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We study entanglement generation between two charge qubits due to the strong coupling with a common
bosonic environment (Ohmic bath). The coupling to the boson bath is a source of both quantum noise (leading
to decoherence) and an indirect interaction between qubits. As a result, two effects compete as a function of the
coupling strength with the bath: entanglement generation and charge localization induced by the bath. These
two competing effects lead to a nonmonotonic behavior of the concurrence as a function of the coupling
strength with the bath and, importantly, to steady-state entanglement. As an application, we present results for

charge qubits based on double quantum dots.
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I. INTRODUCTION

Solid state nanostructures have become promising candi-
dates for quantum information processing,' with basic opera-
tions such as single-qubit manipulation and readout having
been demonstrated during the past few years. However, to go
beyond single-qubit manipulations, and study effects such as
entanglement generation and quantum gate operations, one
needs some kind of interaction between the qubits. Although
this interaction usually comes from a direct coupling be-
tween qubits (like the Coulomb interaction for charge qubits
or exchange coupling for spin qubits), entanglement can also
be generated by coupling two qubits (which do not interact
with each other) to a common third system.”!" In most of
these studies, the indirect interaction comes from the cou-
pling to one or a few external degrees of freedom. Examples
include the coupling to electromagnetic modes in a cavity
(see, for example, Ref. 2, where the authors study entangle-
ment of atoms within a single-mode cavity field) or to a
harmonic oscillator representing a mode in a thermal
environment.'®!! Importantly, entanglement can also be in-
duced when the environment is made by an infinitely large
number of degrees of freedom, namely, a bath, as demon-
strated by Braun in Ref. 12. This is an important case be-
cause entanglement is generated exclusively by incoherent
means. In this context, different works have studied the cou-
pling of two noninteracting qubits to fermionic'3-'® or
bosonic! 121719 baths.

Indirect qubit interactions have recently attracted attention
because the information distribution among distant entangled
particles is the base of quantum cryptography,?’ quantum
teleportation,”!2 quantum dense code,”>? different pro-
cesses proposed for testing Bell inequalities,’®>® and even
certain steps within quantum computation algorithms. The
possibility of entangling two quantum systems that do not
directly interact is therefore highly desirable, with various
aspects of current interest such as ‘“entanglement
swapping”?¢3031 and “entanglement transfer.”3>3

In this paper, we study entanglement generation between
two charge qubits due to the strong coupling with a common
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bosonic environment (Ohmic bath). For concreteness, we fo-
cus on charge qubits based on double quantum dots (DQDs)
but we point out that our results can also be applied to Coo-
per pair boxes in a resistive environment. In a DQD, the
electron charge degree of freedom is used to construct a
qubit, 364 with logical states |0) and |1) corresponding to the
localization of one excess electron on each one of the quan-
tum dots (QDs). One of the advantages of these charge qu-
bits is their controllability through external voltage handling,
as demonstrated in recent experiments’® where the charge
has been coherently manipulated. We model the two DQD
systems as two independent two-level systems strongly
coupled to the same Ohmic bath [two spin-boson (SB)
models*>*3]. In addition, we consider that one of the DQDs
is coupled to electron reservoirs** (Fig. 1) in order to allow
electronic transport. The coupling to electronic reservoirs is
treated using a Markovian approach,*!#4-46 which is valid in
the sequential tunneling limit and large bias voltages. The
non-Markovian character of the strong coupling with the bo-
son bath is, on the other hand, taken into account by using a
polaron approach.*1:44434748 Ag a result of this strong cou-
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FIG. 1. (Color online) Schematic representation of two charge
qubits based on double quantum dots. Interdot hopping, 7., is al-
lowed only in each double dot. The first double quantum dot is open
to electron reservoirs, with probabilities for tunneling in and out
given by I'; and I, respectively. The coupling to a common dissi-
pative environment (not shown) generates a coupling between both
qubits that are otherwise uncoupled.
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pling, an indirect Ising-type interaction between qubits is in-
duced by the bath.

