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Coherent control of quantum tunneling in an ac-driven tight-binding chain made of a finite number of
positional sites, such as electronic tunneling in finite superlattices of quantum wells or in linear chains of
quantum dots driven by a sinusoidal electric field, is analytically investigated in the large-frequency regime by
a multiple-scale asymptotic analysis of the underlying equations, which is exact up to the normalized time scale
�1 /�3, where �=� /� is the ratio between the hopping amplitude � of adjacent sites and the modulation
frequency �. The results of the analysis are applied to tunneling control in linear chains with N=2, 3, 4, 5, and
6 potential wells. For a double-well system �N=2�, the usual condition for coherent destruction of tunneling
�CDT� of a driven two-level system, with a third-order correction term, is retrieved. For an array comprising
N=3, 5, or 6 sites, crossing and anticrossing in the quasienergy spectrum near a collapse point, which result in
selective CDT, are found according to the numerical �nonperturbative� results previously presented by Villas-
Bôas et al. for driven quantum-dot arrays �Phys. Rev. B 70, 041302 �2003��. The behavior of quasienergy
crossings and avoided crossings for the multiple-well array found in the framework of the third-order pertur-
bative theory is shown to be consistent with the predictions based on generalized symmetries of the Floquet
states.
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I. INTRODUCTION

Coherent control of tunneling and electronic transport in
semiconductor superlattices and arrays of coupled quantum
dots or quantum wires has received in recent years a consid-
erable and increasing interest from both theoretical and ex-
perimental sides �see, for instance, Refs. 1–5 and references
therein�. Preservation of the quantum coherence of the elec-
tronic states can give rise to unusual transport phenomena
when an ac electric field is applied to the system, with the
most notable ones being the coherent destruction of
tunneling4,6 �CDT� and dynamic localization3–5,7 �DL�. DL
refers to the phenomenon that a localized electron in a tight-
binding lattice driven by an external ac electric field periodi-
cally returns to its initial state following the periodic change
in the field, thereby suppressing quantum diffusion in the
lattice. Such an effect has been extensively investigated for
semiconductor superlattices3,8–11 and was related to the col-
lapse of quasienergy minibands.8 CDT refers to suppression
of tunneling of a particle between the two wells of an ac-
driven bistable potential and, in its simplest model, it is re-
lated to the problem of level crossing in driven two-level
systems.4,12–16 In both CDT and DL, the degree of suppres-
sion and localization sensitively depends on the parameters
of the driving field, thereby giving the attractive possibility
of coherently manipulating electronic states in arrays of
coupled quantum wells or quantum dots by means of laser
pulses or oscillating gate potentials �see, for instance, Refs.
17–20�. For, e.g., a sinusoidal electric field E�t�=E0 cos��t�,
in the large-frequency limit—where the ac field frequency �
is sufficiently larger than the hopping rate � between adja-
cent wells— the condition for CDT is given by the approxi-
mate relation J0�eE0d /���=0, where d is the separation be-
tween adjacent wells. Even in the large-frequency limit, CDT
in a tight-binding chain with a finite number N�4 of

coupled wells, however, is usually an approximate effect that
holds when considering the system dynamics up to a time
scale of the order �1 /�, as compared to the modulation
cycle, where �=� /�. This is due to the fact that the quasien-
ergies for the finite chain do not show an exact crossing
when the field amplitude E0 is varied, rather a fine structure
of crossings and avoided crossings is observed in numerical
simulations near the J0�eE0d /���=0 collapse points. In par-
ticular, Holthaus and Hone8 numerically showed that lattice
truncation is responsible for a pseudocollapse of quasienergy
minibands in semiconductor superlattices, and thus DL is
imperfect in finite structures. This was also shown by Ragha-
van et al.21 in numerical simulations of particle tunneling in
a finite chain of coupled wells within the nearest-neighbor
tight-binding �NNTB� approximation. In the framework of
the same tight-binding model, in a recent work, Villas-Bôas
et al.18 numerically studied the tunneling dynamics of ac-
driven quantum-dot arrays made of a relatively small number
of dots, showing the existence of a complex and size-
dependent crossing and avoided crossing scenario in the
quasienergies near the collapse point. It was also proposed
that the fine structure of quasienergies near the pseudocross-
ing point can be conveniently exploited for selective CDT
among different dots in the array.18 In these previous studies,
even within the NNTB approximation, the problem was
treated by full numerical simulations, and an approximate
model to capture the main dynamical features is missing.
Unfortunately, a simple first-order perturbative analysis in
the large-frequency limit, similar to the one previously
adopted for driven two-level systems �see, for instance, Refs.
12, 13, and 16�, fails to capture the fine structure of the
quasienergy spectrum which is needed to explain, for in-
stance, the selective CDT scenario numerically found in Ref.
18 A more refined perturbative theory to describe tunneling
control in a tight-binding chain driven by a bichromatic field,
which is accurate up to the time scale �1 /�2, was presented
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in Ref. 17, however, it is not accurate in case of a monochro-
matic driving field.

In this work, we present a perturbative analysis of tunnel-
ing control in ac-driven linear chains of coupled quantum
wells or quantum dots in the large-frequency limit based on a
multiple-scale asymptotic expansion of the underling equa-
tions describing tunneling dynamics in the NNTB approxi-
mation. The perturbative analysis is applied, as an example,
to tunneling control by sinusoidal driving in chains made of
N=2,3 ,4 ,5, and 6 sites. For the simplest case of a double-
well system �N=2�, our theory yields a third-order correction
term to the leading-order Floquet quasienergies, according to
previous strong-coupling theories of sinusoidally driven two-
level systems.15,22 For the triple-well system �N=3�, we
show that CDT is still an exact result. For N=4, 5, or 6 wells,
our analytical results are accurate enough to reproduce cross-
ings and avoided crossings of quasienergies near the collapse
point in agreement with general grounds based on the gen-
eralized symmetries of Floquet states. In addition, the pertur-
bative analysis provides a simple and analytical explanation
of selective CDT in quantum-dot arrays proposed in Ref. 18

The paper is organized as follows. In Sec. II, the basic
model of an ac-driven tight-binding chain is presented, and a
first-order analysis of quasienergies in the large-frequency
limit is shown to be inaccurate to describe tunneling dynam-
ics in the chain. In Sec. III, a multiple-scale asymptotic
analysis of the underlying equations is performed, and the
asymptotic evolution of the system up to the time scale
�1 /�3 is derived. Section IV specializes the general results
of Sec. III to coherent tunneling control in a chain made of
N=2, 3, 4, 5, or 6 wells. The behavior of quasienergy cross-
ings and anticrossings near a collapse point predicted by the
perturbative analysis is shown to be consistent with the re-
sults based on dynamical symmetries of the Floquet states
and capable of explaining in a simple way the selective CDT
numerically studied in Ref. 18.

II. TUNNELING IN AC-DRIVEN TIGHT-BINDING
CHAINS: BASIC MODEL AND FIRST-ORDER

PERTURBATION THEORY

A. Model

The starting point of our analysis is provided by a rather
standard model describing electron tunneling in a chain of
potential wells, separated each other by the same distance d
and driven by a strong ac electric field E�t� of frequency �,
which provides a simplified model previously used to de-
scribe coherent tunneling control in semiconductor superlat-
tices or in arrays of quantum dots �see, for instance, Refs. 17,
18, 21, 23, and 24�. We assume that the localized states �n� at
various sites in the chain have �approximately� the same en-
ergy in the absence of the external field and indicate by �n
the hopping rate between adjacent sites �n� and �n+1� �see
Fig. 1�.

