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TiNiSn-based half-Heusler alloys have been of significant interest for their potential as thermoelectric
materials. They exhibit promising electronic transport properties as revealed through high Seebeck coefficient
and moderate electrical resistivity values. The chief disadvantage of these materials is a comparatively high
lattice thermal conductivity. Attempts to “tune” the lattice thermal conductivity ��L� in these materials have led
to the comparison and analysis of the thermal conductivity of two series of Ti- and Zr-based half-Heusler
alloys. In the first series, Ti1−yZryNiSn0.95Sb0.05, a significant reduction in �L is observed, with the substitution
of large concentrations of Zr �y�25% � at Ti site, which is most likely due to mass fluctuation scattering. In the
second series, TiNiSn1−xSbx, a nonsystematic increase in �L is observed, with minute amounts of Sb doping
�x�5% � at the Sn site. Extensive microstructural analysis in a TiNiSn1−xSbx series reveals a correlation
between �L and the average grain diameter in these materials, which is in good agreement with theoretical
predictions related to phonon boundary scattering. In addition, a comparison of the calculated phonon mean
free path in each of the series of compounds shows some insight into the two different phonon scattering
mechanisms.
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I. INTRODUCTION

The half-Heusler alloys are a group of ternary intermetal-
lic compounds with the general formula MM�X, which is
composed of transition metals �M =Zr,Hf,Ti,V,Nb,Mn and
M�=Fe,Co,Ni� and a nonmetal or a nonmagnetic metal �X
=Sn,Sb, In,Ge,Al�.1 The half-Heusler alloys exhibit the cu-
bic MgAgAs �C1b� type of crystal structure consisting of 3
filled and 1 vacant interpenetrating fcc sublattices with 12
atoms in a unit cell. The third fcc structure is shifted by
one-fourth of the unit cell from the body diagonal of the
rocksalt structure.2 The half-Heusler alloys are structurally
comparable to their parent compounds, the Heusler alloys
�MM�2X�, which have two sublattices occupied by M� at-
oms, and thus there is no vacant sublattice. A half-Heusler
alloy differs from the metallic Heusler alloy in being semi-
conducting or semimetallic due to the presence of a “hybrid-
ization gap” at the Fermi level.3 The half-Heusler alloys ex-
hibit unusual electronic, optical, and magnetic transport
properties.4–6

The MNiSn �M =Ti,Zr,Hf� half-Heusler alloys have been
of significant interest for their potential as thermoelectric
�TE� materials for several years.7–9 The combination of high
thermopower ���−60 to −150 �V /K� and low electrical
resistivity ��=1 /��1–0.1 m	 cm� in the TiNiSn-based
half-Heusler alloys has resulted in promising TE power
factor ��2�T� of about 0.7–1.0 W m−1 K−1 at 300 K. Opti-
mized doping of 5% Sb at Sn site has resulted in the largest
power factors ��2�T��1.0 W m−1 K−1 at 300 K and
�4.5 W m−1 K−1 at 650 K in the TiNiSn0.95Sb0.05.

10 Other
groups have also reported promising thermoelectric proper-
ties in the half-Heusler alloys. A TE figure of merit or ZT

�=�2�T /���0.7 at 800 K has been reported in the
Zr0.5Hf0.5Ni0.8Pd0.2Sn0.99Sb0.01 by Shen et al.11 The highest
value of ZT=0.81 at T=1025 K was observed by Culp et
al.12 in the half-Heusler alloys for a composition of
Hf0.75Zr0.25NiSn0.975Sb0.025, which was found to exceed the
goal set for industrial purposes by the SiGe alloys.

The TiNiSn half-Heusler alloys exhibit a lattice parameter
of 5.94 Å.13 The result of an “unfilled” structure in the half-
Heusler alloys due to the vacant Ni sublattice leads to inter-
esting band-structure properties. A narrow energy band gap
�0.1–0.2 eV� �Refs. 5 and 7� at the Fermi level, possibly due
to an overlap between the d, d �Ti�3d24s2�, �Ni�3d84s2���,
and p and d �Ti�3d24s2� or Ni�3d84s2� and Sn�5s25p2�� wave
functions leads to novel electronic transport properties.2 The
position of the Fermi level with respect to the gap determines
whether these compounds are semiconducting or metallic. A
small band gap near the Fermi level not only makes the band
structure sensitive to various chemical substitutions but also
accounts for the “tunability” and variability of the electrical
resistivity ���1 /��0.1–8 m	 cm� at room temperature.10

