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The cyclotron resonance �CR� spectra are calculated for a high electron density GaAs /AlAs quantum well
in a tilted magnetic field. The CR peaks are split due to �i� the resonant magnetopolaron effect and �ii� the
anticrossing of the CR mode and the plasmon-phonon intersubband modes. The derived CR peak positions and
amplitudes are in good agreement with experiment. It is shown that the experimental CR spectra find an
adequate explanation within Fröhlich’s polaron concept.
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I. INTRODUCTION

The polaron concept suggested by Landau1 and developed
by Pekar2 and Fröhlich3 finds an experimental evidence in
transport and optical properties of polar crystals. A survey of
the polaron effects can be found, e.g., in Refs. 4–9. One of
the manifestations of the electron-longitudinal optical �LO�-
phonon interaction is the resonant magnetopolaron
effect,10–12 i.e., anticrossing of zero-phonon and one-phonon
levels of the electron-phonon system in a magnetic field,
when the cyclotron energy ��c is close to the LO-phonon
energy ��LO. The resonant magnetopolaron effect has been
experimentally observed in bulk,12–15 in two-dimensional
�2D� electron gas, and in quantum-well structures.16–20

In polar quantum wells and heterostructures with suffi-
ciently high electron density, many-body effects play a sub-
stantial role. First, the anticrossing position shifts from ��LO
to the transverse optical �TO�-phonon energy ��TO, which is
in accordance with experimental observations.21,22 Second,
the Fröhlich electron-phonon interaction in these structures is
screened, so that the resonant splitting of the cyclotron reso-
nance �CR� lines at the anticrossing position is reduced in
magnitude with respect to that in low-density polaron sys-
tems.

As mentioned in Ref. 23, a controversy exists regarding
the problem of Fröhlich interaction: whether or not it mani-
fests itself in the CR for a quasi-2D electron gas. In the
recent experimental data on the photoconductivity of
InxAl1−xAs quantum-well structures, both dielectric effects
due to the multilayered structure and effects of the coupling
between the 2D electron gas and the LO phonons are
observed.24,25 In the experiments26–28 on the infrared trans-
mission of a GaAs /AlAs quantum-well structure in a tilted
magnetic field, two splittings of CR lines have been ob-
served. One splitting is interpreted27 in terms of anticrossing
between the CR mode and the plasmon-phonon intersubband
�PPI� mode by using a phenomenological model dielectric
function of an electron gas in a quantum well. As indicated
in Ref. 27, there is another splitting around the TO fre-
quency, which is attributed in Ref. 27 to a possible interac-
tion driven by the deformation potential.

The multidielectric model of the optical response for a
quantum well27–29 is capable to explain some experimentally
observed features of the magnetotransmission spectra of

high-density GaAs quantum wells without the explicit use of
the electron-phonon interaction. In Refs. 28 and 29, a phe-
nomenological relaxation time is introduced, which is used
as a fitting parameter. In the present work, we consider a
realistic electron-phonon interaction rather than a phenom-
enological relaxation time. The resonant splitting of the CR
lines near ��TO cannot be quantitatively interpreted by using
the relaxation time as a fitting parameter. Below, we show
that a quantum-mechanical study including both the electron-
phonon interaction and the dielectric effects allows for the
interpretation of the experimental CR spectra.26–28 In Refs.
30 and 31, the CR spectra in high-density GaAs quantum
wells for a perpendicular magnetic field are interpreted in
terms of magnetoplasmon-phonon mixing, which leads to a
renormalization of polar optical phonons of a quantum well.
It was shown in Refs. 30 and 31 that the approach beyond
the model,27 which takes into account the Fröhlich interac-
tion, explains the splitting of the CR lines near ��TO in high
electron density quantum wells. In this connection, the po-
laron concept remains valid for doped quantum wells.

In the present paper, the approach of Refs. 30 and 31 is
extended to the case of a tilted magnetic field. We calculate
the absolute transmission of a quantum-well structure which
contains an interacting polaron gas. The electron-phonon and
electron-electron interactions are considered in terms of the
memory function tensor �see Refs. 30, 32, and 33�, taking
into account their renormalization due to magnetoplasmon-
phonon mixing.

