum and lattice normalization of the field representing the
staggered spin fluctuations, it is easy to see that for weak
magnetic field, the continuum limit of our lattice action

PHYSICAL REVIEW B 78, 035127 (2008)

FIG. 3. (Color online) Feynman diagrams of the self-energy
corrections to second order in the three-legged vertices [see Egs.
(4.3) and (4.4)]. The slashed tadpole diagrams give frequency-
independent contributions of order 1/S, which are analytic func-
tions of the magnetic field. Since in this work we are only interested
in the frequency-dependent part of the self-energy, we shall omit the
tadpole diagrams.

Sf,}éz [X,] in Eq. (3.25) reduces to the cubic term in expan-
sion (3.32) of the NLSM.

IV. FREQUENCY-DEPENDENT PART OF THE SELF-
ENERGY TO ORDER 1/§

Defining the noninteracting propagators of the staggered
spin fluctuations,

Ako
GO O'(K) E]Z{g 2’ (4.1)
and expressing the corresponding interacting propagators in
terms of the self-energies 2 ,(K),

G, (K) = G\, (K) +2,(K), (4.2)

the leading frequency-dependent contribution to the self-
energy correction of the gapless magnon mode can be writ-
ten as

3 (K)= FN% E Go.o(K")Go oK' +K)

XV2(K,K',—K-K"), (4.3)

while the self-energy of the gapped magnon mode is

$(K) = 3 Gy (K')Go(K' + K)VA(K' K~ K~ K'),
ﬁN K’

(4.4)

where we have used V (-K,-K',K+K')=-V(K,K',-K
—K’). The corresponding Feynman diagrams are shown in
Fig. 3.

The frequency integrations in Egs. (4.3) and (4.4) can
now be performed analytically; the relevant integrals are

n

1"(E,| Ey,w) = j i
b 2a[ + E[(x + ) + E2]
_I_{ B (Bario) ]
T2 B (E - iw)? EJE}-(Ey+iw)]
(4.5)

where n=0,1,2. Explicitly,
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E\+E,

PHYSICAL REVIEW B 78, 035127 (2008)

E2(E1 + Ez) + (1)2

10= , 4.6 @ = . 4.6
2E1E2[(El + E2)2 + wz] ( a) 2E2[(E1 + E2)2 + (,()2] ( C)
1M=— T (4.6b) . .
2E,[(E; + Ey)” + 7] The result for the self-energies can be written as
|
h2\2 2
S (K)= s szE {zgszhi Mok, I )i,k q) + 2M o (kg M, (k,q) 1) (iw,k,q) + M3 (k,q) I (iw,k,q)]
q
+ 2y thog LM (e )10,k q) + 2M_(.q)M _(q.0)1 i,k q) + M*(g.0) [ (icw.ke.q) T} (4.7)
)
5(K) = 25 2 2 Mg R0 k. g) + 2M. (g k)Mo (g )1 i k.g) + Milg I Niwkg)].  (48)
q

where
17 (jw.k.q) = 0" I(E By o) (4.9)
and we have introduced the functions
Mo(k,q) = Yo N Vg~ Yk_q, (4.10a)
Zk—g+ Zk—
M, (k,q) = 22 - Vg (4.10b)
Zk—q+ Zq+
M_(k,q)= 2 - Yo (4.10¢)
- Lk—q-
For later reference we note that
2y, -1
My(0,9) =22 + = (4.11a)
q+ 20—
M,(0,9)=0, (4.11b)
1
M_(O,q)=——lq‘, (4.11c¢)
0— q-
1 1
My(k,0) = —+—, (4.11d)
k+  Zk—
1 Yk
M. (k,0)=— - —, (4.11e)
Tk+ 20+
M_(k,0)=0. (4.111)

Furthermore, if both k and ¢ are small

a2

4Dn*

M _(k,q) = [q* -2k - q]+ O(k*,¢*,K*¢%). (4.12)