Although the electrical transport properties in the Ti-
based half-Heusler alloys reveal positive results, the lattice
thermal conductivity observed ��L�10 W m−1 K−1 at
300 K� is quite high and needs to be further reduced.14 An
ideal thermoelectric material requires a high Seebeck coeffi-
cient ���100–300 �V K−1� and favorable electrical con-
ductivity ���102–104 	 cm−1� as exhibited by semimetals
or semiconductors with an optimal energy gap �Eg
�0.25 eV�.15 The Seebeck coefficient, from Mott’s equation
for metals, is given by �= �
2 /3��k2T /e��d�ln �� /dE�E=EF

,
where � is the electrical conductivity and � is proportional to
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the logarithmic derivative of the electrical conductivity at the
Fermi energy.16 By using a simple theory for nearly free
electrons and assuming charge-carrier scattering distance to
be independent of energy,17,18 the Seebeck coefficient may be
expressed as �= �8
2kB

2 /3eh2�m*T�
 /3n�2/3, where kB is the
Boltzmann constant, m* is the effective mass, and n is the
carrier concentration. For good conductors, n is considerably
large and also the electrical conductivity ��=ne��, which is
thus inversely related to the Seebeck coefficient. However,
optimizing these two parameters via “doping” or chemical
substitution proves to be an effective option. To further
maximize ZT, several methods of “tuning” the lattice thermal
conductivity by increasing phonon scattering via mass fluc-
tuation or grain boundary scattering are investigated.19,20

II. EXPERIMENTAL PROCEDURE

Alloys of different compositions were prepared by arc
melting appropriate quantities of elements together. Titanium
�4N purity�, zirconium �3N purity�, antimony �5N purity�, tin
�5N purity�, and nickel �5N purity� metal powders were
mixed together and pressed into a pellet. This pellet was arc
melted on a water-cooled copper hearth under argon atmo-
sphere. The resulting button was remelted two or three times
after turning the pellet to ensure homogeneity. The button
was wrapped in a Ta foil and sealed in an evacuated quartz
tube for annealing. For a “standard” alloy, a short term an-
nealing at 900 °C for 14 h and a long term annealing at
750 °C for one week were carried out. High quality single-
phase polycrystalline samples were confirmed by x-ray dif-
fraction. Ball milling was carried out under argon pressure
for 10 h by using a Spex mixer mill �model 8000�. The
milled powders were shock consolidated using a three-
capsule plate-impact compaction fixture, with an 80 mm di-
ameter single stage gas gun. Prior to consolidation, the pow-
ders were pressed in the capsules to about 60%–63% of their
theoretical maximum density and capped with the plugs.
Compaction was performed at a measured velocity of
508 m /s ��5–7 GPa calculated pressure�, which yields
10 mm diameter by 3-mm-thick fully dense compacts. Fig-
ure 1 shows the x-ray diffraction pattern for a standard and
ball-milled and shock-compacted �BM-SC� TiNiSn0.95Sb0.05
half-Heusler alloy. A small rectangular piece �2�2
�8 mm3� was cut from each ingot of different compositions
to measure resistivity, thermopower, and thermal conductiv-
ity.

Resistivity and thermopower are simultaneously mea-
sured in a closed cycle helium cryostat from 10 to 300 K,
and the specific technique is described in detail elsewhere.21

The thermal conductivity is also measured from 10 to 300 K
using a separate custom designed system by using a steady
state technique. The mounting and measurement technique
and instrumentation are also described in detail elsewhere.22

III. EXPERIMENTAL RESULTS AND DISCUSSIONS

An optimal doping of 5% Sb in TiNiSn0.95Sb0.05 exhibits
the highest power factor ��2�T�4.5 W m−1 K−1 at 650 K�
in this series of half-Heusler alloys. However, a com-

paratively high lattice thermal conductivity14 ��L�
�10 W m−1 K−1 �almost a factor of 5 higher than most good
TE materials�23 is a drawback that has been difficult to over-
come in these materials. The thermal conductivity in the
half-Heusler alloys chiefly consists of the lattice contribution
��L�90% of the total �T�, which is indirectly calculated us-
ing the Wiedemann Franz relation ��E=LO�T, where LO
=2.45�10−8 V2 /K2 is the Lorertz number and �L=�T−�E�.

