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We study effects of tilted magnetic fields on energy levels in a double-quantum-well �DQW� system,
focusing on the coupling of subbands and Landau levels �LLs�. The subband-LL coupling induces anticross-
ings between LLs directly manifested in the magnetoresistance. The anticrossing gap becomes larger than the
spin splitting at the tilting angle ��20° and larger than the cyclotron energy at ��50°, demonstrating that the
subband-LL coupling exerts a strong influence on quantum Hall states even at a relatively small � and plays a
dominant role for larger �. We also find that when the DQW potential is asymmetric, LL coupling occurs even
within a subband. Calculations including higher-order coupling reproduce the experimental results quantita-
tively well.
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I. INTRODUCTION

In a two-dimensional electron system �2DES�, an in-plane
magnetic field B� that is applied parallel to the 2D plane is
used to control and investigate quantum Hall �QH� states.
For an ideal 2DES with zero thickness, B� couples to the
system only through the Zeeman energy while the perpen-
dicular magnetic field B� couples with the orbital degree of
freedom as well. That is, by tilting the magnetic field away
from normal to the 2DES while keeping B� fixed, the Zee-
man energy is controlled without changing other energies.
This technique was used to elucidate the effects of spins.1,2

In a bilayer system, which consists of two parallel 2DESs,
the importance of B� increases because B� changes the tun-
neling amplitude3,4 and the relative phase5,6 between the two
layers. The change in the tunneling amplitude, together with
the enhancement of the Zeeman energy, is widely used to
investigate the ground and excited states of the bilayer QH
states.7,8 The relative phase affects the ground state proper-
ties of a coherent bilayer QH state.9,10

On the other hand, in a system with more than two occu-
pied spatial subbands, such as quasi-2D heterojunctions11,12

or parabolic quantum wells,13–15 coupling of the subbands
and Landau levels �LLs� in tilted magnetic fields causes an-
ticrossings between LLs belonging to different subbands.
Moreover, since the subband-LL coupling changes the mi-
croscopic properties of the wave functions, it affects many-
body states, as discussed for a collective mode in the coher-
ent bilayer QH state16 or B�-induced reorientation of the
stripe phase.17 It is, therefore, important to quantitatively
study the coupling in a system with well-defined bilayer po-
tential.

In this work, we carried out transport experiments in tilted
magnetic fields by using a double-quantum-well �DQW�
sample, in which the potential symmetry can be tuned by
gates deposited on the front and back sides of the sample. In
a perpendicular field, crossings between LLs belonging to
different subbands are manifested by a missing or weakening
of the QH states at integer fillings. When the DQW is tilted

in the magnetic field, the subband-LL coupling leads to an-
ticrossings. The anticrossing gap increases with tilting angle
�. In a symmetric DWQ, it becomes larger than the Zeeman
energy at ��20° and larger than the cyclotron energy at �
�50°, so that crossings are avoided between LLs that are not
coupled to each other. When the DQW is asymmetric, cou-
pling of LLs in the same subband occurs, modifying the
anticrossings and the avoided crossings. We calculated the
energy levels from the viewpoint of a single-particle picture
and show that they reproduce experiments very well.

This paper is organized as follows: Section II describes a
theory by which energy levels in a bilayer system subjected
to tilted magnetic fields can be calculated. In Sec. III, we
describe the DQW sample and the experimental setup. In
Sec. IV, the experimental results are presented and compared
to the calculation.

II. THEORETICAL BACKGROUND

In this section, we present a theory describing the effects
of an in-plane field on energy levels in a bilayer system. For
the moment, we neglect the spin degree of freedom for sim-
plicity. Electrons subjected to a tilted magnetic field
�B� ,0 ,B�� in a DQW potential V�z� are described by the
Hamiltonian

