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Based on the most recently determined noncubic structure for �-Al2O3 by Menendez-Proupin and Gutierrez,
a comprehensive list of physical properties is investigated theoretically. These include lattice dynamics and
phonon spectra, elastic constants and bulk structural parameters, electronic structure and interatomic bonding,
optical properties, and x-ray absorption near-edge structure �XANES� spectra. Compared to similar calcula-
tions of �-Al2O3, we find a smaller lowest zone-center vibrational mode at 97.6 cm−1, a lower heat capacity,
a smaller bulk modulus, and a much larger thermal-expansion coefficient. The threefold bonded O ions intro-
duce highly localized vibrational modes near 751 cm−1. The calculated thermal Grüneisen parameter indicates
a strong anharmonicity in �-Al2O3. The elastic tensor and the elastic wave velocities are also evaluated
showing the longitudinal wave to be nearly isotropic. For the electronic structure, we find that �-Al2O3 has a
smaller band gap but a refractive index similar to �-Al2O3. Highly localized states at the top of the valence
band originating from threefold bonded O in the more covalently bonded AlO4 tetrahedra are identified. The
calculated Mulliken effective charges and bond order values indicate that the structural model for �-Al2O3 has
a high degree of disorder. The octahedral unit �AlO6� is a stronger polyhedron than the tetrahedral unit �AlO4�
although the latter has stronger Al–O bonds. The calculated Al-K, Al-L3, and O-K edges for Al and O in
�-Al2O3 show strong dependence on their local coordination and environments. These results are in good
agreement with available experimental data but the effect of the �-Al2O3 samples’ porosity should be properly
assessed. It is argued that the traditional view that stoichiometric �-Al2O3 is a defective spinel with cation
vacancies �or its variations� should be modified. �-Al2O3 is better described as an amorphous networklike
structure such that the ratio of tetrahedrally coordinated Al to octahedrally coordinated Al is close to 0.6; and
the O ions are bonded to Al in either a threefold or fourfold configurations in about equal proportion.
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I. INTRODUCTION

Alumina �Al2O3� is one of the most important structural
ceramics with vast applications in a variety of industrial sec-
tors ranging from pharmaceutical products and paint pig-
ments to thermobarrier coatings and microelectronic devices,
and much more.1–4 Alumina exists in many different forms
with corundum ��-Al2O3� being the most thermodynami-
cally stable phase. The process of reaching �-Al2O3 involves
many intermediate phases or the so-called transition alumi-
nas ��-, �-, �-, �-, �-, �-, etc.�.5,6 Among these transition
alumina, �-Al2O3 is the most prominent and well studied
because of its important application as a catalyst or catalytic
support.7–12 It also frequently occurs at ceramic interfaces or
as a minor component in multiphase Al-containing ceramics
such as in the Ca-Al-O and Al-Si-O systems.

In spite of many recent experimental13–21 and
theoretical22–36 studies of �-Al2O3, there are continuing de-
bates about its structure and properties. �-Al2O3 does not
exist in the pure single-crystal form. The samples obtained
are usually porous with large surface areas. The traditional
view of the structure of �-Al2O3 is that of a defective cubic
spinel with cation vacancies,37 or the spinel lattice model. In
the spinel lattice AB2O4, where A is the tetrahedral cation
site and B the octahedral cation site, vacancies are required
at the cation sites in order to fit the exact stoichiometric
formula of Al2O3. There were then debates as to whether the
vacancy should occur at the A site or the B site or

both.22–24,26 The issue of the presence of H in �-Al2O3 has
also been raised. However, it has been ruled out by extensive
simulation on spinel based models.25 The spinel lattice model
has been challenged recently28,32,34,35 and models with
tetragonal28 and monoclinc35 structures have been suggested.
Very recently, it is noted that the spinel model was still being
defended on the basis of x-ray powder-diffraction patterns,36

but this argument was soundly refuted as due to problems
with the samples.38,39 The common underlying message is
that Al occupies both the octahedral and tetrahedral sites in
the lattice. Recently, more rigorous theoretical simulations
suggest that that structure of �-Al2O3 is not a spinel with
cation vacancy, but is instead a low-symmetry crystal struc-
ture with a space group of I41/amd in which Al ions can have
both tetrahedral and octahedral coordination.30 In this struc-
ture, the notion of ionic vacancy becomes less clear and an
alternative description in terms of local bonding is more ap-
propriate. Unlike �-Al2O3 with a rhombohedral lattice,
where O ions are always fourfold bonded, the O ions in
�-Al2O3 can be either threefold or fourfold bonded, a fact
shared by many other transition alumina such as �-Al2O3 and
�-Al2O3,6,40 but seldom discussed. Thus, a proper descrip-
tion of the structure of �-Al2O3 should include the ratios of
Altet /Aloct and O3-fold /O4-fold. As a matter of fact, it is con-
ceivable that amorphous Al2O3 �a-Al2O3� can be viewed as a
continuous random network with a variety of total Al and O
local bonding environments connected in a random
fashion.41 The specific local cation/anion coordination pro-
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vides the short-range order of the network, but the long-
range order is absent as in any other typical inorganic glass.