The effect of substituting large concentrations of Zr
��20% � at the Ti site on lattice thermal conductivity in
Ti1−yZryNiSn0.95Sb0.05 series is studied, keeping the optimal
Sb doping �5%� a constant. The key to a large TE figure of
merit is not only to reduce the high �L but also to maintain
the overall promising electronic transport properties ob-
served through high power factors ��2�T�. Figure 2�a� shows
�L as a function of temperature for the series
Ti1−yZryNiSn0.95Sb0.05 �y=0.0, 0.25, 0.5, 0.6, 0.75, and 1.0�.
The end elements of the series, TiNiSn0.95Sb0.05 and
ZrNiSn0.95Sb0.05, exhibit the highest �L values as expected.
The temperature dependence as well as the magnitude ��T
�16 W m−1 K−1 at 300 K� of the total thermal conductivity
in ZrNiSn0.95Sb0.05 �y=1.0� are in excellent agreement with
the measurement of thermal conductivity of a week long
annealed ZrNiSn reported by Uher et al.8 The minimal
amount of Sb doping �5%� in ZrNiSn0.95Sb0.05 has very little
effect on �L compared to that of ZrNiSn. In the intermediate
alloyed compounds Ti1−yZryNiSn0.95Sb0.05 �y=0.25, 0.5, 0.6,
and 0.75�, the lattice thermal conductivity is highly reduced
�almost by 50%�, most likely due to the difference in the
atomic masses of Zr �MZr=91 g /mol� and Ti �MTi
=48 g /mol�. The difference in the atomic radii of Zr
�2.16 Å� and Ti �2 Å� may also affect �L due to strain field
scattering effects, but this effect has not been investigated
any further. Figure 2�b� shows the lattice thermal conductiv-
ity ��L� at room temperature in the Ti1−yZryNiSn0.95Sb0.05 as
a function of the nominal Zr concentrations �y�. The overall
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FIG. 1. �Color online� X-ray diffraction pattern for a standard
and ball-milled and shock compacted �BM-SC� TiNiSn0.95Sb0.05

half-Heusler alloy.
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effect of Zr substitution is to disorder the crystal lattice, as
evident from a large, systematic reduction in �L, with a
maximal mass disorder near a concentration of 50% Zr at Ti
site, pointing toward mass fluctuation scattering. The elec-
tronic transport properties in the Ti1−yZryNiSn0.95Sb0.05 series
reveal that the parent compositions �TiNiSn0.95Sb0.05 and
ZrNiSn0.95Sb0.05� exhibit the upper limits of the power fac-
tors ��2�T�, decreasing in magnitude with increasing Zr sub-
stitution at the Ti site.14 The Seebeck coefficients in this se-
ries are negative, ranging from −45 to −70 �V /K with the
highest thermopower being for TiNiSn0.95Sb0.05.

10 The resis-
tivity ��=1 /�� exhibits a semimetallic nature, increasing
with increase in temperature. Resistivity values lie between
0.15 and 0.2 m	 cm at room temperature with the highest
value for y=0.75. TiNiSn0.95Sb0.05 remains the optimal com-
position in this series of samples with the highest power
factor ��1.0 W m−1 K−1 at T=300 K�.14

Figure 3�a� shows �L vs temperature in the TiNiSn1−xSbx
series with minute �x�5% � amounts of Sb doping at Sn site.
For these low concentrations of Sb doping in the
TiNiSn1−xSbx �x=0.0, 0.005, 0.02, 0.03, and 0.05�, the room

temperature values of thermal conductivity vary nonsystem-
atically over a range from approximately 6–15 W m−1 K−1.
Pure TiNiSn exhibits a thermal conductivity of about
8 W m−1 K−1 at room temperature, in good agreement with
the thermal conductivity of TiNiSn measured by other
groups �9 W m−1 K−1 at 300 K�.9 Figure 3�b� shows �L as a
function of concentration �x� of Sb doping. These results in
Figs. 3�a� and 3�b� seem inconclusive at first, as is expected
that �L in this series would be of similar magnitudes at all
temperatures due to the close proximity of Sb �MSb
=121.8 g /mol� and Sn �MSn=118.7 g /mol� in the Periodic
Table.

