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We present ab initio derived thermodynamic properties of ferromagnetic bcc iron up to the bcc-fcc phase-
transition temperature �1200 K�, including vibrational, electronic, and magnetic contributions. The quasihar-
monic approximation and finite-temperature density-functional theory are employed to account for vibrational
and electronic excitations. The magnetic contribution is derived from the solution of the quantum Heisenberg
model within many-body theory using the mean-field and random-phase approximation. The calculated ther-
modynamic properties show an excellent agreement with available experimental data and reveal the necessity
to consider all three types of excitations.

DOI: 10.1103/PhysRevB.78.033102 PACS number�s�: 71.15.�m, 63.20.�e, 75.40.Cx, 75.50.Bb

A key quantity in fully characterizing the thermodynamic
properties of materials is the Helmholtz free energy of their
individual structural and magnetic phases. Well established
simulation tools, e.g., CALPHAD �Refs. 1 and 2�, use empiri-
cal interpolation formulas and experimental input to describe
the temperature dependence of this energy. However, experi-
mental input data, e.g., for novel alloy systems or metastable
structures, are not always available. Therefore, there is a
strong interest in incorporating ab initio results into these
simulation tools.3 Based on density-functional theory �DFT�,
substantial progress has been made in determining ab initio
free energies for elementary nonmagnetic materials.4,5 Here,
lattice vibrations and �in particular for transition metals�
electronic excitations yield the dominant contributions to the
entropy. Despite its great importance for many practical ap-
plications �e.g., steel, magnetic actuators�, the ab initio treat-
ment of the magnetic contribution is discussed to a much less
extent. However, only if all relevant excitation processes can
be described with a total accuracy of a few meV within an
integrated approach, a reliable ab initio prediction of thermo-
dynamic properties in these materials can be expected. We
have chosen iron as the most prominent magnetic material in
order to develop such an integrated computational treatment
and to test whether the accuracy of common DFT functionals
is sufficient to achieve this goal.

We will concentrate our investigation on the treatment of
magnetic properties. In the past, several methods �e.g., a
multiband Hubbard model,6 spin-fluctuation theory,7,8 the
Heisenberg model9 solved within the Monte Carlo
method,10–13 or many-body theory11,14,15� have been used for
calculating quantitative temperature-dependent magnetic
properties from ab initio input. However, most of them fo-
cused on the calculation of the magnetization and the Curie
temperature. Much less attention is paid to the magnetic free
energy, although it is well established that magnetic excita-
tions are of crucial importance for the structural phase sta-
bility in iron.16,17 An existing approach, based on the single-
band spin-fluctuation theory within the mean-field
approximation, gives a good qualitative agreement with ex-
periment but fails to provide a reasonable quantitative de-
scription of the magnetic free energy.17 In this Brief Report,

we, therefore, propose an accurate method for calculating the
magnetic free energy using ab initio input and many-body
theory for the Heisenberg model. We show that the magnetic
contribution is essential for the description of thermody-
namic properties and, if properly taken into account, allows
for a quantitative description over the entire temperature
range relevant for the considered phase.

For the present purpose, the Helmholtz free-energy sur-
face F�T ,V�, as a function of the temperature T and the crys-
tal volume V, is considered in the adiabatic approximation

F�T,V� = Fvib�T,V� + Fel�T,V� + Fmag�T,V� , �1�

that treats the vibrational Fvib, the electronic Fel �including
the energy of the static lattice�, and the magnetic Fmag con-
tribution separately. For iron, the adiabatic approximation is
well justified since the underlying mechanisms, i.e., phonon,
electron, and magnon excitations, reside on different time
scales.18 The validity of the adiabatic approximation is fur-
ther supported by recent explicit ab initio calculations of the
magnon-phonon coupling in iron.19

To calculate Fvib, Fel, and Fmag, we employ the VASP �Ref.
20� package using the projector augmented wave method21

within the generalized gradient approximation �Perdew-
Burke-Ernzerhof parametrization22�.23 Anharmonic contribu-
tions are expected to be small �a few meV� and will, there-
fore, not be considered in this study.24 The contributions of
Fvib and Fel are calculated within the quasiharmonic approxi-
mation and finite-temperature DFT,25 respectively, as dis-
cussed in detail in Ref. 5. As the first step, we have, there-
fore, calculated the phonon dispersion of ferromagnetic bcc
iron, which serves as an input to the partition function
needed for computing Fvib. The comparison with the experi-
mental phonon spectrum shows a good agreement �Fig. 1�.29

The resulting combined vibronic and electronic free energy
�Fvib+Fel� is shown in Fig. 2 �black line� and compared to
CALPHAD data. Clearly, the deviation between ab initio
�Fvib+Fel� and CALPHAD data rapidly increases with tempera-
ture. For instance, at 1200 K, which corresponds to the ex-
perimental bcc to fcc transition temperature, the difference
is �45 meV. An even more sensitive physical quantity
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that allows the checking of the predictive accuracy of the
ab initio calculations is the heat capacity CP, which is the
second derivative of the free-energy surface with respect to
temperature. Figure 3 shows that the combined vibronic and
electronic heat capacity agrees well with experimental data
only up to �300 K, which is in agreement with Ref. 33. At
higher temperatures, however, Fig. 3 clearly reveals that it
cannot account for the rapid increase in the experimental
heat capacity. It is, therefore, obvious that an accurate deter-
mination of the free-energy contribution from magnetic ex-
citations is crucial.