Although the importance of �-Al2O3 and its many appli-
cations have been well recognized by the research commu-
nity, there is little experimental data on pure samples of
�-Al2O3. Work has been reported on structure determination
using x-ray diffraction �XRD� �Ref. 6� and transmission elec-
tron microscopy �TEM�.18,37 Infrared �IR� spectroscopy,14,20

x-ray emission spectroscopy,13 x-ray photoelectron
spectroscopy,19 and Al NMR spectroscopy20,21,23 have been
used to study �-Al2O3 films or related materials. Electron
energy-loss spectroscopy �EELS� has played a very impor-
tant role in the characterization of �-Al2O3.15–17 However,
most of these measurements are either inclusive of surface
effects, on porous samples, or with intentionally doped
transition-metal elements as part of the sample preparing
process. Without a clear understanding of the properties of
pure bulk �-Al2O3, interpretation of these experimental data
will be difficult or even misleading. In this respect, careful
ab initio calculations on a well defined structural model of
�-Al2O3 can provide much of the missing information that
can be used to properly interpret the data for more complex
and nonstoichiometric samples.

In this paper, we report a comprehensive study of many of
the physical properties of �-Al2O3 based on the structure
published in Ref. 26. The crystal structure reported by these
authors is far superior to other models proposed earlier and
could represent the smallest unit cell of the true bulk
�-Al2O3 that contains all the essential ingredients of the
structure of �-Al2O3. We used their data as the initial struc-
ture and further relaxed the atomic positions with high accu-
racy using the VIENNA Ab initio SIMULATION PACKAGE

�VASP�.42,43 A high energy cutoff of 600 eV and a 5	5
	2 Monkhorst k-point sampling were used. The criteria for
electronic state updating and ionic step updating were set to
10−7 eV and 10−4 eV /Å, respectively. The structure we ob-

tained does not change significantly from that in Ref. 26. The
structural information of this model is listed in Table I to-
gether with that of �-Al2O3. It should be pointed out that due
to atomic relaxation, all atoms in the unit cell are crystallo-
graphically nonequivalent and the structure is more likely to
have a space group of P1. The unit cell of this model con-
tains 40 atoms, 16 Al �6 Altet and 10 Aloct� and 24 O �12
O3-fold and 12 O4-fold� so the cation percentage for Altet �Aloct�
is 37.5% �62.5%�. Likewise, the anion percentage for O3-fold
and O4-fold are both 50%. The reported experimental NMR
data indicated a smaller percentage of the Altet.

20,21,23 How-
ever, the samples used in these studies were all derived at
high temperature with a large percentage of surface area, and
its structure can be significantly different from the bulk crys-
talline model used in the present study. Figure 1 shows the
crystal structure model of �-Al2O3 with distinguishing marks
for the different types of ions and polyhedra. For compari-
son, in the spinel lattice the tetrahedral site and octahedral
site percentages are 33.3%, and 66.7%, respectively. This
implies that there are more tetrahedral sites than octahedral
sites in the present model compared to the ideal spinel lat-

TABLE I. Crystal structure and calculated physical properties of �-Al2O3 and �-Al2O3.

�-Al2O3 �-Al2O3

Space group I41 /amd �NO 141� P1 R-3c �NO 167�
Lattice parameters:

a, b, c �Å� 5.6061, 5.5699, 13.4820 a=b=c=5.128

�, �, � 89.4° 90.0° 120.0° �=�=�=55.3318°

# Atoms/cell 40 10

Altet: 6, Aloct: 10 Altet: 4

O3-fold: 12, O4-fold: 12 O4-fold: 6

Band gap �eV� 4.22 6.33

Upper VB width �eV� 8.8 7.20

Lower VB width �eV� 4.0 3.60


1�0�, n 3.153, 1.776 3.1413, 1.772


1��� at 590 nm=2.10 eV�, n 3.233, 1.799 3.2035, 1.790

Experimental n - 1.769

�p �eV� 20.5 21.1

Average Q� Altet: 1.46 Aloct: 1.58 Aloct: 1.557

O3-fold: 6.99 O4-fold:6.96 O4-fold: 6.962

FIG. 1. �Color online� Ball and stick model of �-Al2O3. The
pink �red� balls are for Al �o�; �b� Same model showing the poly-
hedra with a dark shade for Altet and a light shade for Aloct.
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tice, or equivalently, cation vacancies should be at the octa-
hedral site if the spinel lattice model for �-Al2O3 is adopted.
This is consistent with an earlier investigation22 and with a
number of other studies.24,26 In the spinel lattice, all O are
fourfold bonded. The creation of cation vacancies naturally
leads to threefold bonded O. The distribution of O coordina-
tion in �-Al2O3 has not been discussed in the past. In most
oxides, the likely O coordination is either twofold �bridging�
such as in quartz, or fourfold as in �-Al2O3. It may assume
sixfold coordination in some high-pressure phases such as in
stishovite. The threefold coordinated O is a special feature in
most transition alumina. The electronic structure and spec-
troscopic properties of crystals with threefold coordinated O
can be very different from those with twofold or fourfold
coordination.40,44,45

Our calculations of the physical properties of �-Al2O3
using the above structure includes lattice dynamics and pho-
non spectra, temperature-dependent thermodynamic func-
tions, vibrational contribution to the free energy, bulk elastic
parameters and elastic wave velocities, electronic structure
and bonding, interband optical properties, and x-ray absorp-
tion near-edge structure �XANES� spectra for Al and O with
different local coordinations. In principle, the XANES spec-
tra are similar to the electron energy-loss near-edge spectros-
copy �ELNES� spectra and there are some limited experi-
mental XANES/ELNES measurements for �-Al2O3.15–17 We
are not aware of any previous calculations of the phonon
spectrum of �-Al2O3 using a fully ab initio method. Lodiana
and Parlinski did the phonon calculations for �-Al2O3 and
�-Al2O3� Ref. 46� but not �-Al2O3. Very recently, Lee et al.33

carried out electronic structure and dielectric properties cal-
culations of four alumina polymorphs including �-Al2O3.
They have also calculated the zone-center phonons in these
polymorphs. However, the structure they used for �-Al2O3 is
an earlier model structure,26 different from the one we used
in the present calculation. Our results will be compared with
available experimental data and other existing calculations
whenever possible.

