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Coulomb blockade for an oscillating tunnel junction
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We consider a tunnel junction formed between a fixed electrode and an oscillating one. Accumulation of the
charge on the junction capacitor induces a force on the nanomechanical oscillator. The junction is voltage
biased and connected in series with an impedance Z(w). We discuss how the picture of Coulomb blockade is
modified by the presence of the oscillator. Quantum fluctuations of the mechanical oscillator modify the I-V
characteristics particularly in the strong Coulomb blockade limit. We show that the oscillator can be taken into
account by a simple modification of the effective impedance of the circuit. We discuss in some details the case
of a single inductance Z(w)=iLw and of a constant resistance Z(w)=R. With little modifications the theory
applies also to incoherent transport in Josephson junctions in the tunneling limit.
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I. INTRODUCTION

The improved ability to build electronic devices on the
nanometer scale opens the perspective to exploit and study
the coupling between electronic transport and mechanical de-
grees of freedom.!? The elementary system typically consid-
ered in nanoelectromechanics is the harmonic oscillator
coupled in some way to the electronic degrees of freedom. A
widely studied device is the single-electron transistor, which
consists in a small metallic island connected to the leads
through two tunnel barriers. The oscillating part of the device
can be either a nearby gate electrode or the island itself. The
motion of the device modifies mainly two quantities: the
capacitances and the (bare) tunneling rates. According to
which dependence dominates, several effects have been pre-
dicted or observed. When only the capacitance is modified
by the oscillation, it has been shown in the weak-coupling
limit that the variance of the oscillator position satisfies the
equipartition theorem with the voltage bias replacing the
temperature.’ Under specific conditions, the system may also
undergo dynamical instabilities.*® In the strong-coupling
limit, a new kind of current blockade (Frank-Condon block-
ade) has been predicted.”' This effect also persists in the
classical limit.!'~!®> When the oscillation modifies the dis-
tance between the metallic leads, it has been shown that a
dynamical instability can occur.!#-?° This instability (called
shuttle instability) is characterized by a synchronization of
the electronic transport with the mechanical oscillations, as is
clearly seen from the full counting statistics of charge
transport.”’>? Observation of shuttling is difficult since the
distance between the metallic leads must be comparable with
the tunneling length in order to produce a measurable
current.”>2° Very recently indications of shuttling have been
found by Kim et al.?’ probably in an intermediate regime
between tunneling and field emission. The wide interest for
the single-electron transistor comes from its high sensitivity
to a small variation of the gate voltage. Thus, it can be used,
for instance, as a sensitive displacement detector”® and it has
been shown to reach the quantum back-action limit.?

An even simpler device is the single tunnel junction
where the distance between the two metals constitutes the
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mechanical degree of freedom. The effect of the position
dependence of the tunneling resistance has been already con-
sidered in the literature,’®2 both for the current and the
noise of the device. In this case, the force acting on the
oscillator originates from the electron-momentum transfer.
Recently, the position fluctuation has been detected by mea-
suring the current fluctuations.®® This experiment probed the
back action of the current crossing the tunnel junction on the
oscillator. Apparently, the position dependence of the tunnel-
ing matrix elements is not sufficient to explain the intensity
of the back action. To our knowledge, the effect of the force
coming from the variation of the capacitance C as a function
of the distance between the leads has not been considered in
this context so far. A particularly interesting case is when the
device is voltage biased in series with an impedance Z(w)
leading, under certain conditions, to the Coulomb blockade
physics.’* Then, similarly to what happens for the single-
electron transistor, one can expect that a small position de-
pendence of the capacitance can affect the current-voltage
characteristics of the device.

In this paper, we consider the effect of the mechanical
oscillator on the -V curve. We will work within the assump-
tions of the standard Coulomb blockade theory.>* Specifi-
cally, we assume that the tunneling resistance is sufficiently
large so that the oscillator and the electromagnetic environ-
ment have time to relax to equilibrium between two tunnel-
ing events. This is the opposite limit with respect to the one
considered in Refs. 31 and 32 for the tunneling dependent
Hamiltonian. There, the tunneling is so frequent that the sys-
tem may reach a stationary off-equilibrium state. Restricting
to the linear coupling of the oscillator with the electromag-
netic modes, we will discuss the effect of the quantum fluc-
tuations of the mechanical oscillator on the current.

