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The thermal conductivity along two high-symmetry directions of several aluminum nitride �AlN� single
crystals differing in their mass-fluctuation phonon-scattering parameter is described accurately in the full
temperature range by taking into account the contribution of optical phonon decay into acoustic phonon. The
accuracy of the proposed model shows the fundamental role of the optical phonon in the thermal conductivity
of semiconductor materials.
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Assuming that in semiconductor materials heat is exclu-
sively carried by acoustic phonon, the thermal conductivity
�k� has taken a general qualitative behavior as function of
temperature �k�T��: at very low T �few kelvins�, k depends
on the size of the crystal and increases with T mirroring the
temperature dependence of the specific heat, reaching a
maximum km at Tm�0.05�D, where �D is the Debye tem-
perature. Near this maximum, k is independent of T but sen-
sitive to crystal imperfections. At higher T, which is compa-
rable to the acoustic �D, k decreases with increasing T due to
three-phonon scattering via normal and umklapp processes.
The usual approach for describing k�T� of a semiconductor is
to use an acoustic phonon relaxation time approximation in
the Boltzman equation and then calculate the scattering cross
section by perturbation techniques.1,2 Callaway3 introduced a
model, which was modified later by Holland,4 which should
enable fitting k�T� for a large number of semiconductors with
some adjustable parameters. This model, which became
known as the modified Callaway theory �MCT�, considers a
Debye phonon spectrum and makes several assumptions as
to the form of the free-phonon scattering times.

Several authors5–9 noticed some lack in the phonon scat-
tering processes which prevents the description of the experi-
mental k�T� over a wide temperature range by using the
MCT. They agreed on the need of an additional realistic
mechanism to describe accurately k�T� of semiconductors in
the full T range where several mechanisms concurrently con-
tribute.

In this work, we tackle this issue and quantitatively con-
sider the decay of optical phonon into acoustic phonon
within the MCT. We show that this model, where acoustic
phonon creation partially counteracts the resistive processes,
allows a rather accurate description of AlN k�T� in a wide T
range and for several levels of point defects density. We pos-
tulate that such mechanism is crucial to describe precisely
k�T� in semiconductors.

Three series of AlN polycrystalline samples differing in
their oxygen content were grown by sublimation.10 However,
it has been found that when the oxygen content in AlN ex-
ceeds �1 at %, a change in the oxygen accommodation oc-
curs resulting some point defects decoration.11,12 Therefore,

in what follows, we analyze our results as function of the
mass-fluctuation phonon-scattering parameter ��� and not
oxygen impurity concentration since � is related to the over-
all point defects density. The AlN single crystals
��2�2 mm� investigated were cut from the polycrystalline
samples. The measurements were taken on single crystal fac-
ets oriented along �A and �K, as confirmed by x-ray diffra-
tion and Raman measurements.

Data obtained from specific heat, thermal diffusivity, and
bulk density measurements were used to deduce k�T�
along �A and �K according to the following
relationship:k�����T�=�Cp

�����T�������T�, where � and � are
related to �A and �K, respectively, � is the bulk density, Cp
is the specific heat, and � is the thermal diffusivity.

As it will be noticed below, the longitudinal and trans-
verse acoustic phonon Debye temperatures �D

L�T� and veloci-
ties vL�T� are the most important parameters for phonon heat
transport. Therefore, for reliable k�T� modeling, these param-
eters should be known as precisely as possible. The Debye
temperatures are deduced for both �A and �K directions
from ab initio calculations of the AlN lattice dynamics.13 The
acoustic phonon velocity vL�T� in both �A and �K directions
were carefully deduced from Brillouin scattering measure-
ments performed on the same AlN single crystal facets in-
vestigated in this work. These measurements are detailed in
Ref. 10.

Experimental results of the k�T� measurements along �A
and �K on several AlN single crystals differing in their point
defects density are shown in Fig. 1 as symbols. First, the
experimental data were fitted by using the full MCT and by
considering the total phonon scattering rate as being the sum
of the four conventional individual scattering rates,

���−1�L�T� = ���B
−1�L�T� + ���I

−1�L�T� + ���N
−1�L�T� + ���U

−1�L�T�.

