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We propose a three-dimensional model for twin nucleation in hcp materials based on the nonplanar disso-
ciation of the leading dislocation in a pile-up of �a� slip dislocations. Continuum linear elastic dislocation
theory is used to calculate the change in free energy with extension of the dissociated configuration, consisting
of a stair rod and glissile twinning dislocation loops. The model is applied to Mg, which deforms primarily by
basal slip, and to Zr, which deforms primarily by prismatic slip. It is found that dissociations from an isolated
�a� slip dislocation are energetically unable to produce a stable twin fault loop, at least larger than 2r0, the core
width of the initial �a� slip dislocation. For some reactions, dissociations of the lead dislocation in a basal or
prismatic dislocation pile-up can, however, lead to a stable and sizable twin loop. In these, the loop size is
found to increase with decreasing twin boundary energy and increasing number of dislocations in the pile-up.
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I. INTRODUCTION

A. Deformation twinning

Twinning is a prevalent deformation mechanism in
hexagonal-close-packed �hcp� metals. In contrast to face-
centered cubic �fcc� metals, for which there is usually one
twin mode, there are at least seven twinning modes �each
with six variants� in hcp metals. Most of these twin types
have been observed in one hcp metal or another under vari-
ous deformation conditions.1,2

It has been suggested that twinning occurs by the nucle-
ation and glide of twinning dislocations on their twin
planes.3,4 The concept of twinning dislocations was first
graphically introduced in early work by Thompson and
Millard.5 Later, in works by Pond and Hirth6 and by Serra et
al.,7 topological descriptions of a twinning dislocation, rig-
orously defined as an admissible interfacial defect belonging
to the class of broken symmetry of which there are three,
were developed. From these, a twinning dislocation can sim-
ply be thought of, at least for the purposes of this work, as a
line defect having both a dislocation and step character. The
height of the step character is dependent on the type of dis-
location and consists of n crystallographic planes. When n
�1, the distortion caused by a single twinning dislocation is
not restricted to a single plane, but affects n planes. In this
case, the glide of a twinning dislocation will involve glide on
each of the n planes along with some small corrective shuf-
fling which places the atoms in their proper position.7,8 The
net Burgers vector of the ensemble is btwin. Such a twinning
dislocation is zonal.

When the twinning dislocation propagates on its glide
plane, it creates a fault and reorients the lattice on one side of
the fault to the mirror image of the other. Unlike slip, twin-
ning dislocations can only shear material in one sense along
btwin and on their twin plane. Twin reorientation, Burgers
vector, and glide plane depend on twin type and c /a ratio.

B. Previous twin nucleation models for hcp metals

The very few twin nucleation models for hcp metals pre-
sented to date can be classified, in our view, as either homo-

geneous or heterogeneous nucleation models. Homogeneous
nucleation refers to a nucleation process that does not di-
rectly result from the presence of a defect �e.g., dislocation,
grain boundary�, and heterogeneous nucleation refers to one
that does. Common features are the requirement of large
stresses �or stress concentrations� in the vicinity of the nucle-
ation event and an energy balance between the applied work,
twin boundary energy, and strain energy produced by the
twin shear. The first twin nucleation model belonged to the
homogeneous class, and was introduced by Orowan9 who
considered twins to grow from a lenticular-shaped twin vol-
ume of uniform twin shear, multiple crystallographic layers
thick. Based on this concept, Yoo and Lee10,11 represented
the twin nucleus as an inclusion in an isotropic medium us-
ing Eshelby’s solution, which imparts an eigenstrain and a
change in free energy of the system from that of a homoge-
neous system. Using a similar approach, Lebensohn and
Tomé12 studied the effect of the stress state on twin nucle-
ation, showing that the contribution of hydrostatic pressure is
negligible compared to that of the resolved shear stress. Be-
cause these homogeneous nucleation models require unrea-
sonably high stresses,1,2 heterogeneous nucleation models
are also worth considering. For the first one in this class,
Thompson and Millard5 introduced a pole mechanism which
results from the nonplanar dissociation of �c� dislocations
into twinning dislocations. Later, in impressively much more
detail, Mendelson derived several nonplanar dissociation re-
actions from �a�, �c+a�, or �c� dislocations leading to the
generation of one or more glissile twinning dislocations on

their respective twin planes.3,13 Based on a study of �2̄111�
twins in Co, Vaidya and Mahajan14 proposed a combination
reaction of �a� and �c+a� slip dislocations producing a 12-
layer twin nucleus for this twin type.

C. Twin nucleation by dislocation dissociation

Mendelson3,13 demonstrated that even with strict crystal-
lographic requirements, the number of possible slip disloca-
tion dissociations producing glissile twinning partials is still
large ��80�, varying with the originating slip dislocation
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�e.g., basal, prismatic, or pyramidal�, its Burgers vector, its
character �screw, mixed, or edge�, its strength �perfect versus
partial�, and with the type of twin plane.13 In contrast, there
are only ten possible dissociations from a slip dislocation in
an fcc metal.15

Following a favorable dissociation event, the twinning
dislocation�s� will assume an equilibrium distance ds from
the reaction center. The breaking of the core of a slip dislo-
cation as well as stable extensions distances of
ds�2r0—where r0 refers to the slip dislocation core
radius—can only be treated by atomistic simulations. How-
ever, if ds�2r0, then the energy and stability associated with
the dissociation event can, in principle, be calculated using
continuum dislocation theory. In this case, the larger ds, the
more likely the twinning dislocation can breakaway under a
suitably oriented stress state, propagate across the grain, and
trigger further events that lead to either formation of the twin
nucleus or successive twin growth. Therefore, calculation of
the energy and stable extension ds of the configuration after
the dissociation has occurred—including all product partial
dislocations, not just the twinning dislocations—constitutes
the critical next step in determining the favorability of twin
nucleation by dissociation. For those few reactions described
earlier3,5,13,16,17 this has yet to be done.

For twins in cubic metals, on the other hand, dissociations
of slip dislocations into stacking faults and eventually twin
nuclei have been considered quite comprehensively using
transmission electron microscopy �TEM�, dislocation
theory, density-functional theory, and molecular dynamics
�MD�.17–20 For both bcc and fcc metals, the likely structure
of the twin nucleus apparently consists of three adjacent
planes of low energy stacking faults.21–24 The structure of a
twin nucleus in an hcp metal, however, has yet to be deter-
mined for a given twin type. Even without such information,
it is conceivable that a sufficiently large glide extension ds
�2r0 of the first twinning dislocation could represent a criti-
cal step in forming the twin nucleus.

Elucidating the events leading to twin nucleus formation
appears to be a well suited problem for atomistic models. To
date, such molecular studies—using lj56, ti12, and na56
potentials7,25 for ideal hcp structures or many-body potentials
for �−Ti26 and for Mg27 and Zr27—have been successful in
predicting approximate twin boundary structures and ener-
gies for certain metals and twin types. �In general, atomistic
simulations and first-principle calculations28 predict twin
boundary energies within an order of magnitude.� In these,
dissociations of slip dislocations at pre-existing twin bound-
aries have been simulated.26,29 However, atomistic simula-
tions are still limited by the availability of appropriate poten-
tials for any given hcp metal. The proposed dissociations in
Mendelson3,13 for twinning dislocation production in hcp
metals have yet to be tested. A representative simulation of
this sort would need to include, not just the twinning partial
of interest, but also the influence of the other partial disloca-
tions produced by the dissociation.

D. Objectives

The present study investigates the mechanism of twin
nucleation via nonplanar dissociations of �a� slip dislocations

from either the basal or prismatic planes onto the seven pos-
sible twinning planes: �2̄111�, �2̄112�, �2̄113�, �2̄114�,
�1̄011�, �1̄012�, �1̄013�. The energy and stability of the ex-
tended core after the dissociation are calculated using con-
tinuum dislocation theory. The model is applied to magne-
sium �Mg� which deforms primarily by basal slip and
zirconium �Zr� which deforms primarily by prismatic slip.

The model is three-dimensional �3D� and the twinning
dislocations are loops, so that possible dependencies on dis-
location length can manifest. Elastically favorable reactions
are based on the ability of dissociated core to extend stably
into a twin fault loop of a sufficient size, much larger than
that of a= ��a�� or the core radius r0 of the parent slip dislo-
cation r0. Due to lack of information concerning the embry-
onic structure of hcp twins, we will focus only on the pro-
duction of the first stable twin fault loop per twin plane,
rather than the construction of a twin nucleus. This stable
twin loop, of size ds, may be a precursor to a more complex
twin nucleus structure or the twin nucleus itself.