The paper is organized as follows. In Sec. II we describe
the model and its range of validity. We show that within a
linear approximation the mechanical oscillator can be ac-
counted by an effective impedance. In Sec. III we consider
two specific cases of Z(w) and discuss the resulting conduc-
tance at zero temperature. In Sec. IV we consider the case of
an oscillating Josephson junction by extending the results of
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FIG. 1. Schematic representation of the system. A tunneling
contact is formed between an oscillating electrode (here depicted as
a STM tip) and a fixed surface. The oscillator is modeled by a
spring constant k£ and an effective mass m. The junction between the
tip and the plate is characterized by an effective capacitance C(x)
and resistance Rp(x), where x denotes the position of the tip. The
circuit is closed by an impedance Z and a voltage source V.

Sec. III to the superconducting case. Section V gives our
conclusions.

II. MODEL

We consider the electronic transport through a circuit
composed of a tunnel junction in series with an arbitrary
impedance Z(w) and biased with an ideal voltage source V.
We assume that one of the two metallic leads forming the
tunnel junction is free to oscillate and can thus modify its
distance with respect the other one. The single degree of
freedom describing the oscillation is given by x, the oscilla-
tor position. Its effective mass and spring constant are m and
k, respectively. The tunneling surface is very small. Thus, it
is important to account for the effective capacitor forming at
the tunnel barrier. Its capacitance C(x) depends on the posi-
tion of the oscillator. The tunneling resistance R;(x) may also
depend on x. In the following we will neglect this depen-
dence by showing that its effect is negligible with respect to
that of C(x) in the regime of rare tunneling events that we are
considering. The device is depicted schematically in Fig. 1.

A. Time scales

As anticipated in Sec. I we will work within the same
hypothesis that are commonly used to describe Coulomb
blockade. Specifically, we assume that the relaxation times
for the electromagnetic environment, 1/yz-=RC, and for the
oscillator, 1/, are shorter than the average time between
two tunneling events, 7,~eR;/V. Here, R~Re[Z] is the
typical resistance associated with the impedance Z and v is
the damping coefficient of the mechanical oscillator with fre-
quency w,,=\k/m. If 1/yge, 1/y<T, the system has time
to come back to the equilibrium state after an electron has
crossed the tunnel barrier. This allows us to calculate the
average current on the equilibrium quantum state of the en-
vironment. It gives the following limitations on the voltage:
eV<E-R;/R) and eV<e’yR;, where E-=e*/2C is the
Coulomb energy. Since we are interested in the range of
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voltages around E /e, we assume that Ry;>R and Ry
>1/Cvy. The first condition is the standard tunneling condi-
tion; the second involves the mechanical damping. One
should remember that the damping of the oscillator also de-
pends on the impedance of the circuit. Thus, even if the
oscillator is not damped by a mechanical source, its quality
factor would not be infinite. In the limit of large R; the above
conditions can thus always be satisfied.

Let us now discuss the effect of the position dependence
of the tunneling resistance. To evaluate the importance of
this effect for the dynamics of the junction, we consider the
effective friction coefficient generated by the position depen-

dence of Ry’
Ro( x, 2
B

where RQ:27Tﬁ/e2 is the quantum of resistance, xi

=fi/2mw,, is the (square of the) zero-point motion amplitude
of the oscillator and Ay is the tunneling length defined by
)\}1 =(dRy/dx)/Ry. The explicit expression of the friction co-
efficient induced by the electromagnetic dissipation is given
below for a specific case [cf. Eq. (28)]. Independently on its
explicit form, what matters is that it does not depend on the
tunneling resistance since the damping is due to the environ-
ment and the capacitive coupling. Thus the ratio y;/y can
always be made small by choosing a large enough tunneling
resistance. Then we may safely neglect the position depen-
dence of the tunneling matrix elements. We will come back
to this point at the end of Sec. III.