The paper is organized as follows. In Sec II, we describe
our calculations of the vibrational properties and present our
results on the thermodynamic functions of �-Al2O3. In Sec
III, we present the elastic properties and bulk structural pa-
rameters for �-Al2O3 and compare them to �-Al2O3. In Sec
IV, we discuss the results of the electronic structure and
bonding calculated using the orthogonalized linear combina-
tion of atomic orbitals method �OLCAO�.47 The spectro-
scopic properties which include the valence-band optical
properties and the Al-K, Al-L3 and O-K edges of the XANES
are presented and discussed in Sec V. We further discuss
these results and their implications in Sec VI together with a
brief summary.

II. LATTICE DYNAMICS AND THERMO PROPERTIES

In recent years, it has become possible to calculate the
lattice dynamic properties of crystals based on fundamental
ab initio electronic structures.48 The lattice dynamics of
�-Al2O3 were studied within the qausiharmonic approxima-
tion �QHA� by calculating the phonon spectrum using a first-

principles approach. The VASP code in conjunction with an
in-house package GPT �stands for G�P ,T�� were used. A 2
	2	1 supercell was used for the phonon calculation of
�-Al2O3. The calculation is very demanding because the
equilibrium structure must be highly accurate and, since the
160 atom supercell has no internal symmetry to reduce the
computational burden, the interatomic forces for the dis-
placement of every atom must be explicitly computed. In
the present calculation, we used: �1� ultrasoft pseudopoten-
tials with Ceperley-Alder approximation for exchange-
correlation;49 �2� a single  k point for structure optimization
and phonon calculation for the supercell which is sufficient
since the volume of the supercell is kept fixed; �3� “accurate”
accuracy for the VASP calculations with an energy cutoff of
400eV; �4� energy and force convergence criteria of 1.0
	10−5 eV and 0.001 eV /Å, respectively; �5� a 20	20
	20 k-space mesh for Brillouin-zone �BZ� integration of the
phonon density of state �DOS�. The phonon density of states
g��� and the site specific partial density of states �PDOS�
g���� are evaluated according to,

g��� =
1

n
�
q,i

��� − �i�q���

g���� =
1

n
�
q� ,i,�

�e�,�
i �q���2��� − �i�q��� �1�

where �i is the phonon frequency, n is the number of q
points, q and i are wave vector and phonon branch indices, �
is the thermal broadening function and e�,�

i �q�� is the polar-
ization vector of the �th atom along the �th direction for the
ith branch phonon at wave vector q. In the present calcula-
tion, we did not include the correction for the longitudinal
optical �LO� and transverse optical �TO� splitting which re-
quires calculation of the optical dielectric constant and Born
effective charges of each nonequivalent atom using the Berry
phase method.50 We do not expect it to have a large effect in
the present study for �-Al2O3.

Figure 2 shows the calculated phonon-dispersion curves
along the high-symmetry directions of the BZ. For a better
comparison with corundum, we approximated the BZ to be
that of a hexagonal lattice since in the present model for
�-Al2O3 �a�b, � and ��90°, and ��120°�, see Table I for
more details. The 40 atom cell gives a total of 120 branches
with the maximum frequency just shy of 900 cm−1. The cor-
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FIG. 2. Calculated phonon-dispersion spectrum of �-Al2O3.

AB INITIO STUDY OF THE PHYSICAL… PHYSICAL REVIEW B 78, 014106 �2008�

014106-3



responding phonon DOS and partial DOS are shown in Fig.
3. The notable Von Hove peak at the high frequency of
750 cm−1 is due to “breathing”-like Al–O bond stretching of
the tetrahedral AlO4 unit, which is notably higher than cor-
responding modes in corundum.46 This can be explained by
the shorter Al–O bond distance of about 1.73 Å found in the
present model. The Von Hove peak near 500 cm−1 is due to
the breathing mode of the octahedral AlO6 unit. The overall
DOS of �-Al2O3 resembles that calculated for �-Al2O3 using
first-principles methods.33 There is notable broadening of the
few localized modes in comparison to corundum. The broad-
ening of these localized modes and the reduction of some
more diffusive peaks reflects the disruption of longer range
order while maintaining short-range order in the �-Al2O3

model. This may be viewed as a signature of an amorphou-
slike structure.

The zone-center vibrational modes give information on
the Raman and IR active modes in a solid. Because of the
reduced symmetry, symmetry analysis for these modes in
�-Al2O3 will not be informative. Instead, we plot the zone-
center mode frequencies as a histogram in Fig. 4 with a small
window of 5 cm−1. According to the calculation, the four
lowest frequencies are at 97.6, 103.8, 136.0, and
136.4 cm−1. The highest frequency mode is at 870.8 cm−1.
A peak at 750 cm−1 is also present which contributes to the
peak in the DOS of Fig. 3.