The effects on ds of dissociation type, initial dislocation
length and character, twin boundary energy, and the stress �
�or activation energy� to cause the dissociation, are exam-
ined. In all cases studied, ds after the dissociation of a single
�a� slip dislocation is approximately 2r0 or less, suggesting
that this set of reactions is not a viable mechanism for pro-
duction of twinning dislocations. Significantly it is shown
that this result is independent of �. For some dissociations, a
sufficiently large loop �10r0 or larger� can be produced if the
dissociation occurs at the head of a relatively small pile-up
of slip dislocations �5 to 10�. In these cases, the pile-up sup-
plies a repulsive force that repels the twinning dislocation
away from the core center and extends the stable twin fault.
The ability for a pile-up to do so depends on the configura-
tion and character of all the dissociation products, and con-
sequently a pile-up will not alter the stable fault loop size for
every dissociation, as will be demonstrated.

II. DEFORMATION TWINNING IN HCP METALS

A. Twinning partial dislocations

The seven twin planes in hcp metals, �2̄111�, �2̄112�,
�2̄113�, �2̄114�, �1̄011�, �1̄012�, �1̄013�, are illustrated in

Fig. 1. The corresponding shear directions are: 1 / 3 �2̄116̄�,
1 / 3 �2̄113̄�, �2̄112̄�, �1̄012̄�, �1̄011̄�, �3̄032̄�, respectively.

As mentioned in Sec. I, some types of twinning disloca-
tions may distort more than one lattice plane, in which case
they are classified as zonal dislocations.5,8,13 In what follows,
n denotes the number of planes on which the twinning dis-
location lies. Clearly, n can be known solely with molecular
simulations. In the following analytical treatment, the same
methodology as that introduced by Mendelson will be
adopted. Specifically, for a given twin type, the twin shear S
can be known from simple geometrical considerations. If
dtwin denotes the distance between two consecutive twin
planes and btwin denotes the norm of the Burgers vector of
the twinning dislocation, then S must be:

S =
btwin

ndtwin
. �1�
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btwin can be related to a proportionality coefficient s and
b0, the norm of a reference vector �b0� parallel to the twin-
ning dislocation, by:

btwin = sb0, �2�

where �b0� is given by:

�b0� = ��a� +
�

2
�c� for �2̄11X� planes with X = 1, . . . ,4

�b0� = ��d� +
�

2
�c� for �1̄01X� planes with X

= 1, . . . ,3. �3�

Here �a�= 1 / 3 �2̄110�,�c�= �0001� and �d�= 1 / 3 �1̄010�. Val-
ues of � and � corresponding to each twinning plane are
given in Table I. Let s� denote the necessary shear to create a
one of the fault layers of n. From geometrical considerations,
Mendelson3,13 related n and s� to s through:

s = ns� − p , �4�

where p is chosen such that the absolute value of s is smaller
than 1. s� is given by:

s� =
1

	� + 
�2

4�
�
 c

a
�2� for �2̄11X� planes with X

= 1, . . . ,4

and

s� =
1

	�

3
+ 
�2

4�
�
 c

a
�2� for �1̄01X� planes with X

= 1, . . . ,3. �5�

With Eqs. �1�–�5�, n is chosen such that the absolute value of
s is the smallest. Depending on the sign of s, the twinning
partial will propagate in its twin plane either above �as
shown in Fig. 2�a� for s�0� or below the slip plane of the
originating dislocation. With this criterion, twinning direc-
tionality is enforced.

B. Dislocation dissociations

Mendelson3 determined the possible ways a �stationary�
slip dislocation can dissociate to produce one or more glissile
twinning dislocation�s�. With very few exceptions, the disso-
ciated configurations are nonplanar and consist of a twinning
dislocation �or dislocations� and a stair rod lying between the
slip plane of the original dislocation and twin plane�s�. These
dissociations obey two rules: �1� the locus of the dislocation
line must coincide with the line of intersection of the slip
plane and twinning plane, and �2� the Burgers vector of the
twinning dislocations must engender the necessary shear for
twinning. The first means that the slip dislocation must have
the appropriate character and orientation, suggesting that
twin nucleation will be probabilistic in nature. The second
means that at least one of the reaction products is a twinning
dislocation that lies on its twinning plane.

From these dissociations, one or more twinning disloca-
tions may be produced. When two or more are produced,
they either will be two different variants of the same twin

TABLE I. Parameters defining the elementary shear for each
twinning dislocation.

�2̄111� �2̄112� �2̄113� �2̄114� �1̄011� �1̄012� �1̄013�

� 1 1 3 2 3 3 9

� 4 2 4 2 4 2 4

(a) (b)

Basal plane (1011)

(2111)

3a

1a

2a

(1012)

(1013)(2112)

(2114)

(2113)

First order prismatic plane

0b

FIG. 1. �Color online� Schematic of the �a� �2̄11X� twin modes

and �b� �1̄01X� twin modes.

(a)

1st Twinning 2nd Twinning partial

Stair rodGlide Plane

2nd Twinning plane

Twin lamellae

1st Twinning plane

(b)

Transverse segments

br

Front segment

bt1

d1

L

�

FIG. 2. �Color online� Schematic of the �a� dissociation of a slip
dislocation into twinning dislocations, and �b� first partial disloca-
tion loop on the first twinning plane.
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type, or will belong to different twin types. The first case is
called a symmetric dissociation because the like-twinning
dislocations will extend symmetrically from the stair rod un-
der a uniform stress state. �In the presence of a nonuniform
stress field, from say, nearby dislocations, locked obstacles,
walls, grain boundaries, pile-ups, however, they will not.�
The second case leads to an asymmetric dissociation, be-
cause the twin boundary energy, twin shear, Burgers vector,
and twin plane orientation differ between the twinning dislo-
cations.

The present formulation considers a 3D representation, in
which twinning dislocations propagate as loops. A 3D sche-
matic of an asymmetric, double dissociation is presented in
Fig. 2�a�. A twin loop will be approximated as a rectangle, as
detailed in Fig. 2�b�, with two transverse segments of length
d and front segment of length L. It is assumed that this loop
expands from the stair rod by propagation in d, while L
remains constant. The Burgers vector of the stair rod dislo-
cation is denoted br and can either be pure edge or mixed.
The Burgers vectors of the first and second twinning loops
are bt1 and bt2, wherein each segment will either be pure
edge or screw.

Numerous dissociation reactions respect Mendelson’s two
conditions; however, in this work, we will consider only dis-
sociations from slip dislocations with Burgers vector �a�
= 1 / 3 �2̄110�, from either the basal plane �Tables II and III�
or the prismatic plane �Table IV�. As shown, the number of
such dissociations is still large and covers a wide range of
hcp metals from Be, Zn, Cd, and Mg, which deform prima-
rily by basal slip, and Ti and Zr, which deform primarily by
prismatic slip. Single and double dissociations of a perfect
�a� basal dislocation are presented in Table II, single and
double dissociations of a Shockley partial dislocation from
the basal plane onto the �1̄01X� planes �X=1, . . . ,3� in
Table III, and single dissociations of a perfect prismatic �a�
dislocation in Table IV. Double dissociations involve twin-
ning dislocations of the same type. To classify each dissocia-
tion in Tables II–IV, the following notations are used: �
refers to either a single ��=1� or a double ��=2� dissocia-
tion; the initial configuration �Init.� refers to the glide plane
�Bas. for basal and Prism. for prismatic�; Perf. means perfect
slip dislocations and Part. means partial slip dislocations; the
character of the stair rod dislocation segment is presented in
column “Stair Rod” where E, S, or M refers to edge, screw,
or mixed character; and the character of the twinning dislo-
cation �including n and the edge/screw character of each seg-
ment in the loop� is presented in column Twin. Dis.

Also provided is the dissociation reaction, where the left-
hand side corresponds to the Burgers vector of the initial slip
dislocation, and the right-hand side lists from left to right, br,
bt1, and bt2. In these, recall that �a�, �c�, and �d� refer to

Burgers vectors 1 / 3 �2̄110�, �0001�, and 1 / 3 �1̄010�, respec-
tively.

The utility of these tables is best understood by taking a
specific example. Consider the dissociation in the last line of
Table II:

�a� → ���a� − 9s�d� − 2s�c�� + s�9�d� + 2�c��� . �6�

As shown in Table II, Eq. �6� corresponds to a perfect basal

dislocation with Burgers vector bini= �a�= 1 / 3 �2̄110� that

dissociates into a stair rod dislocation of mixed character and
a twinning dislocation with an edge front segment and screw
transverse segments. The twinning dislocation lies on the

�1̄013� plane with Burgers vector: bt1=s�9�d�+2�c��. The
Burgers vector of the stair rod is br= �a�−9s�d�−2s�c�. From

Table I, �=9 and �=4 for the �1̄013� plane and with Eq. �5�,
s� can be calculated. With n=4, as indicated in Table II, s can
finally be calculated with Eq. �4�.