IV. MICROSTRUCTURAL ANALYSIS

An extensive investigation of microstructure in
TiNiSn1−xSbx series by Bhattacharya et al.19 has established
a direct correlation of �L with the average grain diameter �D�

0

10

20

30

40

50

0 50 100 150 200 250 300

y=1.00
y=0.75
y=0.60
y=0.50
y=0.25
y=0.00

La
tti
ce
Th
er
m
al
C
on
du
ct
iv
ity
(W
m
-1
K
-1
)

Temperature (K)

Ti
1-y
Zr
y
NiSn

0.95
Sb
0.05

(a)

0

10

20

30

40

50

0 50 100 150 200 250 300

y=1.00
y=0.75
y=0.60
y=0.50
y=0.25
y=0.00

La
tti
ce
Th
er
m
al
C
on
du
ct
iv
ity
(W
m
-1
K
-1
)

Temperature (K)

Ti
1-y
Zr
y
NiSn

0.95
Sb
0.05

(a)

5

6

7

8

9

10

11

12

0 0.2 0.4 0.6 0.8 1

La
tti
ce
Th
er
m
al
C
on
du
ct
iv
ity
(W
m
-1
K
-1
)

Concentration y

Ti
1-y
Zr
y
NiSn

0.95
Sb
0.05

(T = 300 K)

(b)

0

10

20

30

40

50

0 50 100 150 200 250 300

y=1.00
y=0.75
y=0.60
y=0.50
y=0.25
y=0.00

La
tti
ce
Th
er
m
al
C
on
du
ct
iv
ity
(W
m
-1
K
-1
)

Temperature (K)

Ti
1-y
Zr
y
NiSn

0.95
Sb
0.05

(a)

0

10

20

30

40

50

0 50 100 150 200 250 300

y=1.00
y=0.75
y=0.60
y=0.50
y=0.25
y=0.00

La
tti
ce
Th
er
m
al
C
on
du
ct
iv
ity
(W
m
-1
K
-1
)

Temperature (K)

Ti
1-y
Zr
y
NiSn

0.95
Sb
0.05

(a)

5

6

7

8

9

10

11

12

0 0.2 0.4 0.6 0.8 1

La
tti
ce
Th
er
m
al
C
on
du
ct
iv
ity
(W
m
-1
K
-1
)

Concentration y

Ti
1-y
Zr
y
NiSn

0.95
Sb
0.05

(T = 300 K)

(b)

FIG. 2. �Color online� Lattice thermal conductivity vs �a� tem-
perature �b� nominal concentration of Zr substitution in the
Ti1−yZryNiSn0.95Sb0.05 series.
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FIG. 3. �Color online� Lattice thermal conductivity as a function
of �a� temperature and �b� concentration of Sb doping in the
TiNiSn1−xSbx series.
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in these materials. In Fig. 4�a�, for the standard TiNiSn1−xSbx
compounds, �L systematically decreases with a decrease in
grain diameter �D�10 �m� even with the small variation of
grain size. This plot also includes a BM-SC TiNiSn0.95Sb0.05
sample, with D�0.05 �m and a remarkably low �L for a
half-Heusler alloy ��L�4 W m−1 K−1�. The line is a guide
for the eyes showing the systematic variation of �L with D.
Figure 4�b� exhibits characteristic grain structures for
TiNiSn1−xSbx �x=0.02 and 0.005�. Figure 5�a� shows the

scanning electron microscopy �SEM� images of the BM-SC
TiNiSn0.95Sb0.05. The plot of number of grains as a function
of grain size in Fig. 5�b� shows an average grain size D
�1 �m. The correlation of �L with the average grain diam-
eter in the Ti-based half-Heusler alloys is in good agreement
with the theoretical predictions of Goldsmid and
co-workers,24,25 which are related to phonon boundary scat-
tering of half-Heusler alloys, where �L is predicted to be
sensitive to the grain size �D�10 �m� of the material. The
electrical resistivity in the TiNiSn1−xSbx series is found to
vary with the concentration of Sb doping, decreasing uni-
formly with increase in Sb substituted at the Sn site.10