From the phonon spectrum of �-Al2O3 at different vol-
umes V �see below�, we can obtain the mode-Grüneisen pa-
rameter for each phonon branch defined as:

�i�q� = − ��ln �i�q�	/��ln V	 . �2�

The Grüneisen parameter is often used to characterize fre-
quency changes under applied strain. We found that most
mode-Grüneisen parameters are positive and dispersed
around 1.0 similar to those of corundum.51 However, the
lowest optical mode gives a negative mode-Grüneisen pa-
rameter of −0.20, a feature found in many bulk amorphous
materials.52–54

We now proceed to the calculation of Gibb’s free energy
G�P ,T� or G�V ,T� for �-Al2O3. Once the phonon spectrum
is calculated, it is possible to estimate all other thermody-
namic functions.48 Within the Born-Oppenheimer approxi-
mation, the Helmholtz free energy of a solid can be decom-
posed into two parts:

F�V,T� = Fel�V,T� + Fvib�V,T� , �3�

where V is the volume of the unit cell, T is the temperature,
Fel�V ,T� and Fvib�V ,T� are free-energy contributions due to
electron motion and nuclear vibration, respectively. For in-
sulators at ambient temperature, the thermal excitation en-
ergy and entropy contribution to electron free energy
Fel�V ,T� are negligible, and we may write:

Fel�V,T� = Uel�V,T� − TSel�V,T� 
 Uel�V,0� = Eel�V� ,

�4�

where Eel�V� is the ground-state total energy for the electrons
within the framework of density-functional theory. Within
the QHA, the nuclear vibrational free energy is given by,

Fvib�V,T� = �
q

BZ

�
i

3N

� 1
2��i�V,q�� + kBT ln�1 − e−��i�V,q��/kBT�	

�5�

where the first term in the summation is the zero-point en-
ergy, q is a wave vector in the BZ, i is the phonon branch
index, �i�V ,q� is the phonon frequency of the ith branch at
wave vector q for volume V. The vibrational entropy
Svib�V ,T� can be calculated according to,
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Svib�V,T� = �
q�

BZ

�
i

3N �kB ln�1 − e−��i�V,q��/kBT�

+
��i�V,q��

T

e−��i�V,q��/kBT

1 − e−��i�V,q��/kBT� . �6�

From the Helmholtz free energy F�V ,T�, we can now evalu-
ate the Gibbs free energy G�P ,T� and enthalpy H�P ,T�,

G�P,T� = F�V,T� + PV, H�P,T� = G�P,T� + TS , �7�

where

P�V,T� = − ��F/�V�T �8�

and S is the vibrational part of the entropy. The specific
procedures used in the GPT package to calculate the Gibbs
free energy G�P ,T� are outlined as follows: �1� A series of
phonon calculations are performed at different volumes;
typically, deviating from the ground-state volume by −3% to
3% at 1% increments. For each volume, the crystal structure
is fully optimized allowing both crystal shape and internal
coordinates to be adjusted. F�V ,T� is then calculated for that
volume. �2� The pressure P�V ,T� is calculated based on Eq.
�8�. At a given temperature T, the Helmholtz free energy
F�V ,T� is fitted into a fourth order polynomial function of
the volume V. The fitting process is carefully monitored as it
may indicate that either higher accuracy in the phonon cal-
culation is desirable or more phonon calculations at different
volumes are needed. The obtained polynomial function is
then used to calculate Holmholtz free energy F�V ,T� at a
given P and V. �3� The Gibbs free energy G�P ,T� and en-
thalpy H are calculated using the obtained P�V ,T� in the
previous step. We first obtain volume V for given pressure P
and temperature T and then calculate Gibbs free energy and
enthalpy using Eq. �7�.

From the above obtained Helmholtz free energy F�V ,T�,
entropy S�V ,T�, pressure P�V ,T�, and Gibbs free energy
G�P ,T�, it is straightforward to calculate other important
thermodynamic properties. These include the constant vol-
ume specific heat Cv=T��S /�T�V, volume thermal-expansion
coefficient �V�T�=d�ln V�T�	 /dT, isothermal bulk modulus
B�T�=−1 / �d�ln V�T�� /dP	, thermal Grüneisen parameter
�th= �V�V�T�B�T� /CV�, and constant pressure specific heat
CP= �1+�th�V�T��CV. Figures 5 and 6 summarize some of
the calculated temperature-dependent thermodynamic func-
tions for �-Al2O3 discussed above. At ambient conditions of
P and T=295 K, the volume thermal-expansion coefficient,
volume specific heat, isothermal bulk modulus, thermal Grü-
neisen parameter, and constant pressure specific heat are
found to be 13.62	10−6 K−1, 794 J /K kg, 195.66 GPa,
0.910, and 794 J /K kg, respectively. Compared to the cor-
responding values for corundum �16	10−6 K−1,
775 J /K kg, 255 GPa, 1.30, and 775 J /K kg�,55 �-Al2O3
has a slightly larger heat capacity and smaller bulk modulus,
thermal-expansion coefficient and thermal Grüneisen param-
eter.

