
Mechanisms causing thermal rectification: The influence of phonon frequency, asymmetry,
and nonlinear interactions

Nan Zeng*
Department of Physics, National University of Singapore, Singapore 117542, Republic of Singapore

and CSIRO Materials Science and Engineering, P.O. Box 218, Lindfield, New South Wales 2070, Australia

Jian-Sheng Wang
Center for Computational Science and Engineering and Department of Physics, National University of Singapore, Singapore 117542,

Republic of Singapore
�Received 16 April 2008; published 30 July 2008�

We have determined the mechanisms leading to thermal rectification by applying the nonequilibrium Green’s
function method to study thermal transport through a one-dimensional asymmetric lattice. Thermal rectification
occurs in the presence of nonlinear interactions and a nonuniform phonon frequency distribution. We show that
thermal rectification results from the contribution of high-frequency phonons; a thermal rectifier can thus be
realized by filtering out high-frequency phonons in a single direction. Using these results, we present methods
of increasing the level of rectification, and also discuss possible limitations on thermal rectifier performance.
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I. INTRODUCTION

Although its counterpart in electronics was invented a
hundred years ago, the exciting possibility of a thermal rec-
tifier is only now becoming a reality as a result of progress in
nanotechnology. The novel electrical and thermal properties
of nanoscale systems make them good candidates for solid-
state thermal rectifiers. However, to design and optimize use-
ful thermal rectifiers, it is essential to gain an understanding
of the fundamental mechanisms behind thermal rectification.
Previous work, reviewed below, has shown that two condi-
tions are necessary. The first is that the system must be asym-
metric. The second is that there must be nonlinear interac-
tions in the system. While the first condition is obvious, the
mechanisms by which the second comes into play are poorly
understood.

In this paper we present results that give a clear under-
standing of how thermal rectification arises from the inter-
play of asymmetry of the structure and nonlinear interac-
tions. We obtain these important insights by applying the
powerful nonequilibrium Green’s function method to study
the thermal conductance through a one-dimensional �1-D�
asymmetric lattice. In particular, this method allows us to
determine the frequency dependence of the phonon transmis-
sion through the lattice. As a consequence, we are able to
determine how to increase the thermal rectification ratio, and
to understand limitations on thermal rectifier performance.

The observation of thermal rectification effect dates back
to the 1930s when Starr1 studied the thermal conductance of
the copper oxide rectifier. A series of experiments2–7 had
been investigated after Barzelay et al.8 noted that there was a
directional effect for heat transfer at the interface of dissimi-
lar metals. However, these experiments did not lead to the
realization of an applicable thermal rectifier due to the com-
plex requirements at the metal-metal interface and lack of
theoretical support. In the last decade, thermal transport in
nanoscale systems has gained a lot of attention and the num-
ber of theoretical studies on such issues are booming,9 in-

cluding works on thermal rectification effect. Terraneo et
al.10 suggested a possible one-dimensional thermal rectifier
model using molecular dynamics simulations. Their model
consisted of a chain of particles with harmonic coupling and
a Morse on-site potential giving rise to nonlinear interac-
tions. The thermal rectification effect was observed with
asymmetrical chain structure using different parameters of
the Morse function. A different model that showed thermal
rectification effect was constructed with two separate nonlin-
ear lattices connected by a harmonic link.11–17 Experiments
to measure the thermal conductance of nanowires began to
appear in recent years.18,19 An experiment measuring the
thermal conductance of a nanotube with a coating of increas-
ing mass along the length of the nanotube was carried out by
Chang et al.,18 which is the first of this kind. It was noted
that thermal flux transmits better in the direction of mass
decrement, which cannot be explained by the wave theory,
and the authors claimed that the observed rectification should
be related to solitons. A follow-up study by Yang et al.20 with
a simple one-dimensional model confirmed the rectification
effect in such a structure. However, their explanation did not
answer the question why nonlinear interactions are important
for thermal rectification. Simulations to look for thermal rec-
tification in a more complicated nanotube were also carried
out.21 While most of the results were obtained from classical
molecular dynamics simulations, we also note the work of
Segal and Nitzan22–24 in which a two level system was ana-
lyzed quantum mechanically, and in which thermal rectifica-
tion was also found.