The grain structures of the Ti1−yZryNiSn0.95Sb0.05 series
have been further examined to compare to that of the
TiNiSn1−xSbx series to understand the effects of different
phonon scattering mechanisms on �L in the Zr-substituted
compounds. The Ti1−yZryNiSn0.95Sb0.05 compounds were
polished and etched with a suitable grain boundary etchant
for about 25 s and observed under the SEM. Figure 6�a�
shows the SEM image of grain structure of
Ti1−yZryNiSn0.95Sb0.05 �y=0.25�. From our microstructural
analysis, the Ti1−yZryNiSn0.95Sb0.05 series exhibits a much
larger average grain size �D�50 �m� as compared to the
TiNiSn1−xSbx compounds �D�10 �m� �Fig. 4�b��. The
grains in the Zr-substituted compounds are observed to have

FIG. 4. �Color online� �a� Lattice thermal conductivity as a func-
tion of the average grain diameter in the TiNiSn1−xSbx series. �b�
Characteristic grain structures in TiNiSn1−xSbx �x=0.02 and 0.005�.
The average grain sizes calculated using standard ASTM techniques
�Ref. 30�.

FIG. 5. �Color online� �a� SEM images of BM-SC
TiNiSn0.95Sb0.05. �b� BM-SC samples yield very small grain sizes
�D�1 �m�.
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distinct light and dark regions possibly due to inhomoge-
neous Zr rich regions �microprobe analysis�.

From the theoretical predictions of Goldsmid et al.24 as
observed in Fig. 6�b�, �L decreases with a decrease in grain
diameter at slightly higher values than does the carrier mo-
bility. The dependence of �L is most prominent for a grain
size �D�10 �m� but is almost independent of size at larger
grain diameters �D�50 �m�. Our experimental observations
of the microstructure and the thermal conductivity measure-
ments in the TiNiSn1−xSbx also show a dependence on grain
size �D�10 �m�. For Ti1−yZryNiSn0.95Sb0.05 series, where
the average grain size is D�50 �m, �L is more sensitive to
mass fluctuation scattering, and boundary scattering is not a
prominent phonon scattering mechanism in this case. These
results are in very good agreement with the theoretical pre-
dictions on boundary scattering of phonons in the half-
Heusler alloys by Goldsmid and co-workers.24,25

V. DISCUSSIONS OF THERMAL CONDUCTIVITY

The temperature dependence of lattice thermal conductiv-
ity in a perfect crystal exhibits a well-defined peak at low

temperatures. The different scattering mechanisms that mold
the temperature dependence of the lattice thermal conductiv-
ity �L�x� are given in Eqs. �1�–�3�, where x=� /kBT or the
reduced phonon frequency,26,27

�L�x� =
kB

2
2vs
� kBT


�	

0

�D/T x4ex

�ph
−1�ex − 1�2dx , �1�

�ph
−1 = �MF

−1 + �U
−1 + �B

−1, �2�

�ph
−1 = A�4 + Be−�D/TT3�2 + vs/D . �3�

In the above equations, A and B are constants, � is the
phonon angular frequency, �MF ���−4� represents the relax-
ation time due to mass fluctuation scattering via impurities or
point defects, �U is the relaxation time due to umklapp scat-
tering, and �B��vs /D� is the relaxation time due to phonon
boundary scattering. It must be noted that the phonon relax-
ation time due to boundary scattering ��B�vs /D� is indepen-
dent of the phonon frequency, unlike the other two phonon
scattering mechanisms.

At lower temperatures �T��D�, the average phonon fre-
quency is low and long wavelength phonons are present,
which are mostly unaffected by both point defects and other
phonon interactions. These long wavelength phonons at
lower temperatures are chiefly scattered by grain boundaries
�polycrystalline� and crystal dimensions �single crystals�.
With a change in temperature, the phonon spectrum also
changes. The short wavelength phonons are present at higher
temperatures where the maximum frequency possible is �max
�Debye frequency�. The scattering of phonons mostly de-
pends on the size �or difference in mass� of the irregularity in
the crystal lattice. When a point defect is larger than the
phonon wavelength, mass fluctuation scattering, comparable
to Rayleigh scattering,28 occurs, which reduces the thermal
conductivity of the material.