For dissociations of perfect basal dislocations, presented
in Table II, the front segment is pure edge, while the trans-
verse segments are pure screw. All dissociations onto the

�011̄0� zone axis yield pure edge stair rod dislocations, while

dissociations onto the �12̄10� zone axis yield mixed stair rod
dislocations, a difference which could alter the stable con-
figurations between these two classes of twins. br also will
differ in the case of �=1 and �=2; for �=1, br remains on
the glide plane, while for �=2, it reorients to a different
plane. The reorientation could act as a locking mechanism,
possibly anchoring the stair rod dislocation as the twinning
dislocations glide away.

Also of interest are dissociations of an extended basal
dislocation �Table III�. Particularly when the basal stacking
fault energy is low, basal dislocations will find it energeti-
cally favorable to split apart in their glide plane into two
Shockley partials separated by a stacking fault by the follow-
ing reaction:

�a� → �d� + �d�� , �7�

where �d��= 1 / 3 �1̄100�. Nonplanar dissociations into twin-
ning dislocations of the lead Shockley partial �d� are pre-
sented in Table III. Simple geometric considerations explains
why these dissociations can lead to twinning dislocations

onto the �1̄01X� planes �X=1, . . . ,3�, but not the �2̄11X�
planes �X=1, . . . ,4�. Following the dissociation of the lead,
the trailing partial remains on the glide plane and assumes an
equilibrium distance deq� with the stair rod dislocation.

In the case of dissociations of prismatic dislocations, pre-
sented in Table IV, the front segments of the twinning dislo-
cations are pure screw, contrary to the reactions presented
previously. Accordingly, the two transverse segments are
pure edge and their interaction is repulsive. From this, one
can appreciate that L �Fig. 2�b�� may affect the energetics of
such dissociations more so than for basal dislocation reac-
tions in Tables II and III. Moreover, the angle between a

prismatic plane and any of the �2̄11X� twin planes is fixed at
90°, while the angle between a prismatic plane and the

�1̄01X� twin planes depends on the c /a ratio and particular

value of X=1, . . . ,3, of the �1̄01X� plane. This difference
will also have important energetic consequences, as will be
seen later.

C. Energetic considerations

1. Formation of a stable twin fault loop

In the present model the size of the stable twin nucleus, ds
is defined as the stable dissociation extension d of the trans-
verse twinning dislocation. A schematic of the total energy E
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TABLE II. Dissociations of perfect basal slip dislocations, where M �Mixed�, S �Screw�, E �Edge�, and �a�= 1 / 3 �2̄110�, �c�= �0001�,
�d�= 1 / 3 �1̄010�.

� Init.
Twin.
Plane Reaction: �bini�→ �br�+ �bt1�+ �bt2� Stair Rod

Twin. Dis.

# planes Ft. Seg. Tr. Seg.

2 Bas. Perf. �2̄111� �a� → 	�1 − 2s��a� + s��a� + 2�c��
+ s��a� − 2�c�� � E 1 E S

2 Bas. Perf. �2̄112� �a� → 	�1 − 2s��a� + s��a� + �c��
+ s��a� − �c�� � E 1–3 E S

2 Bas. Perf. �2̄113� �a� → 	�1 − 6s��a� + s�3�a� + 2�c��
+ s�3�a� − 2�c�� � E 1 E S

2 Bas. Perf. �2̄114� �a� → 	�1 − 4s��a� + s�2�a� + �c��
+ s�2�a� − �c�� � E 3–4 E S

2 Bas. Perf. �1̄011� �a� → 	��a� − 6s�d�� + s�3�d� + 2�c��
+ s�3�d� − 2�c�� � M 4 E S

2 Bas. Perf. �1̄012� �a� → 	��a� − 6s�d�� + s�3�d� + �c��
+ s�3�d� − �c�� � M 2 E S

2 Bas. Perf. �1̄013� �a� → 	��a� − 18s�d�� + s�9�d� + �c��
+ s�9�d� − �c�� � M 4 E S

1 Bas. Perf. �2̄111� �a� → ���1 − s��a� − 2s�c�� + s��a� + 2�c��� E 1 E S

1 Bas. Perf. �2̄112� �a� → ���1 − s��a� − s�c�� + s��a� + �c��� E 1–3 E S

1 Bas. Perf. �2̄113� �a� → ���1 − 3s��a� − 2s�c�� + s�3�a� + 2�c��� E 1 E S

1 Bas. Perf. �2̄114� �a� → ���1 − 2s��a� − s�c�� + s�2�a� + �c��� E 3–4 E S

1 Bas. Perf. �1̄011� �a� → ���a� − 3s�d� − 2s�c�� + s�3�d� + 2�c��� M 4 E S

1 Bas. Perf. �1̄012� �a� → ���a� − 3s�d� − s�c�� + s�3�d� + �c��� M 2 E S

1 Bas. Perf. �1̄013� �a� → ���a� − 9s�d� − 2s�c�� + s�9�d� + 2�c��� M 4 E S
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versus d profile for an energetically feasible dissociation
leading to ds is shown in Fig. 3. The initial value Eini is, in
this example, the self-energy of the isolated slip dislocation.
Given a sufficient amount of energy �or stress� Eactiv, its core
dissociates and separates until an unstable extension dc is
reached after which the partials can freely expand to a stable
separation ds. The maximum energy configuration at dc is
Enucl and the free activation energy Eactiv is the difference
between Eini and Enucl. A stable configuration is reached at
separation ds when E is at a saddle point, mathematically
defined as:

�E

�d
= 0,

�2E

�d2 � 0, d = ds. �8�

There are two consecutive steps in twin nucleation men-
tioned here, dissociation and extension, where the transition
point roughly occurs at d=2r0. In the first step, the activation
energy or stress required to cause the split, as well as
changes in core energies before and after the split, are best
accessed through atomistic calculations. Only the second
step is theoretically treated in this work and the energy and
stability of the product partials after the dissociation are cal-
culated. After the dissociation, the contributions to E are cal-
culated using linear elastic dislocation theory, which is valid
for distances 2r0 beyond the core of the dislocations. Below
2r0, Hooke’s law does not apply and the cores of the slip
dislocation, stair rod, and twinning dislocations are not yet
distinguishable. If, however, ds�2r0, we consider the disso-

TABLE III. Dissociations of partial basal slip dislocations, where �a�= 1 / 3 �2̄110�, �c�= �0001�, �d�= 1 / 3 �1̄010�.

� Init. Twin. Plane Reaction: �bini�→ �br�+ �bt1�+ �bt2� Stair Rod

Twin. Dis.

# planes Ft. Seg. Tr. Seg.

2 Bas. Part. �1̄011� �d� → 	��d� − 6s�d�� + s�3�d� + 2�c��
+ s�3�d� − 2�c�� � E 4 E S

2 Bas. Part. �1̄012� �d� → 	��d� − 6s�d�� + s�3�d� + �c��
+ s�3�d� − �c�� � E 2 E S

2 Bas. Part. �1̄013� �d� → 	��d� − 18s�d�� + s�9�d� + �c��
+ s�9�d� − �c�� � E 4 E S

1 Bas. Part. �1̄011� �d� → ���d� − 3s�d� − 2s�c�� + s�3�d� + 2�c��� E 4 E S

1 Bas. Part. �1̄012� �d� → ���d� − 3s�d� − s�c�� + s�3�d� + �c��� E 2 E S

1 Bas. Part. �1̄013� �d� → ���d� − 9s�d� − 2s�c�� + s�9�d� + 2�c��� E 4 E S

TABLE IV. Dissociations of perfect prismatic slip dislocations, where �a�= 1 / 3 �2̄110�, �c�= �0001�, �d�= 1 / 3 �1̄010�.

� Init. Twin.Plane Reaction: �bini�→ �br�+ �bt1�+ �bt2� Stair Rod

Twin. Dis.

# planes Ft. Seg. Tr. Seg.

1 Prism Perf. �2̄111� �a�→ ���1−s��a�−2s�c��+s��a�+2�c��� M 1 S E

1 Prism Perf. �2̄112� �a�→ ���1−s��a�−s�c��+s��a�+ �c��� M 1–3 S E

1 Prism Perf. �2̄113� �a�→ ���1−3s��a�−2s�c��+s�3�a�+2�c��� M 1 S E

1 Prism Perf. �2̄114� �a�→ ���1−2s��a�−s�c��+s�2�a�+ �c��� M 3–4 S E

1 Prism Perf. �1̄011� �a�→ ���a�−3s�d�−2s�c��+s�3�d�+2�c��� M 4 S E

1 Prism Perf. �1̄012� �a�→ ���a�−3s�d�−s�c��+s�3�d�+ �c��� M 2 S E

1 Prims Perf. �1̄013� �a�→ ���a�−9s�d�−2s�c��+s�9�d�+2�c��� M 4 S E
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ciation to have successfully created twinning dislocation�s�
and faulted area�s�, ds�L. In this event, the larger ds, the
more elastically favorable is the dissociation. The fate of the
twin fault loop ds, once formed, is beyond the scope of this
work, but will be addressed later in the discussion.