B. Derivation of the general expression for the current

The Hamiltonian describing the system is the following:
H=Hj+HDSC+HEM’ (2)

where H;=S&clep+3,€,chc,+Hy with Hr=A+A" and A
:Ek,qtkqe”"(’)c,th. Here, k and ¢ label the femionic eigen-
states in the fixed and oscillating electrode, respectively, ¢, is
a destruction operator in state k, with energy &, and 1, is the
tunneling matrix element. The phase ¢(f) is obtained by in-
tegrating the voltage difference at the junction: ¢(z)
=J"..(eV,(t')/h)dt'. For a constant voltage-biased junction
¢(t)=eVt/h. However, due to the impedance in series with
the junction, the voltage fluctuates and, in general, V; is dif-
ferent from V. The Coulomb blockade physics stems from
the behavior of the phase ¢ and, specifically, from its corre-
lation function. The current through the junction can be ob-
tained by perturbation theory in H;. The operator for the
current from the mobile electrode to the fixed one reads
I=—ie(A—A")/%. Linear response theory gives

o0

1= 53l |
q
— (070N f (1= £)]. 3)

where fk,qzl/(eﬁgkvwl) are the Fermi distributions in the
leads and g3 is the inverse temperature. In order to include the
quantum fluctuation of the electromagnetic fields, the phases

dt e—i(gk—gq)z/ﬁR o1 ei¢(0)>fk(1 _ fq)

o0
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in this expression must be regarded as operators whose dy-
namics is determined by the rest of Hamiltonian (2). We will
restrict to the quadratic part of the Hamiltonian. Within this
approximation, the fields ¢ satisfy Wick theorem and expres-
sion (3) can be simplified by making use of the exact rela-
tion,

(e ¥D=1B0)y = (I(O-1(0) (4)

where ¢=p(r)—eVt/h and J(1)=(p(r) $(0)).
The current can then be expressed in terms of the Fourier
transform of ¢’/(~/(0),

At jsoyiEn
P(E)= ﬂe . (5)

The function P(E) gives the probability that the environment
absorbs a quantity of energy equal to E during the tunneling
process. Finally the current in terms of P(E) reads

1 1—e P
[=— f EdEP(ev B0 =) 6)
e 1-ePE

where Ry is the tunneling resistance in the absence of the
environment [i.e., when P(E)=&E)].

In order to find the behavior of the device we need to
determine the function P(E) in the presence of the oscillator.
Since we will restrict to the quadratic part of the Hamil-
tonian, we can obtain the quantum phase correlation function
J(¢) from the classical response function of the phase to a
current source at the junction. Specifically we add to the total
Hamiltonian (2) the term —I(r) i, ()%i/e, where ¢ (1) is
the phase in the interacting picture. The linear response to
the external field I, gives

<<?i(t)>=—J

—o0

+o0

dt,X(t_t,)Iext(t’)ﬁ’ (7)

with )((t):%([(%im(O), Gin()1)6(r). Using the fluctuation-
dissipation theorem, one can show that

Im[ y(w)]
J(w)=—2ﬁw. (8)

Since the Hamiltonian is quadratic, y(w) can be calculated
from the classical response function (see, for instance, Ref.
35). The problem is now reduced to the determination of the
classical retarded response function. This can be readily ob-
tained by solving the classical equations of motion by
Laplace transform.

We determine now the equations of motion for the phase,
the position of the oscillator, and the degrees of freedom of
the environment. To describe the dissipation we introduce a
bath of harmonic oscillators coupled to the mechanical oscil-
lator and a bath of electromagnetic oscillators coupled to the
current through the tunnel junction. The coupling of the me-
chanical and electrical part comes from the charge energy
0?/2C(x) of the capacitor. The equations of motion read

2
mjc‘:—kx—Ekp(x—xp)+lC’(x)<;7>2<ﬁ) ) )
P 2 ¢
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. . 1
C@h==C i+ X T (de= b= &) + (1)
(10)
myx, = k,(x - x,), (11)
. 1
C11¢n=;(¢e_¢n_¢)' (12)

n

Here x, and ¢, are the degrees of freedom of the environ-
ment, ¢,(t)=eVi/f is due to the constant external voltage
source, and we choose the zero of x as the equilibrium posi-
tion of the oscillator when V=0. We also define C’(x)
=dC/dx.