In the NNTB approximation, for a single electron, the
appropriate Hamiltonian is given by �see, for instance, Ref.
17�

H = ��
n

�n��n�	n + 1� + �n + 1�	n�� + + edE�t��
n

n�n�	n� ,

�1�

where �n� is the localized state at the site n. Note that the
case of a finite chain made of N equal wells with the same
hopping amplitudes � is simply obtained from the previous
Hamiltonian after setting �n=� for 1�n�N−1 and �n=0
otherwise. By expanding the electronic quantum state ���t��
as a superposition of localized states �n�, ���t��=�ncn�t��n�,
the coupled mode equations for the amplitudes cn derived
from Hamiltonian �1� explicitly read

iċn = ��ncn+1 + �n−1cn−1� +
edE�t�

�
ncn, �2�

where the dot indicates the derivative with respect to time.
For the following analysis, it is worth introducing, in place
of cn, the amplitudes an defined by the relations

cn�t� = an�t�exp
− in
ed

�
�

0

t

dt�E�t�� − in	� , �3�

so that Eq. �2� takes the form

iȧn = �nF�t�an+1 + �n−1F��t�an−1, �4�

where we have set

F�t� = exp
− i
ed

�
�

0

t

dt�E�t�� − i	� , �5�

	−�ed / �2����0
T/2dtE�t�, and T=2
 /� is the period of the

ac electric field. Note that F�t� can be expanded in the Fou-
rier series according to

F�t� = F0 + �
l�0

Fl exp�− il�t� , �6�

where F0 is the cycle-average value �i.e., the dc value� of
F�t�. Note also that, as the dc value of the electric field E�t�
is zero, in general, F0 does not vanish. For the special case of
a sinusoidal ac field,

E�t� = E0 cos��t + �� , �7�

one obtains

Fl = Jl� edE0

��
�exp�− il�� . �8�

Owing to the periodicity of F�t�, the most general solution to
Eq. �4� is given by an arbitrary linear superposition of the
Floquet states an�t�=un

�l��t�exp�−i�lt�, where un
�l��t+2
 /��

|n> |n+1>|n-1>

�
n-1

�
n

�
n+1

|n+2>

d d d

x0

FIG. 1. Schematic of quantum tunneling in a chain of coupled
quantum wells.
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=un
�l��t� is the periodic part of the Floquet state and El

��l is the corresponding quasienergy, which is uniquely
defined inside the first “Brillouin zone” −�� /2�El�� /2.
Note that, for a finite chain of size N, there are N quasiener-
gies, i.e., l=1,2 , . . . ,N. The tunneling dynamics of the elec-
tron in the chain is strongly determined by the relative values
of quasienergies, which can be controlled by varying fre-
quency and amplitude of the ac electric field. In particular,
the phenomenon of CDT corresponds to a simultaneous ex-
act crossing of quasienergies El and to a modulation fre-
quency � large enough in such a way that, over one modu-
lation cycle, the periodic parts un

�l� of the Floquet states show
small oscillations. The latter condition is typically satisfied
for a modulation frequency � sufficiently larger than the
hopping rates �n, whereas the former condition is usually not
met in a finite chain made of N�4 sites, where a complex
pattern of level crossings and avoided crossings is observed
�see, for instance, Ref. 18�. In most common situations, in-
variance of the underlying Hamiltonian for simultaneous
time translation t→ t+T /2 and spatial reflection x→−x re-
sults in special generalized symmetries of the Floquet states,
which largely influence the pattern of quasienergy crossings
and avoided crossings for a multiple-well system. This point
will be discussed in details in Sec. IV A and in Appendixes
A and B for a specific model.

B. Large-frequency limit: First-order perturbation theory

The large-frequency limit is attained when the modulation
frequency � is sufficiently larger than the hopping rates �n
between adjacent sites in the chain. In this case, it is worth
rescaling the time variable t to the modulation cycle by the
change t�=�t and setting a= �¯ ,an−1 ,an ,an+1 ,¯�T, �n
���n, where ��1 and �n�1. Equations �4� can be then
cast into the compact matrix form suited for a perturbative
analysis,

iȧ = �M�t��a , �9�

where the matrix M�t�� is periodic in the time t� with period
2
 �M�t�+2
�=M�t���. The elements of the matrix M are
explicitly given by

Mn,m = �nF�t���n,m−1 + �n−1F��t���n,m+1, �10�

where

F�t�� = F0 + �
l�0

Fl exp�− ilt�� . �11�

Equation �9� indicates that the change in amplitude a over
one modulation cycle is small �of order ���, and therefore at
first approximation, the temporal evolution of a is dominated
by the cycle-average terms of M�t��, i.e., one can write at
leading order

iȧ � �M�t��a , �12�

where the overline denotes the time-average over the modu-
lation cycle, i.e.,

M�t��n,m = �nF0�n,m−1 + �n−1F0
��n,m+1. �13�

This is the well-known rotating-wave �or averaging� approxi-
mation commonly used to study CDT in the large-frequency
limit for the driven double-well problem �see, for instance,
Refs. 12 and 13�. In this case, the quasienergies El are simply
given by El=����l, where �l are the eigenvalues of the

cycle-averaged matrix M̄. The rotating-wave approximation
provides an accurate description of quasienergy spectrum
and of temporal evolution of amplitudes an provided that
F0�O�1�. If F0 vanishes or gets small �of order �� or
smaller�, the rotating-wave approximation �Eq. �12�� indi-
cates that the amplitudes an do not vary with time over the
time scale 1 /� and, correspondingly, there is a collapse of
quasienergies. However, such a result is only approximated
because the amplitudes an may vary on a time scale longer
than �1 /� and, correspondingly, the collapse of quasiener-
gies is actually a pseudocollapse. To better explain this point,
let us consider the case of a sinusoidal electric field �Eq. �7��.
For a double-well system, the condition F0=0 corresponds to
J0�edE0 /���=0 �see Eq. �8��, which is the well-known con-
dition for CDT in the large-frequency limit as obtained by
the rotating-wave approximation.12,13 If we consider the first
zero of Bessel function, the electric field amplitude E0 for
CDT is thus given by E0�2.405�� / �ed�. More refined per-
turbative analyses for the driven two-level system show that
a third-order correction term should be included in the ex-
pression of quasienergies �see, for instance, Refs. 15 and 22�.
However, such a correction is merely responsible for a small
shift of the field amplitude E0 at which exact crossing of
quasienergies �and thus CDT� occurs. Conversely, for
multiple-well chains, such as those considered in Ref. 18,
accurate numerical simulations show that, near the collapse
region E0�2.405�� / �ed�, there is a more complex and size-
dependent crossing and anticrossing scenario of quasiener-
gies �see, for instance, Figs. 1 and 5 of Ref. 18�, which is
fully missed in first-order perturbation theory �Eq. �12�� but
which is crucial to achieve a selective CDT as proposed in
Ref. 18. A more accurate perturbative analysis, which is ca-
pable of capturing the behavior of quasienergies near the
collapse point and consistent with general results based on
the dynamical symmetries of the Floquet states �as discussed
in details in Sec. IV�, is therefore needed in order to correctly
study tunneling dynamics and control in a multiple-well ar-
ray.