II. METHOD

Our model is a one-dimensional system which is sepa-
rated into three sections. The right and left sections are semi-
infinite linear leads that act as heat baths. The central junc-
tion section is coupled to the leads through linear
interactions. It can have any structure and it also includes
nonlinear interactions. The Hamiltonian of the total system is
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describes the nonlinear interaction in the junction region, u�

with �=L ,C ,R is the normalized displacement vector of
each section with component u�i=x�i

�m�i of each atom i,
VLC and VCR are the interactions between the junction and
the left and right leads, respectively, k�,ij is the second-order
interaction coefficient between two atoms in each section,
and kijk and kijkl are the third- and fourth-order nonlinear
interaction coefficients in the junction section, respectively.

In order to obtain the thermal conductance of the system,
we need to know the thermal flux first, which is defined as
the rate of the energy flow from the lead to the junction. Thus
the flux out of the left lead is

JL = − �ḢL�t�� , �2�

where � � stands for the average over the density matrix at
steady state.25 Because the energy must be conserved, the
thermal flux from the left lead should equal the flux entering
the right lead, which yields JR=−JL. The thermal flux can be
written in a symmetrical form as

J =
1

4
�JL + JL

� − JR − JR
�� , �3�

where the � represents the quantity’s complex conjugate. The
contour-ordered Green’s function used in our calculation is
defined as

G����,��� � − i�Tcu
����u�����T� , �4�

where � and � refer to the section that the coordinates be-
long to and Tc is the contour-ordering operator. The thermal
flux Eq. �3� can be represented by Green’s functions as
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where G
 stands for the abbreviation of G
�� ,���
=−i�u����u���T�T with �
��, Gr and Ga are retarded and
advanced Green’s functions defined as

Gr��,��� = − i��� − ����	u���,u����T
� ,

Ga��,��� = i���� − ���	u���,u����T
� ,

respectively, 	�=VC�g�V�C is the self-energy due to interac-
tion with the heat bath and ��= i�	�

r −	�
a�. The thermal con-

ductance can now be calculated from the thermal flux by

differentiating with respect to the temperature difference be-
tween the heat baths, i.e.,

 = lim
�T→0

J

�T
. �6�

For ballistic electronic transport, the conductance can be cal-
culated using the Landauer formula. For thermal transport
with nonlinear interactions, we can obtain a similar formula
by defining an effective transmission function.25 Writing Eq.
�6� in the Landauer form, we have

 =
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�

�T���
� f���

�T
d� , �7�

where T��� is an effective transmission function and repre-
sents the probability of a phonon with frequency � transmit-
ting from one side of the junction to the other side, and
f���= �e��/kT−1�−1 is the Bose-Einstein distribution.

III. THERMAL RECTIFICATION IN 1-D CHAIN
WITH VARYING MASS

We numerically calculated the thermal conductance and
the effective transmission function of a one-dimensional
chain model with an uneven mass distribution in the junction
section. Mean-field approximation was utilized in the calcu-
lation of the self-energy. The model is similar to Ref. 20,
which has been studied using molecular dynamics method.
H� and Hn of this specific model are

H� = �
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1

4
k4,ij�uCi − uCj�4.

The tight-binding approximation is assumed here, so that
each atom only interacts with its two nearest neighbors. The
interaction coefficients between adjacent atoms are obtained
from the Morse potential D�exp	a�r−r0�2
−1�2, where D
=70 kcal /mol, a=�5 Å−1, and r0 is the equilibrium distance
between adjacent atoms. The values of these parameters
were obtained from Ref. 26 for C-C interactions. The third-
and fourth-order coefficients are obtained by Taylor expan-
sion of the potential around the equilibrium distance. The left
lead and the right lead maintain a temperature difference �T,
which gives TL=T+�T /2 and TR=T−�T /2 for a particular
temperature T, or in the reverse order for heat flows in the
opposite direction.

In the following part, without specification, the unit of
mass is g/mol, the units of the second-, third- and fourth-
order interaction coefficients are eV /Å2, eV /Å3 and eV /Å4,
respectively, and the unit of temperature is K as usual. All
other quantities have units derived from these.

The junction section is comprised of 20 atoms. The mass
of each atom is mp=mL�1+0.4p� with p� 	0,20�. The
second-order force constant between adjacent atoms is k2
=17.3. The third and fourth interaction coefficients are k3
=−116 and k4=605.6, respectively. This setup is similar to

NAN ZENG AND JIAN-SHENG WANG PHYSICAL REVIEW B 78, 024305 �2008�

024305-2



the experimental conditions for which thermal rectification
was measured on a nanotube coated unevenly with heavy
molecules.18 The mass gradient provides the necessary asym-
metrical structure for thermal rectification, and three-body
and four-body interactions are included to fulfill the require-
ment of nonlinear interactions.