For 1.,,=0, this system of equations has a stationary solu-
tion given by x=xe,=C’(x.)V?/2k, ¢p=eV/h, x,=x., and
¢,=0. This solution is unique for a given gauge. We thus
expand the equations around this solution and consider the
quadratic fluctuations of the fields only: x(f)=x.q+¥(7),
x,(t) =Xxeq+X,(), and d(t)=eVt/h+(r). Let us introduce the
Laplace transform for the fluctuating fields. For example, for
x it reads X(s)=[;"dte™'%(r) with Re[s]>0 and X(r)
=[*=¥a(ds /2 mi)e"'%(s) with a>0. The system of differential
equations then becomes an algebraic system of equations.
We are interested in the response function. Thus, we can
neglect transient terms. Keeping only linear terms in the
fluctuating fields and solving first for the degrees of freedom
of the environment, one finds

C'Vh

em

s, (13)

[s+ y(s)s + wi])?=

[Cs +Y(s)]sB=— C’sx‘%/ + Iext(t)%, (14)

where we have introduced the memory function of the oscil-
lator and the impedance of the circuit,

N

Z(si)y ™ =, 1

s
2 ’ 2, 2
5T+ w, w Lys™+ w,

1
¥(s) = ;E k,
P

The two coupled Egs. (13) and (14) describe the response of
the phase ¢ to the external current I.,, flowing through the
tunnel junction. Solving for ¢ and letting s— iw+0*, we

obtain the expression for y(w). Using Eq. (8), the expression
for J(w) reads

4mRe[Z(w)] 1

J(w) = —,
(@) [ ope

with

C"*V%iwlm -1
| . (e

Z(w)=|ioC+Z(w)" + — —
w, + Yiw)io-
The usual result of the Coulomb blockade can be obtained by
setting C’'=0 in this expression. Then, only the electromag-
netic environment would contribute to the response function.
The presence of the oscillator simply modifies the response
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of the system; for vy constant, it would be equivalent to a
RLC circuit in parallel with the tunnel junction.

The current-voltage characteristics can now be obtained
by combining Egs. (5), (6), (15), and (16). In the following
section, we consider two representative cases for the circuit
impedance and discuss the expected conductances.

III. RESULTS IN SPECIFIC CASES

We consider now two simple cases for the impedance of
the circuit: Z=iwL and Z=R. In the first case (Sec. III A), the
electromagnetic environment is an LC oscillator. Thus, the
system reduces to two coupled oscillators: one mechanical
and the other electromagnetic. This example is interesting for
his simplicity. It clearly shows how the mechanical and elec-
tric part becomes coupled and how this coupling appears in
the current-voltage characteristics. By contrast, its experi-
mental realization is nontrivial since it is in general not easy
to get rid of parasitic capacitances and resistances. An induc-
tance and a capacitance are present in the environment for
the oscillating tunneling junction in the experiment of Ref.
33. The environment forms in this way a radio frequency
resonator that is used to improve the bandwidth of the detec-
tion scheme. However, one should note that experiment of
Ref. 33 is not in the regime of parameters considered in the
present paper.

