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At low temperatures, thermal transport in single crystalline nanowires with sub-10-nm diameters is defined
in terms of the universal quantum of conductance. In the case of a nanowire connected to plane substrates,
additional conductances appear due to the contacts. We calculate the contact conductances and prove that they
are much smaller than the conductance of the nanowire. The reason is that the number of excited modes per
unit volume in the substrates becomes smaller than the one in the wire at low temperatures. The substrate then
generates the predominant thermal resistance because its specific heat becomes smaller than the one of the
wire. From these considerations, the wire-membrane and membrane-plane substrate thermal conductances can
also be predicted.
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I. INTRODUCTION

Over the last decade, there has been tremendous advance-
ment in novel approaches to manage thermal transport in
single crystalline nanowires since future electronics driving
force is turned on size reduction.1 Silicon nanowires with
diameters approaching the 10 nm scale are also involved in
biosensors,2 thermoelectric cooling, and probing such as in
mass spectrometry.3 These wires are generally electrically
heated and key parameters such as thermal and electrical
resistances are difficult to characterize.

In these systems at low temperatures, the wave behavior
of phonons is predominant over the phonon-particle
effects4–6 when the wavelength of the main carriers ap-
proaches the wire diameter. Accordingly, heat conduction in
one-dimensional �1D� structures is usually defined as a func-
tion of the universal quantum of conductance. Previous
works7,8 beautifully verified the transport of this quantum at
low enough temperatures through a junction. The junction
shape was designed in such a way that phonon modes were
fully transmitted. However, further studies9–11 based on long
nanowires could not highlight the same behavior and proved
the dependence on T3 for the wire conductance. In long
nanowires, eigenmodes are mostly defined by the wire struc-
ture rather than by the contacts with the reservoirs. The con-
secutive mismatch in eigenmodes between wire and reservoir
implies that phonons are only partially transmitted at the
contacts and additional thermal conductances arise.

We highlight that the analysis of this mismatch leads to a
counterintuitive conclusion. The substrates contain an infi-
nite number of modes because their density of states �DOS�
is proportional to volume. In addition, three-dimensional in-
finite bodies are indeed thermal reservoirs when they are
coupled to the volume of the thermalized object. However,
when the coupling is through a surface and through a heat
flux, then the DOS per unit volume, which is finite, is the key
quantity. The number of excited modes per unit volume in
the substrate is proportional to temperature to the power
three, whereas the one in the wire is proportional to tempera-
ture. Consequently, the number of excited modes in the sub-
strate becomes smaller than the one in the wire at low tem-
peratures. The substrate then generates the predominant
resistance because its specific heat becomes smaller than the

one of the wire. The point of this Brief Report is to take a
very direct path to show that the contact resistance and the
resistance of the total system �substrate-wire-substrate� do
not depend on the nanowire but on the planar substrates con-
tributions only.

We have computed the thermal contact conductance be-
tween the wire and the thermal reservoir. An abrupt junction
as well as any larger shape of contact would lead to the same
conductance within a few percent. We observe that the con-
tact conductance is by far smaller than that of the nanowire
when the temperature T�30 K, and we explain the govern-
ing physical mechanisms.

In the first part, the thermal conductance at contact is
expressed as a function of heat capacities and group veloci-
ties of both nanowire and substrate. The calculation is carried
out by deriving the dispersion curves and the group veloci-
ties in the nanowire. The resulting thermal conductances and
the impact of the density of states mismatch are finally dis-
cussed.