VI. MEAN FREE PATH CALCULATIONS

In order to completely understand the two different pho-
non scattering mechanisms and their effects on the lattice
thermal conductivity ��L�, a theoretical estimation of the
mean free paths in the two series of half-Heusler alloys,
TiNiSn1−xSbx and Ti1−yZryNiSn0.95Sb0.05, is presented by us-
ing the classical kinetic theory relation,

�L = 1
3cvvs�ph. �4�

The mean free path ��ph� of phonons is estimated using the
measured values of the specific heat capacity per unit volume
of phonons �cv�, the lattice thermal conductivity ��L�, and the
calculated values of the phonon velocity �vs� �or the velocity
of sound through a material�. The velocity of sound is theo-
retically calculated using the relation24

v =
2kBa�D

h
, �5�

where, kB is the Boltzmann constant, a the lattice constant,
and �D is the Debye temperature. The velocity of sound �Eq.

FIG. 6. �Color online� Average grain diameter �D�50 �m� in
Ti1−yZryNiSn0.95Sb0.05 compounds �a� y=0.25. �b� The theoretical
predictions of Goldsmid et al. �Ref. 25� suggest that kL decreases
much faster than the mobility below a grain size of about 10 �m.
Our experimental results show that the grain size in the
Ti1−yZryNiSn0.95Sb0.05 series is �D�50 �m�, where boundary scat-
tering is not predicted to be a prominent phonon scattering
mechanism.
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�5�� arises from the relation �kB�D=�� with the assumption
that the phonon wavelength �=2a. The mean free paths at
different temperatures are calculated using the measured val-
ues of �L and the measured specific heat capacity value. The
electronic component of the molar specific heat capacity
��T� is subtracted from the measured total specific heat ca-
pacity to get the lattice component �Cph�, which is used in
our calculations.

Some approximations in the calculations of both
the velocity of sound and the phonon mean free path in
these materials are discussed below. The molar heat capacity
at constant pressure �Cp� is measured under a high vacuum
��1 mTorr� and it is assumed that Cp�Cv for a solid
sample. The lattice constant �a=5.93 Å� is used for
the TiNiSn1−xSbx compounds.9 The densities used for unit
conversion of the molar specific heat capacity �J/mol K� to
specific heat capacity �J /m3 K� for standard TiNiSn1−xSbx
compounds are 7.1 g /cm3 and for the BM-SC
�TiNiSn0.95Sb0.05��6.5 g /cm3. The density of
ZrNiSn0.95Sb0.05 calculated using lattice constant a=6.11 Å
is 7.8 g /cm3. A linear interpolation between the densities of
TiNiSn0.95Sb0.05 and ZrNiSn0.95Sb0.05 is obtained to estimate
the densities of the Ti1−yZryNiSn0.95Sb0.05 series. The thermal
conductivity data are measured to about 10 K in a cryocooler
system. The low temperature data used for our calculations
have been linearly extrapolated to 4 K. The low temperature
data in TiNiSn1−xSbx �x=0.03� is somewhat noisy and hence
a reliable extrapolation is not possible.

From our calculations, it is observed �Fig. 7�a�� that the
values of the mean free path in the TiNiSn1−xSbx series are
comparable to the grain diameters �obtained from previous
microstructural analysis�19 when we linearly extrapolate the
�L data to T�4 K. Within the limits of the uncertainties in
the extrapolation of the thermal conductivity data to these
low temperatures as shown by the error bars, this calculation
certainly emphasizes the correlation of �L with the average
grain diameters �as observed through microstructural analy-
sis� and not with the concentration of Sb doping. Phonon
boundary scattering is thus a more prominent scattering phe-
nomenon in the TiNiSn1−xSbx series, especially at low tem-
peratures when all the other scattering phenomena are a
minimum.

In contrast, in the Ti1−yZryNiSn0.95Sb0.05 �y=0.25, 0.5,
0.6, and 0.75� series, the alloyed compounds exhibit a mean
free path of as low as 3.0 �m �y=0.6� even though they
exhibit a much larger grain diameter �D�50 �m�. Obvi-
ously, phonon boundary scattering is not prominent in this
case. In ZrNiSn0.95Sb0.05, where there should be no mass
fluctuation scattering affecting thermal conduction �with neg-
ligible effects of any isotopic fluctuations�, the mean free
path is calculated to be about 26 �m at T�4 K and a grain
size D�50 �m is observed. From our experimental obser-
vations, mass fluctuation scattering is understood to be a
more prominent scattering mechanism in the Zr-substituted
series due to a larger difference in atomic masses of Zr
�MZr=91 g /mol� and Ti �MTi=48 g /mol�. In order to find a
correlation between the mean free paths and the concentra-
tions of Zr substitution, we write the total relaxation time
�1 /�ph� for the series of Ti1−yZryNiSn0.95Sb0.05 to be equal to
the sum of the inverse relaxation times limited by the three

phonon scattering mechanisms indicated by U �umklapp�, B
�boundary�, and MF �mass fluctuation�,