The goal of the present work is to investigate the CR of an
electron gas in a quantum well in the presence of a tilted
magnetic field taking into account both the electron-phonon
interaction and the dielectric effects. We show that the po-
laron effect is necessary for an adequate interpretation of the
observed CR spectra in doped GaAs quantum-well structures
in a tilted magnetic field. An accurate treatment of the po-
laron effect is also important in order to determine the band-
edge effective mass.14,34 In Refs. 27 and 28, the cyclotron
effective mass is a fitting parameter, so that the polaron cor-
rection is implicitly included into this effective mass. In the
present investigation, similar to Ref. 30, where a quantum
well in a perpendicular magnetic field was analyzed, the po-
laron correction to the electron band mass is explicitly cal-
culated.

For a single magnetopolaron in a parabolic quantum well
in the presence of a tilted magnetic field, the energy levels

PHYSICAL REVIEW B 77, 205311 �2008�

1098-0121/2008/77�20�/205311�7� ©2008 The American Physical Society205311-1

http://dx.doi.org/10.1103/PhysRevB.77.205311


and the polaron cyclotron mass have been calculated by us-
ing second-order perturbation theory.35,36 The magneto-
plasma excitations for a parabolic quantum well in a tilted
magnetic field have been theoretically studied within differ-
ent approaches.37–39 The magnetoabsorption of an electron
gas in a quantum well in a tilted magnetic field without the
electron-phonon interaction has been considered, e.g., in
Refs. 40–42. To the best of our knowledge, the resonant
magnetopolaron effect for an interacting many-polaron sys-
tem in a quantum well in the presence of a tilted magnetic
field has not yet been investigated.

The paper is organized as follows. Section II represents
the theoretical method for the analysis of the CR spectra of a
high electron density quantum well in a tilted magnetic field.
In Sec. III, the calculated transmission spectra are discussed
and compared to experiment. Section IV contains conclu-
sions.

II. OPTICAL RESPONSE OF A POLARON GAS IN A
QUANTUM WELL IN A TILTED MAGNETIC FIELD

To describe an interacting polaron gas in a quantum well
in the presence of a tilted magnetic field, we use a model
parabolic confinement potential along the z axis, which al-
lows one to analytically express the electron eigenstates.43 In
order to compare the theory to experimental data for a rect-
angular quantum well, the confinement frequency �0 is cho-
sen equal to the frequency of a transition between the ground
and first excited size-quantized levels of the quantum well.

The Hamiltonian of an electron-phonon system in a quan-
tum well within the effective-mass approach is

H = �
�
� ��
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where mb is the electron band mass, A= 
0,B�x cos �
−z sin �� ,0� is the vector potential of a tilted magnetic field
with the induction B and the tilt angle �, �	 is the optical
dielectric constant, ���r� 
��

+�r�� is the annihilation �cre-
ation� operator for electrons, bq�bq

+� is the annihilation �cre-
ation� operator for LO phonons with the frequency �LO, 
q is
the density operator,


q = �
�
� eiq·r��

+�r����r�d3r , �2�

N �¯� is the symbol of a normal product of operators, Vq is
the amplitude of the electron-phonon interaction, and V is the
volume of a crystal. In Hamiltonian �1�, we use the bulk LO
phonons, which is consistent with the parabolic confinement
potential.

The optical response of an interacting polaron gas in a
quantum well is described by the optical conductivity tensor

� jk��� =
ie2nS�

mb

Q−1���� jk, �3�

with the 2D electron density, nS, and the dynamic tensor of
the system,
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The effects of the electron-phonon and electron-electron in-
teractions are taken into account through the memory func-
tion tensor � jk��� �cf. Refs. 30, 32, and 33�,

� jk��� = − �
q

�Vq�2qjqk

N��mb2�q��−	

	

d���D�q,���
G�q,� − ���

− G�q,− ���� + D*�q,���
G*�q,− � − ���

− G*�q,− ����� . �5�

Here, �q� is the static screening factor,32 and G�q ,�� and
D�q ,�� are, respectively, the density-density electron
Green’s function and the phonon Green’s function. The
density-density electron Green’s function is

G�q,�� = − i�
0

	

ei�t−�t�
q�t�
−q�0��dt, � → + 0, �6�

where �¯� is the quantum-statistical average with the statis-
tical operator of interacting electrons in a quantum well. The
phonon Green’s function is

D�q,�� = − i�
0

	

ei�t−�t
�bq�t�bq
+�0�� + �b−q

+ �t�b−q�0���dt ,

� → + 0. �7�

Functions �6� and �7� are expressed in terms of the corre-
sponding retarded Green’s functions GR�q ,�� and DR�q ,��,
as described in Ref. 30.