II. THERMAL CONDUCTANCE BETWEEN THE
NANOWIRE AND THE PLANAR SUBSTRATE

A. Model

The thermal conductance between the wire and the sub-
strate is derived from the net energy flux12,13 defined as a
sum of two conterpropagative currents,

Q = tbQb − twQw, �1�

Qb, Qw, tb, and tw correspond to the heat fluxes and transmis-
sion coefficients from the substrate to the wire and from the
wire to the substrate, respectively. The contact conductance
G is obtained by expressing the heat flux Q as linearly de-
pendent on the temperature drop at the contact: Q=G�Tw
−Tb�. The indexes w and b refer to the wire and substrate,
respectively. The Taylor expansion of Eq. �1� yields

Q = tb�Qb�T̄� − �T
�Qb

�Tb
� − tw�Qw�T̄� + �T

�Qw

�Tw
� , �2�

where 2T̄=Tb+Tw and 2�T=Tb−Tw. Stating that the heat
flux is zero when the temperature difference vanishes, i.e.,
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tbQb�T̄�= twQw�T̄�, leads to the following expression for the
thermal conductance:

G =
1

2
�tb

�Qb

�Tb
+ tw

�Qw

�Tw
� =

1

2
�tbCbvb + twCwvw� �3�

The second equality including heat capacity C and average
group velocity v was proven in Ref. 14.

B. Transmission coefficient at contact

Since we want to show the predominance of the contact
resistance over the wire resistance, we choose the model that
tends to overestimate transmission, i.e., the diffuse limit
approximation:15,16

tw =
Cbvb

Cbvb + Cwvw
. �4�

Inverting indexes w and b provides the transmission coeffi-
cient tb from the substrate to the wire. This model implies
that phonons lose their memories when they leave the inter-
face in such a way that the transmission tw from the wire to
the reservoir can also be assimilated as the reflection coeffi-
cient of phonons coming from the reservoir.

Combining this model with Eq. �3� yields the following
expression for the thermal conductance:

1

G
=

1

Cwvw
+

1

Cbvb
. �5�

The contact conductance appears as the combination of two
conductances in series. Each conductance corresponds to a
ballistic phonon flux15 which is the maximum possible flux.
Consequently, the conductance in Eq. �5� should also reach
its maximum value. Note that this result might also be ob-
tained from the expression of the Kapitza resistance by in-
cluding a frequency independent transmission coefficient.

The model in Eq. �4� may be intentionally simple but it
reveals the key mechanisms, i.e., the competition between
the substrate resistance and the wire resistance. The compari-
son of our results to the predictions of phonon Green’s func-
tions, which are accepted as a rather fundamental and precise
approach, is satisfactory because a mismatch of 10% is ob-
tained. Also note that a recent work17 showed that the elas-
ticity based descriptions used in previous studies generate
more than 10% error on the bending rigidity compared to ab
initio predictions when applied to silicon beams of breadths
smaller than 20 nm because of elastic surface effects. It re-
veals that the accuracy of the classical elastic model is in the
same range as the one defined by the variations of the values
predicted by several other models, i.e., acoustic mismatch,
diffuse limit, and Green’s functions.

The products Cb,wvb,w are calculated from the temperature
derivatives of the heat fluxes Qb,w,

�Qb,w

�T
=

1

V
�
m

�
k�0

��m,k
� ñ

�T
vm,k, �6�

where vm,k cos � denotes the projection of the group velocity
of the mode of frequency �m,k and wave vector k in the wire

axis direction. The index m refers to the phonon branch and
ñ is the Bose-Einstein distribution. V=L3 corresponds to the
volume of the system. For the substrate, heat flux Qb in-
cludes the contributions coming from directions of one-half
space. Rewriting Eq. �6� for the thermal reservoir in more
details yields

Cbvb =
�Qb

�T
= 	

g3D

V �
m
�

0

2	/a

��m,k
� ñ

�T
vm,kk2dk . �7�

The isotropy of the group velocity vm,k is assumed and g3D

= V
�2	�3 is proportional to the phonon density of states of a

three-dimensional lattice. The expression for Cwvw follows
Eq. �7� but the DOS corresponds to a 1D structure and g1D
=L /	. The integration over directions is removed and so is
the velocity projection:

Cwvw =
�Qw

�T
=

g1D

V
�
m
�

0

2	/a

��m,k
� ñ

�T
vm,kdk . �8�

C. Nanowire-dispersion curves

Equations �7� and �8� can be fully calculated by determin-
ing group velocities and eigenfrequencies from phonon-
dispersion curves. We hence compute them on the basis
of classical lattice dynamics.18 The Stillinger-Weber
potential19,20 used in those calculations provides the best
overall description of the interatomic forces for the disper-
sion relations of semiconductor such as Si.