�1�

The scattering rate from the sample borders ��B
−1 can be

written as ���B
−1�L�T�=vL�T� /d, where d is the sample effective

diameter, while that from impurities or/and point defects,
��I

−1 takes the form BI
L�T�x4T4, as derived in Ref. 14. Here,

BI
L�T� is given by BI

L�T�=VKB
4� /4	
4�vL�T��3, where V is the
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volume per atom, KB is the Boltzmann constant, 
 is the
reduced Planck constant, x=
� /KBT is a dimensionless vari-
able, and � is the acoustic phonon frequency. The appropri-
ate forms5,6 of the normal three-phonon scattering rate ��N

−1

for longitudinal and transversal phonon are BN
Lx2T5 and

BN
TxT5, respectively, with BN

L�T�=KB
5��L�T��2V /M
4�vL�T��5

and where M is the average atomic mass and �L�T� the aver-
age longitudinal �transversal� Grüneisen parameter. The val-
ues for �L�T� were deduced from ab initio calculations and
Raman scattering studies at high pressure.15 The rate ��U

−1 is
the three-phonon umklapp scattering rate. According to the
experimental results of Slack and Galginaitis,16 the umklapp
scattering rate takes the form BU

L�T�x2T3 exp�−�L�T� /3T�,
where BU

L�T�=KB
2��L�T��2 /M
�vL�T��2�L�T�. By using the pre-

cise values of vL�T� and �D
L�T� deduced along the �A and �K

directions in the Brillouin zone, we have fitted the measured
k�T� by using the four described scattering mechanisms and
setting � as the only adjustable parameter. The best fits to the
experimental data, as judged by the least squares analysis,
are presented in Fig. 1 as dashed lines.

Each value obtained for � is near the respective spectrum.
It is very clear that the MCT using only the described scat-
tering rates underestimates the experimental data near km.
This underestimation increases with decreasing point defects
density �or decreasing ��. Several attempts have been made
to improve the fit. We have tried to decrease � and bring the
theoretical curve closer to the experimental points at tem-
peratures slightly above Tm. As shown in Fig. 1 by the dotted
lines, this leads to a large discrepancy at Tm and below. Also,
we have considered longitudinal and transversal normal
scattering rates having the general form
�
�2V�a+b−2�/3 /Mv�a+b���KB /
�b�aTb and tuned a between
1.0 and 2.0 for each value of b between 2.0 and 4.0. Despite
using several forms including all the commonly reported
forms for the normal three-phonon process,5,6,17–20 we did

not find any combination of a and b, which could further
improve the agreement between the theoretical and the ex-
perimental results. Other forms of the umklapp three-phonon
scattering rate cannot give better theoretical results near km
since its effect on the phonon mean free path is noticeable at
much higher temperatures. It should be noted that this diffi-
culty to describe k�T� near km by using the MCT has been
also observed for Ge,5 Si,6 and III-nitride semiconductors.7,8

This systematic discrepancy near km between the MCT and
the experimental results strongly suggests that additional
phonon process should be considered within the MCT to
accurately describe k�T� in semiconductors in the full tem-
perature range. The consideration of a resistive phonon pro-
cess would further underestimate k�T�.

Due to the anharmonicity of the lattice forces, an optical
phonon can interchange energy with other phonons and in
this way maintains thermal equilibrium energy. Therefore,
optical phonon annihilation is balanced by a creation of
acoustic phonon. This generation mechanism, which is never
considered before in phonon heat transport, partially counter-
acts the resistive processes. The anharmonic terms in the
potential energy give rise to higher-order terms in the Hamil-
tonian describing the total potential energy of a lattice.