H =
�2kx

2

2m�
+

e2B�
2

2m�
x2 +

�2kz
2

2m�
+ V�z� +

e2B�
2

2m�
z2 −

e2B�B�

m�
xz ,

�1�

where m� is the effective mass. To obtain Eq. �1�, we used
the Landau gauge �0,B�x−B�z ,0� and applied the transfor-
mation x→x−�ky /eB�. The first four terms describe elec-
trons in a perpendicular magnetic field, where energy levels
are LLs in bonding �B� and antibonding �A� subbands. The
last two terms of Eq. �1� stem from the in-plane magnetic
field. The z2 term causes a diamagnetic shift, which merely
modifies the energies of the bonding and antibonding states.
The last term is most important for this work: the cross term
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xz couples the subband and Landau quantizations.
The matrix element of H can be expressed, as shown in

Table I, by using the eigenstates in a perpendicular field
�N ,�� as a basis set, where N �=0,1 , . . .� and � �=B ,A� rep-
resent the Landau orbit and subband indices, respectively. In
a perpendicular magnetic field, the eigenenergy of each basis
is

E�
N,B�A� = ��c��N +

1

2
� − �+ �

�BAB

2
, �2�

where �c� is the cyclotron frequency due to B�, �BAB is the
energy gap between the bonding and antibonding states,
which equals the gap between the symmetric and antisym-
metric states �SAS in a symmetric potential and increases
with potential asymmetry. When a finite B� is applied, these
diagonal elements undergo a diamagnetic shift of

�N,��
e2B�

2

2m�
z2�N,�	 =

��c�

2
���

z2

lB�
2 ��	 , �3�

where �c� and lB� =
� /eB� are the cyclotron frequency and
magnetic length associated with B�, respectively. More im-
portantly, off-diagonal elements arise from the xz term of Eq.
�1�. Since x= �a†+a� /
2lB� works as the raising a† and low-
ering a operators of the Landau orbit, it couples LLs when
the Landau indices differ by 1, where lB�=
� /eB� is the
magnetic length in B�. As a result, the matrix element be-
tween �N ,�i� and �N+1,� j� is

�N,�i�
e2B�B�

2m�
xz�N + 1,� j	 =

e2B�B�

m�
�N�

a† + a

2lB�

�N + 1	��i�z�� j	

= ��c� tan �
N + 1

2
��i�

z

lB�

�� j	 ,

�4�

where tan �=B� /B�. The spin degree of freedom ��
= �1 /2� can be easily included by adding ��Z /2 to the
diagonal terms, where �Z is the Zeeman energy.

It is worth mentioning the effects of the symmetry of the
confining potential V�z�. Figure 1 illustrates the coupling of
energy levels in a bilayer system. When V�z� is symmetric,
i.e., V�z�=V�−z�, B and A correspond to the symmetric and
antisymmetric states, respectively. Since z is an antisymmet-
ric function, the intrasubband coupling ��i�z��i	 �dotted ar-
rows in Fig. 1� vanishes because of the symmetry, although
the intersubband coupling ��i�z�� j�i	 �solid arrows in Fig. 1�
is finite. This symmetry effect causes a selection rule: LLs in
different subbands couple only when the difference between

the Landau indices is odd, as shown by the solid arrows in
Fig. 1. When V�z� is asymmetric, the intrasubband coupling
�dotted arrows in Fig. 1� is nonzero, where the odd/even rule
becomes less clear.

To obtain the value of the coupling ��i�z�� j	 in the DQW
sample we used, we calculated the wave functions of the
bonding and antibonding states at a total electron density of
the two layers nt=1.0	1011 cm−2; the sample structure is
given in Sec. III.

III. EXPERIMENTS

The sample used in this work consists of two 200 Å wide
GaAs quantum wells separated by a thin
10 Å-Al0.33Ga0.67As barrier, which was processed into a
50 
m wide Hall bar with Ohmic contacts connecting both
layers.18 �SAS decreases from 32 to 23 K when the total
density is increased from nt=0.7 to 2.3	1011 cm−2. The
low-temperature mobility is 1.2	106 cm2 /V s with the total
electron density of the two layers nt=2.0	1011 cm−2. The
electron densities in the front layer nf and the back layer nb
are controlled by the front and back-gate biases, respectively.
This enables us to independently control the potential sym-
metry and nt. Measurements were performed with the sample
mounted in the mixing chamber of a dilution refrigerator
with a base temperature of 30 mK. By using an in situ rota-

TABLE I. Matrix representation of H. E�
N,B=��c��N+ 1

2 �−
�BAB

2 is the eigenenergy of �N ,B� in a perpendicular field.
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FIG. 1. Schematic overview of the coupling of energy levels in
a bilayer system. The solid arrows connect levels coupled by the
intersubband-LL coupling. The dotted arrows represent the
intrasubband-LL coupling, which operates when the potential is
asymmetric.