Mendelson realized that the interaction forces between the
twinning dislocation�s� and the stair rod must collectively be
repulsive for the dissociation to be elastically favorable. For
this, he applied continuum linear elastic dislocation theory to
a two–dimensional �2D� representation of the dissociation.
The sum of the interaction energies between all dislocations
in the dissociated configuration with extension a was called
	m �Ref. 3� and the dissociation was considered favorable
when 	m�	, where 	 is the twin boundary energy. However,
a is too close to the inelastic core for the theory to be valid
and provide meaningful insight on stability. Moreover, the
2D model overlooks several dislocation possible interactions,
which we show using the 3D model in Fig. 2 to be important.

2. Energy contributions after dissociation

Calculations of E, therefore, begin at d=2r0. We select
2r0 as an extreme limiting value, but d in the range of
2r0–4r0 may still represent an unfavorable size for a twin
fault loop, as one must account for errors in estimating r0.

Following Nabarro,30 E is the sum of the self-energies of
the dislocations, the interaction energies between the dislo-
cations, and the interaction energy between the applied
forces and dislocations. After the splitting event, d�2r0, E is
given by:

E = Et1 + 2El1 + Er + Er/t1 + Eprim − W + �� − 1��Et2 + 2El2

+ Et1/t2 + Er/t2� , �9�

with �=1 in the case of a single dissociation, �=2 in the
case of a double, and subscripts 1 and 2 refer to the first and
second twinning dislocations. W is the work done by the
twinning dislocation�s� in expansion under a given stress
state � and is:

W = L��t1 · bt1 · d1 + �� − 1� · �t2 · bt2 · d2� , �10�

where �t1 and �t2 are the resolved shear stresses on the first
and second twinning dislocations from � and d1 and d2 are
their corresponding extensions. In the calculations, we as-
sume that the dissociation was activated by stress and con-

sidered a wide range of values for �t1 and �t2: 0, 320, 640,
and 1280 MPa, with 0 MPa corresponding to a spontaneous
dissociation. Including W in E assumes that the shear stress
is not removed after the dissociation and remains constant
over the reaction region.

Et1, El1,Er,Er/t1, and Et1/t2, denote the twin loop energy �to
be defined later�, the twin fault energy, the self-energy of the
stair rod dislocation, the interaction energy between the stair
rod dislocation and twinning dislocation, and the interaction
energy between the two twinning dislocations. Eprim is the
energy of those dislocations remaining on the primary glide
plane after the dissociation apart from the stair rod.

Due to the 3D representation, it is necessary to calculate
these energy contributions to recall some important results in
dislocation theory regarding the separation of edge and
screw segments in anisotropic media. Extending Eshelby’s
early result,31 Foreman32 showed that the most general elas-
tic stiffness tensor that allows for the decomposition of the
energy of a mixed dislocation into the sum of its screw and
edge components has the following null components: c14,
c15, c24, c25, c46, c56, when written in a local coordinate sys-
tem with the dislocation line aligned with axis 3�z� and the
plane normal aligned with axis 2�y�. When their dislocation
lines are nonparallel, such as the transverse and front seg-
ments of a twinning loop �Fig. 2�b��, their interaction energy
was derived by Orlov and Indenbom33 who extended
Kroupa’s formula34,35 via a Green’s function approach. Our
interpretation of their result is that the interaction energy
between edge and screw segments which lie normal to one
another is null when the elastic tensor, written in the appro-
priate local coordinate system, has the same zero compo-
nents as in an isotropic medium, i.e., c14, c15, c16, c24, c25,
c26, c34, c35, c36, c45, c46, c56, regardless of the number of
independent components.

The elastic tensor in the basal plane for most hcp metals,
including the two metals Mg and Zr of interest here, respects
the first condition �axis 2 is parallel to the c axis�. Transfor-
mation of the elastic tensor for both Mg and Zr to the coor-
dinate system of each glide plane and twin plane and for
every dissociation in Tables II–IV finds that the components
c14, c15, c16, c24, c25, c26, c34, c35, c36, c45, c46, c56, and their
symmetric, are either zero or negligible. Therefore, the inter-
actions between parallel and nonparallel edge and screw seg-
ments can be neglected in the following calculations.

We will normalize E by Eini, the initial system energy. In
the case of a dissociation from an isolated perfect dislocation
�Tables II and IV�, Eini is its self-energy:8

Eini =
L

4

�Kini

e �bini
e �2 + Kini

s �bini
s �2�ln

R

r0
, �11�

where bini
e and bini

s denote the edge and screw component of
its Burgers vector. R and r0 denote the outer and inner cutoff
radii. Kini

e and Kini
s for the edge and screw parts depend on the

elastic constants �written in the appropriate coordinate sys-
tem defined by the glide plane and glide direction of the
dislocation� and Burgers vectors.36 The procedure used here
to calculate Kini

e and Kini
s can be found in Hirth and Lothe.8 In

dds

activE

Growth

iniE

nuclE

dc

E

FIG. 3. �Color online� Schematic of the energy evolution of the
system during a dissociation that produces a stable twin nucleus of
size ds.
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the case of an extended dislocation �Table III�, Eini is given
by:

Eini =
L

4

�Kini1

e �bini1
e �2 + Kini1

s �bini1
s �2 + Kini2

e �bini2
e �2

+ Kini2
s �bini2

s �2�ln
R

r0
+ �SF · L · dini

eq , �12�

where subscripts ini1 and ini2 refer to the first and second
partial dislocation. �SF and dini

eq denote the stacking fault en-
ergy and the equilibrium distance between the partial dislo-
cations, which is simply:

dini
eq = Kini1

e bini1
e · bini2

e

2
 · �SF �13�

because the leading partial is pure edge �as indicated in Table
III�. When the dislocation that dissociates is at the head of an
N-sized pile-up, Eini is:8

Eini 
Kini

e �bini
e �2N2

4

ln

4R

l
+

Kini
s �bini

s �2N2

4

ln

4R

l
, �14�

with R� l, the length of the dislocation pile-up. For our pur-
poses, the simple approximation, l=Nr0 is sufficient, but
keeping in mind that generally l is inversely proportional to
�. Precise values would be required when say estimates of

the back stress or stress field ahead of the pile-up are
desired.8

Recall that the stair rod has either a pure edge or mixed
character �Tables II–IV� and therefore, in the general case, its
self-energy Er is given by:8

Er =
L

4

�Kr

s�br
s�2 + Kr

e�br
e�2�ln
 R

r0
� , �15�

where subscript r refers to the stair rod. Et1 is composed of
two terms: Et1

loop, corresponding to the sum of self-energies of
each segment and Et1

tr/tr, corresponding to the interaction en-
ergy between the two transverse segments:

Et1 = Et1
loop + Et1

tr/tr �16�

Et1
loop is:8,36

Et1
loop =

1

4

�L�Kt1

s,ft�bt1
s,ft�2 + Kt1

e,ft�bt1
e,ft�2� + 2.d1�Kt1

s,tr�bt1
s,tr�2

+ Kt1
e,tr�bt1

e,tr�2��ln
 R

r0
� , �17�

where superscripts s, ft, e, ft, s, tr, e, tr refer to the screw
component of the front segment, edge component of the
front segment, screw component of the transverse segments,
and edge component of the transverse segments, respec-
tively. The transverse segments can be either pure screw or
pure edge, yielding two possibilities for Et1

tr/tr :8

Et1
tr/tr =�

− d1 · Kt1
s,tr �bt1

s,tr�2

2

ln

L

r0

screw segments

− d1 · Kt1
e,tr�

�bt1
e,tr

� �� • �bt1
e,tr

� ��
2


ln
L

r0
+

��bt1
e,tr

� �� • L���bt1
e,tr

� �� • L�
2
L2

� edge segments, � �18�

where operators � and • denote cross and scalar products
and bold characters denote vectors. Eq. �18� features a spe-
cial dependence on L. In 2D models, such as that of
Mendelson,3 all energy terms can be normalized with respect
to L, but in our 3D model, Eq. �18� prevents this. The energy
of the twin fault is given by the product of the loop area and
twin boundary energy, �ijkl, where ijkl refer to the twinning
plane:

El1 = �ijkl · d1 · L . �19�

The interaction energy between the stair rod dislocation
and the twinning partial dislocation loop is the sum of the
interaction energies between the stair rod and each segment
�e.g., front and transverse� of the loop. However, in the spe-
cial case where the stair rod dislocation is pure edge and the
transverse twin segments are pure screw, their interaction is

null. In fact, it can be shown that for all the dissociation
reactions considered here, it is negligible. Therefore, only
Er/t1 the interaction energy between the stair rod and front
segment is accounted for:

Er/t1 = − L · Kt1
s,ft �bt1 • ���br • ��

2

ln

d1

r0

− L · Kt1
e,ft	 �bt1 � �� • �br � ��

2

ln

d1

r0

+
��bt1 � �� • d1���br � �� • d1�

2
d1
2 � . �20�

In the case of an �=2 dissociation, similar expressions for
Et2, El2, and Et/t2 are used for the second twin loop. Because
the two twinning dislocations will interact with one another,

L. CAPOLUNGO AND I. J. BEYERLEIN PHYSICAL REVIEW B 78, 024117 �2008�

024117-8



two additional contributions are needed: �1� the interaction
between the front segments of the two twinning dislocations
Et1/t2

ft and �2� the interaction between the nonparallel trans-
verse segments Et1/t2

tr :

Et1/t2 = Et1/t2
ft + 2.Et1/t2

tr , �21�

where the contributions of each segment type are given by:8

Et1/t2
ft = − L · Kt1

s,ft �bt1 • �t1
ft��bt2 • �t2

ft�
2


ln
dtwin

r0

− L · Kt2
e,ft	 �bt1 � �t1

ft� • �bt2 � t2
ft�

2

ln

dtwin

r0

+
��bt1 � �t1

ft� • dtwin���bt2 � t2
ft� • dtwin�

2
dtwin
� �22�

and

Et1/t2
tr = 	Kt1

s,tr �bt1 • �t1
tr��bt2 • �t1

tr�
4


− Kt1
s,tr �bt1 � bt2� • ��t1

tr
� �t1

tr�
2


+
Kt1

e,tr

4

���t1

tr
� e3� • bt1�

����t1
tr

� e3� • bt2�� · I�t1,t2� +
Kt1

s,tr

4

��bt1 • e3�

��bt2 • e3�� · J�t1,t2� . �23�

Because �=2 dissociations considered here involve two
variants of the same twin type, the energy factor of the first
and second twinning dislocations are equal. Also, functions I
and J depend on segment length and the angle between each
segment. These functions are detailed elsewhere.8 Vectors
�t1

ft , �t2
ft , �t1

tr , and �t2
tr denote the unit vector of the front seg-

ments of the first and second twinning dislocation and like-
wise, the transverse segments of the first and second twin-
ning dislocation. e3 corresponds to the normalized cross
product between �t1

tr and �t2
tr .

Eprim is zero when an isolated perfect dislocation dissoci-
ates. In the case of a dissociation from an extended partial
dislocation �Table III�, Eprim consists of the energy of the

trailing partial dislocation in the glide plane and the stacking
fault energy:

Eprim =
L

4

�Kini2

e �bini2
e �2 + Kini2

s �bini2
s �2�ln

R

r0
+ �SF · L · deq� .

�24�

The stacking fault area on the slip plane deq� will be smaller
after the dissociation than before since the Burgers vector of
stair rod dislocation is smaller than that of the leading partial.

When the dissociation occurs at the head of a pile-up,
Eprim is that of an �N−1�—dislocation pile of length l�:

Eprim = �SF · deq� · Lini +
L · Kini

e �bini
e �2�N − 1�2

4

ln

4R

l�

+
L · Kini

s �bini
s �2�N − 1�2

4

ln

4R

l�
. �25�

III. RESULTS

A. Application to Mg and Zr

The energetic model for the extension of a nonplanar dis-
sociation is applied to Mg �c /a=1.623� and Zr �c /a
=1.593�.37 The room-temperature elastic moduli for these
two materials are presented in Table V.38,39 These are ex-
pressed in the usual coordinate system �e.g., c axis defines
axis 3�. They are directly used for calculating Ke and Ks for
the slip and stair rod dislocations in the basal plane. For the
prismatic or twinning planes, the stiffness tensor needs to be
transformed to calculate Ke and Ks.8 Table VI summarizes Ke

and Ks for dislocations in the basal plane and all seven twin-
ning planes for Mg and Zr. In all cases, Ke � Ks, and hence,
energy contributions of edge segments will be larger than
those of screw segments of the same length. The same trend
is found on the prismatic plane.

For Mg, �SF=14 mJ m−2 in the basal plane is extracted
from Baskes et al.,40 which lies at the upper range of values
predicted for �SF of type I2: 8–14 mJ m−2.41

As is the case in nearly every twin nucleation theory, our
model finds that in some cases �ijkl is important. Unfortu-
nately, �ijkl is difficult to measure and is best estimated from

TABLE V. Elastic constants for Mg and Zr.

Mg C11=59.4 GPa C33=61.6 GPa C44=16.4 GPa C66=16.9 GPa C12=25.6 GPa C13=21.4 GPa

Zr C11=143.5 GPa C33=164.9 GPa C44=32.1 GPa C66=35.5 GPa C12=72.5 GPa C13=65.4 GPa

TABLE VI. Energy prefactors for Mg and Zr.

Unit: mJ /mm3 Bas. Bas. 60° �1̄011� �1̄012� �1̄013� �2̄111� �2̄112� �2̄113� �2̄114�

Mg Ke 24.6 25 24.5 24.7 24.8 24.1 24.2 24.2 24

Ks 16.7 16.7 17.6 17.3 17 16.9 17.7 18 16.9

Zr Ke 54 57.6 55.4 56.4 56.8 53.2 53 53 52.8

Ks 33.7 33.7 37.2 36.1 35.3 34.1 37.2 38.6 34.1
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first-principle calculations or atomistic simulations with reli-
able potentials.27,28 On the other hand, the values reported for
Mg from both methods are reasonably consistent with little
variation despite different potentials and methods. Because
the works of Serra and Bacon27 provide the most values from
a single potential �a many-body potential fitted to Mg�, we
use them in the following Mg calculations, unless stated oth-
erwise. Table VII lists the �ijkl values used for Mg. For some

twinning planes, �1̄013�, �2̄113�, and �2̄114�, �ijkl had to be
assigned as no estimates are provided in the literature. Values
of �ijkl for Zr are also extracted from simulations by Serra
and Bacon42 and reported in Table VII. The effect of varying
�ijkl will be addressed later in the discussion.

The outer cutoff radius R �see Table VII� was chosen to be
1 �m, which is the order of the grain size in coarse-grained
Mg and Zr. We find that the calculations are not very sensi-
tive to R.

The inner cutoff radii r0 depends on the type of disloca-
tion considered and energies are sensitive to r0. Until more
quantitative knowledge of dislocation core sizes and activa-
tion energies can be obtained, we set r0=a, a reasonable
value for all single dislocation segments, and neglect any
dependencies on screw-edge or zonal character.

1. Dissociations from a single dislocation

The evolution of E /Eini given by Eq. �9� in an Mg single
crystal upon dissociation from an individual dislocation into
twinning dislocations is studied first. Figure 4 presents typi-
cal curves for E /Eini versus d /r0 for some dissociations onto

the �1̄012� twinning plane. As shown, E /Eini rises linearly
with d and no stable twin fault with ds�2r0 is created. The
same calculations were performed for all dissociations in
Tables II–IV and they yielded the same result: a distinguish-
able twin fault loop was not produced. Apparently, in every
case, the attractive forces between the twinning dislocations
and the other products are too high, and the core stays com-
pact. Note that in some reactions, E /Eini starts below unity at
d=2r0 �for instance in Figs. 4�a� and 4�b��. This simply
means that the total energy of the product dislocations is
lower than that of the original slip dislocation, but it does not
imply that the dissociation is favorable for twin loop produc-
tion.

Figure 4�a� shows the effect of varying �t1—the stress
assumed to cause the initial split—on the �=1 dissociation
of a perfect basal dislocation of length L=10 nm. �Since a
single dissociation ��=1�, is considered, �t2 needs not to be

considered.� As shown, �t1 has no effect on the evolution of
E for small d. Most importantly, a twin fault of ds�2r0
cannot be induced by simply increasing �t1, even to the high-
est value 1280 MPa. This results, because the self-energies
and the interaction energies between dislocations segments
that dominate the energetics for small d are independent of
�t1. �t1, however, affects E evolution in the range of large d.
As shown, the rate at which E grows with d reduces as �t1
increases. This occurs because the increase in W compen-
sates for the increase in twin fault energy El, both of which
grow linearly with d.