By combining both Markovian and non-Markovian ap-
proximations, we derive a master equation for the reduced
density matrix (RDM) of the system, including boson corre-
lation functions in Laplace space. The resulting density ma-
trix is used to calculate the degree of entanglement (quanti-
fied by Wootters’ concurrence*’) as well as the probability
for each one of the Bell states as a function of the coupling
strength by the bath.

Our results complement the previous work in Ref. 19 of
Vorrath and Brandes, who studied a similar problem within a
Markovian approach. We also mention some recent
works!'"17:18 in which related models are treated.

The paper is organized as follows: in Sec. II, the model
describing the DQDs coupled to both electronic reservoirs
and the bosonic environment is discussed. We also present in
Sec. II the general solution scheme for the density matrix
equations. The coupling with the leads is treated by using a
standard Born—Markov approximation, whereas the strong
coupling with the bath is treated within a polaron approach.
Section III shows the main results obtained, and, finally, we
conclude in Sec. IV.

II. MODEL

An array of two parallel DQDs in the strong Coulomb
blockade regime, and coupled to the same bosonic environ-
ment, is considered. Interdot tunneling is allowed only in
each double dot, which defines an array of two charge qubits
(Fig. 1). The first DQD is weakly coupled to two electron
reservoirs in such a way that electronic transport through this
double dot is possible (the excess charge in this DQD fluc-
tuates between 1 and zero). The second DQD is closed and,
therefore, has always one excess electron. Note that such
configuration is close to the one realized in very recent
experiments.’® The Hilbert space includes two-particle states
[1)= =|R,L,), and |4)=|R,R,) [where
L,(R;) represents the charge localized in the upper (lower)
QD of the ith DQD], as well as one particle states |5)
=|0,L,) and |6)=|0,R,) (where 0 means no extra electron in
the first DQD]. The completeness of the system is therefore
given by =0_ [k)(k].

The total Hamiltonian describing this system reads

H=H_ry$+Hres+HB+HSR+HSB' (1)

The free part of the Hamiltonian, i.e., without couplings,
contains three terms. The first term corresponds to the
Hamiltonian of two independent DQDs, which in pseudospin
language can be written as
21
H = => -A 80’+t0” (2)

crx

[\)

i

where Ag; is the energy difference between quantum dots of
each pair being Asl—sL —&g, and Ag,=¢; , R, (si is the
on-site energy of the ith QD of the pair j), oJ is the ]th Pauli
matrix acting on each DQD, and ¢, is the electron tunneling
amplitude which is considered identical for both DQDs.#+%3
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The Hamiltonian of the reservoirs, referred to as L and R,
reads?! 4445

res E{ C CkL+g{CkRCkR} (3)

k

where ck p and ¢; g are fermion creation and annihilation op-
erators in lead B with corresponding energy eﬂ Finally, the
third term corresponds to the boson bath, Wthh is described
as a set of harmonic oscillators with frequency w,:

HB Ehwq q q? (4)
q

where a;(aq) is the creation (annihilation) boson operator.

The coupling to the electron reservoir is given by

HSR = 2 {Vé(CZ’LSLJ' + C.C.) + Vf(CZ,RSR,i + C.C.)},
kiel,2

with VE being the coupling with the lead 3. The Lindblad-
type operators s;; (sg;) describe tunneling into (out of) the
first DQD by taking into account the two possible configu-
rations (2;.;,) in the second DQD, namely, s; =
Spo= , and sp,=6)(4|. Although we con-
sider the coupling of only one of the DQDs to reservoirs, the
generalization for both double dots is straightforward.

The electron-boson interaction is described with a spin-
boson Hamiltonian, where the bath “force” operator &
=X )/ (d'+a ;) linearly couples to each qubit’s 0’ (Refs. 42
and 43) zhere we consider that such interaction is identical
for both DQDs,! )/q Y,):

1 ,
HSB = E E E‘an{v(a; + aq) . (6)
qg i

Note that this coupling, which is longitudinal in the local
basis of each qubit, contains both longitudinal and transver-
sal components in the basis that diagonalizes the qubit
Hamiltonian.’> The bath effects can be encapsulated in the
spectral density J(w)=X )/25 (0—w,). In the following, we
use a generic Ohmic bath J(w) Zawe @@ where w, is a
cutoff frequency and « is a dimensionless parameter that
reflects the dissipation strength.*>4333-3% As we shall see in
the next section, the coupling of both qubits to the same
quantum heat bath leads to decoherence and to an effective
interaction between qubits.