V. RENORMALIZATION OF THE GAPLESS MAGNON
A. Spin-wave velocity

We now show that in dimensions D=3, the leading 1/S
correction to the spin-wave velocity ¢_(h) of the gapless
magnon is nonanalytic in 42. Therefore we expand for small
o and |k

s

S_(k,iw) = fow? + flop + fr0" + f30% 0 + fr0; + O(0),
(5.1

where w and w;=c_|k| are assumed to have the same order of
magnitude, and c_=cyn” is the spin-wave velocity within lin-
ear spin-wave theory [see Eq. (2.52)]. To calculate the renor-
malized spin-wave velocity, we may neglect in Eq. (5.1) the
terms of order w* involving the coefficients f5, f5, and fy.
Using Egs. (4.1) and (4.2) we obtain for the infrared behav-
ior of the propagator of the gapless mode

Z_h.n*
G_(kjiw)=——5—. 5.2
(iw)= oy K G.2)
Introducing the dimensionless constants F(, and F1,
FO = ]’lcl’lzfo, Fl = hcnzfl N (53)

the wave-function renormalization factor Z_ can be written
as

_= ~1-F,, 54
1+F, 0 (5-4)
and the renormalized spin-wave velocity ¢_ obeys
& 1+F, LeF_F 55
- = ~1+F —F,. .
CE 1+ FO ! 0

The constants f;, and f, associated with the expansion in
powers of frequencies for vanishing external momentum can
be obtained by expanding 3_(k=0,w) in powers of w?.
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Using Eq. (4.7) and Egs. (4.11a), (4.11b), (4.11c), (4.11d), (4.11e), and (4.11f) one gets

N2 2

E (O lw) = ﬁ_z {Z Mé(O,Q)Iﬁz(lw,O’Q) + Z;_M%(O’q)l(_o_)(lw’(lq)}
— 2@%2 [ 2n? (zyq 1)]2 [Zf B "yq:|2 (5 6)
TS NS | ELQEL 4 o?] | E,LQE, ) + o] '

Using h?)\2=4n2h2, we obtain for the first two coefficients in
the frequency expansion,

R g

n’h* 2 Y.
-2 d o

- 3 3 ’
165 N% Ej, E,
(5.7)
1+, 2 . 2
o _rwag [ sren-n] [Eov)]
25T o N 5 5
165 N* 4Eq+ AE,_

(5.8)

Keeping in mind that z,_/ zo_—'yq=0(q2) for small g, it is
easy to see that in the domain of small magnetic field (%
<h,), the integrals on the right-hand sides of the equations
above are dominated by the first term involving the gapped
mode E,,. More precisely, the relevant ultraviolet cutoff for
the momentum integrals in Egs. (5.7) and (5.8) is the inverse
of the length scale

E=cy/h. (5.9)
In D=3 the contribution from wave vectors in the regime
lg|é=1 gives rise to contributions to the magnon self-energy,
which are nonanalytic in h. Keeping in mind that for small
field the magnetic length & is large compared to the lattice
spacing, we may calculate the leading nonanalytic magnetic-
field dependent contributions to Egs. (5.7) and (5.8) by ex-
panding the integrand in powers of gq.

We find that the leading magnetic-field dependence of the
spin-wave velocity c¢_ associated with the gapless mode is
determined by f,,. Since we are only interested in the nonana-
Iytic h? dependence, we may set n= 1. In the thermodynamic
limit we then obtain for the dominant contribution to Eq.

(5.7),
f~h2aD f d’q 1
s ) emPE,

(5.10)

Consistently neglecting terms which are analytic in 4%, we
may ignore the magnetic-field dependence of the noninter-
acting spin-wave velocities, ¢+ = cy= 2\'D]Sa so that energy
d1spers10ns are approx1mated by E,_~clq| and E,,

~h+clg> Using h.=2\Dcy/a we obtain from Eq. (5. 7)
for the correspondmg dimensionless coefficient for
1<D=3,

D-1

Fo=hc”2f0=a1)m , (5.11)

S

where m=h/h.=ha/ (2\r’5c0) is the relevant dimensionless
magnetic field [see Eq. (2.51)], and

1m D-1
=2D"DD/2KJ dy—>——. 512
ap D . y[1+y2]3/2 ( )
Here
21—D
(5.13)

Ko="onr o)

is the surface area of the D-dimensional unit sphere divided
by (27)P. In D <3 we may take the limit 1/m— 2 in aj, so

that
b2y (3=L
aD:(e) re)
w \Nar

(5.14)