We derive the magnetic free energy Fmag from the solu-
tion of the Heisenberg Hamiltonian within many-body theory
in the mean-field �MF� approximation and in the random-
phase approximation �RPA�. The Heisenberg Hamiltonian is
entirely determined by the spin quantum number S and the
coefficients Jij, which describe the magnetic exchange cou-

pling between magnetic moments at atomic sites i and j. The
spin quantum number S is connected to the local magnetic
moment M0 by M0=g�BS, with the Landé factor g and the
Bohr magneton �B. For iron, M0 is almost entirely deter-
mined by the strongly localized 3d electrons and is, there-
fore, given by the total magnetization scaled by the number
of atoms and g�2. Our T=0 K result of the total magnetic
moment gives

M0 � 2.2�B → S � 1.1. �2�

For extracting the magnetic exchange coefficients Jij, we use
the frozen magnon approach,9 employing the generalized
Bloch theorem.34 In this approach, the DFT energy differ-
ence between different spin spirals is calculated in reciprocal
space. In order to estimate the accuracy of our computed
coefficients, we calculate the magnon energies �q at special
reciprocal vectors q using �q=4�Jq=0−Jq� /M0=4�Eq /
M0,7,9,15 where the Jq are the exchange coefficients at the
corresponding q that are related to Jij via Fourier transfor-
mation and �Eq is the ab initio calculated energy difference
with respect to the ferromagnetic ground state. The results
are shown in Fig. 1 and reveal an excellent agreement be-
tween the calculated magnon spectrum �solid black line� and
corresponding experimental data.

Using our computed spin quantum number and exchange
coefficients, we calculate the internal energy Umag�T�, from
which Fmag can be obtained by integration �see Ref. 35�.
Within MF, Umag is simply proportional to the square of the
magnetization, which in turn is given by a Brillouin function
�see Fig. 4�.35 The obtained MF free energy and heat capacity
are shown in Figs. 2 and 3 �orange dashed lines�, respec-
tively. Up to �700 K, both quantities are reasonably im-
proved with respect to the pure vibrational and electronic
contributions, but MF fails to reproduce the singularity of the
heat capacity at the predicted Curie temperature TC

MF

=2J0 / �3kB�=1521 K, where kB is the Boltzmann constant.
Furthermore, the calculated TC

MF is in fact 1.5 times higher

��
��

��
��

��

��

��
��
����
��
��
��
��
��
��
��

��
��

��
��

��
��

��
��

��
�
�
�
�
��
��
��
��
��
��
��

��
��

��
����
����
�����
���
���

��
��
��
��
��
��
��
��
��
���
��
��
���
������

��
��

��

��

��

��
��

��
��

�
�
�
�

����
��
���
���
���
����
�
��
��
��
��

��
��

�
�

�
�

�
��
�
��
��
�
�
�

�
�

��
��

�
�

��
��
�
��
�
�
�
��

�

��
��
��
����
��

��
��

�
�

�

�
�

�
�
�
�
�
��
��
���

�
��
��������

��
��
��

ΓPHΓN
0

10

20

30

40

Ph
on

on
en

er
gy

(m
eV

)

��
��
�
�
�
��������
�
�
�
��
��
��
������
�
�
�
��
����

0

200

400

600

800

1000

1200

M
ag

no
n

en
er

gy
(m

eV
)

��
��
��
�����
�
��
�����
���

��
��
�
�
�
��������
�
�
�
��
��
��
������
�
�
�
��
����

FIG. 1. �Color online� Ab initio phonon � dashed line, left axis,
at 300 K� and magnon �solid line, right axis, at 0 K� spectrum of
ferromagnetic bcc iron. The results are, respectively, compared with
available neutron-scattering data �Refs. 26–28�.
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FIG. 2. �Color online� Ab initio free energy F at zero pressure as
a function of temperature T, including various combinations of the
vibrational �vib�, electronic �el�, and magnetic contribution. The
latter has been calculated within the MF, iMF, RPA, and iRPA. The
CALPHAD data has been obtained with the THERMOCALC program
and the SGTE unary database �Ref. 30�. Inset. The CALPHAD data are
taken as the reference at each temperature.
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FIG. 3. �Color online� Heat capacity CP in units of the Boltz-
mann constant kB at zero pressure P as a function of temperature T,
including the various contributions as specified in Fig. 2. The ex-
perimental data are from Refs. 31 and 32.
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than the experimental TC
exp=1044 K. Such a high overesti-

mation of the Curie temperature is a known deficiency of the
MF approximation.15 The inability to reproduce the singular-
ity is related to the poor description of the temperature-
dependent magnetization within MF, as will be discussed
later.