In the second case (Sec. III B), the environment provides
the dissipation and the conditions for the standard Coulomb
blockade with the suppression of the current at low voltages.
This case is more relevant from the experimental point of
view since high impedance environment can be more easily
devised. For electronic transport without mechanical motion
an accurate experimental study of the effect of a purely re-
sistive environment has been carried out recently by tuning
the environment resistance for a given tunnel junction.3

A. Inductive case Z(w)=iLw

We consider the case of undamped harmonic oscillator.
Strictly speaking, the hypothesis of thermal equilibrium for
the oscillator and for the electromagnetic modes is not valid.
We will assume that an infinitesimal dissipation is present
and that the tunneling resistance is sufficiently large to let the
time for the system to relax between two tunneling events.
The electromagnetic part of the circuit is characterized by the
oscillator frequency w;~=1/VLC. The pure electromagnetic
case is discussed in the review paper Ref. 34. Due to the
coupling with the mechanical mode two resonant frequencies
appear, as can be seen by finding the poles of Z,(w) [cf. Eq.

(16)],

2 2 2, [ 2 2 22 )
[w, + 0]+ 0] = (0] -+ 0, + ©))” —do; 0, ]
5 )

2
Wl =

(17)
Here we introduced the “coupling frequency” w,z
=C'?V?/Cm. The real part of Z, reduces to a sum of four
delta functions,
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Re[zz(w)]

= P S - w,) + S+ 0,)], (18)
Ry

2

o==*

with p.=(Ec/hw.)|wh —w?|/|w: - ok,

It is convenient to express the coupling of mechanical and
electronic degrees of freedom in terms of a parameter that
depends only on the device and does not depend on the volt-
age bias. The reason is that it is easy to vary experimentally
the voltage for a given device. A physically relevant param-
eter is the variation of the elastic energy E, when the oscil-
lator is displaced by a distance Ax=E~(C’/C)/k in response
to the Coulomb force generated by a single electron on the

capacitor. With this definition, we have
E,=ELC'/C)%2k and w]=wiE(eV)YEr. (19)

For a junction made of a scanning tunneling microscopy
(STM) tip on top of a suspended carbon nanotube, an elec-
tromechanical coupling with the radial breathing mode of the
tube was reported.3”-3 In this context, w,, and E, were of the
same order of magnitude (around 10 meV). Thus, we esti-
mate the coupling parameter E,/E.~ (x,/L.)>* where x, is
the zero-point motion of the mode (a fraction of angstroms)
and L,=C/C’ (a fraction of nm). In the following, we as-
sume a (rather optimistic) ratio of E,/E,<0.1

For small value of E,/E¢ and w,, # w; ¢, the new frequen-
cies w,, and w; . are only weakly modified by the interaction
with respect to their bare values,

w0 =1+ wl/(0}, - i), (20)

il wye=1= w0, - wc) (21)

(note that w,,=w, if w,,>w;c and 0, =o_ if v, <o) and

the weights of the poles simplify

w% w?n <o~ C
2 LC

(l)m)z ﬁwLC

Ec

= 2
hw, (0 c-

Pm (22)

The inequality holds if the bare frequencies w,, and w; . are
of the same order of magnitude. On the other hand, when
W,=w;c> o, we find ws=w,,* w;/2 and p,=p_=p; /2.

From Eq. (15), one can obtain J(1)—J(0)=2,p./ (1)
with3*

Bhao,

2

Jo(f) =coth (cos(wyt) — 1) —isin(w,t).  (23)
We consider now the zero-temperature limit. In this case, the
function P(E) obtained from Eq. (5) has a simple expression
in terms of an infinite series,

©

P(E) = 2 pn(pm)pn'(pLC)ﬁ(E_nﬁwr,n_n’hwl/‘c)’

n,n'=0

(24)

where p,(p)=e"Pp"/n!.

The differential conductance G=dI/dV can be obtained
from the current (6). Neglecting the weak V dependence of
p, and w, on the derivative, we obtain
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€V/EC

FIG. 2. Differential conductance of the device as a function of
the bias voltage for the case Z=iwL. The bare oscillating frequen-
cies are hw,,=0.5E. and Aiw;-=E. The electromechanical cou-
pling is E,=0 (full line) and E,=0.1E (dashed line) (in this case,
signatures of mechanical coupling are not visible for Aw,, below
0.5E().