III. MULTIPLE-SCALE ASYMPTOTIC ANALYSIS

The main reason for the failure of the averaging method
to capture the behavior of quasienergies near the collapse
point for a multiple-well array, as discussed in Sec. II B, is
due to the fact that, as the averaging technique provides a
correct description of the temporal evolution of amplitudes
an up to the time scale �1 /�, the detailed behavior of
quasienergies near the collapse point is related to the tempo-
ral dynamics at longer time scales �1 /�2, �1 /�3 ,¯. It is
therefore mandatory to include in the perturbative analysis
the system evolution at longer time scales, which can be
done by a multiple-scale asymptotic analysis of Eq. �9�. To
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this aim, we seek for a solution to Eq. �9� as a power series
in the smallness parameter �,

a = a�0� + �a�1� + �2a�2� + ¯ , �14�

and introduce multiple scales for time, i.e., we assume that
the amplitude a depends on T0 ,T1 ,T2 ,T3 , . . ., where

T0 = t�,T1 = �t�,T2 = �2t�,T3 = �3t�, ¯ , �15�

As the quasienergy collapse point is attained when M�t��
=0, for the following analysis, it is useful to write

M�T0� = A + B�T0� , �16�

where AM�t�� is the dc term of M�t��, whereas B�T0� is
the ac part of M�t��, i.e., see Eqs. �10� and �11�,

An,m = �nF0�n,m−1 + �n−1F0
��n,m+1, �17�

Bn,m�T0� = �n
�
l�0

Fl exp�− ilT0���n,m−1

+ �n−1
�
l�0

Fl
� exp�ilT0���n,m+1. �18�

For a given modulation frequency, the order of magnitude of
A is typically controlled by the electric field amplitude and
may get small �of order �� or smaller� or even vanish for
certain values of the field amplitude, as discussed in Sec.
II B. Conversely, B is expected to be of order �1 indepen-
dently of the electric field amplitude because it is likely that
there will be at least one Fourier coefficient Fl which is
finite. It is then useful to write F0=F0

�0�+�F0
�1�+�2F0

�2�+¯
and, correspondingly, we get for A the expansion

A = A�0� + �A�1� + �2A�2� + ¯ . �19�

In the above expansion, it is intended that there is solely one
nonvanishing term that defines the order of magnitude of F0
and hence of A. For instance, for a sinusoidal modulation,
the order of magnitude of F0 is that of J0�edE0 /���, and
therefore for an electric field amplitude E0 close to the
quasienergy collapse point, one should take A��l for some
integer l�1, and hence A�k�=0 for k� l. Far from the col-
lapse point and for J0�edE0 /����1, one instead will assume
A�k�=0 for k�1.

Substituting Ansätze �14�, �16�, and �19� into Eq. �9�, us-
ing the derivative rule d /dt�=�T0

+��T1
+�2�T2

+�3�T3
+¯

and collecting the terms of the same order in the equation to
obtained, a hierarchy of equations for successive corrections
to a is obtained. At leading order ���0�, one obtains

a�0� = A�T1,T2,T3,¯� , �20�

where A is an arbitrary vectorial function of slow time vari-
ables T1 ,T2 ,T3 ,¯, but it is constant with respect to T0, i.e.,
�T0

A=0. The equations at higher orders ��k �with k�1�
may be cast in the form

i
�a�k�

�T0
= − i

�A

�Tk
+ G�k�, �21�

where G�k� depends on functions of previous approximations.
In particular, one has

G�1� = A�0�A + BA , �22�

G�2� = − i
�a�1�

�T1
+ Ba�1� + A�0�a�1� + A�1�A , �23�

G�3� = − i
�a�2�

�T1
− i

�a�1�

�T2
+ Ba�2� + A�0�a�2� + A�1�a�1� + A�2�A .

�24�

To avoid the occurrence of secular growing terms in the so-
lution a�k� to Eq. �21�, which would prevent asymptotic ex-
pansion �14� to be uniformly valid in time, the following
solvability condition must be satisfied:

i
�A

�Tk
= G�k�, �25�

where the overline denotes the time average with respect to
the fast time variable T0. The solution at order ��k is then
given by

a�k� = − i�
0

T0

dt�G�k� − G�k�� . �26�

Therefore, the solvability condition at order ��k determines
the evolution of amplitude A on the slow time scale Tk; the
correction to the solution a of order �k is then calculated
using Eq. �26�. By iteration, one can thus determine the tem-
poral evolution of the amplitude A up to any desired scale.
Note that the driving term G�k� at any order �k can be cast in
the form

G�k� = R�k��T0�A , �27�

where

R�k��T0�  �
l

Rl
�k� exp�− ilT0� �28�

is a periodic matrix in time with period 2
, which solely
depends on matrices A�0�, A�1� , . . ., A�k−1�, and B. Therefore,
solvability condition �25� takes the form

i
�A

�Tk
= R0

�k�A �29�

and, according to Eq. �26�, the solution at order ��k is given
by

a�k� = �
l�0

exp�− ilT0� − 1

l
Rl

�k�A . �30�

The matrices R�k� for the three lowest orders k=1,2 ,3,
which are calculated from Eqs. �22�–�24�, are explicitly
given by

R�1� = A�0� + B , �31�

R�2� = A�1� + �
l�0

exp�− ilT0� − 1

l
�R�1�Rl

�1� − Rl
�1�R0

�1�� ,

�32�

STEFANO LONGHI PHYSICAL REVIEW B 77, 195326 �2008�

195326-4



R�3� = A�2� + �
l�0

exp�− ilT0� − 1

l
�A�1�Rl

�1� + R�1�Rl
�2�

− Rl
�1�R0

�2� − Rl
�2�R0

�1�� . �33�

Taking into account that d /dt=���T0
+��T1

+�2�T2
+¯�, from

Eq. �29�, it follows that the temporal evolution of amplitude
A is given by

i
dA

dt
= ���R0

�1� + �R0
�2� + �2R0

�3� + ¯�A . �34�

Note that, since at any order k�1, one has a�k�=0 for t�
=2
 �see Eq. �30��, the quasienergies El of the original sys-
tem �9� are given by El=����l, where �l are the eigenvalues
of the matrix

R  R0
�1� + �R0

�2� + �2R0
�3� + ¯ . �35�

The averaging method of Sec. II B corresponds to stopping
the asymptotic analysis up to first order. In fact, in this case,
one has R�R0

�1�=M�t��. It is obvious that, to safely de-
scribe the temporal evolution of original Eq. �9� and thus the
corresponding behavior of quasienergies, the asymptotic
analysis should be pushed up to the minimum order k such
that R0

�k� does not identically vanish. Depending on ampli-
tude and frequency of the applied electric field, we must
therefore distinguish two cases.

�i� First case: Electric field amplitude tuned far from a
quasienergy collapse point. This case is met whenever F0
�O�1�, i.e., A�0��0. For a sinusoidal field �Eq. �7��, this
condition is satisfied for a field amplitude E0 such that
J0�edE0 /��� is of order �1. Since in this case R0

�1�=A�0�

�0 �see Eq. �17��, the first-order term in Eq. �34� is enough
to capture the temporal dynamics of tunneling, i.e., one can
safely apply the averaging method of Sec. II B.