In particular, a,=2/7. In D=3 the integral a3 depends for
small m logarithmically on the upper limit,

=
az ~ a4 In(1/m), aé:%. (5.15)
It turns out that the coefficient F, in front of the k? correction
to the self-energy is for small & proportional to 4 so that for
h<<A, the dominant magnetic-field dependence of the spin-
wave velocity is due to the term F; in Eq. (5.5). We thus
obtain for the leading magnetic-field dependence of the spin-
wave velocity of the gapless magnon,

~2

c 2 |h|
S~1-F=1-—"0 D=2,  (5.162)
co 7S h,
1 6\61121 (h> D=3 (5.16b)
=1-—F=-—=In| — |, =3, .
S h? \ |k

where we have neglected magnetic-field-independent 1/S
corrections. Recall that within linear spin-wave theory the
velocity c_ of the gapless magnon is analytic in hzzhgmz;
from Eq. (2.52) we obtain c_=~ c,[1-m?/2] for small m. We
conclude that in dimensions D=3 the dominant magnetic-
field dependence of the spin-wave velocity of the gapless
magnon is due to spin-wave interactions. In Appendix B we
show that the nonanalytic dependence on h? predicted by Eq.
(5.16a) can be recovered numerically from in the expression
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for the magnon self-energy given by Zhitomirsky and
Chernyshev.'?

B. Quasiparticle residue

In view of the fact that the magnetic-field dependence of
the spin-wave velocity of the gapless magnon is dominated
by spin-wave interactions, it is reasonable to expect that also
the higher coefficients in the expansion of the self-energy of
the gapless magnon for small wave vectors and frequencies
exhibit some nonanalytic dependence on the magnetic field.

Consider first the renormalized magnon energies Ej,,, which
can be defined by

El%zrzEl%r(r"_ Ak(r Re E(r(k’Ek(r"' lO) (517)
The expansion for small wave vectors is
Er_ =K1 +A_(k*+ O(kY)]. (5.18)

It is well known?? that only if the coefficient A_ is positive, a
gapless magnon with momentum k can spontaneously decay
into two magnons with momenta ¢ and k—q. Within linear
spin-wave theory we obtain from Egs. (2.39) and (2.44) in D
dimensions

EX_ =1 + A_(K)K* + O(kY)], (5.19)
Er, =2+ K1+ A (O +0(kY],  (5.20)
with
. at|l 1-2m> 1«
A)=——| ———+-2k*|. 5.21
-(k) 4[1)(1—m2)+3§‘ ] (5:21)
. a?| 1-2m* 1w -
Ak)=——| ————+-2k*|. 5.22
+0) 4[D(1—3m2)+3% “1 (5.22)

Obviously, for m<1 the coefficient A_(k) is negative for all
directions k so that to this order in spin-wave theory, the
gapless magnon cannot spontaneously decay at long wave-
lengths. For larger m the coefficient A_(k) decreases and
eventually vanishes at a critical m*(IE), which depends on the
direction k. From Eq. (5.21) it is easy to show that the di-
rection where m*(le) assumes the smallest possible value is
given by the diagonal l€x=..r. =12D, and that the associated
minimum is m,=h,/h,=2/\7=0.76. For the special case
D=2 this result has been obtained previously by Zhitomirsky
and Chernyshev,'” who examined the leading 1/S correction
in the regime h,<h<h, numerically.

Apparently, the leading 1/S correction in the limit of
small magnetic fields, m=h/h.<<1 has not been explicitly
analyzed in Ref. 10. In terms of the expansion coefficients
introduced in Eq. (5.1), we obtain g_(lé):A_(l@)+ OA_, where
the 1/S correction is

0A_= C(z)hc[fz—f3 +fal.