A. Polaron transformation

Due to the strong coupling of the qubits with the boson
bath, a proper description of the system must take into ac-
count non-Markovian effects. Among the different ap-
proaches available to deal with this,»® we use a “polaron
transformation,”® which for an arbitrary operator O is given
by

0=¢e%0e75,
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S= EE o’j(a -a,). (7)

This approach, which is well known for treating problems in
which bosonic modes couple to localized electronic states,
has been successfully used for studying single®>®® and
double quantum dots*!#+4347 strongly coupled to a bath of
phonons.

By using this transformation (see Appendix A), we obtain
an effective Hamiltonian:

FI=H0+FIT+HSR, (8)
— 1 1 o
Hy= 2 EAsiU’Z— ZKE 0.0l + Hg+ H,,, 9)

ij

Hy= 2t X + o' X7,

i

(10)

where o{_, are the ladder spin operators on each DQD,
whereas X and X' correspond to polaronic phases*® given by

X=e, (11)
with A=3,y,(a}-a,).

The effect of the canonical transformation is threefold:

(i) The electron-boson interaction Hggz has been trans-
formed away.

(ii) The state of the bosonic system is strongly modified
every time an electron tunnels between dots (boson
“shake-up”).%! As a result, the interdot tunneling amplitude
[Eq. (10)] becomes renormalized with environment-
dependent phases through the operators X=e”. These time-
dependent exponential phases, which appear as a result of the
nonperturbative treatment of the electron-boson interaction,
lead to nontrivial effects. In particular, this implies that non-
Markovian effects become relevant and need to be consid-
ered in the dynamics of the reduced density matrix. Note also
that, in principle, this renormalization of tunneling has to be

taken into account also in Hgg through the operators SLi
=5, ;67" and 5y ;= s ;¢*'>. However, this is no longer true in
the limit of large bias voltages, where the coupling to the
reservoirs becomes Markovian (see the next section).

(iii) The transformed Hamiltonian contains an effective
interaction between qubits H,=—7 > oJa' due to the cou-
pling with the common bath; this 1nteract10n has an Ising
form and depends on the parameter k=2 )/2/ w, (which for
Ohmic dissipation used here reads k= Zaw ) favorlng states
with the same charge distribution in both DQDs.

B. Master equation

To obtain the master equation, we start from the trans-
formed frame. Defining the RDM of the two DQDs plus the
boson bath in the interaction picture as p(z) and applying the
second order Born—Markov approximation on the electronic
leads, we obtain the following equation of motion for p(z):
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—p(t) —i[H(1),p(1)] - —L > {55 (R

1612

st(t )P(t )SLl(t )+P(t )st(t )SLI(Z )}

F
= E (5% (6 )5 (e)P(t") = 255 (t")ple")5h (")

1612

+p(t")5h (t)5ri(t)}, (12)

in which the transformed operators are in the interaction pic-
ture, as explained in Appendix B, and where I'; and I'y are
the electron tunneling rates in and out of the first DQD,
respectively.

As we mentioned already, the fact that the coupling with
the reservoirs becomes Markovian in this limit implies, in
particular, that the renormalization of tunneling due to
the bosonic bath becomes ineffective [for example,
S_L,1(l")§£1(l")=SL,1(I')SZ,1(Z")]-

By denoting the projector operators over the system states
as Y,,,=|n)m|, the corresponding expectation values can
be written as <Ynm>=Trdot{pSYnm}=<m|ps|n>:Trdot{ﬁsYnm}’
where we have performed the partial trace over the DQD
array, Try, and the RDM of the DQD array (system) is
defined as the trace over the boson bath states: p’=Try p. It
is therefore possible to obtain matrix elements of the reduced
density operator by just calculating the expectation value for

the suitable fnm(t) operators directly from the master equa-
tion (12). Using the notation p), = (m|p%|n), we obtain the
following set of exact equations:

pftm(t) = pftm(o) - lf Trdot,B{ﬁ(t,)[?nm(t)ng(t,)]}dt,
0

——fﬁmﬂmw(ﬂm)Z(ﬂmkN)