�ii� Second case: Electric field amplitude tuned near a
quasienergy collapse point. In this case, which corresponds
to a small value of F0 �of order �� or smaller�, one has
R0

�1�=0 and therefore the asymptotic analysis should be
pushed at the next order ��2 since �T1

A=0. From Eq. �32�
with A�0�=0, it follows that

R�2� = A�1� + �
l,m�0

� exp�− ilT0� − 1

l
�exp�− imT0�BmBl,

�36�

where we have set B�T0��l�0Bl exp�−ilT0�. The dc value
R0

�2� of R�2� is hence

R0
�2� = A�1� + �

l�0

B−lBl

l
. �37�

Taking into account the expressions of A and B�T0� given by
Eqs. �17� and �18�, after some algebra from Eq. �37�, one
then obtains

�R0
�2��n,m = − ���n

2 − �n−1
2 ��n,m + �nF0

�1��n,m−1

+ �n−1F0
�1���n,m+1, �38�

where we have set

�  �
l�0

�Fl�2

l
. �39�

Taking into account that �n=��n� and �F0
�1�=F0, the

coupled equations for the slow evolution of amplitudes An
�Eq. �34�� up to the time scale �1 /�2 are thus given by

i
dAn

dt
= −

�

�
��n

2 − �n−1
2 �An + F0�nAn+1 + F0

��n−1An−1.

�40�

Such equations, which are accurate up to the time scale
�1 /�2, have been previously derived in Ref. 17. Note that,
for a driving field such that ��0 and for a truncated array,
the matrix R0

�2� is always nonvanishing, even if F0 vanishes,
and therefore Eq. �40� give an accurate description of the
tunneling dynamics even when the collapse point is crossed.
Such a condition is satisfied, for instance, for a bichromatic
electric field �the case considered in Ref. 17�. However, for a
sinusoidal field �Eq. �7��, one has �=0, and therefore Eq.
�40� fails to describe the tunneling dynamics when F0

�1�=0,
i.e., very close to the collapse point, since in this case one
has �T2

An=0 and the tunneling dynamics occurs on the
longer time scale T3�1 /�3. Such a situation is precisely the
one corresponding to selective CDT investigated in Ref. 18,
which requires therefore to push the perturbative analysis up
to order ��3.

For �=0 and F0
�0�=F0

�1�=0, one needs to calculate the dc
value of R�3�. From Eq. �33� with A�0�=A�1�=R0

�2�=0, one
obtains

R�3� = A�2� + �
l�0

� exp�− ilT0� − 1

l
�BRl

�2�. �41�

The expressions of Rl
�2� can be easily calculated from Eq.

�32�,

0 1 2 3 4 5 6 7 8
-0.5

0

0.5

1

�

F
,

�
�
�

0

F0

�

�

FIG. 2. �Color online� Behavior of parameters F0, �, and � for
a sinusoidal electric field with �=0 phase versus the dimensionless
parameter �=edE0 /��.
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Rl
�2� = �

m�0

− BlBm + Bl−mBm

m
. �42�

From Eqs. �41� and �42� and taking into account that
�l�0BlB−l / l=0, one readily obtains

R0
�3� = A�2� + �m,l�0

B−lBl−mBm

lm
. �43�

Taking into account the expressions of A and B�T0� given by
Eqs. �17� and �18�, after some algebra from Eq. �43�, one
then obtains

�R0
�3��n,m = ��nF0

�2� − ���n�n+1
2 − 2�n

3 + �n�n−1
2 ���n,m−1

+ ��n−1F0
�2�� − ����n

2�n−1 − 2�n−1
3

+ �n−1�n−2
2 ���n,m+1, �44�

where we have set

�  − �
l,j�0

FlFj
�Fj−l

l j
. �45�

Finally, taking into account that �n=��n� and �2F0
�2�=F0, the

coupled equations for the slow evolution of amplitudes An
�Eq. �34�� up to the time scale �1 /�3 are thus given by

i
dAn

dt
= 
�nF0 −

�

�2 ��n�n+1
2 − 2�n

3 + �n�n−1
2 ��An+1

+ 
�n−1F0
� −

��

�2 ��n−1�n
2 − 2�n−1

3 + �n−1�n−2
2 ��An−1.

�46�

Equation �46� describes the tunneling dynamics up to the
time scale 1 /�3 near the collapse point for F0��2 in case
�=0. It should be noted that, for a finite chain, R0

�3� does not
identically vanish when crossing the collapse point, i.e., for
F0=0, because it is likely that ��0. This occurs, as an
example, for a sinusoidal electric field �Eq. �7��, which is of
major interest in applications. In this case, the behavior of
both F0 and � versus the dimensionless parameter �
=edE0 /�� is plotted in Fig. 2, showing that at the zeros of
F0, one has ��0. The amplitude equation, given by Eq. �26�
is therefore expected to be accurate enough to predict the
main features of tunneling dynamics in a finite chain driven
by a sinusoidal electric field, such as selective CDT numeri-
cally predicted in Ref. 18. This will be shown in detail in
Sec. IV.

To summarize, we may conclude that the solution to origi-
nal Eq. �4� in the large-frequency limit can be written as
an�t�=An�t�+O���, where the temporal evolution of ampli-
tudes An�t� up to the time scale �1 /�3 is ruled by the au-
tonomous system

i
dAn

dt
= − ���n

2 − �n−1
2 �An + ��nF0 − ���n�n+1

2 − 2�n
3

+ �n�n−1
2 ��An+1 + ��n−1F0

� − ����n−1�n
2 − 2�n−1

3

+ �n−1�n−2
2 ��An−1. �47�

In Eq. �47�, the constants � and � are given by

� =
�

�
= �

l�0

�Fl�2

l�
,� =

�

�2 = − �
l,j�0

FlFj
�Fj−l

�2lj
�48�

and Fl are the Fourier expansion coefficients defined by Eq.
�6�. The Floquet exponents �quasienergies� �l of original
problem �4� should be thus approximated by the eigenvalues
of the matrix R associated with system �47�, even close to a
quasienergy pseudocollapse point, with an accuracy of order
�3.

We finally note that the previous analysis, which leads to
Eq. �47�, holds provided that, according to model �1�, all
localized states �n� in the chain have the same energy in the
absence of the external driving field. Such a condition, how-
ever, may not be exactly satisfied owing to, e.g., boundary
effects of the potential. Slight shifts ���n of the energy lev-
els for the localized states �n� from a reference level—of the
order of ��n or smaller—might be included in the analysis,
if needed, by adding the terms ��nAn on the right hand sides
in Eq. �47�. For the sake of simplicity, in the following, we
will assume ��n=0.
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FIG. 3. Behavior of quasienergies El �in units ��� versus �
=edE0 /�� in a triple-well chain driven by a sinusoidal electric field
as predicted �a� by numerical analysis of original Eq. �4� and �b� by
the perturbative analysis �Eq. �60�� for � /�=0.2. The insets show
an enlargement of quasienergies near the collapse point �=2.405,
corresponding to the first zero of Bessel J0 function.
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IV. APPLICATION OF THE PERTURBATIVE THEORY TO
TUNNELING CONTROL

In this section, the results of the third-order perturbation
analysis, summarized by Eq. �47�, are applied to describe the
main features of tunneling dynamics in a NNTB chain driven
by an ac electric field composed by a few coupled quantum
wells. In particular, we will show that selective CDT recently
proposed in Ref. 18 in the framework of a nonperturbative
theory is captured by the perturbative theory and is consis-
tent with the behavior of quasienergies near the collapse
point according to the generalized symmetries of the Floquet
states.