Let us consider first the contribution from the coefficient f,
related to the w* term in the expansion of the self-energy

(5.23)

PHYSICAL REVIEW B 78, 035127 (2008)

2._(0,iw) for small frequencies. Because for small 4 the in-
tegral defining f, in Eq. (5.8) the dominated by wave vectors
|g| <h/cy, we may approximate

n’a® ( d°q s
8s J em"E,,’

f2 == (524)

The integral is easily evaluated to leading order for small
m<<1. Introducing the dimensionless coefficient

2
coh,.
Fy=-" ;fz, (5.25)
a
we obtain for D <3,
_ _Bor ps D-1
F,~-— S m° +0m° )], (5.26)
with the numerical coefficient
0D [
T T
[\D-2
2D 2 5-D D
2D ,_1“< )I‘(—). (5.27)
8 3V 2 2

In particular, in two dimensions B,=1/(48). Obviously, for
D <3 the coefficient F, diverges for m— 0, so that the con-
tribution from the term f, to SA_ is for sufficiently small m
much larger than the linear spin-wave result [Eq. (5.21)]. Tt
turns out, however, that the singular contribution to 6A_ due
to f, is exactly canceled by a similar contribution from the
coefficient f3. In order to extract the dominated contribution
to f3, it is sufficient to approximate the magnon self-energy
[Eq. (4.8)] by
2D D

2ha MI“”(iw,k,q).
S QmP

S (kiw) = (5.28)

Expanding the right-hand side to second order in k and com-
paring with Eq. (5.1), we obtain

£~ WP [ dPq 1 { 100(2)(12
=~ — —

8s J 2m"E),

The integral can easily be carried out analytically with the
result f3=f,+O0(m""). From Eq. (4.7) we can also show that
the term f, is of order a’m”~!/S and can be neglected as
compared to f, and f3. Because JA_ involves the combina-
tion f,—f3, we conclude that the singular contributions pro-
portional to mP”=3 cancel in SA_, so that the leading
magnetic-field dependence of A_ is proportional to mP~!
o |r[P=!. This is small compared to the linear spin-wave re-
sult but nonanalytic in &2, similar to the leading magnetic-
field dependence of the spin-wave velocity in Egs. (5.16a)
and (5.16b).

On the other hand, the singular magnetic-field dependence
appearing in the coefficients f, and f3 does not cancel in the
self-energy 2_(k,w+i0) off resonance. Retaining only the
singular contributions to Eq. (4.7), we obtain with f, = f3
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S _(k,w+i0) = — fyw* + fro* (0’ = k%), (5.30)

The corresponding renormalized magnon Green function for
small m can be written as

2

G (k.iw) =7 (iw)—e

w*+ k>’ (5:30)

where the renormalized spin-wave velocity is given in Egs.
(5.16a) and (5.16b), and
1

Z(iw)=—""—"—"F5—
(lw) 1+ FO + hcnzfzwz

=~1-F,- (aze/c(z))wz.

(5.32)

After analytic continuation to real frequencies we obtain for
the renormalized residue of the magnon peak for small m,
K*a?
Sm3—D :
(5.33)
Expressing m=h/h,=ha!(2\Dcy)=a/(2yD&) in terms of the

length scale é=cq/h associated with the magnetic field, we
may alternatively write

Zi.=Z (io—Clk])=1-Fy+Fk*a*=1-Fy- fBp

Pl 3-D 1 D-1 ~
Zk_=1—Fo_%(§> k2a2=1—§<g§> [&D_ﬁDszz]’

(5.34)

where @,=ap(2VD)'"? and Bp=pB,(2VD)*P. In particular,
in D=2 the leading momentum dependence of Z;_ is propor-
tional to k*éa=k*cya/h. The higher powers in k become im-
portant for |[k& =1, so that the expansion in Eq. (5.34) is
limited to the regime |k| =< &' <a~! where the 1/S correction
is small compared to unity.

C. Magnon damping

Given the magnon self-energies 2 ,(K) in Egs. (4.7) and

(4.8) and the renormalized magnon dispersions Ekm the mag-
non damping can be obtained from

A -
Fk0'= - #Im 20(k7Ek0'+ lO) .
2E;,

(5.35)

Zhitomirsky and Chernyshev'? have shown that in two di-
mensions, one should self-consistently take into account the
imaginary part of the magnon self-energy when evaluating
the integrals on the right-hand side of Eq. (4.7). However, as
long as we are not too close to the critical field ., the result
for the magnon damping is nonsingular even if we ignore the
damping of intermediate magnons in Eq. (4.7). We therefore
expect that a simplified version of Eq. (5.35), taking into
account only the renormalization of the real part of the mag-
non dispersion, yields a qualitatively correct estimate for the
magnon damping away from ..