+B(t")5,(t)5) ()Y (O}t
——fﬁmﬁWmem)2MHW)U)

+ (") Sh(t")5R(t)]Y ()}t (13)

The complete expressions for the density matrix elements
are, as expected, quite intricate. As explained in Appendix B,
one needs to use some physical assumptions in order to
handle the master equation. However, the resulting expres-
sions are not exact anymore. We then obtained a set of
coupled equations for p5(r), which in matrix form can be
written as

Ps(t)=ps(0)+f M=)y + Thar',  (14)
0

where the vector I' contains the terms related to the coupling
of the first DQD to the reservoirs, and M(z—¢") is a non-
Markovian time-dependent kernel that contains the bath cor-
relation functions C(t—t') as defined in Appendix B.** Equa-
tion (14) can be solved in the Laplace space*!** as
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p°(2) = [z=zM@)]'[p°(0) + (I/2)]. (15)

The kernel M(z) contains the Laplace transform of the bath
correlation functions Ci*)= [5e 77D CH) (1) dr evaluated
at different energies corresponding to the involved
transitions.*1#443

III. ENTANGLEMENT

The full time-dependent density matrix can be obtained
by algebraically solving Eq. (15) and performing an inverse
Laplace transformation, which is a formidable task. Fortu-
nately, the entanglement generated by the bath is finite at
long times, namely, in the stationary state, as we will show.
The stationary solution of Eq. (15), p.., is obtained by ex-
tracting the 1/z coefficient in a Laurent series of p%(z) for
7—0.41445 For entanglement quantification, we use Woot-
ters’ concurrence®® for a general state of two qubits,

€ =max{0, VX, — A, = VAs = A4}, (16)

where the N’s are the eigenvalues in decreasing order of the
non-Hermitian matrix p(o, ® 0,)(p%)*(0, © o). The concur-
rence ranges from C=0 for nonentangled states to C=1 for
the maximum degree of entanglement. That maximum en-
tanglement is shown by the Bell states.*” In the basis of
triplet and singlet states, |SO)=é(|L1R2)—|R1L2>), |To)
=5(LiR)+|R\ L)), |T.)=|LiLy). and |T)=|R,R,), the Bell
states read [W*)=|T,), |¥7)=|Sy), ¢+):é(|T_)+|T+>), and
|¢7)=5(T)=IT.).

Importantly, the stationary density matrix in our problem
corresponds to a transport situation and, therefore, a proper
generalization of concurrence to nonequilibrium is needed.
Following Ref. 16, we quantify nonequilibrium entangle-

ment via the concurrence C of the stationary state f’pm,
where P is the projection onto doubly occupied states includ-

ing proper normalization. The projection P corresponds to
taking the limit I"; — o, where both qubits are always occu-
pied with one single electron. For concreteness, we focus on
the zero-temperature case.

The concurrence as a function of the coupling « always
shows the same qualitative behavior: for very small «, there
is a switching behavior, indicating that below a minimum
interaction strength k the concurrence vanishes [cf. Fig. 2(a)
for identical QDs (Ag;=Ag,=0)]. As « increases, two ef-
fects compete: entanglement generation and charge localiza-
tion induced by the bath. At small «, the two electronic de-
localized states |S,) and |T,) have a finite weight, which
depends in a nontrivial way on the ratio I; On the other
hand, for strong coupling, the bath completely freezes the
charges on the left dots and the triplet |T,)=|L,,L,) becomes
fully occupied [cf. Fig. 2(b)]. These two competing effects
lead to the nonmonotonic behavior of the concurrence vs «a,
with an optimal value, a=a™*, at which the concurrence pre-
sents a maximum. We note, however, that the concurrence is
maximum for values of a* << ¢, where «, is the value of the
coupling at which the spin-boson model undergoes a quan-
tum phase transition to a localized phase.*>** Qualitatively,
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FIG. 2. (Color online) (a) Concurrence as a function of the
strength of dissipation a. (b) Population of triplet and singlet states.
Parameters: Ag;=Ag,=0, 1.=3.5, I';=10, and w,.=500 (in units of
I'r=1 peV). These parameters correspond to typical experimental
values in AlGaAs-GaAs lateral DQDs (Refs. 36, 50, and 62).