Even if enough stress or energy was supplied to split the
slip dislocation into twinning dislocations, the attractive
forces supplied by the twin fault and interactions with other
product partials prevent a suitably wide extension. Calcula-
tions for ds that follow can, therefore, prove meaningful in
spite of limited knowledge of the necessary resolved stress to
activate a dissociation event or Eactiv and henceforth, �t1
=�t2=0 MPa without loss of generality.

Recall that our 3D treatment engenders a size effect. The
dependence on L enters in the interaction energy term be-
tween two transverse segments of the twin loop. Figures 4�b�
and 4�c� compares the effect of varying L from 5 to 20 nm
for dissociations of basal and prismatic dislocation, respec-
tively, onto the �1̄012� twin plane. As shown, L affects the
evolution appreciably for prismatic dissociations and insig-
nificantly for basal dissociations. The reason is that the inter-
action energy between the two transverse edge segments in
the twin loop produced by the prismatic dissociation is
higher than that between the two transverse screw segments
in the loop produced by the basal dissociations.

Although an interesting size effect, changing L does not
alter the ability of the dissociation to produce suitably sized
twin fault loops ds�2r0. Because this is our focus, L
=10 nm in the remainder of our calculations.

Fig. 5 compares the energy for dissociations of basal or
prismatic dislocations into twinning dislocations on the
seven twin planes: �a� �=1 dissociations of a perfect basal,
�b� �=2 dissociations of a perfect basal, �c� �=1 dissocia-
tions of a basal partial, and �d� �=1 dissociations of a perfect
prismatic. Regardless of the twin plane, no stable twin fault
ds�2r0 is produced. Note that ds=2.1r0 in the cases of �a�
single and �b� double dissociation from a perfect basal dis-

location onto the �2̄114� and the �1̄013� planes is still too
small to be considered a distinguishable twin fault loop.

In spite of the failure of dissociations of isolated disloca-
tions to produce a stable twin fault, a few important conclu-

TABLE VII. Materials constants for Mg and Zr.

Mg �101̄1=143
mJ /m2

�101̄2=189 mJ /m2 �101̄3189
mJ /m2

�2̄111=148
mJ /m2

�2̄112=145
mJ /m2

�2̄113145 mJ /m2

�2̄114145
mJ /m2

R=1.E−6 m r0=a c=0.52 nm a=0.32 nm �SF=14 mJ.m−2

Zr �101̄1=225
mJ /m2

�101̄2=262
mJ /m2

�101̄3262 mJ /m2 �2̄111=169 mJ /m2 �2̄112=245
mJ /m2

�2̄113245 mJ /m2

�2̄114245
mJ /m2

R=1.E−6 m r0=a c=0.514 nm a=0.32 nm �SF=14 mJ.m−2
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sions can be drawn regarding their energetics. First, com-
pared to a single ��=1� dissociation, a double ��=2�
dissociation involves a larger initial energy drop �smaller ini-
tial E /Eini� immediately after the dissociation, due to its
lower strength stair rod dislocation, but a higher rise in en-
ergy thereafter due to the formation of two faults instead of
one. This is seen, for example, by comparing Figs. 5�a� and
5�b� for the same twin type. Second, dissociations from an
extended basal dislocation, Fig. 5�c�, lead to slightly lower,
but otherwise similar, energy states than those of a perfect
basal dislocation. Comparing Fig. 5�a� and 5�c� shows that
this result holds for all twin types. Further examination in
Fig. 6 of the evolution of individual contributions, namely
Er, El1, Er/t1, Et1

loop,Et1
tr/tr, and Eprim, after dissociations of �a�

perfect and �b� partial basal dislocations into �1̄012� twin-
ning dislocations explains the insensitivity. While the stair
rod contribution is reduced for the partial case, its glide plane
energy Eprim is enhanced. Next, unlike the basal dislocations,
dissociations from prismatic dislocations show a preference

for extending on the �2̄11X� planes rather than �1̄01X� planes
�Fig. 5�d��. This preference results from the fact that the
interaction between the stair rod dislocation and the edge
parts of the twinning dislocations �denoted as Er/t1—edge

contribution� are more repulsive in the �2̄11X� case than in

the �1̄01X� case. As an example, Fig. 7 compares the evolu-
tion of individual components involved in dissociations from
prismatic dislocations onto �a� �2̄111� and �b� �1̄012� planes
for Mg. The �negative� interaction energy of the “Er/t1—edge
contribution” is greater in the former than latter. This differ-
ence is small for dissociations of a lone slip dislocation, but
as we show later, it will become magnified when the disso-
ciation occurs at the head of a pile-up.

Fourth, interaction energies dominate when the twin loop
is a few times r0 ��10r0�, but the twin boundary energy Elt
dominates when the loop grows much larger than r0, leading
to the linear growth in E with d. Figures 6 and 7 make clear
that selecting an abnormally small �ijkl �small compared to
that given by ab initio calculations� does not suffice to sta-
bilize a twin fault loop. The contribution of �ijkl quickly
dominates all other contributions, apart from the stair rod.
For example in Figs. 6�a� and 7�b�, �ijkl dominates immedi-
ately and in Fig. 6�b� and 7�a�, it dominates in the neighbor-
hood of �5 nm. Last, Figs. 6 and 7 also show that the only
contribution that lowers the energy of the system is the in-
teraction energy between the stair rod and the twinning dis-
location. This contribution increases as the angle � �see Fig.
2� between the basal plane and the twinning plane decreases
and the Burgers vectors of these two dislocations become
more aligned. In this respect, lower c/a ratios and twin planes

FIG. 4. �Color online� �a� Effect of applied stress � and �b� segment length L on the evolution of the system free energy E during the

single dissociation of a perfect basal dislocation onto the �1̄012� plane; �c� effect of L on the evolution of E during the dissociation of a

prismatic �a� dislocation onto the �1̄012� plane.
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�1̄013� and �2̄114� would lead to lower total energies �the
latter effect is seen in Fig. 5� than the other twin planes.

Before examining the influence of a pile-up, we would
like to distinguish between the results presented in this sec-
tion and those predicted by Mendelson.3,13 Although this
study is based on the same dissociation reactions, the ener-
getic treatments are different. The present analysis is fully
three-dimensional and thus considers additional interactions
and introduces a dependence on L. It is not based solely on a
force balance between the twin boundary energy and inter-
action forces of the dissociation products at a fixed separa-
tion �a in the case of Mendelson�. It provides a method for
calculating a twin fault loop of size ds. Therefore our model
is expected to lead to different conclusions that those of
Mendelson. For example, using the twin boundary energies
in Table VII, Mendelson’s criterion would predict that the

single dissociation of a perfect basal �a� dislocation onto the

�2̄114� twinning plane is favorable, but our analysis would
not. Indeed the main result of our analysis is that in fact that
none of these dissociations lead to a stable twin fault loop
�ds�2r0�, regardless of twin fault energy, L, and slip dislo-
cation type or character.

2. Dissociations from a pile-up

Our calculations find that a pile-up changes the energy
and stability of the dissociated core. In the presence of a
pile-up, it is possible that a double ��=2� dissociation will
not extend symmetrically d1�d2 �Fig. 8�. Take, for example,
the case of a perfect basal dislocation splitting onto the

�1̄012� plane. Figure 9�a� shows a three-dimensional map of

FIG. 5. �Color online� Evolution of the free energy during �a� the single dissociation of a perfect basal dislocation, �b� the double
dissociation of a perfect basal dislocation, �c� the single dissociation of an extended basal dislocation, and �d� the single dissociation of a
perfect prismatic dislocation.
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E /Eini versus the variable set d1 and d2 in the presence of an
N=15 pile-up of basal dislocations. The solid curves in Fig.
9�b� are certain cross sections of the map in Fig. 9�a�. An
asymmetric double dissociation favoring propagation of bt1
in d1 while bt2 remains fixed at a small d2 is more energeti-
cally favorable than a symmetric one �d1=d2� or an asym-

metric double dissociation favoring the propagation of bt2
over bt1.

For comparison, the dashed curve is the analogous case of
a single ��=1� dissociation with the same pile-up. As found
before for dissociations of isolated dislocations, an �=2 dis-
sociation requires more energy than an �=1 dissociation.

FIG. 6. �Color online� Evolution of the individual energy contributions during a spontaneous dissociations from a 10 nm long dislocation:

�a� single dissociation of a perfect dislocation from the basal plane to the �1̄012� plane, �b� single dissociation from a basal partial dislocation

to the �1̄012� plane.

FIG. 7. �Color online� Evolution of the individual energy contributions during the following spontaneous single dissociations from a 10

nm long perfect prismatic dislocation: �a� onto the �2̄111� plane, �b� onto the �1̄012� plane.
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However, as shown in Fig. 9�b�, the difference is more pro-
nounced in the case of a pile-up.