Let us consider a chain made of N wells with equal hop-
ping rates � �i.e., �n=� for n=1,2 , . . . ,N−1, �n=0 other-
wise�, and let us assume a sinusoidal electric field with fre-
quency �, amplitude E0, and phase �=0 �see Eq. �7��. In
correspondence, one has �=0 and

F0 = J0���, � = −
1

�2 �
l,j�0

Jl���Jj���Jj−l���
lj

. �49�

where

� 
edE0

��
. �50�

It should be noted that a different choice of the phase � of
the electric field does not obviously change the quasienergy
spectrum and thus the tunneling dynamics at long time
scales, although it may change the tunneling probability over
one modulation cycle.25

A. Generalized parity, level crossings, and avoided crossings

The quasienergies El of the multiple-well system are usu-
ally intricate functions of the electric field amplitude E0 and

undergo a series of apparent crossings and avoided crossings
when E0 is varied near the collapse point, according to the
generalized �or dynamical� symmetries of the Floquet states
�see, for instance, Refs. 6 and 26–29�. The precise determi-
nation of such crossings and avoided crossings is a rather
formidable task, especially as the number N of wells �and
hence the number of nearly degenerate quasienergies that
interact near the collapse point� increases. A full numerical
computation of the system propagator over one modulation
cycle �as done, for instance, in Ref. 18� is therefore in order.
Nevertheless, for a driving field E�t� such that E�t+T /2�=
−E�t�, where T=2
 /� is the modulation period, some gen-
eral results can be stated on the basis of the generalized
symmetries of the Floquet states that follow from the invari-
ance of the problem to the simultaneous temporal translation
t→ t+T /2 and spatial reflection x→−x, as discussed in Ap-
pendix A. In particular, the following properties can be dem-
onstrated.

(a)
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FIG. 4. ��a� and �b�� Behavior
of quasienergies El �in units ���
versus �=edE0 /�� in a chain of
N=4 wells near the first collapse
region as predicted �a� by numeri-
cal analysis of original Eq. �4� and
�b� by the third-order perturbative
analysis for � /�=0.2. Lower pan-
els in �c� and �d� are schematic
representations of the tunneling
dynamics in the chain when the
field amplitude is tuned �c� at the
anticrossing point �=�1 and �d� at
the crossing point �=�2. Crosses
indicate suppression of tunneling
through that barrier, whereas the
arrows indicate that tunneling is
allowed.
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FIG. 5. Behavior of normalized field amplitudes �1 �for level
avoided crossing� and �2 �for level crossing� versus � /� in a N
=4 chain. The solid curves refer to nonperturbative results; the dot-
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�i� Generalized parity of Floquet states. Let �lun
�l��t� be

the periodic part of a Floquet state corresponding to the
quasienergy El=��l. Then, �l has a well-defined �general-
ized� parity for the combined discrete spatial reflection n
→N−n+1 and time translation t→ t+T /2, i.e., one always
has

uN−n+1
�l� �t + T/2� = un

�l��t� �even parity state� �51�

or

uN−n+1
�l� �t + T/2� = − un

�l��t� �odd parity state� . �52�

�ii� Distribution of quasienergies. Let �l exp�−i�lt�
=un

�l��t�exp�−i�lt� be a Floquet state of Eq. �4� corresponding
to the quasienergy El=��l. Then, �−1�nuN−n+1

�l�� �t�exp�i�lt� is
also a Floquet state for Eq. �4� with quasienergy −El. We can
then order the N Floquet states of Eq. �4� in such a way that

EN−l+1 = − El, un
�N−l+1��t� = �− 1�nuN+1−n

�l�� �t� �53�

for l=1,2 ,3 , . . . ,N. Note, in particular, that for an odd num-
ber N of wells, one has E�N+1�/2=0, i.e., there always exists a
Floquet state with zero quasienergy.

�iii� Connection between the quasienergies and the ener-
gies of the undriven system. When the driving field amplitude
is adiabatically switched off �E0→0�, the Floquet states and
corresponding quasienergies are connected with the station-
ary eigenfunctions and corresponding energies of Eq. �4� as
follows:

un
�l��t� →� 2

N + 1
sin� nl


N + 1
�exp�iml�t� ,

El�E0� → 2�� cos� l


N + 1
� − ml�� �E0 → 0� �54�

�l=1,2 ,3 , . . . ,N�, where ml is a suitable integer that counts
“how many photons” have to be subtracted from the un-
driven energy level in order to push the quasienergy El in the
first Brillouin zone. Note that ml=0 for 2�� /2. Such a
property is helpful to determine the generalized parity of the
Floquet states. In particular, note that for ��4�, the Floquet
state �l exp�−i�lt� has a generalized even parity for l odd
and a generalized odd parity for l even.

The dynamical symmetries of the Floquet states, as well
as the property �ii� cited above, play an important role in
determining the behavior of crossings and avoided crossings
of quasienergies near the collapse point ��2.4. For in-
stance, according to the von Neumann–Wigner theorem,30 it
is well known that the approaching of quasienergies of two
Floquet states with opposite generalized parity yields an ex-
act crossing, whereas the approaching of quasienergies of
two Floquet states with the same parity yields an avoided
crossing �see, for instance, Ref. 6�. Such a scenario becomes
more involved when there is a simultaneous collapse of more
than two quasienergies, which is the case of our multiple-
well system for N�3 near ��2.4 in the large-frequency
limit. Even though the exact form of the Floquet states is not
known, the peculiar behavior of multilevel crossings and an-
ticrossings for the N�3 quasienergies near ��2.4 can be
derived by a simple extension of the argument proposed by
Landau and Lifshitz31 for the problem of level crossing or
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avoided crossing for the two states. Such an analysis is pre-
sented in Appendix B. Here, we just mention that the sce-
nario of quasienergy crossings and/or avoided crossings for
N=3, 4, wells predicted by the perturbative analysis up to
third order �Eq. �47�� and shown in Figs. 3–7 �to be dis-
cussed in Secs. IV C and IV D� is consistent with the results
based on the dynamical symmetries of the Floquet states.

B. Coherent destruction of tunneling in a double-well
system

The simplest case is that of a chain composed by N=2
wells, which has been extensively studied in the literature
�see, for instance, Refs. 12, 13, 15, 16, and 22�. In this case,
Eq. �47� explicitly reads

i
dA1

dt
= ��F0 + 2�2��A2, i

dA2

dt
= ��F0 + 2�2��A1.

�55�

The quasienergies, calculated from Eq. �55�, are given by

E1,2��� = � ���F0 + 2�2�� . �56�

CDT corresponds to crossing of quasienergies, i.e., to E1
=E2=0, which is attained at F0+2�2�=0. Note that, as com-
pared to the usual large-frequency limit based on the averag-
ing technique,12,13 a third-order correction to the quasiener-
gies appears in Eq. �56�, which is in agreement with the
previous refined analyses for strongly driven two-level
systems.15,22 As such a problem has been widely investigated

in the literature, it will not be discussed here further.