III. STRUCTURAL PROPERTIES

Most of the structure properties of a crystal can be easily
derived from its elastic constants. The elastic constants of
�-Al2O3 are calculated using the VASP optimized structure
and the elastic tensor module included in the GPT package
that was designed for efficient evaluation of the stress-strain
response. Details about the method have been described in a
recent paper.56 In the actual calculation for �-Al2O3, seven
strain levels 
 j ranging from −1% to 1% were applied to
each independent deformation and the stress data �i were
collected from the fully ab initio calculations. The elastic
constants Cij were then extracted by solving the system of
linear equations,�i=� j=1

6 Cij
 j. The resultant elastic constants
Cij for �-Al2O3 are listed in Table II. Note that for the up-
right off-diagonal 3	3 matrix in the elastic tensor, only C14,
C24, and C34 are nonzero. Apparently, the elastic tensor of
�-Al2O3 in the present structure shows the symmetry of a
monoclinic crystal lattice with a twofold-symmetry axis in
the x direction or a mirror plane perpendicular to the x axis.57

From the calculated elastic constants of a single crystal, it
is possible to extract the bulk structure parameters K �bulk
modulus�, G �shear modulus�, E �Young’s modulus� and �
�Poisson’s ratio� of polycrystalline �-Al2O3. Although there
are different ways of getting the bulk structural parameters,
the scheme we used is the Voigt-Reuss-Hill �VRH� approxi-
mation which averages anisotropic elastic properties of the
single crystal to obtain isotropic properties of the corre-
sponding polycrystals.58–60 The calculated elastic constants
and bulk parameters using the VRH scheme are listed in
Table III together with that of �-Al2O3 for comparison. To
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our knowledge, this is the first time such data were calcu-
lated for �-Al2O3 based on whatever structures were as-
sumed. In general, �-Al2O3 has smaller elastic constants than
�-Al2O3 except for C14 where �-Al2O3 is significantly larger
by almost 80% �34.9 GPa vs 19.4 GPa�. �-Al2O3 also has a
slightly larger Poisson’s ratio which indicates that it is less
compressible. The calculated bulk modulus for �-Al2O3 is
204 GPa, larger than the value of 175 GPa reported in Ref.
35 and smaller than the value of 219 GPa of Ref. 26. Obvi-
ously, the difference comes from the different structural
models used for �-Al2O3. We are not aware of any experi-
mental bulk modulus for �-Al2O3. Even if it is available, it
could be somewhat smaller than the theoretical values be-
cause of the thin-film or porous nature of the samples.

From the elastic tensor, we can compute the elastic wave
velocity along specific directions by solving the Christoffel
wave equationm,61

�v2ui = Cijklljlkul. �9�

In Eq. �9�, � is the density, v is the elastic wave velocity, C is
the elastic tensor, l is the direction of the k vector, and ui is
the polarization of the elastic wave. Figure 6 displays the
inverse sound velocity of the three acoustic modes along all
directions in the x-y, y-z, and z-x planes. The longitudinal
high-frequency mode is nearly spherical, indicating that the
longitudinal wave is isotropic in the x-y plane. The two
transverse modes, however, show a sixfold symmetry which
is a feature of a crystal lattice with a threefold symmetry, i.e.,
the trigonal lattice. We note that the anisotropy is significant
only for the transverse modes. For longitudinal waves, the

�-Al2O3 behaves like a homogenous media. This may indi-
cate that some crystalline features remain in the present
�-Al2O3 model.

IV. ELECTRONIC STRUCTURE AND BONDING

The electronic structure and bonding in �-Al2O3 is stud-
ied using the first-principles OLCAO method.47 Over the
years, we have been using this DFT-based method in its local
approximation �LDA� for electronic structure and optical
properties calculations of many crystals and complex micro-
structures with great success.47,62–73 The method has been
amply described in published papers and should not be re-
peated here. In the present study, we used the atomic orbitals
of Al �1s ,2s ,3s ,4s ,5s ,2p ,3p ,4p ,5p ,3d ,4d� and O
�1s ,2s ,3s ,4s ,2p ,3p ,4p� for a full basis expansion. A large
number of k points �864� in the irreducible portion of the BZ
are employed in the BZ integration.

The calculated band structure and total DOS are show in
Figs. 7 and 8, respectively. For convenience, we used the
notation of a hexagonal lattice to label the symmetry points
and axes. The calculated band structure for �-Al2O3 is al-
most identical to that of Ref. 30 using a different method.
�-Al2O3 is an insulator with a sizable LDA gap of 4.22 eV.
The real gap could be 30%–35% larger to account for the
deficiency of the LDA theory. The top of the valence band
�VB� is rather flat from A to  and the bottom of the con-
duction band �CB� is at  and consists of a single band. As
indicated in Fig. 1, we classify the atoms in �-Al2O3 as Altet,
Aloct, O3-fold, and O4-fold on the basis of their local coordina-
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FIG. 6. �Color online� Plots of sound velocity in a plane. �a� x-y plane velocity plot shows the sixfold symmetry in two quasishear modes.
�b� y-z plane velocity plot has twofold symmetry in both the longitudinal and transverse modes. One shear wave mode is pure. �c� z-x plane
velocity plot has a twofold symmetry in both modes. There is no pure mode in the plane.

TABLE II. Elastic tensor of �-Al2O3.

Cij 1 2 3 4 5 6

1 4162.5 1272.3 979.3 348.5 0 0

2 1272.3 3908.5 1005 −305.8 −0.3 0

3 979.3 1005 3902.5 75.8 0 0

4 348.5 −305.8 75.8 892.5 0 −0.3

5 0 −0.3 0 0 942.5 442.0

6 0 0 0 −0.3 442 1365.0
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tion. The partial DOS �PDOS� for the two types of Al and
two types of O are shown in Fig. 8. It can be seen that there
are enormous differences between the PDOS of Altet and
Aloct, and also between O3-fold and O4-fold. For Al, the main
differences are in the CB whereas for O, the differences are
mostly in the VB region. Altet has a huge peak at 7.3 eV in
the lower CB region and another peak at 13.7 eV. From
orbital-resolved PDOS �not shown�, it is revealed that the
lower peak involves strong hybridization of Al-p and Al-3d
orbitals whereas the higher peak predominately originates
from the 3d orbitals. The Aloct has a completely different CB
DOS, featuring two main peaks at 11.5 and 13.7 eV. The
orbital origins of these peaks are states dominated by Al-3d
and Al-4p orbitals, respectively. These different features in
the CB DOS are also reflected in the different XANES/
ELNES spectra to be discussed in Sec. V.