To calculate the damping I';_ of the gapless magnon for
wave vectors |k|<h/cy=&", it is sufficient to retain in Eq.
(4.7) only the terms involving the functions I(_”_)(iw,k,q) be-
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cause the imaginary part of the functions Ii’ﬂr)(w+i0,k,q)
vanishes for w<<2h. Using Eq. (4.12) we obtain for >0

Im[ M2 (k,q) [ (w + i0,k,q) +2M_(k,q)M _(g.k)
XID(w +i0,k,q) + M2(q,K) 1P (0 + i0,k,q)]

o Clz 2 ~ ~
=_Z<4Dn4> W(k’q)(s(w_Ek—q—_Eq—)a (536)

where

q Ik - q|
Ik - q|

-2(k*-¢»)(g* -2k - q).

Wik.q) = (k* = q*)* + (¢* -2k - q)°

(5.37)

Note that in the nonlinear sigma model the contribution cor-
responding to Eq. (5.36) is neglected because the relevant
vertex involving three gapless magnons is set equal to zero
[see Eq. (3.33)], which is correct to leading order in the
derivatives. Hence, the damping of the gapless magnon can-
not be obtained using the NLSM. To estimate the magnon

damping we set w:Ek_ and approximate the renormalized
magnon dispersion by

Ep =~ c_lk|(1+A_K?), (5.38)

where for simplicity we have replaced the direction-
dependent coefficient A_(k) defined in Eq. (5.18) by some
angular average A_. At long wavelengths we then obtain

7T\J”D hZaD+3

7~ 8uD)>? S

dq W(k.q)
QmP  k

XSEy.~Epy —E,). (5.39)

As discussed in the textbook by Lifshitz and Pitaevskii,?? in
the long-wavelength limit the energy conservation Ek_

=Ey_4_+E,_ can only be satisfied for A_>0. From our dis-
cussion in Sec. V B (see also Ref. 10) we know that this
condition is only satisfied in a certain range h. <|h|<h, of
magnetic fields below the saturation field. We now restrict
ourselves to this regime without explicitly calculating the

magnetic-field dependence of the coefficient A_>0. If & is
not very close to the threshold fields %, and h., we expect by

dimensional analysis that A_/a? is a number of the order of
unity. The energy conservation then implies that the allowed
vectors ¢ are almost parallel to the direction of k and satisfy
q=k. In fact, it is easy to show that the angle ¥ between k

and ¢ is 9= \V6A_(k—gq) due to energy conservation, so that
for A_k><1 we may approximate

80— \/a(k -q))
\/67__c_kq ’

SE ~Er, —E, )=~ (5.40)

and
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k _
k—q|~k-g+ k—q(l —cos ) = (k= q)(1 +3A_kg).
-q
(5.41)

Keeping in mind that A_kg<1 we obtain from Eq. (5.37),

Wik.q)

~ 9%kq(k - q).
. q(k-q)

(5.42)

The integrations in Eq. (5.39) are now elementary and we
obtain for the damping of magnons with wave vectors in the
regime |k| <h/cy<a™! at zero temperature in D dimensions,

I h\? =
E_k=%<h_) (V6A_)P-3aPH |k [20-2, (5.43)
k— c

where

9 Jl
=—F—K,_ dx[x(1-x)]P!
Yp 64\"5 D-1 [x( )]

0
9 [#T(D
_ 2 g, prw ™D (5.44)
64\D r(D+3)
In two dimensions we have y,=3/(128v2) and
vof b\ |kPa®
B
S\h/ VA

The |k|* dependence of the magnon damping has been ob-
tained previously by Zhitomirsky and Chernyshev.!”