we can understand this from the point of view of a single
qubit, say, qubit 1. The presence of qubit 2 induces an effec-
tive level detuning, namely, Ag,=Ae l—ikof, which, in gen-
eral, is nonzero even for Ag;=0. For A& # 0, the von Neu-
mann entropy (the figure of merit that quantifies qubit-bath
entanglement) of the spin-boson model is a nonmonotonic
function of «, with a maximum at o’®<a, at which the
qubit becomes maximally entangled with the bath.%3%* We
argue that, although the maximum in the von Neumann en-
tropy of the spin-boson model cannot be directly related to
the maximum of concurrence in our case, the nonmonotonic
behavior of both quantities and the fact that both present
maxima at values of a below «, probably have the same
physical origin.%

The population of each Bell state is shown in Fig. 3. The
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FIG. 3. (Color online) Population of the Bell states as a function
of a. Same parameters as in Fig. 2.
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FIG. 4. (Color online) Color map of concurrence vs interdot
tunneling 7. and a. The rest of the parameters are the same as in
Fig. 2.

system does not originate a preferred Bell state and therefore
both maxima in the concurrence contain contributions from
all states. The first concurrence peak is formed by a combi-
nation of the four bell states with a symmetric contribution
of |W~) and |#*), whereas on the second peak, |¢~) probabil-
ity is slightly dominant. Electrons localization in “parallel”
charge states is reflected in the large probability for both |¢*)
and |¢~) states for @=0.2.

The concurrence as a function of both 7. and « is shown
in Fig. 4. For 2¢.<T', the dephasing induced by the leads
suppresses interdot coherence, and the contribution of the
delocalized states |S,) and |T,) is negligible. Thus, the con-
currence is almost zero for all «. For 2¢,>T', entanglement
is finite in a region «,,;,<a<a,,,; both «,,;, and «a,,, in-
crease with ¢.. For 2¢,.>T', the system presents a maximum
in the concurrence at @=~0.15 with values C=0.3.

The effect of I'; on concurrence is shown in Fig. 5. Here,
we also find the switching behavior described above: starting
from a=0, the state of the system is strongly mixed for small
I'x. Therefore, the concurrence is zero below a minimal
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FIG. 5. (Color online) Color map of concurrence vs tunneling
rate to the right lead I'y and «. The rest of the parameters are the
same as in Fig. 2.

FIG. 6. (Color online) Concurrence as a function of « for dif-
ferent level detunings. The rest of the parameters are the same as in
Fig. 2.

value «,,;,. This threshold value decreases as I'j increases.
Interestingly, this threshold behavior has been found in other
open quantum systems exhibiting steady-state entanglement:
Hartmann et al. discussed in Ref. 66 the same effect in an
open system at finite temperature and far from equilibrium.
Moreover, Huelga and Plenio recently discussed in Ref. 67 a
driven coupled qubit system (in contact with a Markov bath)
where, again, a value of the environmental noise above a
given threshold is needed in order to obtain steady-state en-
tanglement. Finally, Lambert ef al. find in Ref. 16 the same
effect in capacitively coupled charge qubits open to reser-
voirs. We speculate that this behavior, which seems to be
ubiquitous, may be general and, therefore, imply that a finite
amount of environmental decoherence is needed in order to
have steady-state entanglement in open quantum systems.

At fixed a, the entanglement decreases as one increases
I's. For very large T'p, the pure localized triplet |T,)
=|L,,L,) is reached and thus the entanglement is zero. This
effect, which is a transport version of the quantum Zeno
effect, is also found in Ref. 16.