R;G(V) = >

! o
finw, +hn' w; ~<eV

pn(pm)pn’(pLC)- (25)

It leads to a double series of steps spaced by fiw,, and hw, .
If p,,=0, one recovers the usual sequence of steps with a
suppression of the conductance at low voltage and R;G=1
for eV> E. The interesting situation is when p;. is of the
order of 1. In this case steps are clearly visible for eV~ E.
(cf. Fig. 2). If p,, # 0 and w,, < w; ¢, the mechanical oscillator
manifests itself as a series of additional steps of width fiw,,
particularly visible at the beginning of each step of the LC
circuit. In practice the picture is slightly more complex due
to the dependence on V of the four parameters p, and .
The renormalization of the frequency and the change in p
introduces a shift of the steps and a weak smooth V depen-
dence of the conductance plateaux, as shown in Fig. 2. The
presence of the mechanical oscillator thus gives a similar
result to what has been predicted for a single-electron
transistor’ with Frank-Condon steps and a reduction of the
current at low voltage. This result is found here in a much
simpler structure: a single tunnel junction coupled in series
with an external inductance.

B. Ohmic case Z(w)=R

Let us now consider the pure Ohmic case for the external
impedance Z(w)=R. The first step is again to find the poles
of Z,(w). For y(w) constant, three poles are present: one is
pure imaginary, iy, and the two other ones are complex,
w.=*w +iy'/2. In the relevant limit of small coupling
;<< w,,, Ygc and low mechanical damping y<w,,, Yrc, We
get

2
' WrYRC
YRe=Yrc— 3 2t (26)
7’12ec+ “’31
1 w0
wt,11=wnz+_ el _i'i'”" (27)

2
2 leec"' w, 8w,
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2

) Yrc®@;
Yy =7+ ’}/2 B
rRC T Oy

The mechanical oscillator acquires a damping even if y=0.
This intrinsic damping is proportional to the coupling. From
here, we drop the bare mechanical damping since it does not
induce new effects compared to those already introduced by
the presence of R. An important parameter for this device is
the dimensionless conductance of the tunnel junction g
=Ry/R. For g>1 the Coulomb blockade is no more observ-
able since the charge can vary continuously. In the absence
of the oscillator the appearance of the Coulomb blockade is
signaled by the change of the low-energy behavior of P(E),
which goes like E¥¢7!.34 Thus for g <2 the current is sup-
pressed at low voltage V<E/e. If we consider the interest-
ing case of iw,,~ E, then the condition g<<1 implies also
that ypc<<,,. In this limit the real part of Z, is simply the
sum of three Lorentzian functions,

(28)

Re[Z(w)] Ec ,
—RtQ =2 eL(w,2Ygc)
’yl ! ! ! !
+ [L((l)—(l)m,'}/)+L((1)+(1)m,‘y)] 5
YrC

(29)

with €=7ygpc/ Yre and L(w,y)=(y/2)/(0*+y*/4)/ 7. Since
the coupling is weak, the damping of the mechanical mode is
also very small and the Lorentzian function can be approxi-
mated by a Dirac delta function [L(w, y— 0)=48(w)]. At zero
temperature this gives for the phase correlation function,

E o
J() - J(0) = ﬁjo(y;wr) + pule”n' =11, (30)
RC

2Ec o . 0 e . .
where pm=ﬁ—w6:y7; and j,(7)=2[; );xz—Jri)dx is the correlation
function of the circuit in the absence of the mechanical os-

cillator. P(E) thus reads

Pe)=3 PO p [k nhagyrd, 3D
n=0

where
1 e
Po E) = — dteiEt/ﬁ+(EC/7ThyRC)jO(ZyRC) 32
(E) Y f_w (32)

is the function P(E) in the absence of the oscillator. For the
case at hand of small g the function P,(E) is peaked at E
~E. with a width ~(E./m)\2g|log g| that vanishes for g
— 0. Thus, the resulting P(E) is a sequence of peaks shifted
by fw,, Figure 3 shows the dependence of P(E) on E and V
as obtained by numerical integration. For eV/E-<\VE(/E,
[Egs. (21) and (29)], the mechanical coupling is negligible
and one recovers the usual picture of Coulomb blockade with
a single peak at E~E.. For larger values of eV/E, new
peaks appear and their positions slowly drift as a function of
V toward higher energies. The first peak instead drifts toward
smaller energies due to the € factor in Eq. (31). Since i
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P(E,V)

2 E/EC 8

FIG. 3. P(E) is displayed for different values of V. We take g
=0.015, hw,,=0.1E¢, and E,=0.1E,.

reduces for larger values of V, the width of the peaks also
reduces.