VI. SUMMARY AND CONCLUSIONS

The main result of this work is the discovery that in quan-
tum Heisenberg antiferromagnets subject to a weak uniform
external field, the leading 1/S correction to the self-energy of
the gapless magnon is a nonanalytic function of A? in dimen-
sions D=3. We have explicitly calculated the leading
magnetic-field dependence of the spin-wave velocity and the
momentum-dependent quasiparticle residue of the gapless
magnon. At first sight it is surprising that for quantum anti-
ferromagnets in a uniform magnetic field at zero tempera-
ture, the dimension D=3 plays the role of a critical dimen-
sion, below which fluctuations lead to a nonanalytic
magnetic-field dependence of the magnon spectrum. How-
ever, the gapless magnons in our model can be viewed as an
interacting Bose gas in the condensed phase,® where the
Bogoliubov mean-field theory is known?*? to break down in
dimensions D =3.

Finally, let us point out that our hybrid approach between
1/S expansion and NLSM is a very convenient parameter-
ization of the spin-wave expansion, which should also be
useful in other contexts. While the calculations presented
here can (with some effort) also be carried out using the
conventional parameterization of the 1/S expansion, our hy-
brid approach greatly facilitates the identification of the
frequency-dependent contributions to the magnon self-
energies which give rise to the dominant magnetic-field de-
pendent corrections to the magnon spectrum.
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APPENDIX A: QUARTIC SPIN-WAVE INTERACTION IN
HERMITIAN FIELD PARAMETERIZATION

In Hermitian field parameterization, the quartic part of the
Hamiltonian I:IA’1 defined in Egs. (2.72) and (2.73) is

)
Hy==

kykoksky

é\kl+k2+k3+k4,0

1 A A A A
X Z(Fffff(klsk2’k3,k4)Pk1+Pk2+Pk3+Pk4+

+ FPPPP(k1,kz,ka,k4)13kl—ﬁkQ—ﬁk3—ﬁk4—)

1 A
+ Z (FXXXX(k 1 ,k2,k3,k4)XkI_sz_Xk3_Xk4_

+ TN ey Jea Jes e ) X X X i X 0)
1

T2y

(CEEPP ey Jepsks k) Py o Py o PPy -

+——

+ % (ke l7k2;k3’k4))2k1—5(k2—)2k3+)2k4+)

——++

—1 ~ A A A
+ G o e dees e P Py X K
+ TPy keysk k) Py P Ry X ,,)
1

+ G (T e kosdes Ko Pry P Xi K )

+ P22y ks hes, k)P -Prey X, X, )

+ DO ey sk hes sk U Py (X HPe X 3 [ (AT

where the symmetrization symbol {...} is defined in Eq.
(2.66) and we have used

A ) PPN 1
{P\PX Xy} = 5[P1P23X3X4]++ Z(5l+3,052+4,0+ 0144,0943,0) -

(A2)

For convenience we now introduce the short notation
Y, =71 Y,= Y, (and similarly for the other labels) and
symmetrize the vertices whenever the interaction is symmet-
ric with respect to the exchange of the field labels. For the
vertices involving four fields of the same type, we obtain

he
F)_(i(i(f(kbkz,kmkﬁ = ﬁ[?’l + Y+ Y3+ v —2a(yis

+ ¥4+ (2 3)+ (2= 4)], (A3)
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h,
DOk Ko ks k) = ﬁ[a’(% + Y+ 3+ ) = 2a( Y10

+7)+(2-3)+2<4)],  (Ad)

h,
Fffff(kl’kZ;kS,k4) = ES[_ Yi=YV2= V3= Ya— 2a( Y142

+ Y3+ (2-3)+(2<4)], (AS5)

he
Ffff_'u(kl,kz,k,%kﬂ = ﬁ[— aly +y+ v+ ys) = 2a(y140

+Ya4a) + (2 3)+ (2 4)]. (A6)

The vertices involving two pairs of fields of the same type
can be written as

h
F)-(i(ff(khkz;kykﬂ = ﬁ[% + Y+ alys+ v) = 2a(y142

+ 73+4)] ’ (A7)

he
LIPPP (K kgskaky) = —<[— vi— va— a(ys + ya) — 2a(y142

168
+ Y344) s (A8)
h,
Ffffz((kl,kz;kykd = 1_65[3(_ Y= Yo+ Vst va) = 2a(y142
+ V34— Vi3 — Vosd — Y243 — Vi+a) )
(A9)
he
I‘Tﬁ((kl,kzéka,kz;) = ESBCY(— Yi= Y2+ V3t va) = 2a( Vi