KUMADA et al. PHYSICAL REVIEW B 77, 155324 �2008�

155324-2



tor, we can tilt the sample in the magnetic field, which has a
maximum strength of 13.5 T. Standard low-frequency ac
lock-in techniques were used with a current I=20 nA.

IV. RESULTS AND DISCUSSION

In this section, we show the experimental data for several
tilting angles. The data are compared to the calculated energy
levels19 obtained by solving the matrix in Table I. We are
mainly concerned with the results for the case where the
DQW is kept symmetric �Sec. IV A�. Data for asymmetric
DQWs are briefly discussed in Sec. IV B.

A. Symmetric potential

We first show the data for symmetric DQW potentials
when nt is scanned while keeping the densities of the two
layers equal �nf =nb�. Figure 2�b� shows the magnetoresis-
tance Rxx for three tilting angles as a function of B� and nt.
The dark regions represent small values of Rxx and thus QH
regions. The left panel presents the data for the perpendicular
field ��=0°�, showing two sets of Landau fans originating
from the symmetric and antisymmetric subbands with spin
splitting. Many LL crossings accompanied by an increase in
Rxx occur when

�N 	 ��c� + �� 	 �Z = �SAS, �5�

where �N is the difference between the Landau indices for
crossing levels. Here, ��=0��1� identifies crossings be-
tween parallel �antiparallel� spin levels. Note that although N

is not a good quantum number in a tilted field, the notation
�N is still used for convenience in identifying LL crossings.
When the sample is tilted at �=20°, all LL crossings with
�N=1 �those at �=3–5 around B�=1.4 T and at �=7–9
around B�=1.2 T in Fig. 2�b�, left� vanish, as clearly dem-
onstrated in Fig. 2�b�, center. At this tilting angle, LL cross-
ings for �N
2 remain intact. As � is further increased to
�=60° �Fig. 2�b�, right�, the LL crossings for �N=2 as well
as for �N=1 vanish.

Calculated energy levels based on the subband-LL cou-
pling reproduce the experimental results �Fig. 2�a��. In the
following, the effects of the subband-LL coupling are quan-
titatively discussed with experimental results for fine incre-
ments of � and calculations.

1. �N=1

We show the results for small � ��20°�, focusing on
�N=1 crossings. Figure 3�b� presents the evolution of QH
states around the �N=1 crossings. In a perpendicular mag-
netic field, four level crossings with different �� occur �Fig.
3�b�, left�. Note that the sharp features at �=4 for ��= �1
are characteristic of the first-order phase transitions associ-
ated with easy-axis ferromagnetism.18,20 On the other hand,
the broad features at �=3 and 5 for ��=0 are due to easy-
plane ferromagnetism.18,20 As the sample is tilted �=15°, the
LL crossings for ��=0 disappear first �Fig. 3�b�, center�. At
the same time, the magnetic field positions of the two tran-
sitions for ��= �1 approach each other. Further tilting of
the sample ��=20°� causes them to disappear �Fig. 3�b�,
right�. In Fig. 3�c�, activation energy gaps at different mag-
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FIG. 2. �a� Calculated energy levels in a symmetric DQW with �SAS=31.8 K for tilting angles of �=0°, 20°, and 60°. Although the
energy levels are calculated for N�12, levels with higher energies are removed for clarity. The spin splitting is not shown. �b� Gray-scale
plots of Rxx as a function of the perpendicular field B� and the total density nt for the three tilting angles. The dark regions represent small
values of Rxx. In the left panel, �� for �N=1 at �=3–5 is shown. The dotted lines trace the position of the crossings for ��=0 at �N
=1–3.
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netic fields with fixed filling factors of �=3 and 4 for several
tilting angles are shown, where the activation energy gap �
is determined from the temperature dependence of Rxx
�exp�−� /2T�. For �=4, the two sharp minima in � first
come close to each other ��=15°� and then merge ��=17°�
before turning into a single broad minimum ��=20°�. For
�=3, � becomes almost field independent already at �
=10°.