The PDOS for the O can be clearly divided into two seg-
ments, the upper 2p band �0 to −8.8 eV� and the lower 2s
band �−16.4 to −20.4 eV�. The spectral weights of the O3-fold
and O4-fold in these two regions and their peak positions are
different. By having one more bond, O4-fold has peaks in the
PDOS at a lower binding energy than does O3-fold, so, the
O-2s peaks are centered at −18.5 and −17.1 eV, respec-
tively. The top of the VB is derived mostly from the 2p states
of O3-fold. The peak structures and their binding energies can
be easily revealed by x-ray photoelectron �XPS� or soft x-ray
emission spectroscopy. However, it takes theoretical results
to resolve them into partial components of atoms with differ-
ent local coordination. The VB DOS is in good agreement
with the XPS data of Ealet et al.19 Our calculated DOS and
PDOS have minor deviations from that of Digne et al.35

which can be attributed to the difference in the structural
models used for �-Al2O3.

Figure 9 shows the localization index Ln of each electron
state n across the energy range according to:

Ln = �
i,�

�
j,�

C
i�
*n

Cj�
n �2

, �9��

where Ci�
n are the eigenvector coefficients for the nth state

with orbital and atomic specifications of i and �. Each data
point is the average of the states over all k points in the BZ.
Ln is used mostly to characterize electron states of amor-
phous systems using large structural models.74–76 For a non-
crystalline solid, the states near the band edges are usually
more localized. It is interesting to note that even with only
40 atoms in the cell, the Ln shows the states at the top of the
VB to be highly localized, indicating that �-Al2O3 resembles
more of an amorphous glass than an inorganic crystal. In-
spection of the wave functions �also from the PDOS of Fig.
8� reveals that the two highly localized states at the top of the
VB originate from two of the 12 O3-fold atoms �labeled with
atom number 19 and 21�. What makes these two O3-fold at-
oms different from the others such that they are responsible
for the highly localized electron states at the top of the VB?
We found that these two atoms experience the least signifi-
cant charge transfer from Al, or that they have a more cova-
lent character to their bonding �see Fig. 10�. These two atoms
are also the only O3-fold atoms in the tetrahedral units that
contain only one O3-fold ion, and they have a total bond order

TABLE III. Calculated elastic constants and bulk structural parameters of �-Al2O3 and �-Al2O3 in unit of GPa.

Crystals C11 C12 C13 C14 C33 C44 C66 K G E �

�-Al2O3 416.3 127.2 97.9 34.9 390.3 89.3 136.5 204.0 113.2 286.5 0.266

�-Al2O3 476.8 157.4 119.4 19.4 - 145.5 - 246.9 158.5 391.6 0.237
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value that is �0.2 greater than the other tetrahedral units �see
discussion below�. This indicates that these two O3-fold atoms
have particularly strong bonds within the specific AlO4 tet-
rahedral units. These are the same O3-fold ions that give the
strong vibrational peak at 750 cm−1 discussed in Sec II.

The Mulliken effective charges Q� on each atom and the
bond order �BO� �or the overlap population� between pairs of
ions in a crystal are very useful quantities to describe inter-
atomic bonding and charge transfer. They are calculated
separately using a minimal basis set. In the OLCAO method
where the wave functions are expanded in terms of localized
atomic orbitals, the application of the Mulliken population
analysis77 to obtain Q� and BO is both convenient and natu-
ral since it involves no artificial choice of atomic radii for
different types of atoms. In some other electronic structure
methods where plane-wave basis sets are used for expansion,
the Bloch functions need to be projected onto atomic spheres
of a given radius. Such procedures introduce some uncer-
tainty since there is no specific criterion as to what radius
should be used for Altet and Aloct, or for O3-fold and O4-fold.
Figure 10 displays the calculated Q� of the 40 atoms �Al and
O� in �-Al2O3. Figure 11 shows the distribution of the cal-
culated BO values and the bond lengths between different
Al-O pairs. These results can be succinctly summarized as

follows: �1� Q� is lower in Altet compared to Aloct with av-
erage values of 1.46 and 1.58 electrons, respectively; �2� The
Q� for Aloct is fairly constant whereas Altet has larger varia-
tions; �3� the Q� for O3-fold are slightly larger than for O4-fold
with average values of 6.99 and 6.96, respectively. There are
variations within each group. �4� The Al–O bond lengths
show two distinct values for Altet, while for Aloct they have
either two or three distinct values. The corresponding BO
values scale approximately inversely with the bond length.
�5� The BO values for Altet-O are higher than those of
Aloct-O, indicating a stronger individual Al–O bond in the
tetrahedral unit than in the Al octahedral unit. These shorter
and stronger bonds, when stretched, give rise to the charac-
teristic peak at 750 cm−1 described in Sec II. However, by
adding the 4 or 6 bonds in each unit, the total BO for the
octahedral unit has an average value of 1.08 compared to the
total BO for the tetrahedral unit of 1.01. This indicates that
the octahedron is still a stronger polyhedral unit in �-Al2O3.