1

�ph
=

1

�U
+

1

�B
+

1

�MF
. �6�

In the parent compound TiNiSn0.95Sb0.05, �y=1� where
there is no additional mass fluctuation scattering arising from
any Zr atoms �considering very little mass fluctuation scat-
tering arising from the minute amount of Sb doping�, we
may assume the relaxation time �1 /�ph� � to be

1

�ph�
=

1

�U
+

1

�B
. �7�

Subtracting Eq. �7� from Eq. �6�, we obtain the contribution
to the relaxation time limited by mass fluctuation scattering
alone, arising from large amounts of Zr substitution at Ti site,
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FIG. 7. �Color online� �a� Correlation between calculated mean
free path and average grain diameter obtained from microstructural
analysis �b� 1 /LMF, �LMF is the calculated phonon mean free path
limited by mass fluctuation scattering� vs concentration �y� of Zr
substitution. The dotted lines represent a y*�1−y� function. The
error bars represent uncertainty in the extrapolation of �L at low
temperatures.
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1

�MF
=

1

�ph
−

1

�ph�
. �8�

The contribution to mean free path �LMF� limited by mass
fluctuation scattering is calculated below, where the mean
free path �L� is proportional to the relaxation time ���,

1

LMF
=

1

Ldoped
−

1

Lpure
, �9�

where Ldoped refers to the calculated mean free paths of the
Zr-substituted compounds in Ti1−yZryNiSn0.95Sb0.05 series
and Lpure is a linear fit between the mean free paths of the
parent compounds ZrNiSn0.95Sb0.05 and TiNiSn0.95Sb0.05,
where 1 /LMF is zero for the parent compounds �y=0.0 and
1.0�, indicating no mass fluctuation scattering.

In Fig. 7�b�, 1 /LMF calculated from the above equation is
plotted as a function of the concentration �yZr� of Zr substi-
tution. Microprobe analysis in this series of compounds in-
dicates the presence of Zr rich and Zr deficient regions. We
have taken an average of the Zr concentrations �yZr� in our
calculations. The dotted curve represents y*�1−y� function
to indicate the effect of mass fluctuation scattering, where the
maximum effect of mass fluctuation scattering �or minimum
LMF� should be at a concentration of 50% Zr at Ti site.29

The mass fluctuation scattering and y*�1−y� behavior are
also observed in our experimental measurements of the
room temperature thermal conductivity values in the
Ti1−yZryNiSn0.95Sb0.05 series, as shown in Fig. 2�b�.

VII. CONCLUSIONS

We present two different phonon scattering mecha-
nisms in the two different series of TiNiSn1−xSbx and

Ti1−yZryNiSn0.95Sb0.05 half-Heusler alloys. In the
TiNiSn1−xSbx series, there is a direct correlation between the
average grain diameter �D� and the lattice thermal conduc-
tivity ��L�. The calculated mean free path values at T�4 K,
where all other scattering mechanisms are a minimum, ex-
hibit a similar correlation with the average grain sizes. Pho-
non boundary scattering is believed to be the prominent scat-
tering mechanism here, when the grain size is about 10 �m
or less. In the second series of Ti1−yZryNiSn0.95Sb0.05 com-
pounds, the average grain size D is observed to be greater
than 50 �m, although the calculated mean free paths are
much smaller �as low as L�3 �m at T�4 K�. Mass fluc-
tuation scattering is understood to be the prominent phonon
scattering mechanism in this case. There is no significant
dependence of the lattice thermal conductivity on grain size
in this series, indicating that phonon boundary scattering is
not a prominent scattering mechanism in the Zr-substituted
compounds. Our experimental results are thus in good agree-
ment with the theoretical prediction of Goldsmid and
co-workers24,25 on phonon boundary scattering in the half-
Heusler alloys, establishing a dependence of lattice thermal
conductivity on the grain size �D�10 �m� in the half-
Heusler alloys.
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