C. Coherent destruction of tunneling in a triple-well system

Let us consider now a triple-well system, for which Eq.
�47� takes the explicit form

i
dA1

dt
= ��F0 + �2��A2, �57�

i
dA2

dt
= ��F0 + �2���A1 + A3� , �58�

i
dA3

dt
= ��F0 + �2��A2. �59�

The quasienergies calculated from the approximate �Eqs.
�57�–�59�� are then given by

E1 = �2���F0 + �2��, E2 = 0, E3 = − E1. �60�

Note that an exact crossing of quasienergies, which corre-
sponds to CDT, is attained for F0+�2�=0. Such a result is
in agreement with the predictions based on the dynamical
symmetries of the Floquet states, as shown in Appendix B
�see Eq. �B10��. A comparison of the quasienergies predicted
by Eq. �60� and by a direct numerical integration of original
Eq. �4� using an accurate variable-step fourth-order Runge
method is reported in Fig. 3 for � /�=0.2. Note the good
agreement between the curves, which includes the prediction
of a shift of � from the 2.405 root of the Bessel function J0
to achieve CDT �see the insets of Fig. 3�.
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D. Selective coherent destruction of tunneling in a chain with
N=4,5, and 6 wells

In this section, we specialize Eq. �47� to study selective
CDT in arrays made of N=4,5, or 6 wells, which is closely
related to the existence of crossings and avoided crossings of
quasienergies near the collapse point �=2.405 according to
the dynamical symmetries of the Floquet states, as discussed
in Appendix B.

Consider first the case N=4. The evolution equations for
the slowly varying amplitudes An �Eq. �47�� explicitly read

i
dA1

dt
= ��F0 + �2��A2, �61�

i
dA2

dt
= ��F0 + �2��A1 + �F0A3, �62�

i
dA3

dt
= �F0A2 + ��F0 + �2��A4, �63�

i
dA4

dt
= ��F0 + �2��A3. �64�

The four eigenvalues �l associated with Eqs. �61�–�64� are
the roots of the following quadratic equation in �2:

�4 − ��2F0
2 + 2�2�F0 + �2��2��2 + �4�F0 + �2��4 = 0.

�65�

A typical behavior of quasienergies El=��l near the collapse
point ��2.4, which is predicted by the perturbative analysis,
is plotted in Fig. 4�b� and compared to that obtained by a
numerical computation of the one-period propagator for
original time-periodic Eq. �4� �Fig. 4�a��. The value of � /�
chosen in Fig. 4�a� is 0.2 and thus corresponds to the condi-
tion of Figs. 1–3 of Ref. 18. An inspection of Eq. �65�, which
has the same structure of Eq. �B11� given in Appendix B and
derived on the basis of dynamical symmetries of the Floquet
states, indicates that the quasienergies E2 and E3=−E2 un-
dergo an avoided crossing at �=�1, whereas crossing for
pairs of quasienergies E1, E2 and E3, E4 occurs at �=�2 �see
Fig. 4�a��. The behavior of �1 and �2 versus � /�, which is
calculated by the perturbative theory, is plotted in Fig. 5 and
compared to the one obtained by a full numerical analysis of
Eq. �4� �see also Fig. 4 of Ref .18�. Note the good agreement
between the curves, at least for � /�0.25. In the perturba-
tive analysis, the value of �1 �level avoided crossing� corre-
sponds to F0+�2�=0, at which one has E2=E3=0 and E1
=−E4=��F0. The value of �2, which corresponds to a pair
of quasienergy crossings, is attained when F0=0, i.e., one
has �2=2.405 independently of � /� �see Fig. 5�. Selective
CDT discussed in Ref. 18 and schematized in Figs. 4�c� and
4�d� can be easily understood in the framework of the per-
turbative analysis by an inspection of Eqs. �61�–�64�. Let us
first consider the anticrossing point �=�1. In this case, one
has F0+�2�=0, and thus from Eqs. �61� and �64�, one ob-
tains dA1 /dt=dA4 /dt=0: this means that at �=�1 suppres-
sion of tunneling for an electron initially prepared in either
wells 1 or 4 is attained �see Fig. 4�c��. Conversely, Eqs. �62�

and �63� show that a nonvanishing tunneling probability per-
sists for an electron initially prepared in either wells 2 or 3.
For example, if an electron is initially prepared in well 2, the
occupation probabilities P2�t�= �A2�t��2 and P3�t�= �A3�t��2 of
wells 2 and 3 undergo Rabi-type oscillations according to

P2�t� = cos2��efft�, P3�t� = sin2��efft� , �66�

with an effective tunneling rate �eff given by

�eff = �F0 = − ���1����

�
�2

. �67�

Note that, from the plot of the function ���� depicted in Fig.
2, one has ���1��−0.3, and therefore the effective tunnel-
ing rate �eff is reduced as compared to its value � in the
undriven case by a factor �0.3�� /��2. Let us then consider
the crossing point �=�2. In this case, from Eqs. �61�–�64�, it
follows that the dynamics of A1, A2 decouples from that of
A3 ,A4, i.e., the dynamical scenario depicted in Fig. 4�d� is
attained according to the analysis of Ref. 18. For instance, if
an electron is initially prepared in well 1 or in well 2, the
occupation probabilities P1�t�= �A1�t��2 and P2�t�= �A2�t��2
undergo Rabi-type oscillations, whereas the occupation prob-
abilities of wells 3 and 4 remain zero. According to Eqs. �61�
and �62�, the effective tunneling rate �eff of such Rabi flop-
ping is given by �eff=���2���� /��2, which should be com-
pared to that obtained for the �=�1 tuning condition �Eq.
�67��. As ���1�����2��−0.3 for �1 and �2 near �2.3
−2.4, we may conclude that, apart from a sign reversal, the
effective tunneling rate �and thus the period of Rabi-type
oscillations� is approximately the same for the avoided cross-
ing ��=�1� and crossing ��=�2� tuning conditions.

The above analysis can be extended to chains made of
N=5 or N=6 wells. For N=5, the evolution equations for the
slowly varying amplitudes An �Eq. �47�� explicitly read

i
dA1

dt
= ��F0 + �2��A2, �68�

i
dA2

dt
= ��F0 + �2��A1 + �F0A3, �69�

i
dA3

dt
= �F0A2 + �F0A4, �70�

i
dA4

dt
= �F0A3 + ��F0 + �2��A5, �71�

i
dA5

dt
= ��F0 + �2��A4. �72�

A typical behavior of quasienergies El near the collapse point
��2.4, which is predicted by the perturbative analysis, is
plotted in Fig. 6�b� and compared to that obtained by a nu-
merical nonperturbative analysis �Fig. 6�a��. In the Fig. 6�a�,
the schematic representations of the tunneling scenario for a
field amplitude tuned at �=�1 �corresponding to F0+�2�
=0; Fig. 6�c�� and at �=�2 �corresponding to F0=0; Fig.
6�d�� are also reported. Note that in the former case from
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Eqs. �68�–�72�, one obtains dA1 /dt=dA5 /dt=0, i.e., tunnel-
ing is suppressed for an electron initially prepared in one of
the two boundary wells, whereas tunneling is allowed among
wells 2, 3, and 4, with an effective tunneling rate given by
Eq. �67�. For an initial condition corresponding to an elec-
tron prepared in one of the three wells, 2, 3, or 4, the occu-
pation probabilities P2�t�, P3�t�, and P4�t� can be analytically
computed by a straightforward eigenmode analysis of Eqs.
�69�–�71�. For �=�2, from Eq. �70�, it follows that dA3 /dt
=0, i.e., tunneling is suppressed if an electron is initially
prepared in the middle well �see Fig. 6�d��.