In the case of AlN, due to the small energy band gap
between the acoustic and optical phonon branches,13 the op-
tical phonon preferentially decays into two acoustic phonons.
Therefore, here we only consider the cubic anharmonicity.
This cubic term describing the interaction between one opti-
cal phonon of wave vector Q0 and two acoustic phonons of
wavevectors Q and Q� is of the form,

H�3�� = �
Q0,Q,Q�,x

ei�Q0−Q−Q��xV�Q0,Q,Q��a�Q0�a+�Q�a+�Q�� ,

�2�

where V�Q0 ,Q ,Q�� is a coefficient related to the cubic an-
harmonicity, and a and a+ are the annihilation and creation
operators, respectively. From standard perturbation theory,
the rate of change of the optical phonon occupation number
can be obtained in terms of V�Q0 ,Q ,Q�� and becomes

t
d

dt
�n0� = 2

V2
3

M3�0���

1 − cos ��t


2��
��n0 + n0 + 1�nn� − �n0

+ n0��n + 1��n� + 1�� , �3�

where �0, �, and �� are the frequencies of the decayed op-
tical phonon and the two generated acoustic phonons, respec-
tively, ��=�0−�−��, n0 is the deviation of the optical
phonon occupation number from its thermal equilibrium
value, and n0 and n and n� are the occupation numbers of the
acoustic phonons. Summing over all modes Q0 and using the
equilibrium condition �n0�n+1��n�+1�− �n0+1�nn�=0�, Eq.
�3� can be rewritten in the following form:

t
d

dt
�n0� = 2�

Q0

V2
3

M3�0���

1 − cos ��t


2��2 �1 + n + n�� . �4�

We consider here that the summation over all wave vectors
Q0 includes also the phonon polarizations, and among the
various possible decay channels, the optical phonon sym-
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FIG. 1. �Color online� AlN thermal conductivity k�T� along the
�A and �K crystal directions. Symbols: measured data. Dashed
lines: modeling by using Eq. �1� and values of � obtained from the
least squares method. Dotted lines: attempt to account for more
experimental points by decreasing �. Solid lines: modeling by using
the model proposed in this work
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metrically decays into two acoustic phonons of equal energy,
i.e., �=��=�0 /2, with Q0=Q+Q� �Klemens model, Ref.
21�. Following the mathematical method of Klemens,21 the
rate of the anharmonic optical phonon decay into two acous-
tic phonons can be deduced as

���anh
−1 �L,T =

1

n0

d

dt
�n0� =

5a3KB
5�L,T

2

8	M
4vO
5 x5T5 coth� x

4
	 , �5�

where v0 is the average optical phonon velocity. Note that
Eq. �5� only describes the case of anharmonic decay of op-
tical phonon into two acoustic phonons. However, the optical
phonon decay into other phonons of lower energies is due to
the combined effects of anharmonic decay together with
scattering of optical phonon by point defects. In the case of
Ge, the isotopic disorder allowed a quantitative experimental
study of this effect.22 The decay of the longitudinal optical
phonon at the zone center was found by using high reso-
lution Raman experiment to vary linearly with � as
��	�2 /12�N�d�, where N�d� is the density of states, which
contains the anharmonic effect. The convolution of anhar-
monic effect with defect scattering23 allowed the overall op-
tical phonon decay to be obtained. By analogy, the AlN op-
tical phonon decay rate, which here is considered as acoustic
phonon generation rate, can be written as

���G
−1�L,T = BL,T���anh

−1 �1/2�xT�1/2� , �6�

where BL,T are the fitting parameters.
The total acoustic scattering rate, which takes into ac-

count the decay of optical phonon into acoustic phonon, can
now be written as

���−1�L�T� = ���B
−1�L�T� + ���I

−1�L�T� + ���N
−1�L�T�

+ ���U
−1�L�T� − ���G

−1�L�T�. �7�

However, the optical phonon must decay in such a way the
total energy and momentum are conserved. Thus, Eq. �7�
should be applied only in a specific frequency range. The
examination of AlN phonon dispersion curves13 suggests that
this frequency range should be between 120 cm−1 and the

Debye frequency in �A direction and between 170 cm−1 and
the Debye frequency in �K direction.

