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Here, we address a theoretical study of electronic properties of carbon ribbons under the effect of external
electric and magnetic fields. The Peierls approximation is used to incorporate the magnetic field within a
tight-binding picture. A charge self-consistent calculation is adopted to analyze the gap modulations induced by
the application of the external electric field and compared with simple models. We show that depending on the
ribbon geometries and field intensities, a large variety of electronic situations may be achieved, suggesting
possible mechanisms for gap engineering of such carbon nanomaterials.
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I. INTRODUCTION

Ribbon shaped graphene systems do not merely serve as a
playground to theoretical physicists who may certainly play
with their interesting electronic and transport properties. Ac-
tually, they have become an experimental realization after
the discovery of single-layer graphene.1 An example is the
e-beam lithography technique used in graphene layers to cre-
ate such narrow graphene nanoribbons.2 Transport measure-
ments on lithographically patterned graphene ribbon struc-
tures have demonstrated the ability to engineer their energy
band gaps.3 By choosing appropriate ribbon widths, it is pos-
sible to tune a desired energy gap. The zigzag graphene na-
noribbon �ZGNR� has intriguing peculiarities; the most im-
portant being the exhibition of edge states manifested as
prominent peaks in the density of states at the Fermi energy.
They come from localized states at both ribbon boundaries
and have important consequences on the magnetic properties
of these nanostructures. Interesting discussions concerning
their potential use as spintronic systems have been addressed
recently in the literature as well as the predictions of being
good candidates for exhibiting half-metallic properties.4

Contrarily to that, other authors have suggested a half-
semiconductor behavior.5 Transport properties in graphene
strips have been recently reported,6 showing that a magnetic
field provides interesting effects on the typical conductance
plateaux.

Motivated by the variety of changes that may be induced
in graphenelike nanostructures, similarly to the case of car-
bon nanotubes, we investigate here the energy-gap modula-
tions induced by external fields. Magnetic fields have been
largely used in different systems as a possible way of tuning
different length scales and controlling different confinement
effects.7–9 Electronic gap modulations are discussed here,
considering the effects of a magnetic field applied perpen-
dicularly to the graphene ribbon structure. Actually, new ef-
fects in graphene in the presence of crossed uniform electric
and magnetic fields are reported in a quite recent work.10

More precisely, they predicted a collapse of the entire Lan-
dau level structure. Graphene strips under transversal electric
fields are also studied within a self-consistent model calcu-
lation. How the energy gap depends on the field intensity and
on the ribbon geometry is analyzed. It was previously shown

that a transverse voltage applied across nanoribbon systems
may dramatically change the corresponding electronic en-
ergy dispersion.11 Both self-consistent �SC� and simple non-
iterative calculations show a threshold for the electric field
that lead to gap modulations and metallic transitions. One
has found a higher threshold when adopting the SC calcula-
tion, as expected.

II. THEORY AND RESULTS

Here, we restricted our study to zigzag Nz-ZGNR and
armchair Na-AGNR, nanoribbon families. They are standard
strips of graphitelike nature presenting zigzag and armchair
shaped edges on both sides, and composed of transversal
atomic chains having 2Nz and Na carbon atoms, respectively.
A schematic view of such ribbons is displayed in Fig. 1, with
the corresponding unit cells and first-neighbor vectors given
by Rn. The graphene ribbons are described by a single-band
tight-binding Hamiltonian written in the real space and given
by

H = �
n

N

�n�E�cn
†cn + �

n,m

N

�n,m�B�cn
†cm + h . c . , �1�

with �n�E� being the electrical-field–dependent site energy,
and �n,m�B� the energy hopping between first-neighbor at-
oms, which incorporates the magnetic field B. For B=0, one
has �n,m=�o�2.7 eV. The effect of passivating the carbon
atoms displayed at the ribbon edges with hydrogen is better
described when considering hybridizated � orbitals.12 How-

FIG. 1. Schematic view of a typical �a� AGNR and �b� ZNGR,
with the respective unit cells and first-neighbor vectors.
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ever, for single � orbital model, a position-dependent hop-
ping amplitude may be adopted to model the effect of hydro-
gen passivation. For armchair ribbons, the hopping energy
between the carbon atoms layering in the dimmer position of
the external boundary strip is modeled by �=�o�1+��, fol-
lowing a previous analysis performed on the basis of ab ini-
tio calculation,13 which predicts an increasing hopping of the
order of 12% �i.e., �=0.12�.