Finally, for a chain made of N=6 wells, one has

i
dA1

dt
= ��F0 + �2��A2, �73�

i
dA2

dt
= ��F0 + �2��A1 + �F0A3, �74�

i
dA3

dt
= �F0A2 + �F0A4, �75�

i
dA4

dt
= �F0A3 + �F0A5, �76�

i
dA5

dt
= �F0A4 + ��F0 + �2��A6, �77�

i
dA6

dt
= ��F0 + �2��A5. �78�

A typical behavior of quasienergies El near the collapse point
��2.4 is reported in Fig. 7, together with a schematic rep-
resentation of the tunneling scenario for a field amplitude
tuned at �=�1 �corresponding to F0+�2�=0; Fig. 7�c�� and
at �=�2 �corresponding to F0=0; Fig. 7�d��. Note that in the
former case, tunneling is suppressed for an electron initially
prepared in one of the two boundary wells, whereas in the
latter case, CDT occurs for an electron initially prepared in
either wells 3 or 4 �at least up to the time scale �1 /�3�.

V. CONCLUSIONS

In this work, a theoretical analysis of quantum tunneling
in ac-driven tight-binding chains made of a finite number of
sites, such as electronic tunneling in finite superlattices of
quantum wells or in linear chains of quantum dots, has been
presented in the large-frequency limit. A multiple-scale
asymptotic analysis of the underlying equations in the NNTB
approximation has been developed, which is exact up to the
time scale �1 /�3, where � in the ratio between the charac-
teristic tunneling hopping rate and the modulation frequency.
It has been shown that the asymptotic analysis pushed up to
the time scale 1 /�3 correctly captures the main features of
the tunneling process in the multiple-well structure and the
complex behavior of crossings and avoided crossings of
quasienergies near a collapse point, according to the dynami-

cal symmetries of the Floquet states. An application of the
perturbative analysis has been presented to explain selective
CDT in ac-driven quantum-dot arrays previously proposed in
Ref. 18.

APPENDIX A: GENERALIZED SYMMETRIES OF
FLOQUET STATES

Let us indicate by �l=un
�l��t� the periodic part of the Flo-

quet state of Eq. �4� corresponding to the quasienergy El
=��l, which is assumed to be confined in the first Brillouin
zone �i.e., −�� /2�El�� /2�. Then, it follows that �l sat-
isfies the eigenvalue equation

H�l = El�l, �A1�

where the Hermitian operator H, which is defined on the
space of periodic functions with period T=2
 /�, is given by

H = M�t� − i�
�

�t
�A2�

and

Mn,m�t� = ��F�t��n,m−1 + ��F��t��n,m+1. �A3�

The periodic parts of the Floquet states form therefore a set
of orthonormal functions, i.e.,

	�l��r�  �
n
�

0

T

dt un
�l���t�un

�r��t� = �l,r. �A4�

For a finite chain made of N wells, the matrix M should be
obviously truncated to define a matrix of order N�N, and
the sum in Eq. �A4� should be extended from n=1 to n=N,
however, for the following analysis, one may equivalently
use the not truncated expression �Eq. �A3�� for M and ex-
tend the sum in Eq. �A4� to any integer n, provided that one
takes un

�l�=0 for n�0 and for n�N+1.
Let us now assume that the ac driving field E�t� satisfies

the condition E�t+T /2�=−E�t�, so that from Eq. �5�, it fol-
lows that F�t+T /2�=F��t�. In the continuous Hamiltonian
model describing an ac-driven electron in the one-
dimensional multiple-well potential V�x� shown in Fig. 1, it
is well known that owing to the invariance of the potential
V�x� and of the dipole interaction term xE�t� under simulta-
neous spatial reflection x→−x and time translation t→ t
+T /2, the Floquet states �l have a well-defined parity under
such a variable transformation �dynamic or generalized par-
ity; see, for instance, Ref. 6�. In the corresponding NNTB
model, which is expressed by Eqs. �2� and �4�, it is thus
expected that the Floquet states �l should have a well-
defined dynamic parity for simultaneous “discrete” reflection
n→N−n+1 and time translation t→ t+T /2. This can be ex-
plicitly demonstrated as follows. If �l�t�=un

�l��t� is an eigen-
function of H with quasienergy El, after the time translation
t→ t+T /2 from Eqs. �A1�–�A3�, it is straightforward to
show that �l��t�uN−n+1

�l� �t+T /2� is also an eigenfunction of
H corresponding to the same quasienergy El. Therefore, both
�l

�=1 /�2��l��l�� are eigenfunctions of H corresponding to
the same quasienergy. If the eigenvalue El is not degenerate,
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one thus must have �l
+=0, i.e., �l�=−�l or �l

−=0, i.e., �l�
=�l. This means that the periodic part �l=un

�l��t� of Floquet
states has a well-defined generalized parity according to Eqs.
�51� and �52� given in the text. On the other hand, if the
eigenvalue El is degenerate and �l and �l� are linearly inde-
pendent, in place of them, one can choose �l

�, which have
again a well-defined and opposed parity.

The parity �even or odd� of a Floquet state �l can be
easily determined by adiabatically switching off the ac-
driven field, i.e., by taking the limit E0→0. For E0=0, one
has F�t�=1 and the eigenmodes ql of Eq. �4� and correspond-
ing energies el can be calculated in a closed form and read

ql =� 2

N + 1
sin� 
nl

N + 1
� , �A5�

el = 2� cos� l


N + 1
� �A6�

�l ,n=1,2 ,3 , . . . ,N�. As the Floquet states �l�E0� and corre-
sponding quasienergies El�E0� are continuous functions of
E0, a connection between �l�E0� and the eigenmode ql given
by Eq. �A5� �and, correspondingly, between quasienergy El
and the energy el given by Eq. �A6�� should be established in
the limit E0→0. To this aim, note that for a given mode
index l, there will always exist an integer number ml such
that el−ml�� falls inside the first Brillouin zone, i.e.,
−�� /2�el−ml���� /2. The integer ml basically counts
how many photons have to be subtracted from the undriven
energy level el in order to arrive at the first Brillouin zone.
The connection is thus simply established by Eq. �54� given
in the text. As a particular case, assume that for any mode
index l, one has ml=0, a situation which surely occurs when
the modulation frequency � is larger than 4� �see Eq. �A6��.
In this case, from Eq. �A5�, it follows that at E0=0, the
Floquet state �l with l even has an odd parity for the discrete
reflection n→N−n+1, whereas the Floquet state �l with l
odd has an even parity for discrete reflection. The same gen-
eralized parity is maintained as E0 is adiabatically switched
on.

Finally, from Eqs. �A1�–�A3� and using the property F�t
+T /2�=F��t�, Eq. �53� given in the text can be readily
proved.