The best fit to the experimental results obtained by using
the proposed model is shown as solid lines in Fig. 1. As can
noted, the consideration of the optical phonon decay as a
mechanism of acoustic phonon generation, as described, pro-
vides a rather accurate description of k�T� in a wide T range.
This is verified along two different high-symmetry directions
and for several point defect densities.

In the case of Ge, due to the isotopic composition, it can
be assumed a phonon scattering by “perfect” point defects,
and � can be analytically calculated.6 This allows setting
BL,T as the only adjustable parameters. In Fig. 2, we plot
experimental data on Ge obtained from Refs. 5 and 6 to-
gether with calculations using the MCT model and the pro-
posed model. The improved agreement between the theory
and the experimental results on Ge when the proposed model
is used adds strong support to the hypothesis that the optical
phonon decay into acoustic phonon is a crucial process for
conducting heat in a semiconductor.

Finally, let us apply the proposed model to previously
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FIG. 2. �Color online� Ge thermal conductivity. Symbols: ex-
perimental data obtained from Refs. 5 and 6. Dashed lines: Fitting
to the experimental data by using the MCT. Solid lines: Fitting to
the experimental data using the proposed model.
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FIG. 3. �Color online� �a� Symbols: Experimental k�T� data re-
ported by Slack et al. �Ref. 24�. Dashed line: fitting to the experi-
mental data using Eq. �1�. Solid line: fitting to the experimental data
by using the proposed model. Dot-dashed line: estimation of k�T�
for pure AlN by using the model in Ref. 24. Dotted line: estimation
of k�T� for pure AlN by using the proposed model. �b� k at RT for
pure AlN, predicted from this work and Ref. 24, compared to a plot
of k for several adamantine structure crystals vs the LS parameter.
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reported experimental AlN k�T� data and evaluate the effect
of the optical phonon decay on k�T� in a pure �no oxygen
contamination� AlN single crystal. The symbols in Fig. 3�a�
present the experimental AlN k�T� along �A reported by
Slack et al.24 The dashed line presents the best fit to these
experimental data by using Eq. �1� while the solid line pre-
sents the result obtained when using the model proposed
here. Again, the optical phonon decay into acoustic phonon
proves to have an essential contribution to k�T�.

The dotted line in Fig. 3�a� presents the modeling of k�T�
for pure AlN single crystal by using the proposed model. In
order to compare our results for pure material to those of
Slack et al., which are plotted in the same figure by the
dot-dashed line, we have considered also a heat flow propa-
gating along the c axis in AlN single crystal having a
0.54 cm diameter and �=0.35�10−6 estimated from the
natural abundances of Al and N. The inclusion of the optical
phonon decay contribution leads to k at RT higher than that
predicted by Slack et al. A value of 5.69 W K−1 cm−1 is es-
timated for pure AlN single crystal, while Slack predicted a
value of 3.19 W K−1 cm−1.

Slack et al.24 also compared the results for k�RT� on pure
AlN with a plot of data on several pure adamantine structure
crystals as a function of the Leibfried–Schlömann �LS� pa-

rameter MV1/3�D. However, since 1987, several purer semi-
conductors have been grown, and more precise data became
available in the literature regarding the thermal conductivi-
ties and the values of �D.5,6,25 Therefore, k at RT as function
of LS scaling parameter should be reanalyzed considering
the new data.

Figure 3�b� shows the trend of k at RT observed for sev-
eral pure adamantine crystals, together with the results for
AlN obtained by Slack et al. and the value deduced here.
Clearly, the value we obtain for pure AlN agrees much better
with the observed trend than the previous result. This agree-
ment adds further support to the accuracy of the proposed
model outlined in this work.

In summary, we have demonstrated that, in contrast to the
commonly accepted view, the optical phonon has an indirect,
yet fundamental role, in thermal conductivity in semiconduc-
tors. We have illustrated our model with reference to set of
AlN single crystals with different point defects densities and
an excellent agreement with our experimental results, as well
as with previously reported data, could be obtained. The pro-
posed model can be readily extended to accurately model the
thermal conductivity in any semiconductor material.
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