Local densities of states �LDOS� are calculated by using
the Green function formalism. Renormalized locators are cal-
culated from a Dyson equation scheme to get local densities
of states at the ribbon sites. Results for the LDOS are shown
in Fig. 2 for a particular ZGNR configuration. The edge
states near the Fermi energy exhibit peaks at the LDOS
which are marked in the diagram map. A robust signature of
the quasi-one-dimensional lattice is found at the energy cor-
responding to ��o, by the well defined van Hove singularity
exhibited for almost all the local density of states corre-
sponding to the different sites.

A. Magnetic-field effects

Following the same model calculation adopted previously
on carbon nanotubes,14–16 we use the Peierls approximation
to describe the effects of a magnetic field applied perpen-
dicular to the carbon ribbon plane. In that sense �n,m
→�n,me2�i�	n,m, with the phase �	n,m given by the line in-
tegral of the vector potential A,

�	n,m = e/h�
Rn

Rm

dl . A . �2�

The resulting phase factors found for the armchair ribbon
configuration are given by the following expressions:

�	n,m =�
�aBxn if Rn,m = � R1

aB

2
��xn −

a�3

4
	 if Rn,m = 
 R2

aB

2
��xn +

a�3

4
	 if Rn,m = 
 R3


 �3�

with R1=aŷ, R2=−��3x̂+ ŷ�a / 2, R3= ��3x̂− ŷ�a / 2, a
= �Rn,m�, and n�2N. For the zigzag ribbons, one gets

�	n,m =�
0 if Rn,m = � R4

�3aB

2
��xn +

a

4
	 if Rn,m = � R5

�3aB

2
��xn −

a

4
	 if Rn,m = � R6


 , �4�

with R4=−ax̂, R5= �x̂−�3ŷ�a / 2, R6= �x̂+�3ŷ�a / 2.
The magnetic fluxes are written in terms of the flux

threading a single lattice hexagon �3�3a2B /2� expressed in
units of the quantum flux �o=h /e �for � /�o=10−3 one has
B=79 T�. The dependence of the DOS on the magnetic field
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FIG. 3. �Color online� Total DOS of a 20-ZGNR for different
magnetic fields. The curves are shifted upward to help the
visualization.

FIG. 4. �Color online� Diagram DOS map as a function of the
magnetic flux threading a hexagonal ring for a 15-ZGNR.
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FIG. 2. �Color online� LDOS map for a 7-ZGNR. Results for the
local density of state as a function of energy, for each one of the
carbon sites displayed along the transversal direction are plotted.
The up label indicates the LDOS intensity.
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for a zigzag ribbon is shown in Figs. 3 and 4. One clearly
notices a concentration of states at particular energy ranges
driven by the field intensity. The evolution of van Hove sin-
gularities may also be noticed as the magnetic flux is in-
creased by the marked curves in the DOS diagram map ex-
hibited in Fig. 4. Also, it is interesting to notice the effects of
the magnetic flux intensity on the density of states at the
Fermi energy for different sites of the ribbon. The extra elec-
tronic confinement imposed by the magnetic field and given
by the Landau radius, leads to an increasing of zero-energy

Landau level. It may clearly be seen, in Fig. 5, the zero-
energy edges states evolving into zero-energy Landau levels
that spread into the system bulk for different values of mag-
netic flux. When analyzing the situation for armchair rib-
bons, under magnetic fluxes, one notes an intriguing picture:
depending upon quite small changes in the ribbon size, the
gap evolution presents remarkable different behavior for in-
creasing fields, as shown in Fig. 6. Under the action of B,
the gap energy increases for a 24-AGNR, decreases for a
25-AGNR, and exhibit mixed features for Na=26. In the last
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FIG. 5. �Color online� LDOS
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Different values of the magnetic
flux are considered.
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FIG. 6. �Color online� Energy-
gap dependence on the magnetic
field for Na=24, 25, and 26
Na-AGNRs.
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case, the graphene ribbon belongs to an armchair family for
which, naive tight-binding models do not predict a semicon-
ducting nature.13