The dispersion relation for a nanowire having a cross sec-
tion of 2
2 cubic cells is plotted in Fig. 1. We check that
phonon-dispersion curves include the bending and torsional
modes that prove the validity of the boundary conditions.21,22

When computing several wire diameters, we observe that the
number of branches increases with cross section because it is
proportional to the number of atoms per cell. The basic cell
used to calculate the dispersion curves is a wire slice with a
thickness equal to one lattice constant.

Group velocities are calculated as the derivation of the
phonon branches with respect to wave vectors. In Fig. 2, the
spectrum of group velocities shows that enlarging cross sec-
tion leads to the reduction in the average group velocity ex-
cept in the low-frequency range. As the lateral dimension of
the wire is extended, new modes with diagonal wave vectors

FIG. 1. �Color online� Dispersion curves in a silicon nanowire
with a square cross section of 2
2 cubic cells. a refers to the size
of the cubic cell.
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appear. Those modes are stationary or with small group ve-
locities because they undergo reflection on the free surfaces.

III. RESULTS AND DISCUSSION

In Fig. 3, nanowires and contact thermal conductances are
reported according to temperature for cross sections of 1.17,
7.37, 29.5, and 118.9 nm2 corresponding to square edges of
lengths d=1.08, 2.74, 5.43, and 10.9 nm, respectively. The
intrinsic thermal conductance of the wire was estimated ei-
ther by simply computing the term Cwvw, which is the bal-
listic heat flux in the wire, or by using the quantum of
conductance.12 In this last approach, the four branches with
the lowest frequencies were considered in the low-
temperature regime. Note that additional terms accounting
for higher-temperature contributions would increase the dis-
crepancy between contact and wire conductances. However,
the most striking point in Fig. 3 is that the contact conduc-
tance is smaller than the wire resistance—whatever the wire
radius and the calculation method—by 2–3 orders of magni-
tude below 10 K. From Eq. �5�, we deduce that this drastic
deviation is due to the following condition: Cbvb�Cwvw.
This implies that the contact conductance equals Cbvb and
becomes independent from the wire cross section. We have
previously shown that the branch averaged group velocity vw
is smaller than the one in the reservoir. It follows that the
physical explanation for the small contact conductance is the
decrease with temperature of the heat capacity in the reser-
voir. This is the well-known T3 dependence of heat capacity
in conventional three-dimensional crystals. This T3 law is
hence retrieved at low temperatures for the thermal conduc-
tance at contact in Fig. 3.

We emphasize here that the observed resistance is due to
the decrease in excited modes in the substrate, which appears
through the decrease in heat capacity. This result appears as a
clear justification to previous works9,10 where a T3 depen-
dence was found for the conductance including wire and
contacts.

From these physical considerations, we also predict the
temperature dependences of wire-membrane and membrane-
plane substrate conductances. The membrane being consid-
ered as a two-dimensional system, a T2 evolution of the con-
ductance is expected in the first case. In the latter case of the

membrane-plane substrate contact, a T3 law related to the
planar substrate behavior is again expected. The quantitative
results for those conductances are obtained from the calcula-
tion of the term Cbvb applied to the substrate being either a
membrane or the plane substrate.

We also deduce that the extension of the temperature gra-
dient inside the substrates becomes extremely large because
phonons entering the substrate have very few collisions with
the ones of the substrate. This is a point that should be con-
sidered when carrying out experiments with micron scale
heaters.