The experimental results are compared to the calculated
energy levels �Fig. 3�a��. We note that for the calculation, we
used enlarged spin splitting �Z=g�
B�B�

2 +B�
2�1/2+2.3B�

1/2,
which effectively incorporates the exchange energy; the
value of 2.3 is deduced by the level crossing points for ��
= �1. In a tilted field, the like-spin levels �1,B ,�� and
�0,A ,�� couple, which causes the anticrossings between
these levels with the gap increasing in proportion to tan �
�Eq. �4��. As a result, an energy gap opens in the QH states at
�=3 and 5 �Fig. 3�a�, center, and Fig. 3�c��. On the other
hand, since � is a good quantum number even in a tilted

field, the coupling between levels with opposite spins does
not occur. However, as shown in Fig. 3�a�, right, the ��
= �1 crossings can be avoided when the anticrossing gap
exceeds the spin splitting. We refer to this type of disappear-
ance of the LL crossings as “avoided crossings” to distin-
guish it from “anticrossings.” The overall similarity between
Figs. 3�a� and 3�b� clearly shows that the subband-LL cou-
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pling is enough to explain the disappearance of all the LL
crossings for �N=1. These results demonstrate that the
subband-LL coupling exerts strong influence on bilayer QH
states even at small B�, particularly when LLs belonging to
different subbands are close to degeneracy.

2. �N=2

Next, we show the results for larger �, where LL crossings
for �N=2 disappear. We focus on those occurring at �
=5–7, which are located around B�=0.7 T at �=0° �Fig.
4�a��. Similar to the data for �N=1 at �=0°, there are broad
�sharp� features for ��=0 ���= �1� at odd �even� �. How-
ever, the data at �=48° show that the behavior of the �N
=2 crossings is different from that of �N=1 �Fig. 4�b��.
Namely, the ��=−1 crossing vanishes, leaving the ��=1
crossing at B=0.8 T almost intact. The absence of the an-
ticrossing for ��=0 at �=5 and 7 indicates that there is no
subband-LL coupling for �N=2, which is consistent with the
symmetry arguments. When the sample is further tilted ��
=60°�, all of the crossings for �N=2 disappear �Fig. 4�c��.

The behavior of �N=2 crossings can be explained as the
avoided crossings caused by the subband-LL coupling for
�N=1, not for �N=2. When the anticrossing gap for �N=1
becomes larger than ��c�−�Z, the ��=−1 crossing for �N
=2 is avoided, as schematically shown in Fig. 4�d�. Subse-
quently, as the gap exceeds ��c�+�Z, LL crossings for ��
=0 and 1 are avoided. The calculated energy levels agree
with experiments not only on the sequence of the avoidance
but also on the field positions of the crossings. These results
show that for large � bilayer QH states are strongly modified

even though the subband-LL coupling between relevant en-
ergy levels does not occur.

3. �N=3 and 4

We also measured Rxx for still larger �. Figure 5�b� shows
a gray-scale plot of Rxx around �N=3 crossings for �=66°
and that around �N=4 crossings for �=72°. The data for
�N=3 and 4 show a behavior similar to that for �N=1 and 2,
respectively. Namely, the disappearance of the crossings for
�N=3 first occurs for ��=0 at �=7 and 9, while that for
�N=4 starts from ��=−1 at �=10. This is evidence of the
anticrossing for �N=3 at �=0 and the avoided crossings for
�N=4, which confirms the higher-order coupling and the re-
sultant odd/even selection rule. The calculation quantita-
tively explains this behavior well �Fig. 5�a��.