B. Electric-field effects

Changes on the gap sizes are also predicted when an elec-
tric field is applied in the transversal direction of armchair
ribbons.17–19 Usually, a simple scheme is adopted, in which
��E�, the diagonal term of the Hamiltonian �Eq. �1�
, varies
linearly from −U /2 to U /2 across the ribbon sites, with the
potential energy given by U=−eEd, d being the ribbon
width. Following this model, we have first analyzed the de-
pendence of the gap size as a function of the electric-field
intensity. Different passivation models were taken into ac-
count via renormalization of the hopping site energies, cor-
responding to the C-H bonds at the edges, or by considering
dressed carbon atoms at those positions with different site
energies. However, as previously predicted, both schemes
have provided no substantial changes in the behavior of the
gap electric-field dependence, as compared to the results
found for the bare ribbon structures. On the other hand, an
important point is the inclusion of charge effects mainly due
to the low dimensionality of the structure and the edge ef-
fects. With this purpose, we consider the hexagonal ribbon
systems as being described by a finite set of charge lines and
calculate the electrostatic potential at each one of these lines
using a continuous approximation. The potential 	�y� is then
given by a finite superposing of the contribution of all other
charge lines, and is given by

	�ym� = − �
n�m


n

2��
ln� ym − yn

yo − yn
� , �5�

with � being the graphene permittivity constant, considered11

equal to 5�o and 
n, the corresponding local charge densities
obtained by integration of the local Green function in the
complex plane. yn denotes the continuous charge lines, along
the x axis, with n varying from 1 to N in the transversal
direction. An arbitrary origin yo is taken at the center of the

system to maintain the symmetry of the problem and define
the zero-energy potential.

A self-consistent calculation for the local charges is per-
formed via a quasi-Newton numerical procedure.

Results for the gap evolution as the electric-field intensity
increases are shown in Fig. 7 for Na-AGNRs, with Na=24,
26, and 28. Self-consistent calculations are compared with
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FIG. 9. �Color online� LDOS diagram plot for a 24-AGNR as a
function of the electric field for 	 /	o=9 /1000 �top panel�, and the
magnetic flux for E=0.065 V /Å in the bottom panel. Black regions
correspond to null density of states while the highest value of
LDOS are exhibited in bright lines �yellow color online�.
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those without including the charging effects. For quite small
values of the transverse electric field, both results coincide
and the differences start to increase for higher fields but
maintaining the general trend. Therefore, the field-induced
semiconductor-metallic transition actually takes place for
higher fields than the critical value predicted by the simple17

and not self-consistent model �linear-dependent potential�,
depending also on the ribbon width. To highlight the effects
of the self-consistent procedure on the potential energy, we
plot the charge distribution along the transversal direction �y
axis� for a 24-AGNR, considering different electric-field val-
ues �see Fig. 8�. The linear interpolation of the electric-field
energy and the self-consistent result using Eq. �5� are dis-
played at the inset, for E=0.175 V /Å, for comparison.
When applying an electric field, rearrangement of the charge
distribution takes place. The resulting polarized medium
acts, reducing the effect of the external field as can be seen in
the inset of Fig. 8. Contrarily to armchair nanoribbons,
ZGNR systems present a metallic behavior. When an electric
field is turned on, the energy gap starts to open and increases
with the electric field. At a critical value, which depends on
the ribbon width, it again decreases as a function of the field
intensity. A self-consistent analysis also leads to a reduction
of the electric-field effects, as expected. For the sake of con-
ciseness, these results are not shown here.

C. Both electric and magnetic fields

Results for the density of states of a 24-AGNR as function
of the applied fields �electric and magnetic� are finally shown
in Fig. 9 using �colored on-line� diagram plots. One interest-

ing result is the enhancement of the energy band changes as
the transversal electric field increases when the system is
under the action of a perpendicular magnetic field. The gap
modulation sensibility is further increased for higher applied
magnetic fields. These effects could offer additional possi-
bilities of tuning the energy gaps, which is for sure, an im-
portant characteristic of those AGNR nanostructure. Other-
wise, as shown in the lower panel, for a fixed electric-field
value �E=0.065 V /Å� the central gap size is quite robust
against changes of the magnetic field. Gap modulations of
ZGNRs under the effects of both the fields, have also been
investigated, although the results are not shown here. Be-
sides the opening of the energy gap under applied electric
fields, extra gap modulations are achieved by the additional
magnetic field. Such analysis should be presented elsewhere.

Admittedly, external magnetic fields required to evidence
the effects shown in our results are beyond present experi-
mental possibilities. On the other hand, we should emphasize
that only quite narrow ribbons were considered in this study
and lower magnetic field values provide similar effects for
wider ribbons. The reduced size systems are used just to
highlight general trends. Despite of the simplicity of the
model calculation adopted here, the results unambiguously
indicate a number of channels to get desirable changes on the
electronic properties of graphene nanoribbon systems.
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