The thermal transmission probability T��� of phonons
with different frequencies is shown in Fig. 1. The dot-dot-
dashed line represents the result for thermal flux flow from
left to right with temperature TL=1100 and TR=900. The
dashed line shows the results when the direction of thermal
flux is reversed. The heat baths at both ends of the junction
are identical with a monatomic lattice basis of mass mL
=mR=14. The plot is divided into two regions by frequency
�c. From Fig. 1 we notice that at low frequencies, where �

�c, the transmission probability difference between the
two curves is small, while at high-frequency region, where
���c, the difference is quite noticeable. This indicates that
the thermal rectification effect is due to the contribution of
high-frequency phonons.

To examine the effect of heat baths on the transmission
probability, we change the lattice basis mass of the right heat
bath to mR=120.4 to match the right end of the junction. The
results are shown by the solid line and the dot-dashed line in
Fig. 1. This time, the separation of the low-frequency region
and the high-frequency region is more obvious. In fact, the
separation frequency �c is approximately equal to
�4k2 /Mmax where Mmax is the maximum atom mass in the
chain, and yields �c=0.758. When ���c, we notice that the
T���s for phonons flowing from right to left match almost
exactly in both heat bath setups. This means that the change
of the right heat bath does not affect the transmission prob-
ability of phonons flowing into the right side. In both cases,
there are thermal transmission differences for phonons flow-
ing in opposite directions, thus this difference must be re-
lated to the asymmetry of the central junction section.

IV. ASYMMETRY AND NONLINEAR INTERACTIONS

Asymmetry is an essential feature of systems with thermal
rectification effect. This can be explained by considering the

phonon frequency distribution across the system. Because of
the asymmetrical structure of the system, the maximum pho-
non frequency is not uniformly distributed. A schematic view
of this distribution corresponding to the model in Sec. III is
shown in the upper part of Fig. 2. The maximum phonon
frequency decreases gradually from one end of the junction
section to the other end due to the variation of the atom
mass. The heat baths connected to the junction have different
atom mass for generality. This plot can be further simplified
to a stair figure as shown in the lower part of Fig. 2.

In this simplified picture, two sections are connected to-
gether. Each of them is in an equilibrium state with its own
specific temperature noted by TL and TR, respectively. The
left side has higher frequency phonons compared with the
right side, and these higher frequency phonons cannot enter
the right side due to the blocking at the interface. The ther-
mal flux through the interface can be expressed as the sum of
energy carried by phonons of different modes, i.e.,

J = �
k

�nk
L − nk

R���kv , �8�

where nk
L,R is the phonon occupation number of mode k in

each section, v is the phonon group velocity, and �� is the
individual phonon energy.

When TL=TR, the occupation numbers of lower frequency
phonons on both sides of the interface are equal, thus there is
no net thermal flux flowing through the interface. When TL
�TR, the nonzero phonon occupation number difference in-
curs a thermal flux. In the case TL�TR, as phonons with
frequencies ���c are blocked at the interface, only phonons
with ���c contribute to the thermal flux. The total thermal
flux is

J = �
���c

	nL��� − nR���
��v . �9�

On the other hand, if TL
TR, the thermal flux direction is
reversed. Because of the existence of nonlinear interactions,
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FIG. 1. �Color online� Effective thermal transmission vs phonon
frequency, with n=20, mp=mL�1+0.4p� in the junction region. The
dot-dot-dashed line and the dashed line have the same heat baths at
each end with mL=mR=14. The dot-dashed line and the solid line
have different heat baths at each end with mL=14 and mR=120.4.
�c is the separation frequency of the high-frequency region and the
low-frequency region.
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FIG. 2. Maximum transmittable phonon frequencies for a one-
dimensional chain with mass varying junction section connected
with different heat baths �upper� and a simplified version �lower�.
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some phonons with lower frequencies will be scattered
through normal and umklapp processes to higher frequen-
cies. This mechanism provides an additional flux channel
with carriers of higher frequencies. For the low-frequency
phonons, this loss of phonon density due to the conversion
will be compensated by allowing more phonons to enter the
interface from the right side, so that eventually the same
occupation number difference as Eq. �9� is achieved for low-
frequency phonons at steady state. The total thermal flux is
thus the sum of the flux carried by high-frequency phonons
and that carried by low-frequency phonons. This is the rea-
son why the thermal conductance is larger when the thermal
flux flows from a region with lower upper limit frequency to
a region with higher upper limit frequency. In the case of
junctions with varying mass, the thermal conductance is
larger in the mass decreasing direction. This conclusion is in
agreement with Ref. 18.