The RPA is an approximation which is known to give
more accurate Curie temperatures.11,14,15 Within RPA TC

RPA

=2��q1 / �J0−Jq��−1 / �3kB�, we obtain a value which is much
closer to the experiment TC

RPA=1082 K. However, deriving
an expression for the internal energy of a spin system with
S�1 /2 �as for bcc iron, see Eq. �2�� is much more
challenging37 than for a S=1 /2 system, where the expression
for the longitudinal correlation function has already been de-
rived consistently.35 In order to make use of the RPA despite
these complications, we apply the following procedure: We
start with the known self-consistent expression for the mag-
netization M�T� of the S=1 /2 system and introduce a renor-
malization factor � for the exchange coefficients in such a
way that TC

RPA is obtained as M�T�→0. The renormalized
magnetization obtained with this approach is given by

m�T� = �1 +
2

N
�
q

exp�2�m�T���J0 − Jq���−1

, �3�

where m�T�=M�T� /M0, �=1 /kBT, and �= 2
3 .

Starting from the S=1 /2 expression for the internal en-
ergy and introducing the � factor for the exchange coeffi-
cients analogously to Eq. �3�, we end up with

Umag�T� = UT=0
mag +

M0

2 �
q

2m�T��m�T� + 1���J0 − Jq�
exp�2�m�T���J0 − Jq�� − 1

.

�4�

Using this theory, the divergence in the heat capacity due to
the second-order phase transition from the ferromagnetic to
the paramagnetic phase at TC is now correctly reproduced

�see Fig. 3�. Above TC, Umag=0 within both MF and RPA,
which, in contrast to experiment, gives vanishing contribu-
tion to the heat capacity CP. Both approximations, MF and
RPA, are not capable to describe the region above TC be-
cause these approximations do not capture the local magnetic
order dominating in this temperature region. This restriction
does not, however, affect the absolute free energy as strongly
as it affects its second derivative, which is the heat capacity.
Figure 2 indeed reveals that the integrated RPA free energy
deviates from the CALPHAD data by less than 15 meV at 1200
K. In order to figure out the origin of the remaining differ-
ences between ab initio and experimental data, we investi-
gate whether these differences can be decreased by using an
improved description of the temperature-dependent magneti-
zation m�T�. The RPA relation between the magnetic internal
energy Umag�T� and the magnetization m�T� follows from Eq.
�4�. In Fig. 4, we show the magnetization curves obtained
with MF and RPA and compare them with experimental re-
sults. The classical solution found by Monte Carlo
simulations10 and a Langevin function are also shown for
comparison. Clearly, both approximations, MF and RPA, are
not able to accurately reproduce the experimental data.
Hence, in order to improve their description of the free en-
ergy and heat capacity, we use an improved magnetization
curve mimp for ferromagnetic bcc iron,

mimp�T� = �1 − s�T/TC�3/2 − �1 − s��T/TC�4�1/3, �5�

that fulfills Bloch’s famous T3/2 law for low temperatures and
was empirically derived from a detailed analysis of the cor-
responding experimental data for several ferromagnetic
systems.38 The only free parameter s in Eq. �5� can be cal-
culated using ab initio input.39 The obtained shape of the
magnetization describes perfectly the experimental data, as
shown in Fig. 4 �black line�.40

The improved magnetization �given by Eq. �5�� is now
used as input to Umag in MF and RPA �labeled as improved
mean field �iMF� and improved random-phase approxima-
tion �iRPA��. For the improved MF,41 the calculated heat
capacity �orange solid line in Fig. 3� shows the correct quali-
tative behavior and comes significantly closer to experiment.
For the free energy, however, the deviation from experiment
becomes more pronounced and even undergoes a sign rever-
sal �Fig. 2�. Therefore, we conclude that even an employ-
ment of the improved temperature-dependent magnetization
is not sufficient to account for the magnetic contribution to
the free energy within MF approximation. In contrast, a no-
ticeable improvement of both CP and F is obtained for the
improved RPA. The experimental heat capacity is now nearly
perfectly predicted up to TC. The difference between the the-
oretical integrated free energy with a magnetic contribution
calculated with iRPA and the corresponding CALPHAD data
decreases to less than 10 meV at 1200 K.

In conclusion, by generalizing the S=1 /2 RPA theory of
the Heisenberg model, we were able to calculate the mag-
netic contribution to the Helmholtz free energy of a system
with S�1 /2. Combining this approach with highly con-
verged vibrational and electronic contributions, all relevant
parts of the free energy of magnetic materials can be deter-
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mined solely on the basis of ab initio input. Applying this
approach to ferromagnetic bcc iron, we find that DFT �using
the generalized gradient approximation Perdew-Burke-
Ernzerhof parametrization� allows an �surprisingly� accurate
description of the free energy and the heat capacity in the
temperature range, where it is known to be thermodynami-
cally stable �from 0 to 1200 K�. We expect that this approach

provides a similar accuracy for other ferromagnetic materi-
als, which allows the accurate prediction of their thermody-
namic properties from first principles.
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