When taking into account the electron-phonon and
electron-electron interactions, the phonon Green’s function
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for a quantum well describes the magnetoplasmon-phonon
excitations44,45 rather than bare phonons. In the present work,
we calculate the Green’s functions in the random-phase ap-
proximation �RPA�. The electron and phonon Green’s func-
tions are determined in the similar way as in Ref. 30. Within
the approximation of a strong confinement, the phonon
Green’s function depend only on the tangential component q�

of the phonon wave vector. The retarded phonon Green’s
function within RPA is

DR�q�,�� =
2
�LO + ��q�,���

�� + i��2 − �LO
2 − 2�LO��q�,��

, � → + 0,

�8�

with the polarization operator

��q�,�� = �
qz

�Vq�2

�2V
GR�q,�� , �9�

where GR�q ,�� is the retarded density-density electron
Green’s function. The phonon retarded Green’s function is
modified with respect to the bare-phonon retarded Green’s
function due to the electron-phonon interaction through the
polarization operator ��q� ,��, which is provided by the
electron-phonon interaction. The poles of the phonon re-
tarded Green’s function �s�q�� �where the index s numbers
different magnetoplasmon-phonon branches� are numerically
calculated as the roots of the equation,

�2 − �LO
2 − 2�LO Re ��q�,�� = 0, �10�

and correspond to the eigenfrequencies of the mixed
magnetoplasmon-phonon modes of a quantum well. By us-
ing the Kramers–Kronig relation for D�q� ,��, we find the
Green’s function, which enters the memory function,

D�q�,�� = �
s

As�q��
� − �s�q�� + i�


�s�q�� � 0, � → + 0� ,

�11�

where the coefficients As�q�� are the residues of expression
�8� at the points �=�s�q��.

In Refs. 22 and 26–28, the CR spectra are measured for
the optical transmission of a GaAs quantum-well structure.
In order to calculate the optical transmission of the structure
in a tilted configuration, the total tensor dielectric function of
a medium � jk��� is needed. This tensor is a sum of two
terms, the dielectric function of the lattice, and the polaron
contribution,

� jk��� = � jk�L��� +
4�i

�
� jk��� , �12�

where �L��� is given by

�L��� = �	

�2 − �LO
2

�2 − �TO
2 , �13�

with the TO-phonon frequency �TO, and � jk��� is the optical
conductivity of an interacting polaron gas 
Eq. �3��. The
transmission spectra of the quantum-well structure are then

calculated by using a set of electrodynamic boundary condi-
tions for the electric and magnetic fields �cf. Ref. 28�.

III. RESULTS AND DISCUSSION

In the numerical calculation, we use the material param-
eters for GaAs from Ref. 30: ��LO=36.3 meV, ��TO
=33.6 meV, and mb=0.0653me, where me is the free electron
mass, �	=10.89, and �=0.068. For an accurate determina-
tion of the CR energies, it is necessary to take into account
the nonparabolicity of the conduction band. In the present
paper, the memory function tensor 
Eq. �5�� is calculated
within the local parabolic band approximation.46 The value
0.915 eV �Ref. 33� is used for the AlAs /GaAs potential bar-
rier. For the energy levels in a nonparabolic conduction band,
the formula from Refs. 46 and 47,

Enm =
E0

*

2
�	1 + 4

Enm
0

E0
* − 1� , �14�

is applied with the effective energy gap E
0
*=0.98 eV �Ref.

47� and with the energy levels for a parabolic band,

Enm
0 = ��1�n +

1

2
� + ��2�m +

1

2
� , �15�

where �1 and �2 are the eigenfrequencies of the electron
states in a parabolic quantum well in the presence of a tilted
magnetic field from Ref. 43.

A. Magnetoplasmon-phonon modes

Under the conditions of the CR ����c�, the dominant
contribution to � jk��� is provided by two branches of
magnetoplasmon-phonon modes. In the case when both the
electron-phonon interaction and the electron-electron interac-
tion are neglected, these two branches correspond to the CR
mode with the frequency �c and to the LO-phonon modes
with the frequency �LO. When the electron-phonon interac-
tion is taken into account, and the electron density is suffi-
ciently high, an anticrossing of CR and LO-phonon modes
occurs. The importance of the electron-electron interaction
for the interpretation of the cyclotron resonance can be esti-
mated using the plasma frequency,

�p = �4�e2n0

mb�	
�1/2

, �16�

where n0=nS /d is the three-dimensional electron density, d is
the width of a quantum well. For a GaAs quantum well with
d=13 nm and nS=7�1011 cm−2, the energy of a plasmon
��p�32.3 meV is of the same order as the optical-phonon
energies and, therefore, the electron-electron interaction is
not negligible.