It should be emphasized that nonlinear interactions play
an essential role in thermal rectification. Without them, there
is no conversion between different phonon modes, thus high-
frequency phonons would not contribute to the thermal trans-
port, and no thermal rectification effect would exist.

V. THERMAL RECTIFICATION RATIO

The discussion in Sec. IV provides a proper way to define
the thermal rectification ratio, which signifies the effective-
ness of the system’s thermal rectification property. We define
the thermal rectification ratio as the thermal conductance of
high-frequency phonons with ���c divided by the sum of
the thermal conductance of low-frequency phonons and
high-frequency phonons, which is equal to the absolute value
of the thermal conductance difference in opposite directions
divided by the maximum thermal conductance in both direc-
tions, i.e.,

� =
�� � �c�

�� � �c� + �� � �c�
=

L→R − R→L
MAX�L→R,R→L�

,

�10�

where L→R is the thermal conductance for heat flows from
left to right and R→L is the thermal conductance in the op-
posite direction. This definition yields �=0 for symmetric
thermal transport and 0
�
1 for asymmetric thermal
transport.

As the proportion of high-frequency phonons in the over-
all heat carriers determines the efficiency of thermal rectifi-
cation, we should look for ways to maximize it to gain a
higher thermal rectification ratio. One possible method is to
adjust the separation frequency �c so that heat carried by
low-frequency phonons is reduced. In other words, the sepa-
ration frequency �c needs to be as small as possible. Figure
3 shows the dependence of thermal rectification ratio � on
the heat bath mass ratio. The atoms in the junction section
have mass mp=mL=14, and the atoms in the right lead have
mass mR=�mL with � ranging from 2 to 1024. In actual
experiments, a big value of � can be realized by attaching
heavy organic molecules to a linear polymer chain or other
linear-chain structures properly. The right lead behaves like a

high-frequency phonon filter, with only low-frequency
phonons allowed to enter. The interaction coefficients are
chosen as previously, i.e., k2=17.3, k3=−116, and k4
=605.6. Figure 3 shows that as � increases, the thermal rec-
tification ratio � increases too. The inset of Fig. 3 shows the
dependence of the thermal conductance difference � on �.
� becomes a constant when � is sufficiently large. The
low-frequency phonons are effectively suppressed, which
means that the major contribution to the thermal conductance
comes from the high-frequency phonons. However, it should
also be pointed out that even though the rectification ratio
can be increased due to the reduced weight of low-frequency
phonons in the conduction, the actual thermal flux can be
rather small. This is caused by the low density of high-
frequency phonons generated in the junction section.

In order to increase the number of high-frequency
phonons in the junction, we recall that this is temperature
related. When the temperature gets higher, more phonons are
generated, so the chance of collision is also increased. The
relation between the thermal rectification ratio � and the tem-
perature is illustrated in Fig. 4, with the same model param-
eters as in Fig. 3 and with � set to 512. Figure 4 shows that
the thermal rectification ratio increases as the temperature is
raised.
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FIG. 3. �Color online� Thermal rectification ratio � vs heat bath
mass ratio �=mR /mL. The inset gives the dependence of the ther-
mal conductance on � for opposite flow directions.
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FIG. 4. �Color online� Temperature dependence of thermal rec-
tification ratio with mL=14, mR=�mL, �=512, and n=20.
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VI. CONCLUSION

In conclusion, we have discussed the thermal rectification
effect in a one-dimensional asymmetrical lattice with nonlin-
ear interactions using the nonequilibrium Green’s function
method. This allowed us to calculate the effective thermal
transmission function for phonons. We have shown that ther-
mal rectification is caused by the transmission of high-
frequency phonons. These high-frequency phonons are gen-
erated from low-frequency phonons by collisions. A thermal
rectifier can be realized by designing an effective high-
frequency phonon filter at one end of the system so that heat
carried by high-frequency phonons are forbidden to enter at

one end but freely transmittable at the other end. The thermal
rectification ratio can be effectively increased by reducing
the weight of low-frequency phonons in the entire phonon
spectrum. On the other hand, the thermal flux across the
system is limited by the conversion rate between low-
frequency phonons and high-frequency phonons.
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