More importantly, in the two most favorable cases, an
asymmetric ��=2� dissociation �blue solid� or an �=1 dis-
sociation into bt1 �blue dash�, a stable loop ds of sufficient
size is created. The reason for this is explained in Fig. 10. As
revealed in Fig. 10, the interaction between the pile-up and
bt1 is repulsive �negative interaction energy�, while that be-
tween the pile-up and bt2 is attractive �positive interaction
energy�. Accordingly a dissociation from a pile-up can lead
to one stable twin fault ds but not two, and ds increases in
size as N increases.

Based on these results the remainder of the paper focuses
only on the most favorable mechanism: �=1 dissociations of
the lead dislocation of an N-sized pile-up �N�1� containing
the same types of dislocations �same orientation, same Bur-
gers vector, etc.�.

The effect of an N=10 dislocation pile-up of basal dislo-
cations on the dissociation of its leading one into twinning

dislocations on the �2̄11X� and �1̄01X� planes for Mg is
shown in Figs. 11�a� and 11�b�, respectively. From these re-
actions, stable twin loops of ds�2 to �6 nm are found. In

Fig. 11�a�, formation of a loop on the �2̄113� plane is the

most favorable followed by �2̄112� in terms of lower total
energy and larger ds.

In these cases, a pile-up contributes to twin fault loop
formation because of the repulsive forces provided its stress

field on the twinning dislocations, not because of stress con-
centrations. Only dissociations that produce twinning dislo-
cations that are directed away from the pile-up will likely
form a stable fault loop because of the pile-up. This implies
that �=1 dissociations without the repulsive pile-up/twin in-
teraction will not produce a stable loop regardless of N. To
demonstrate this point, Fig. 12 shows a dissociation of the
lead dislocation of a pile-up of N=10 prismatic dislocations

onto the �1̄01X� planes for �a� Mg and �b� Zr. Because of the
negligible interaction between the remaining prismatic dislo-

cations in the pile-up and the �1̄01X� twinning dislocations,
no stable loops are created. It can be shown that larger N
does not change this result.

br

bt1
bt2

d2
d1

Pile -up
Glide plane

FIG. 8. �Color online� Schematic of an asymmetric double dis-
sociation from a dislocation pile-up.

FIG. 9. �Color online� �a� Three-dimensional mesh of the energy evolution during the double dissociation of a perfect basal dislocation

onto the �1̄012� plane. �b� Comparisons of certain cross sections of the 3D mesh, namely a symmetric and symmetric double dissociations
�solid curves� and a single dissociation �dash�.

FIG. 10. �Color online� Evolution of the individual energy con-
tributions during a symmetric �e.g., d1=d2� double dissociation

from a perfect basal dislocation onto the �1̄012� plane.
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The interaction between prismatic dislocations and

�2̄11X� twinning dislocations, however, is repulsive. Figure
13 shows the energetics of dissociation from a pile-up of ten

prismatic dislocations onto the �2̄11X� planes for �a� Mg and
�b� Zr. As expected, for both metals, the dislocation pile-up
produces a stable twin fault loop, which is larger for Zr than
Mg for the same twin type. Significant differences in the

interactions between prismatic dislocations and a �1̄01X� ver-

sus �2̄11X� twinning dislocation loop is found in their inter-
action with the transverse segments of the loop; such differ-
ences would not be predicted in the 2D case.13

IV. DISCUSSION

A. Effect of number of dislocations in the pile-up and
sensitivity to the twin boundary energy

Figure 14 presents the evolution of ds for the dissociation

of a basal �a� dislocation onto the �1̄012� plane with N for
three different values of �: 0.8�ref, �ref, 1.2�ref, where �ref is
the value reported in Table VII for Mg. Results show that ds

increases linearly with N at a rate which decreases with �. In
other words, it becomes easier to generate a twin fault loop
of a given size when � is low. Also note that a large pile-up
is not necessary; ds reaches a reasonable value on the order
of �10–15r0 for a relatively small pile-up containing only
�10 dislocations.

B. Two distinctive roles of the pile-up

This work shows that an N-dislocation pile-up of suitable
size is necessary �but not sufficient� to form a stable twin
fault by a nonplanar dissociation of an �a� slip dislocation.
The pile-up dissociation model developed here can deter-
mine if it will form and if so, its size ds for a given N. For
reactions in which the interaction force between the slip and
twinning dislocations is repulsive, a pile-up, or any suitable
defect arrangement, can help its lead dislocation dissociate
and form a stable twin fault loop an order of magnitude
greater than r0. For this class of reactions, both N and � have
an influence on ds. For the other class of reactions in which
there is no such repulsive force, no value of fault energy or N
can successfully produce a stable twin fault.

FIG. 11. �Color online� �a� Energy evolution during the single dissociation from a perfect basal dislocation ahead of a ten basal

dislocation pile-up onto the �2̄11X� twin planes, �b� energy evolution during the single dissociation of a perfect dislocation at the head of a

ten dislocation pile-up on the basal plane for the �1̄01X� twin modes.

FIG. 12. �Color online� Energy evolution during the single dissociation of a perfect prismatic dislocation ahead of a ten prismatic

dislocation pile-up for the �1̄01X� twin modes in �a� Mg and �b� Zr.
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It is important to emphasize that the pile-up has two roles.
Before the dissociation, it can supply the stress needed for
the dissociation, such as N�. After the dissociation it helps
the twinning dislocations overcome any attractive forces and
reach a stable extension sufficiently far away from the reac-
tion center. The former role is the one considered in virtually
every previous twin nucleation model.3,8,11,13,17,43 In the first
role, the larger the pile-up the more likely is the dissociation
event, regardless of �=1 or 2 or the slip or twinning dislo-
cations involved. In contrast, in the role that the pile-up plays
here, a pile-up only favors creation of one twin fault loop,
not two, and only for some reactions. In these cases, it is
significant to point out that small pile-ups suffice. Smaller
pile-ups, compared to larger ones, are easier to form and
more likely to form especially in high strain rate and low-
temperature conditions where twins are known to prevail.
�The same can be said of low stacking fault energy metals.�
They are also more likely to be found anywhere in the grain,

not just at the grain boundaries and other strong obstacles.
Dislocations most often move in arrays and not singly.

To neglect the second role would lead to inaccurate re-
sults. In doing so, for instance, Mendelson concluded that all
unfavorable reactions �single, double, triple dissociations,
etc.� would become favorable in the presence of a pile-up of
sufficient size. As shown here, this conclusion is incorrect.

C. Possible mechanisms for twin growth from a twin fault
loop

After a twin fault loop of sufficient size ds is created,
there are several possible outcomes. On one hand, the small
fault may actually be the twin nucleus and the twin can grow
directly from it. On the other hand, it may be the first of
many consecutive layers that constitute a twin nucleus. The
multilayer structure would, in this case, require subsequent
creation of partials of perhaps differing or equal Burgers vec-
tor. Once a nucleus is formed, twin growth processes can
commence, the criterion of which would be related to the
forces needed to move the twinning dislocation in its twin
direction away from the stair rod, resisting the attractive
forces of the fault �or faults in a multilayer case� and inter-
actions with the remaining dissociation products and sur-
rounding defects. If such is the case, fault expansion or suc-
cessive layers may form in several ways. As suggested for
fcc twins,44 it is possible that several twin nuclei, whether
single layer or multilayer, could coalesce to grow a twin.
Also, the same dissociation that created the initial fault ds
may simply be repeated in adjacent planes under the same
local stress state. It has also been proposed that the residual
stair rod left from the first dissociation can successively pro-
duce more twinning dislocations, as long as the first twinning
dislocation glides sufficiently far away.3,13 Accordingly, if
the first fault loop can expand, the residual stair rod left from
the first dissociation would act as a twin source. As consid-
ered crystallographically by Yoo,45 as well as predicted in
molecular simulations,26,29 slip dislocations can react with
the already formed fault boundary and produce more twin-
ning dislocations which then laterally propagate the twin

FIG. 13. �Color online� Energy evolution during the single dissociation of a perfect prismatic dislocation ahead of a ten prismatic

dislocation pile-up for the �2̄11X� twin modes in �a� Mg and �b� Zr.

FIG. 14. �Color online� Evolution of the stable twin nucleus size
ds during the single dissociation from a perfect basal dislocation

onto the �1̄012� twin plane, as a function of the number of disloca-
tions within a pile-up N for three different values of the twin bound-
ary energy.
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front. Another method of growth, which has yet to be ob-
served in hcp metals, could be the creation of twinning dis-
location dipoles in adjacent layers of the twin nuclei seen in
dynamic simulations of bcc metals using MD and discrete
lattice methods.4,23 Nevertheless, in every case, once the first
twin fault is formed, fault production in neighboring layers
requires less energy as no new fault area is created.