A finite detuning Ag; >0 (Ag;<0) localizes the charge on
the lower (upper) QD of each pair and, therefore, the en-
tanglement should depend on whether Ag;=Ag,>0 or Ag,
=—Ag,>0. The concurrence of the latter case is very similar
to the one for Ae;=Ae,=0 and, therefore, the population of
singlet and triplet states show also the same kind of behavior
[Fig. 7(a)]. On the contrary, the concurrence for Ag,=Asg,
>0 is different with a narrow resonance at small « (cf. Fig.
6). This resonance corresponds to a maximum in the popu-
lation of the triplet 7y, [cf. Fig. 7(b)], followed by a fast
decay of both 7y and S, and an enhanced population of T,
(and, hence, zero concurrence). The overall qualitative be-
havior is in agreement with Ref. 19, where the current
through two DQDs coupled to the same phonon bath is ana-
lyzed in the Markovian limit. The indirect interaction due to
a bath leads to an enhancement of the inelastic current at
Ag;=Ag,>0 and a maximum population of the triplet T,
which is a transport version of the Dicke effect. In close
analogy to the Dicke effect in quantum optics, this superra-
diance should turn into subradiance as the probability of
finding the system in the singlet S, rather than in the triplet
T, increases.!® We do not find, however, the subradiance
counterpart in our analysis of concurrence.
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FIG. 7. (Color online) (a) Population of triplet and singlet states
for Ae;=Ag,=10. (b) The same for Ag;=Ag,=-10.

IV. CONCLUSION

We have shown that two noninteracting charge qubits can
get entangled, in a stationary limit, by the strong coupling
with a common bosonic bath. The Ising-type interaction be-
tween qubits induced by the bath yields up to two different
effects: entanglement generation and further charge localiza-
tion. These effects lead to a nonmonotonic behavior of the
concurrence as a function of the coupling strength with the
bath.

In the specific realization based on double quantum dots,
we have also analyzed the effects of different parameters,
which can be experimentally controlled, on the degree of
entanglement obtained. We find that the concurrence strongly
depends on tunneling and on the energy difference on each
DQD. In particular, the charge distribution promoted by such
parameters compete with the bath effects.

In general, small concurrence values are obtained here
(€C<0.5) and a preferred Bell state is not formed. Therefore,
the use of this setup may not be an optimal choice for en-
tanglement studies in the solid state realm. Note, however,
that the model considered here is the minimal implementa-
tion of a fully tunable two charge-qubit system coupled to a
bosonic bath. The bath describes environmental noise,
namely, unavoidable voltage fluctuations that couple to the
qubit. Experimentally, these voltage fluctuations correspond
to, e.g., phonons®? or to fluctuations of the electromagnetic
environment.® Interestingly, in this latter case, the coupling
to the environment « depends on the external impedance of
the circuit®®’? (namely, on how environmental voltage fluc-
tuations couple to the gate voltages used to tune the qubit
parameters) and is, therefore, tunable. From this point of
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view, this realization is an attractive benchmark in which to
study the interplay between quantum coherence, entangle-
ment, and decoherence. Another interesting extension of our
work would be to study shot noise cross correlations!®7!-73
between the electrical currents through each double dot and
their relation to charge entanglement as induced by the bath.
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APPENDIX A: POLARON TRANSFORMATION

By using the Baker-Hausdorff lemma, the canonical
transformation given in Eq. (7) is performed over the rel-
evant operators in our model. Thus, these take the form

.=,

7=dX+doX,

1A .
a,=a,~ >4 o,

q q
20,7
T — -A/2
SLi=SLi€
< Al2
SR,i=SR,ie N (Al)

where o{r and o’ are the ladder spin operators acting on the
ith qubit, and the explicit form of the polaron operators X
and X' are given in Eq. (11).

Substituting these transformed operators into Egs. (2)—(6),
the effective Hamiltonians presented in Egs. (8)—(10) are ob-
tained.

APPENDIX B: MASTER EQUATION

We define the total density operator of the open system as
x()=e7"y(0)e, which, after the polaron transformation
(7), can be written in the interaction picture as*'* ¥
=eo'y(t)e Mo, with x(t)=eH'x(0)e'™. By taking the par-
tial trace over the reservoir degrees of freedom, the RDM of
the two DQDs plus the boson bath is obtained as pl(z)
=Tr,,, x(t). Considering a weak coupling of the system with
the electronic leads, we arrive at the following equation of
motion for p(7):