APPENDIX B: QUASIENERGY CROSSINGS AND
AVOIDED CROSSINGS NEAR A COLLAPSE POINT

In this appendix, we present general results on crossings
and avoided crossings of N quasienergies near a collapse
point that can be deduced from the dynamical symmetries of
the Floquet states. For the sake of definiteness, we will con-
sider a sinusoidal electric field E�t�=E0 cos��t�, however,
the present analysis is valid for any ac field E�t� such that
E�t+T /2�=−E�t�. Let us assume a modulation frequency �
much larger than the hopping rate � and let us chose an
electric field amplitude E0 close to the first collapse point of
quasienergies, i.e., for which �=edE0 /�� is close to 2.405.
Let us indicate by �l and El the periodic parts of the Floquet
states and corresponding nearly degenerate quasienergies for

such a chosen electric field amplitude, and let us determine
how the quasienergies are changed when the electric field
amplitude is varied by a small amount �E0. Following Ref.
31, the quasienergies E and periodic parts � of the Floquet
states for the varied electric field amplitude can be formally
calculated from the perturbed eigenvalue equation

�H0 + �H�� = E� , �B1�

where H0 is given by Eqs. �A2� and �A3� for a field ampli-
tude E0, whereas �H is the first-order correction term to H0
due to the small change �E0 in field amplitude. The explicit
form of �H reads

�Hn,m = ���F�t��n,m−1 + ���F��t��n,m+1 − i�
�

�t
, �B2�

where we have set

�F�t� = − i
ed�E0

��
sin��t�F0�t� �B3�

and F0�t�=exp�−i�edE0 /���sin��t��. Note that �F�t+T /2�
=�F��t�. To determine the quasienergies E at the driving field
amplitude E0+�E0, we can solve Eq. �B1� by a standard sta-
tionary perturbation theory for degenerate levels �see, for
instance, Ref. 31�. In fact, near the collapse point and in the
large-frequency regime, all quasienergies El are nearly de-
generate, as shown in Sec. III. We then search for a solution
to Eq. �B1� of the form

� = �
n=1

N

bn�n. �B4�

Taking into account that H0�n=En�n, after substitution of
Eq. �B4� into Eq. �B1� and taking the scalar product of both
sides with �l, we get the following homogeneous equations
for the expansion amplitudes bn:

�E − El�bl = �
n=1

N

Vl,nbn, �B5�

where we have set

Vl,n = 	�l��H��n� = �
m,r
�

0

T

dtum
�l���t��Hm,rur

�n��t� . �B6�

Note that the coupling terms Vl,n are proportional to �E0, i.e.,
one can write Vl,n=vl,n�E0, with vl,n independent of �E0. In
order to solve Eq. �B5�, the following determinantal equation
must be satisfied

�
E − �1 − V1,2 − V1,3 . . . − V1,N

− V2,1 E − �2 − V2,3 . . . − V2,N

. . . . . . . . . . . . . . .

− VN,1 − VN,2 − VN,3 . . . E − �N

� = 0, �B7�

where we have set �nEn+Vn,n �n=1,2 , . . . ,N�. Equation
�B7� determines the values of the N quasienergies E when
the electric field amplitude is varied by �E0 from the unper-
turbed value E0. As �E0 is continuously varied, the N roots of
Eq. �B7� describe N curves which may show crossings
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and/or avoided crossings depending on the generalized sym-
metries of the Floquet states and on the number N of levels.
For instance, in the simplest case of two levels �N=2�, Eq.
�B7� yields

E =
�1 + �2

2
��� �1 − �2

2
�2

+ �V1,2�2. �B8�

To obtain exact level crossing, one should simultaneously
has �1=�2 and V1,2=0. This condition is, in general, not pos-
sible to be satisfied by varying only one parameter �e.g.,
�E0�, unless V1,2 identically vanishes owing to symmetry rea-
sons. Such a case occurs whenever the two Floquet states �1
and �2 have opposite generalized parity. Therefore, for the
interaction of two nearly degenerate quasienergies, one ob-
tains the well-known result that an exact level crossing is
possible for two quasienergies belonging to the Floquet
states with opposite dynamic parity, whereas an avoided
crossing is observed in the opposite case �see, for instance,
Refs. 6 and 31�. For the interaction of more than two nearly
degenerate quasienergies, a complex combination of cross-
ings and avoided crossings is, in general, obtained. For our
specific model defined by Eqs. �B1�–�B3�, it can be easily
shown that owing to the generalized symmetries of the Flo-
quet states �l summarized in Sec. IV A and derived in Ap-
pendix A, the following properties hold:

�i� Vl,n=0 whenever the Floquet states �l and �n have
opposite generalized parity.

�ii� Vl,n=0 for n=N+1− l.
�iii� Vl,l=−Vn,n for n=N+1− l, and therefore �N+1−l=−�l.
�iv� VN−l+1,N−n+1=−Vn,l.

Such properties largely simply the problem of determining
the pattern of level crossings and/or anticrossings near the
collapse point for a multiple-well system. We discuss here in
detail the cases corresponding to N=3 and N=4 wells, al-
though the analysis can be extended to chains with a larger
number of wells.

For a triple-well system �N=3�, �1 and �3 have an even
parity, whereas �2 has an odd parity. Therefore, V1,2=V2,3
=0. Moreover, for the properties �ii� and �iii� stated above,
one also has V1,3=�2=0 and �3=−�1. Determinantal �B7�
then reads

�E − �1 0 0

0 E 0

0 0 E + �1
� = 0, �B9�

which yields the three roots

E = �1, E = 0, E = − �1, �B10�

with �1=E1+v1,1�E0. Therefore, as �E0 is varied an exact
level crossing for the three quasienergies is attained at �E0
=−E1 /v1,1, as shown in the insets of Fig. 3.

For a chain made of N=4 wells, �1 and �3 are even states,
whereas �2 and �4 are odd states. Using the properties �i�–
�iv� listed above, one then readily obtains V1,2=V1,4=V2,3
=V3,4=0, �3=−�2, �4=−�1, and V1,3=−V2,4. Determinantal
�B7� then yields the quadratic equation in E2,

E4 − E2��1
2 + �2

2 + 2�V1,3�2� + ��1�2 + �V1,3�2�2 = 0,

�B11�

with �1=E1+V1,1 and �2=E2+V2,2. The behavior of the four
quasienergy curves as functions of � depicted in Fig. 4�a� is
compatible with Eq. �B11�. In fact, an inspection of Eq.
�B11� shows that possible level crossings may be observed at
either �1=�2 or �1�2+ �V1,3�2=0.

In the former case ��1=�2�, which corresponds to �=�2 in
Fig. 4�a�, Eq. �B11� has two distinct roots E= � ��1

2

+ �V1,3�2�1/2, each of them being twice degenerate, so that a
pair of crossings between two quasienergy branches is at-
tained. Note that the condition �1=�2 is satisfied for a single
value of �E0, namely, �E0= �E2−E1� / �v1,1−v2,2�.

The latter case ��1�2+ �V1,3�2=0�, which would correspond
to E=0 being a doubly degenerate root of Eq. �B11�, is found
for a field variation �E0 satisfying the algebraic equation

�v1,1v2,2 + �v1,3�2��E0
2 + �E2v1,1 + E1v2,2��E0 + E1E2 = 0.

�B12�

Equation �B12� may admit �i� two, �ii� one, or �iii� zero
real-valued roots depending on the values of coefficients E1,
E2, v1,1, v2,2, and v1,3. The first case �i� does not seem to be
applicable to our specific model, and therefore we just briefly
discuss the other two cases. Case �ii� corresponds to point
�=�1 of Fig. 4�a� and is attained if v1,1v2,2�−�v1,3�2. As
shown in Fig. 4�a�, two specular quasienergy branches are
locally parabolic and touch each other at the vertex, without,
however, effectively crossing.32 Case �iii� corresponds, on
the other hand, to an effective avoided crossing, in which the
two specular and locally parabolic energy branches do not
touch in the vertex �see, for instance, the inset of Fig. 4�a� in
Ref.18�. We can thus refer the level interaction at �=�1 in
Fig. 4 as an avoided crossing.
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