In Fig. 4 we show the same function, but for a higher
mechanical frequency fiw,,/ E-=0.5. It shows the appearance
of the peaks and their shrinking. An important case is g
—0, for which P,(E)=8E-E.). This is clearly the most
favorable case to observe the quantum fluctuations of the
oscillator directly in the I-V characteristics. Indeed, even in
the weak electromechanical coupling the sharpness of the
peaks gives rise to steps in G(V) like in the case of a purely
electromagnetic resonator. The conductance has thus the
form (again neglecting the small voltage dependence of p,,
and %iw,, on performing the derivative)

RGWV)= X

hnw;n<eV—eEC

Pn(Pm)- (33)

The result is plotted in the insert of Fig. 5 for E,/ E-=0.1 and
g=10"

P(E,V)

2 E/EC 8

FIG. 4. P(E) is obtained numerically for different values of V
for g=0.015, #w,,=0.5E,, and E,=0.1E.
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,! — No coupling ]
== hwy = 0.2E¢, E, = 0.1E¢

FIG. 5. Main plot: G(V) for the same parameters as in Fig. 3
(dashed line) and Fig. 4 (dot-dashed line) and for vanishing cou-
pling (full line). Inset: G(V) for g=10"* from the analytical expres-
sion (33) for Aw,,=0.1E¢, E,=0 (full line), and E,=0.1E (dashed
line). The conductance is much more sensitive to the electrome-
chanical coupling in presence of a high impedance environment.

For the general case the conductance can be obtained nu-
merically by integrating P(E). It is shown for three different
values of the ratio E,/E. in Fig. 5. The presence of the
mechanical coupling introduces oscillations of the conduc-
tance on the scale eV~ fiw,, that are precursors of the step
behavior in the extreme g=0 case. The small increase in the
conductance at low voltage is the consequence of the renor-
malization of E due to the electromechanical coupling (the
€ factor).

A last comment is in order for the resistive case. Even if
this system is described by a very similar electric circuit to
that used for a single-electron transistor without gate, some
differences should not be overlooked. In the single-electron
transistor the two resistances are tunnel junctions, while here
one is a tunnel junction and one a Ohmic resistor. A tunnel
junction is substantially different from an Ohmic resistor
since in the first case the charge can be transferred only by a
sudden tunneling event, while in the second the charge
slowly leaks through the resistor. The charge quantization is
thus not enforced by the Ohmic resistor, and this has conse-
quences also on the time dependence of the force acting on
the mobile part. For these reasons our results complement
those obtained by others authors for suspended single-
electron transistors,3->7-%11-13

C. Range of validity

Let us return to the comparison of position dependence of
the tunneling and capacitive terms. Using the explicit expres-
sion (28) for 7', we find that the condition to neglect the
effect of the tunneling force (case ypc<w,,) is

X w,RE?
1>1,T=<—"> —noC
Y \Mp/ YrcRrE.e7V
This gives the explicit condition on the voltage in order to

neglect the position dependent part of the Hamiltonian. For-
mally, it is clear that it can be always fulfilled for Ry suffi-