+ V3d = Va3 = Vosd = V243 = Vi+a) )

(A10)
PPXX h,
| Rt (kykysks k) = ﬁ[— N=r+alys+vs) = 2a(y4,
+ 73+4):|’ (Al 1)

h,
Fffﬁ((kl,kz;k&kﬂ = ﬁ[— aly +v)+ v+ va=2a(y140

+ Y344)]. (A12)

Finally, there is one vertex without permutation symmetry
connecting four different field types,®

h,
P (ke sk skey) = ﬁ[?’l +al=y+y) = va—2a(y44

+ Y243)]. (A13)

Note that the above vertices are analytic functions of the
external momenta and of /2. On the other hand, if we express

Hj in terms of the usual magnon creation and annihilation
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operators, we obtain vertices which are singular for certain
combinations of external momenta.>1°

APPENDIX B: NUMERICAL CONFIRMATION
OF EQUATION (5.16a) IN TWO DIMENSIONS

In this appendix we briefly review the calculation of the
1/8 corrections to the field-dependent spin-wave dispersion
in two dimensions as obtained within the conventional 1/S
expansion by Zhitomirsky and Chernyshev in Ref. 10. From
the numerical analysis of this expression we quantitatively
confirm our result given in Eq. (5.16a) for the linear
magnetic-field dependence of the spin-wave velocity associ-
ated with the gapless magnon. In our notation the expression

for the on-shell renormalized magnon energy Eko given in
Ref. 10 can be written as

Epy=Epy+Re S5k, Epy +i0), (B1)
where the self-energy has the form

SUS(k,iw) =315k, iw) + 235 (k,iw) + 235 (k) + 15(k).
(B2)

The frequency-dependent contributions to the self-energy are
given by

N2 o Diko,qrk -
R R L
16S N°y; iw—E; = Ep_gor
VS R\ 2  Pi(ko,qT.k +qoT)
E20- (k,l(l)) == _2 s (B4)

16S Ne! iw+ Eyyt Egrgor

where 0=—0 denotes a sign change such that or=—07, and
the functions @, and ®, are defined as

@ (ky01.k202,k303) = 0171 (U145, + 01015, (03U24,U3,,
+02lt35,V20,) + 0'272(”2(;2 + 0'20202)
X (15,35, + 0301V35V10,)
+0373(Uz0, + O3035) (U0 1,

+0109014,V24,) (BS)

@y (ky01.k203.k303) = 01 Y1 (15, + 01014,) (0213402,
+ 03U24,035,) + 02 12(Ul2g, + O2V24)
X (0-1”’30'31)10'l + 0-3”‘10'11)30-3)
+03Y3(Uzg, + 03035,) (01125010,

+ 0314 V20,)- (B6)

The frequency independent 1/S contributions to the self-
energy are
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30

h,
SUS(k) = E(ui0+ v,zm)[— K+ kon® — k3m® + oy (- Ky

h
+ k41?12 — kym?) ] = =S O Ukl Kom? — K3n®

28
+ 20y (Kka— K1”2+ K4m2/2)]’ (B7)
he
Eélt/(f(k) = Emz(Kz - K+ K3)[(”I%:o'+ v/%O')(l - UYk)
- 27kuk(rvk(r]’ (Bg)
with
=23 2 (B9a)
! Nko' ko
2
Ky = _E Ukollko Vo (B9b)
Nk(r
2 2
K3 = _E OVoYk> (Bgc)
Nka
2
Ky = —2 OVkolko- (B9d)

Nka

While the self-energy Eq. (B2) can be easily evaluated nu-
merically, it is not very accessible for analytical treatments,
and the leading small field behavior of the spin-wave disper-
sion is not easily extracted from it. The equivalent expression
Eq. (4.7) in the Hermitian field parametrization is more ame-
nable to an analytical investigation of the long-wavelength
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hh,

FIG. 4. Evolution of the spin-wave velocity of the gapless mag-
non as a function of the external magnetic field for S=1/2. The full
line shows the spin-wave velocity obtained numerically from Eq.
(B1) normalized by the zero-field value ¢,= 1.16¢, for S=1/2 (see
Ref. 4). The dashed line shows the prediction of Eq. (5.16a). Good
agreement is obtained in the limit of vanishing fields, which con-
firms that the leading field dependence is described by Eq. (5.16a).