For a GaAs /AlAs quantum-well structure investigated in
Ref. 27 �the sample with the electron density nS=7
�1011 cm−2�, the frequencies �s�q�� and the coupling
strengths As�q�� for mixed magnetoplasmon-phonon modes
are plotted in Fig. 1 as a function of the cyclotron frequency
for several values of q= �q�� measured in units of
�mb�LO /��1/2.
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When �c��LO, the frequency of one of the aforesaid
magnetoplasmon-phonon branches is close to the frequency
�c of the CR mode,27 and the other frequency is close to
�LO. In the case when the cyclotron frequency is of the same
order as the optical-phonon frequencies, the anticrossing of
CR and LO-phonon modes occurs 
see Fig. 1�a��. As a result
of this anticrossing, the lower-frequency mode has the fre-
quency close to �TO rather than to �LO when �c passes the
region �c��LO. In this region of values of �c, the lower-
frequency mode dominates since A1�q���A2�q�� for
�c��TO, as seen from Fig. 1�b�. This behavior of frequen-
cies �s�q�� and amplitudes As�q�� explains the shift of the
frequency of the resonant magnetopolaron effect in a high
electron density quantum well from �LO to �TO. In this con-
nection, the concept of the resonant magnetopolaron effect
�cf. Ref. 28� as an anticrossing of the CR energies around the
LO-phonon energy can be related only to the low-density
case �according to our estimations, in GaAs quantum wells,
the resonant magnetopolaron coupling occurs near �LO for
nS�1011 cm−2�. Other mechanisms �e.g., the deformation
electron-TO-phonon interaction� can be hardly considered as
a reason of the resonant coupling near �TO. As discussed in

Ref. 31, the anticrossing near �TO observed in Ref. 27 cannot
be attributed to the deformation electron-phonon interaction
because of symmetry reasons.

B. Cyclotron resonance spectra

In Refs. 26–28, the CR spectra are represented for the
relative transmission,

TR �
TA

�TA�B=0
, �17�

where TA is the absolute transmission of a quantum-well
structure. The relative transmission is considered instead of
the absolute transmission in order to eliminate the contribu-
tion due to a strong optical absorption by TO phonons in the
substrate. The absolute transmission of a quantum-well struc-
ture has been calculated by taking into account the full set of
electromagnetic boundary conditions at the interfaces of the
structure. In Fig. 2, we compare our theoretical relative trans-
mission spectra with the experimental data of Ref. 26 for two
values of the tilt angle: �=0° and �=24.5°. As seen from
Fig. 2, for both perpendicular and tilted configurations, there
is a good agreement between our theory and experiment for
all values of the magnetic field from the range selected in
Ref. 26. Although the electron density in Ref. 26 is lower
than that in the experiment of Ref. 22, the magnetoplasmon-
phonon mixing is still substantial. As a result of this mixing,
the CR spectra split at the frequency, which is close to the
TO-phonon frequency. As distinct from the sample measured
in Ref. 22, in the present case �when nS=7�1011 cm−2�,

FIG. 1. �Color online� �a� Frequencies of the magnetoplasmon-
phonon modes �s=1 for the lower-frequency mode and s=2 for the
higher-frequency mode� for a 13 nm width GaAs quantum well
with the electron density nS=7�1011 cm−2 as a function of �c in a
perpendicular magnetic field for several values of q= �q��. �b� Rela-
tive coupling strengths As�q�� /�sAs�q�� of the magnetoplasmon-
phonon modes corresponding to the frequencies shown in panel �a�.

FIG. 2. �Color online� Relative transmission of a GaAs
quantum-well structure in a perpendicular magnetic field �the left-
hand panel� and in a tilted magnetic field �the right-hand panel� for
different values of the magnetic field B. The experimental data �Ref.
26� are shown by solid black curves. The calculated CR spectra are
plotted by dashed green curves.
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only the lowest Landau level is partly filled. Therefore, the
splitting of the CR peaks due to the band nonparabolicity is
absent. Nevertheless, the nonparabolicity influences the reso-
nant frequency. For �=24.5° �the right-hand panel�, the an-
ticrossing of CR energies at ���TO is manifested both in
the calculated and measured CR spectra. An additional split-
ting of the CR peaks at ���35.62 meV in a tilted magnetic
field, which is discussed below, is also revealed in the calcu-
lated spectra.