B. Asymmetric potential

Finally, we show the data for an asymmetric DQW, where
the ratio of the density in the front layer nf and the back layer
nb is fixed as nf :nb=2:1. Figure 6�b� shows a gray-scale plot
of Rxx around �N=2 crossings for �=45°. The disappearance
of LL crossings first occurs for ��=0 at �=5 and 7. This is
contrastive to the data for �N=2 and 4 in a symmetric po-
tential �Fig. 4�b� and right panel in Fig. 5�b��, where the
disappearance of LL crossings first occurs at ��=−1. This is
a clear evidence of the onset of the intrasubband coupling
�dotted arrows in Fig. 1� and the resultant anticrossing for
�N=even �Fig. 6�a��. The existence of the intrasubband cou-
pling indicates that even in a system with only one subband,
microscopic properties of wave functions are still affected by
B�.

V. CONCLUSIONS

In conclusion, we studied effects of tilted magnetic fields
on energy levels in a DQW sample by transport measure-
ments and theoretical calculations. When the sample with
symmetric DQW potential is tilted in the magnetic field, LLs
belonging to different subbands anticross because of the
subband-LL coupling. The gap of the anticrossing becomes
larger than the spin splitting at ��20° and the cyclotron
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energy at ��50°, causing the avoidance of LLs that are not
coupled to each other. We also carried out experiments in an
asymmetric DWQ, showing that the potential symmetry
modifies the subband-LL coupling. The calculated energy
levels quantitatively reproduce the experimental results well.
We suggest that since the subband-LL coupling modifies mi-
croscopic properties of wave functions, it affects many-body
states even in single-layer systems.
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APPENDIX

In the main body of this paper, we presented the calcu-
lated energy levels as a function of B� with fixed � to com-
pare to the experimental results. To more directly illustrate
the effects of the tilted field on the energy levels in this
appendix, we showed the energy levels as a function of �
with fixed B�. Figure 7�a� depicts the results for a symmetric
DQW potential. Compared to the previous theory,3 we chose
B�=2 T, where ��c� �=40 K� is slightly larger than �SAS
�=31.8 K�. In the calculated range �0° ���83°�, �Z
��8.4 K� is much smaller than ��c� and �SAS, and we set
�Z=0 in the following discussion for simplicity. Then, at �
=0°, the energy gaps at �=4N+2 and 4N+4 are given by
�SAS and ��c�−�SAS, respectively. As Fig. 7�a� shows,
when the magnetic field is tilted away from �=0°, the
intersubband-LL coupling between the adjacent orbital lev-
els, �N ,A� and �N+1,B�, increases the gap at �=4N+4,
which in turn decreases the gaps at �=4N+2. As � is in-
creased, the energy gap at �=4N+2 goes to zero and then
becomes finite again for N
1. Such a behavior results from
the crossings between the energy levels composed of �N ,B�
and �N−1,A� and composed of �N+1,B� and �N ,A�, which
do not couple with each other due to the absence of the
intrasubband-LL coupling �Fig. 1�. By increasing � further,
the intersubband-LL coupling of higher orders causes oscil-
lations of the energy levels, which leads to the repeated os-
cillations of the �=4N+2 gap across zero for N
2. All these

calculations are in accordance with the theory in Ref. 3 if the
�=4N+2 gap is associated with the tunneling gap for the Nth
Landau level,22 which is also consistent with the recently
observed reentrant QH states.21

In Ref. 3, they take the wave functions localized in each
layer, which are subjected to a tilted field, as a basis set and
analytically evaluate the interlayer hopping probability by
using a zero-QW-thickness approximation. On the other
hand, we take as a basis set the bonding and antibonding
states and numerically calculate the energy levels in a tilted
field. While these two approaches are essentially the same,
one obvious advantage of our method is that it can deal with
DQWs with an arbitrary potential, including the asymmetric
ones. As shown in Fig. 7�b�, when the DQW potential is
made asymmetric, the intrasubband-LL coupling becomes fi-
nite and the energy gaps open throughout. Thus, our calcu-
lations can shed light on the important roles of potential
asymmetry, which have not been considered in previous
studies.
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