(34)
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ciently large. A second possible source of deviation from the
behavior we found comes from the cubic term of the inter-

action energy. We neglected the term (33)2 with respect to

eV fi. This is justified when ()22 <eV/#i. We thus ob-
tain the condition of validity of the quadratic theory at zero
temperature,

eV —
— > Vg|lng|. (35)
Ec

IV. JOSEPHSON JUNCTION

Observing a Josephson supercurrent through a STM tun-
nel junction has been shown to be feasible.> Particularly
appealing is the possibility of studying an oscillating Joseph-
son junction. The effect of the position dependence of the
electronic tunneling amplitude on the dynamics of the Jo-
sephson junction has been considered recently.** However
the effect of the position dependence of the capacitance
(Coulomb interaction) has not been explored so far. The
theory of Coulomb blockade for normal metallic electrodes
presented above can be generalized with little change to the
superconducting case. The main difference is that the phase
difference is now a truly observable quantity and it is conju-
gated with the number of Cooper pairs that cross the junc-
tion.

The Josephson junction is characterized by a critical cur-
rent /. that defines the energy scale E;=#l./2¢. For E;/E
<1 a tunneling approach can be used to obtain the dissipa-
tive current of the device. We remind the main steps of the
procedure.* The current operator is I4=1, sin(2¢), while the
Josephson part of the Hamiltonian reads H;=E; cos(2¢) (we
keep the same definition of the phase, the factor two inter-
venes in the usual Josephson relation). Calculating the cur-
rent in the linear-response limit, we get

+00

[S =7 ﬂ dtr<[e2i¢(t),e—2i¢(t’)]>e2ith/h. (36)

“4n ) _.,

One can thus express the current again in terms of the Fou-
rier transform of the phase correlator,

2
wEe

h

where the definition of P (E) differs from the definition of
P(E) simply by a factor of 4 in front of J(z),

(V)= [P,(2eV) = Py(-2eV)], (37)

+00
PA(E) - dte4‘l(t)_4‘](0)+iEZ/ﬁ. (38)

—o0

The function J(z) depends on the mechanical response func-
tion as shown in Sec. II. The results of Secs. II and III can
thus be applied to the superconducting case to obtain P (E)
and hence (V). In the Fig. 6 we show the expected current-
voltage characteristics for an oscillating Josephson junction
in the pure resistive case of Sec. IIl. The superconducting
device is much more sensitive to the presence of the me-
chanical oscillator since the voltage dependence is directly
related to Py(E), and not to its integral. One can then observe

PHYSICAL REVIEW B 77, 235318 (2008)
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FIG. 6. I(V) is plotted for g=0.065. We distinguish the case
E,=0 (full line), E,=0.1E, with iw,,=0.1E; (dashed line), and
E,=0.1E; with iw,=0.5E, (dot-dashed line). As long as fiw,, re-
mains smaller than the width of the peak, the coupling manifests
itself in a broadening of the Coulomb peak. For fw,,/ E-=0.5, con-
tributions of the mechanical oscillator clearly appear.

directly the Coulomb blockade peaks in the /-V characteris-
tics.

V. CONCLUSION

In this work, we considered the current-voltage character-
istics of an oscillating tunnel junction. At low tunnel cou-
pling and moderately low-voltage bias, we found that the
coupling between the electronic and mechanic degrees of
freedom mainly originates from the position dependence of
the junction capacitance. That is, the electrons crossing the
tunnel junction couple to an electromagnetic environment
formed by the rest of the circuit which is itself coupled to the
mechanical oscillator. In our study, we included both the
electromagnetic and mechanical environments in the Cou-
lomb blockade theory. We found that the mechanical proper-
ties of the junction result in an additional mechanism for the
current suppression that is similar to the Frank-Condon
blockade predicted in an oscillating single-electron transistor.
As in the conventional Coulomb blockade, similar, though
more pronounced, effects would also appear in a voltage-
biased oscillating Josephson junction.

At larger tunneling rates, two new ingredients should be
added to our study. First, the electromagnetic and mechanical
degrees of freedom would not have time to relax to equilib-
rium between two tunneling events. Second, the position de-
pendence of the tunneling matrix element may not give any-
more negligible effects compared to those arising from the
position dependence of the capacitance. Considering both, it
may be interesting to investigate whether a shuttling instabil-
ity takes place in a single oscillating tunnel junction.
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