The DOS in the wire is a constant and its heat capacity is
hence proportional to temperature. Figure 3 clearly confirms
this dependence for the prediction based on the quantum of
conductance and for the wire with smallest cross section.
Wires with larger cross sections might not exhibit the rigor-
ous behavior of a 1D structure, which might explain the
slight deviation from the T1 law. We also note that the con-
ductance remains smaller than 0.001 nW/K below 10 K,23

whereas the phonon-particle approach predicts a value larger
than 1 nW/K.24 This corroborates the predominance of the
wave effect on the contact conductance.

We also report on the influence of the crystalline orienta-
tions 	100
 and 	111
 of the Si wire. Results show that dis-
crepancies between both orientations are only observed at
very low temperatures. From 100 to 5 K, the discrepancy
increases from 10% to 60% for any wire cross section, as
shown in Fig. 4. At room temperature, the gap between the
contact conductances derived from both crystalline orienta-
tions can be neglected.

To sum up, thermal conductances due to the contact are
clearly 1–3 orders of magnitude smaller than wires conduc-
tances below 10 K. This result implies that heat transfer in a
long wire with a sub-10-nm diameter is driven by the con-
tacts. We therefore believe that measurements of the quan-
tum of conductance in nanowires are not feasible when heat-
ing is introduced through connections. This statement is
restricted to temperature domains where the predominant

FIG. 2. �Color online� Branch averaged group velocity spectrum
calculated for three wire cross sections.
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FIG. 3. Thermal conductance of contact between wires and sub-
strate compared to conductances of the wires—calculated from
Cwvw and the quantum of conductance �Ref. 12�—versus tempera-
ture. The quantity d refers to the size of the edge of the squared
cross section. The conductance in W m−2 K−1 of Eq. �3� was res-
caled by the wires’ cross sections.

BRIEF REPORTS PHYSICAL REVIEW B 77, 233309 �2008�

233309-3



phonon wavelength is on the same order of magnitude or
smaller than the wire diameter. Conductance data might ex-
hibit a T2–3 dependence at low temperatures but our demon-
stration shows that it might well be an artifact related to the
properties of the substrate. Nanotubes have dimensions vary-
ing between 2 and 3; they are therefore not targeted by our
conclusions.

IV. CONCLUSION

The studied wires have square cross sections with edges
ranging from 1 to 10 nm in such a way that phonon wave
effects are predominant. The thermal conductance at contact
was estimated by using the approximate model of the diffuse
limit for the transmission coefficient at wire/substrate inter-
face. However this model provides a large conductance for
the contact, which ensures the robustness of our conclusions.
Also note that previous works16 showed that the discrepancy
between the predictions of the diffuse limit model and of
more sophisticated descriptions remain smaller than about
10%. In this range, the presented results still have a quanti-
tative relevance.

We have shown that the conductance at contact is 2–3
orders of magnitude smaller than the conductance of the wire

below 10 K. Any changes in the contact shape, in the esti-
mation of the wire contribution, or in the transmission model
would increase the gap between the two conductances. We
hence claim that heat conduction in nanowires with sub-
10-nm diameters is driven by the conductance at contact and
more precisely by the substrate contribution. The basic rea-
son for the discrepancy between both conductance is a mis-
match in phonon DOS. The contact conductance exhibits a
T3 dependence at very low temperatures T�30 K, which
proves that the substrate produces the predominant resistance
for the wire. From these physical considerations, we have
also deduced the temperature dependences of wire-
membrane and membrane-plane substrate conductances. The
membrane being considered as a two-dimensional system, a
T2 evolution of the conductance is expected in the first case.
In the latter case of the membrane-plane substrate contact, a
T3 law related to the planar substrate behavior is again ex-
pected.

Showing the major role of contact conductance might ex-
plain the difficult interpretation of the measurements of
nanowire thermal conductances. It also emphasizes the major
role of the contact shape when designing nanocircuits and
nanoprobes. We expect the damaging threshold to be much
quickly reached and the burn out to be observed in the con-
tact zone. The analysis can be extended by performing
molecular-dynamics simulations to have a more accurate de-
scription of the transmission mechanisms. However, com-
parison between our results and those obtained from
Green’s-function approach21,22 already tends to be satisfac-
tory.
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