In light of the discussion above, if one must identify one,
a critical twinning stress would be more appropriately asso-
ciated with the stress to split, or else, to grow from a stable
fault loop ds after it has formed. These two events appear to
be more sensitive to stress than ds. The former would not be
related to a resolved stress, but the latter would. If a disso-
ciation and hence, twin nucleation is to be activated by
stress, a local effective shear stress should be used, and not
solely the applied one.

D. Effect of slip dislocation sources and mobility

Orientation imaging microscopy on polycrystalline Zr and
Mg shows that twins, of micron-scale thickness or larger, are
connected to grain boundaries.46,47 Based on the pile-up dis-
sociation model presented here, in order for a twin to ema-
nate from the grain boundary into the interior, the head of the
pile-up must face toward the interior. In the work of by Murr
and Wang,48 such interior-facing pile-ups have been ob-
served via TEM in Ni and stainless steel. They show that the
spatial distribution of sessile dislocations after light straining
�e.g., ��0.02� is inhomogeneous, and the dislocation den-
sity near grain boundaries is much higher than in the interior.
Most importantly, in this premacro yield region, grain bound-
aries emitted dislocation “profiles”—which the authors
stated resemble and may act as pile-ups—directed toward the
grain interior. In fact, the presence of such pile-ups had been
suggested earlier in the pioneering work by Li.49 If the lead
dislocation at the head of one of these interior-facing pile-
ups were to dissociate, then it would result in twin nucleation
and subsequent propagation into the interior. Twin nucleation
would then be dependent on: �1� the activation of grain-
boundary dislocation emission, which is related to grain-
boundary misorientation, and �2� the competition between
dislocation dissociation and other mechanisms �e.g., cross
slip, climb�.

Regarding �2�, rather than dissociating, a dislocation
could instead, for example, cut through the obstacle or
change glide plane via climb or cross slip. The former is
expected in the case of edge dislocations and the latter in the
case of screw dislocations. The selected mechanism is nec-
essarily the most energetically favorable mechanism. Con-
sider, for instance, the case of the competition between dis-
location climb and dislocation dissociation, which is
particularly relevant to the case of basal �a� dislocation ex-
hibiting either a pure edge or a mixed character. Let �Gtwin
and �Gclimb denote the Gibbs free energies associated with a
twin nucleation and a dislocation climb event, respectively.
Each mechanism is activated if sufficient energy is provided
to overcome its corresponding activation barrier:

�Gtwin − �twin
eff �twin � 0

and

�Gclimb − �climb
eff �climb � 0, �24��

where �twin and �climb are the activation volumes for twin
nucleation and dislocation climb, and �twin

eff and �climb
eff are the

effective resolved shear stresses, respectively, on the twin
plane and on the plane perpendicular to the glide plane. �“Ef-
fective” in this case signifies that the stress is due to a com-
bination of the applied stress and that generated dislocation
pile-up.� Twin nucleation will be preferred to dislocation
climb if:

�climb�Gtwin

�twin�Gclimb
�

�twin
eff

�climb
eff . �25��

A similar procedure can be applied to any mechanism, such
as cross slip, competing with twin nucleation.

A discussion of completing mechanisms with energetic
barriers is not complete without considering temperature ef-
fects. The values of �G for each possible mechanism �e.g.,
dissociation, climb, cross slip, etc.� can vary differently with
temperature. First of all, the size of a dislocation pile-up
generally increases as temperature decreases, promoting twin
nucleation. Second, at lower temperatures, twin nucleation
activity would be favored over other mechanisms, such as
climb or thermally-activated cross slip, that are well known
to become more difficult as temperature decreases. Also,
cutting-through events may be less likely at lower tempera-
tures. As shown in early work by Tomé and Savino,50 the
interaction energy between a point defect—which could act
as a pinning point leading to a dislocation pile-up—is higher
at lower temperatures. Interestingly they find that this effect
is more pronounced in the case of Zr than for Mg. Therefore,
compared to cut through, twinning may be more favorable at
lower temperatures and for Zr than Mg. Finally, it is conceiv-
able that the Gibbs free enthalpy—defined as the difference
between the activation enthalpy and the product of the tem-
perature and the activation entropy—associated with disloca-
tion dissociation could decrease with decreasing temperature,
again, favoring twin nucleation at lower temperatures. Re-
ductions in the Gibbs free enthalpy with decreasing tempera-
ture have been measured experimentally in several metals,
such TiAl �Ref. 51� and in high-entropy alloys,52 for tem-
peratures ranging from 78 to 398 K. A similar trend was
measured in the case of thermally-activated relaxation of
zirconium-oxygen single crystals.53 At every temperature,
the dissociation will be accompanied by an increase in en-
tropy. However, it is reasonable to expect that this increase
will be small at larger temperatures, where there is much
more disorder, and large at lower temperatures, where there
is much less. At this stage, this last idea is pure speculation.

E. Relationship to observations

Plastic deformation in Mg occurs primarily via basal slip

and �1̄012� twinning.54,55 As shown here, dislocation pile-ups
on the basal plane can lead to favorable twin nucleation on

both �2̄11X� and �1̄01X� planes. Determining which of these
twinning planes is selected depends on their corresponding
activation barriers, parameters which cannot be accessed by
linear elasticity. Decomposition of the core of the initial dis-
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location is an inelastic process, not accounted for in the
present model. The energy of the initial slip dislocation core
and those of the product dislocations �including twinning
partials� after the dissociation will determine the activation
energy, and hence, the likelihood of nucleating one twin type
over another. Atomistic calculations, on the other hand, have
the potential to assess the feasibility of the dissociations
studied here. In future work, we will apply atomistic calcu-
lations to estimate activation barriers and further study the
feasibility of twin nucleation via nonplanar dissociations.

In pure Zr, the most common twin type is �1̄012�, ob-
served from liquid nitrogen �76 K� to room temperature.56

Additional twin types observed at temperatures from 76 to

150 K, are �2̄112� and �2̄111�.2 As shown here, dissociations
from prismatic dislocation pile-ups, which were observed

experimentally,57 can only provide �2̄11X� twins and not

�1̄01X� twins. Although not shown specifically for Zr, disso-
ciations from basal dislocation pile-ups can, however, pro-

vide �1̄01X� twins. Unfortunately, basal slip is not expected
in pure Zr at least at room temperature, low strain rates, and
moderate strain levels.2 However, the present calculations
show that only moderate dislocation activity, i.e., a ten-
dislocation pile-up, is required for twin nucleation to be ac-
tivated, and basal slip at this level is certainly possible, as
observed by Bailey,57 and later by Dickson and Craig.58

Thus, basal slip in Zr could still serve as a triggering mecha-

nism for �1̄012� twinning. Otherwise, another mechanism
may operate, such as dissociations from �c� dislocations or
�c+a� dislocations.13

V. CONCLUSIONS

Twin nucleation by a nonplanar dissociation of slip dislo-
cations is studied by means of continuum linear elasticity
dislocation theory. The proposed model calculates the energy
and stable extension after the dissociation, accounting for the
elastic anisotropy of the medium, the three-dimensional as-

pects of a twin dislocation loop, and all possible energetic
contributions. Dissociations may initiate from either pris-
matic or basal �a� slip dislocations, or partial basal disloca-
tions, and lead to one or two twinning dislocations on non-
coplanar planes. It is shown that, regardless of the applied
stress to trigger the dissociation, twin fault energy, and
length of slip segment, a dissociation from a lone dislocation,
either a perfect one or Shockley partial, is not likely to lead
to a stable twin fault loop larger than 2r0 the core width of an
initial slip dislocation. Instead after the dissociation, the
cores remain compact due to strong attractive forces between
the dissociation products.

With the addition of a pile-up of slip dislocations, these
same calculations elucidate a new mechanism based on the
dissociation of its lead slip dislocation. If repulsive forces
exist between the dislocations remaining in the pile-up and
the product twinning dislocation, then this dissociation can
produce a distinguishable twin fault loop, much greater than
r0. Using this criterion, it is shown that dissociations produce
one fault loop, not two, even when it is crystallographically
possible to produce two noncoplanar loops. All dissociations
from the basal plane can result in stable twin fault loops. On
the contrary, dissociations from the prismatic plane lead to
stable twin faults only in the case of dissociations onto the

�2̄11X� planes. The calculations begin after the dissociation,
and therefore the feasibility of this mechanism still relies on
knowledge of the activation barrier for the dissociations. Fi-
nally, we conjecture that a dependence on slip dislocation
pile-ups implies that twin nucleation will, indirectly, be rate-
dependent, and particularly favorable when thermally-
activated dislocation glide is restricted.
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