V. SPECTROSCOPIC PROPERTIES

The spectroscopic properties of �-Al2O3 consists of two
parts: �1� The interband optical transitions from valence band
to conduction band, �2� The core-level transitions from Al 1s,
O 1s �K edges� and Al 2p �L3 edge� to the empty CB states.
The VB optical properties of �-Al2O3 were calculated in the
form of the frequency-dependent complex dielectric function

����=
1����+ i
2���� and the energy-loss function
ELF�����=−Im�1 /
������. The interband optical calcula-
tions were performed in the standard one-electron approxi-
mation within the random-phase approximation using the
electronic structures from the ground-state LDA
calculation.47 No special adjustment for the band gap was
attempted and the calculation includes the full momentum
matrix elements between VB and CB states using ab initio
wave functions at 864 k points in the irreducible portion of
the BZ. The calculated results are shown in Fig. 12. The
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calculated 
2���� has a peak at 11 eV and a broad shoulder
at about 16.7 eV. These features are comparable to the ones
obtained by Ahujal et al.29 using a different method and a
slightly different structural model. The real part 
1�h�� was
obtained from Kronig-Kramers conversion of the 
2����.
The optical dielectric constant 
1�0� has a value of 3.15. This
value compares well with 
�=3.11 using an entirely different
method.33 The square root of 
1�0� is frequently used to es-
timate the optical refractive index n. We obtained a value of
n=1.78 for �-Al2O3. Unfortunately, we cannot locate any
experimentally measured refractive index data to compare
with. The values of 
1�0� and n for �-Al2O3 in similar cal-
culations are 3.14 and 1.77, respectively.78,79 The plasma fre-
quency �p corresponds to the frequency of collective elec-
tron excitation in the bulk crystal. In the present calculation,
�p was identified to be 20.5 eV from the peak position in the
energy-loss spectra. It is obvious that this peak is not as
prominent as one would like to see because of the limited
accuracy of the optical-absorption spectrum at higher transi-
tion energies. The numerical inaccuracy in the high-
frequency region is greatly amplified in the ELF���� which
is inversely proportional to 
����.

The XANES absorption edges �O-K, Al-K, Al-L3� of
�-Al2O3 are calculated using the supercell OLCAO method
which takes the core-hole interaction into account.80 This
method has emerged as one of the most accurate methods for
XANES/ELNES spectral calculation for inorganic crystals in
recent years. It has been successfully applied to a large num-
ber of complex crystals and their interfaces, surfaces, grain
boundaries, and other microstructures.45,73,81–95 Since the
method of such calculations has been described in many re-
cent papers, we only outline the calculations briefly here. A
2	2	1 supercell �160 atoms� for �-Al2O3 was used in the

calculation. Because all atoms in the present model of
�-Al2O3 are nonequivalent, the spectra were calculated for
each of the 16 Al ions �K and L3 edges� and 24 O ions �O-K
edge� in the unit cell. For each target atom, the calculation
entails separate evaluations for the initial state �the core state
in the ground-state calculation� and the final states �the
conduction-band states with one of the core electron pro-
moted to the bottom of the conduction band�.80 The final
spectrum is obtained as the transition probability from the
initial to the final state in accordance with the Fermi Golden
rule.96 The dipole transition matrix elements between the ini-
tial and the final states are explicitly included using 8 k
points in the reduced BZ of the supercell to ensure accuracy.
The transition energy is obtained as the difference in the total
energies between the initial and the final-state calculations of
the supercell for each spectrum.

Figure 13 shows the calculated Al-K, Al-L3, and O-K
edges for �-Al2O3. For Al, the total edge is the weighted sum
of the spectra of Altet and Aloct which are also presented.
Likewise, the total spectrum for O-K edge is the weighted
sum of those of O3-fold and O4-fold. As has been pointed out in
numerous cases,45,81,86,90,94,95 the spectral features including
the absorption edge on set, depend sensitively on the local
bonding environment of each cation or anion. It is impos-
sible to experimentally distinguish the spectra from the two
types of Al ions and two types of O ions in the actual mea-
surement. This has contributed to difficulties in the interpre-
tation of the measured XANES data. Even for ions with the
same local bonding environment say, Altet, their spectra can
be somewhat different from each other because these atoms
are not equivalent. So, the spectra shown in Fig. 13 are the
averaged spectra of the 6 �10� for Altet �Aloct� and 12 �12� for
O3-fold �O4-fold� calculations. It is clear that the combined total
spectra are fundamentally different from their constitutive
groups. A more detailed inspection reveals that even within
each group of ions with similar local bonding, their edge
spectra can vary depending on the structural details such as
bond lengths and bond angles. This fact has been amply
demonstrated in a recent comprehensive study of ten inor-
ganic crystals within the Y-Si-O-N series.36 The calculated
Al-K, Al-L3, and O-K edges in �-Al2O3 are noticeably dif-
ferent from those in �-Al2O3 which has unique octahedrally
bonded Al and fourfold bonded O sites.80

There are only a few published papers with experimen-
tally measured ELNES/XANES spectra for �-Al2O3.15–17