physics. To calculate the self-energy given in Eq. (B2) we
performed a two-dimensional integration and used an ana-
lytical continuation to real frequencies. Performing a numeri-
cal derivative with respect to the momentum k at the point in
the Brillouin zone where the dispersion is gapless finally
yields the spin-wave velocity. In Fig. 4 we compare the nu-
merically obtained spin-wave velocity of the gapless mode at
small fields with the prediction of Eq. (5.16). At very small
fields, the numerical solution indeed confirms the behavior
given in Eq. (5.16a). For slightly larger fields, corrections
beyond the linear dependence are also visible.

I'T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940).

2F. J. Dyson, Phys. Rev. 102, 1217 (1956).

3S. V. Maleyev, Zh. Eksp. Teor. Fiz. 30, 1010 (1957); [Sov. Phys.
JETP 64, 654 (1958)].

4T, Oguchi, Phys. Rev. 117, 117 (1960).

SA. B. Harris, D. Kumar, B. L. Halperin, and P. C. Hohenberg,
Phys. Rev. B 3, 961 (1971).

SP. Kopietz, Phys. Rev. B 41, 9228 (1990).

"N. Hasselmann and P. Kopietz, Europhys. Lett. 74, 1067 (2006).

8S. V. Maleyev, Phys. Rev. Lett. 85, 3281 (2000).

°S. Chakravarty, B. I. Halperin, and D. R. Nelson, Phys. Rev. B
39, 2344 (1989).

19M. E. Zhitomirsky and A. L. Chernyshev, Phys. Rev. Lett. 82,
4536 (1999).

A, V. Syromyatnikov and S. V. Maleyev, Phys. Rev. B 65,
012401 (2001).

2D S. Fisher, Phys. Rev. B 39, 11783 (1989).

138, Sachdev, Quantum Phase Transitions (Cambridge University
Press, Cambridge, 1999).

E. Schiitz, M. Kollar, and P. Kopietz, Phys. Rev. Lett. 91,
017205 (2003).

1. Spremo, F. Schiitz, P. Kopietz, V. Pashchenko, B. Wolf, M.
Lang, J. W. Bats, C. Hu, and M. U. Schmidt, Phys. Rev. B 72,
174429 (2005).

I6N. Hasselmann, F. Schiitz, I. Spremo, and P. Kopietz, C. R.
Chim. 10, 60 (2007).

I7P. W. Anderson, Phys. Rev. 86, 694 (1952).

81 S. Schulman, Techniques and Applications of Path Integration
(Wiley, New York, 1981).

19, W. Negele and H. Orland, Quantum Many-Particle Systems
(Addison-Wesley, Redwood City, 1988).

20T, Gollisch and C. Wetterich, Phys. Rev. Lett. 86, 1 (2001); M.
Weyrauch and A. W. Schreiber, ibid. 88, 078901 (2002).

2IM. E. Zhitomirsky and T. Nikuni, Phys. Rev. B 57, 5013 (1998).

22E. M. Lifshitz and L. P. Pitaevskii, Statistical Physics II (Perga-
mon, Oxford, 1980).

23 A. Kreisel, N. Hasselmann, and P. Kopietz, Phys. Rev. Lett. 98,
067203 (2007).

24C. Castellani, C. Di Castro, F. Pistolesi, and G. C. Strinati, Phys.
Rev. Lett. 78, 1612 (1997); F. Pistolesi, C. Castellani, C. D.
Castro, and G. C. Strinati, Phys. Rev. B 69, 024513 (2004).

25C. Wetterich, arXiv:0712.1926 (unpublished).

26There is a mistake in Eq. (13e) of Ref. 7: the term v, —v,— v,
+ v, should be multiplied by a factor of 2. Taking into account
the different labeling of the fields in Ref. 7 as compared to the
labeling in Eq. (A1) (so that we should rename 3+« 4), in the
limit of vanishing magnetic field the vertices in Egs. (A3)—(A13)
are then equivalent to the vertices given in Ref. 7.

035127-17