d ~ ! R P
—p()=—i[H{0,p()] - > dr' Vi F(e)e'k=")
dt kiel2,jeLRJ0
X{@,i(l‘)ﬂ,i(l,)ﬁ(ﬂ) - E;,i(f’)ﬁ(f’)@,i(f)}
t .
> dr'|VPP[1 - fl(e))]eie=)

kiel2,jeLRJ0
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X (05p) = 5N, (1)

t .
_ E dt/|V£|2fj(6£)eie{((t—t )
kiel?2,jeLLR Y0

X{p(t")5; ()5 (1) = 51,5 (1)}

! .
- 2 ar'\viPr1 _ff(eli)]e—ieli(t—z’)

kiel2,jeLLR Y0
)BS85, 0) = 5 (0P ()}

where fj(e{;)=Trres{RocZ’jck,j} are the Fermi distributions of
each contact (R, is the density matrix of the electron reser-
voirs, considered in thermal equilibrium).*!*>47 Equation
(B1) can be simplified by rewriting the sums over k as inte-

grals Ek|V{;|2ﬁ(e};)ei4<(’f’,)= fx%irj(e)ﬁ(e)eif(""), where
I'j(e=27%|V}|*8(e-€)) are the tunneling rates in and out
of the DQD. By working in an “infinite bias regime”
between the reservoirs (such that f*—1 and ff—0) and
assuming a constant density of states in the leads, the

coupling with the reservoirs becomes Markovian:
VP s =T, 8-1)  and  SyVEPL1-fA(e)]
Xeifk("”)=l"R(5(t—t’) and, therefore, Eq. (B1) reads as
Eq. (12).

Invariance under unitary operations implies that the ex-
pected value of any dot operator can be written as {(O(z))
=Trgod Trpt PO} Trp{ O} =Tr 4, p{P(1) O(1)}, Where Trp is
the trace over the bath states. In particular, as we have
pointed out previously, the expected value of the projector
operators over the system states Y,,, yield to the elements
ps = (m|pS|n) as shown in Eq. (13).

The full expression of the density matrix is too large to
give it here (its total dimension is 6 X 6) and we show just
two examples for p3,(r) and pj5(r) elements:

(B1)

15(0) = = i{1,e T EE (Va3 (1) XX, ) = (V11 (1) X, XD

+(Yao(t) X[ X,y = (Y, ()X, X)) (B2a)
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pi4(0) = — it E B (YL (X, XXX, )
+ (V3 (X X X X ) + (Yo (1) X XXX,

- (Y5, ()X, X, X[X])) (B2b)

Note that Egs. (B2a) and (B2b) are not closed. They
contain expectation values involving products of dot

and boson operators, as, for example, (1733(t’)XjX,,>

=Try,, s{p(t') Y33(t") X X,.}. Since the boson operators corre-
spond to a continuum of modes, we can assume that the bath
remains at thermal equilibrium at all times*! with a density
matrix pp and inverse temperature [3, such that the reduced
density operator can be approximated as p(t')= pg(0)
® Trg p(¢'). By using this Born approximation, we can de-

couple higher order correlation functions as (¥ 5()XIX,0)

~ ()733(t’)><X,TX,r>, etc. Note that this decoupling, which cor-
responds to the so-called noninteracting blip approximation
in the spin-boson problem,*? neglects back action of the sys-
tem onto the bath. This neglect of back action is, of course,
invalid in interesting cases such as few-mode environments,
detectors, or nonequilibrium baths, in which a full quantum
treatment is needed.”*

For such equilibrium boson bath, one can write the cor-

relation functions as™! C(t—t’)=(X,Xj,)=e_q)(r_’,) with ®(7)
=f§iw%l{[1 —cos(w7)]coth(Bw/2)+i sin(w7)}. Note that in
our problem we also need Cy(t—1")=(X XX\, X, y=e72*0"),
which appear from coherences involving interdot processes
such as 1)« |4) [namely, |L,,L,)« |R;,R,), see Egs. (B2a)

and (B2b)]. In principle, terms involving half phases
1/2)D (-1

) also appear in tunneling processes to the reser-
I'r

voirs (like, for example, |R,L,)—|0,,L,)) but, again, they
do not contribute in the Markovian limit [see discussion after
Eq. (12)].
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