In Fig. 3, we represent the cyclotron energies, which are
determined from the peak positions of the calculated relative
transmission spectra. The cyclotron energies are plotted as a
function of the normal component of the magnetic field Bn
�B cos �. The theoretical CR energies �solid curves� are su-
perposed on the experimental data of Ref. 27 for different
values of the tilt angle. As seen from Fig. 3, there is anti-
crossing of cyclotron energies in the range of the optical-
phonon energies.

Figure 3�a� shows the calculated peak positions for the
perpendicular configuration. The point, where the upper and
lower branches of the cyclotron energies are at the closest
distance from each other, is at about Bn�21 T, with the CR
energy close to the TO-phonon energy. The theoretical CR
energies compare well with the experimental results. The ex-
perimentally observed splitting of the CR peaks, when the
frequency of the incident light is close to �TO, finds an ex-
planation in terms of the resonant magnetopolaron effect of
electrons with mixed magnetoplasmon-phonon modes, in
line with results of Ref. 30.

In Figs. 3�b� and 3�c�, the comparison of our theory with
the experiment27 is performed for tilt angles other than zero.
The experimental data represented in Fig. 2 of Ref. 27 dem-
onstrate a double splitting of the CR spectra �near ��TO and
near ���35.62 meV� for a tilted configuration. The split-
ting near �TO is due to the resonant magnetopolaron effect,
as well as in the aforesaid case of a perpendicular magnetic
field. The splitting at ���35.62 meV results from a direct
interaction of the mixed CR and PPI modes �see Refs. 48 and
49� with an incident light even without any account of the
electron-phonon interaction. In the present treatment, we
consistently take into account both the resonant magnetopo-
laron effect and the aforesaid mixing of CR and PPI modes.
Therefore, our theory quantitatively explains all splittings
observed in the experiment,27 while the phenomenological
approach of Refs. 27 and 28 does not predict any splitting
near ��TO. As seen from Fig. 3, the theoretical CR energies
are in good agreement with experiment for all values of the
magnetic field and of the tilt angle taken in the measure-
ments.

IV. CONCLUSIONS

We have investigated the cyclotron resonance of an inter-
acting polaron gas in a GaAs quantum well by taking into
account both the electron-phonon and electron-electron inter-
actions. When the electron density is sufficiently high, the
electron-phonon interaction is strongly influenced by screen-
ing and by the magnetoplasmon-phonon mixing. As a result
of this mixing, a renormalization of LO-phonon modes oc-

curs, so that the resonant magnetopolaron effect takes place
for CR energies close to the TO-phonon energy in both per-
pendicular and tilted configurations of a magnetic field. For a
tilted magnetic field, a double splitting of CR peaks occurs
due to the resonant magnetopolaron effect and to the anti-
crossing of CR and PPI modes. The CR energies, obtained
by using the well-established values for the conduction band
parameters of GaAs, compare well with the experimental
peak positions of Refs. 26–28.

FIG. 3. �Color online� Experimental �Ref. 27� �symbols� and
theoretical �curves� cyclotron energies for a 13 nm GaAs quantum
well with the electron density nS=7�1011 cm−2 in a tilted magnetic
field at different values of the tilt angle �. The dashed lines indicate
LO- and TO-phonon energies. The theoretical cyclotron energies
are determined by using the peak positions of the calculated CR
spectra.
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The present work only partly resolves the problem
brought to light in Refs. 27 and 28. In particular, the magne-
topolaron effect—with the magnetoplasmon-phonon mix-
ing—does not suffice to describe the observed shift of the
resonant coupling energy from ��LO to ��TO in heterojunc-
tions with relatively low carrier density nS�3�1011 cm−2

�Ref. 50� without involving additional interaction mecha-
nisms. However, the present investigation shows that the ex-
perimental data on CR for an electron gas in a polar quantum
well, for sufficiently high carrier densities,27 are in agree-

ment with a Fröhlich polaron description including many-
body effects—screening and magnetoplasmon-phonon mix-
ing.
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