These are shown in Fig. 14 for Al-L and in Fig. 15 for O-K
together with the calculated spectra. The overall agreement
between the calculated and the measured spectra is very sat-
isfactory. The main discrepancy in the Al-L edge appears to
be in the relative intensities of the double peak above the
edge on set. Kimoto et al.17 attributed these two peaks,
which are separated by about 1.6 eV, to Altet and Aloct on the
basis of a similar calculation using the structure of the �
phase. The present results that are obtained by using the
correct structural model for �-Al2O3 show that these two
peaks mainly come from the Altet site. The mixing with Aloct
only modifies the peak intensity and makes them less sharp.
It is also noted that the peak positions and the edge on-sets in
the Al-L edge from the three different experimental groups
are slightly different. This could be attributed to variations in
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the samples used in the measurements. The minor disagree-
ment in the Al-L edges with experiment can also be ex-
plained by the possible surface effect where the surface Al
atoms are fivefold bonded.18 This could change the intensity
ratio of the two leading peaks in the measured spectrum.
Calculations of the XANES spectra for other transition
alumina97 show that the Al-L edge and the O-K edge differ
from those of �-Al2O3 even when their local coordination is
the similar. In Fig. 15, the experimental data for the O-K
edge15 are presented for comparison. As can be seen, the
agreement in the asymmetric shape of the spectrum with the
calculation is very satisfactory. The experimental spectrum

has much less energy resolution so some of the features
present in the calculated spectrum cannot be resolved.

VI. DISCUSSION AND SUMMARY

The above rather comprehensive list of the calculated
physical properties of �-Al2O3 based on the proposed struc-
ture in Ref. 30 and their good agreement with the available
experimental data give credence to this structure for
�-Al2O3. In the cases where the agreement is less than de-
sirable, it can be attributed to possible sample variations
since �-Al2O3 is not in the form of a single crystal and may
not even be totally stoichiometric. Various previous studies
indicated the importance of the surface effect in porous
�-Al2O3. The present calculation is for a bulk �-Al2O3
model with a unit cell with 40 atoms. When performing a
comparison with the measured physical properties, this fact
must be taken into consideration.

Our main conclusions are that �-Al2O3 should “not” be
considered to have an underlying crystalline structure �cubic
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spinel or otherwise� accompanied by defects �cation vacan-
cies�. Rather, it should be viewed as an amorphous random
network structure of Al–O bonds where Al can be either
tetrahedrally or octahedrally bonded, and the corresponding
O will have to be either threefold or fourfold bonded. In such
a structure, the notion of cation vacancy in a regular spinel
lattice loses its meaning entirely. Indeed, a detailed simula-
tion studies by Wolverton et al.,25 Krokidis et al.,34 Digne et
al.35 and Paglia et al.28 already show that the nonspinel
model where no spinel sites are occupied by Al atoms is the
best representative for the structure of �-Al2O3. The calcu-
lated electronic structure of �-Al2O3 has significant differ-
ences when compared to �-Al2O3 and �-Al2O3� Ref. 40�
calculated using the same method. This is mainly due to
different percentages of Altet, Aloct, O3-fold, and O4-fold. Table
IV lists the percentages of these local units for �-Al2O3,
�-Al2O3, and the other two transition alumina �-Al2O3�Refs.
6 and 40� and �-Al2O3.6 Hence, an appropriate model for
�-Al2O3 probably should be that of a glasslike random net-
work structure with well defined local short-range order but
no long-range order. Additional modeling work in this direc-
tion is highly desirable. The structure determined by Ref. 30
clearly represents the smallest unit cell for an amorphous
network that accounts for all the essential characteristics of
�-Al2O3. It is highly desirable to extend the modeling effort
to larger amorphous models for �-Al2O3 and even those with
internal voids and surfaces which can rationalize the differ-
ence with some experimental observations. In these amor-
phouslike models, there could be some variations in the per-
centages of Altet and Aloct as well as O3-fold and O4-fold.

The above viewpoint is further supported by several facts.
First, there exist highly localized states at the top of the VB,
characteristic of an amorphous solid. Second, the variations
in the Mulliken effective charges and BO values in the
present model also indicate that the atomic structure within
the 40-atom cell is quite disordered. This is true for both the
cations and the anions and within groups of atoms with the

same type of local bonding. Third, the calculation of the
mode-Grüneisen parameter shows two negative values,
pointing to the fact that �-Al2O3 is amorphouslike. Fourth,
the calculated vibrational DOS show broadened features
characteristic of an amorphous solid. Lastly, the comparison
between the calculated and measured XANES spectra sup-
ports this view. The individual XANES/ELNES spectra of
atoms with the same type of bonding environment also show
variations yet the sum of these spectra show agreement with
experiments. Although there are some minor discrepancies in
the comparison related to the relative peak strengths, they are
explained by the experimental samples which may not cor-
respond exactly to the pure stoichiometric �-Al2O3. Indeed,
molecular dynamic simulations41 on amorphous Al2O3 indi-
cated that the structure of amorphous Al2O3 has a close re-
semblance to �-Al2O3 surfaces with different coordinating
units including fivefold Al at different densities.

The calculation of the phonon spectrum in the present
model of �-Al2O3 is particularly challenging since there is
no internal symmetry in the model to reduce the calculation.
Furthermore, the calculation of the temperature-dependent
Gibb’s free energy G�P ,T� in �-Al2O3 points to the eventual
description of the various phases in transition alumina based
on a full thermodynamic treatment. The calculation of bulk
elastic properties indicates that �-Al2O3 is less rigid than
�-Al2O3. The model used here does not include any porosity
at all. If the porous nature of �-Al2O3 is taken into account,
the mechanical properties will likely be even weaker. Such
studies will be important for future large scale modeling of
�-Al2O3.
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