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In this paper, we present a study of the � phase of cerium. We show that this is a correlated phase like �
cerium. Their structural parameters and the antiferromagnetic ground state of � Cerium are correctly described
within the local density approximation with a Hubbard parameter U �LDA+U�. We also discuss the problem of
the search for the ground state of the system. The calculations are done within the projector augmented wave
framework.
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I. INTRODUCTION

Cerium is the first of the rare earth metals. It has been
experimentally and theoretically studied especially to under-
stand the mechanism of the volume collapse of the isostruc-
tural �-� transition.1 In the low pressure and low tempera-
ture domain, it exhibits three phases1 �see Fig. 1�: The low
temperature � and high temperature � phases have a fcc
structure, whereas the � phase is double hcp �dhcp�.

The magnetic properties are different: The � phase has a
Pauli paramagnetism. The � and � phases have a local mo-
ment that is antiferromagnetically ordered in the � phase,
whereas the � phase has a Curie–Weiss susceptibility. The
existence of a local moment suggests that the f electrons are
localized, at least in � and �. This comes from the very
localized 4f orbitals, which induce strong correlations be-
tween electrons.2 Let us note, however, that the difference
between � and � phases only reflects the difference in mag-
nitude of the hybridization and, thus, of the Kondo tempera-
ture. Below the Kondo temperature of both phases, we ex-
pect the two phases to be similar: In this case, the existence
of the transition is under discussion.3 If electronic structure
calculations using density functional theory �DFT� in the lo-
cal density approximation �LDA�4,5 correctly describe the
ground-state properties of a lot of insulators, semiconductors,
and simple metals, they usually fail for correlated systems
containing open 3d, 4f , or 5f shells. For example, DFT cal-
culations within either LDA or generalized gradient approxi-
mation �GGA� exchange and correlation functionals fail to
describe the � phase of cerium �the lattice parameter is un-
derestimated by 12% in LDA�: An explicit description of
electronic interactions is thus necessary. Since the beginning
of the 1990s, new methods have been explicitly designed to
describe these particular cases. Some of these methods con-
tain an explicit description of the strong electronic correla-
tion in the subset of correlated orbitals. Namely, the local
density functional with a Hubbard parameter �LDA+U�
method6–9 has been able to describe oxides of transition met-
als, rare earths, and actinides, in which the local correlations
are strong. More recently, LDA+U has been used to describe
correlated metals.10–12 It appears that this method gives a
good description of these systems at the expense of creating
an artificial magnetic order—except in some special cases.13

The LDA+DMFT 14–17 method, which is a combination of
LDA and dynamical mean field theory �DMFT�, is a more

general formalism and can correct this deficiency. It has been
successfully used to describe systems, such as cerium � and
� phases, in which electrons are between localization and
delocalization.18–24 As LDA+U is only a static version of
LDA+DMFT, it might be unable to describe weakly corre-
lated phases. We also expect that, even in this case, the band-
width of high energy bands will not be correct. A recent
work25 on magnetically ordered models showed that a static
mean field is valid only for the ground-state parameters, with
respect to DMFT. It showed that LDA+U should be used
only to compute ground-state properties. Finally, note that
self-interaction correction schemes have also been designed
in order to describe cerium.26,27

Some LDA+U calculations have been carried out to de-
scribe localized phases in rare earths. In gadolinium,28–30 the
method yields correct structural parameters for the hcp
phase. Moreover, this phase is ferromagnetic �FM�. Calcula-
tions such as LDA calculations, where the f states are located
at the Fermi energy, show that the antiferromagnetic �AFM�
order is more stable. Contrarily, LDA+U or calculations us-
ing frozen f electrons reproduce the correct magnetic
order.28–30 This is attributed to the incorrect interaction of f
states with other orbitals when they are located at the Fermi
level.

To our knowledge, only a few theoretical studies have
been devoted to � cerium.31,32 These studies intended to
compute the band structure and density of states either by a
Korringa-Kohn-Rostoker �KKR� approach31 with an ex-
change term or by DFT within the GGA exchange correla-
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FIG. 1. Phase diagram �Ref. 1� of cerium in the low temperature
and low pressure domain. The � and � phases have a fcc structure.
The � phase has a dhcp structure.
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tion potential.32 However, due to the similarity between the
structural parameters of � and � cerium and also to the ex-
istence of a local moment in both phases, it is expected that
the two phases should both be described within a scheme
that takes into account strong correlations. In this paper, we
show that LDA+U is able to describe both � and � cerium
phases. Similar to hcp gadolinium, we find that this method
correctly describes the energetic order between the antiferro-
magnetic and ferromagnetic solutions for � cerium.

In the first part of this paper, we review some aspects of
the LDA+U formalism that are useful for this work. We give
some details on our implementation of LDA+U within the
projector augmented wave �PAW� code ABINIT �Refs. 33–35�
�with some refinements for the calculation of the occupation
matrix�. We then check that standard results are reproduced
within our implementation. The second and main part is de-
voted to calculations on � and � phases of cerium.

II. LDA+U METHOD IN THE PROJECTOR AUGMENTED
WAVE METHOD

In this section, we briefly review the LDA+U framework
and its implementation within PAW, and we show some tests
of our implementation.

A. LDA+U method

The LDA+U method6–9 has been designed from the com-
bination of density functional theory and a Hubbard-type
term in the Hamiltonian. The contribution to energy is the
sum of the LDA energy for a given density, the electron-
electron interaction term Eee from the Hubbard term, and a
double counting term �−Edc� :ELDA+U�nLDA+U�
=ELDA�nLDA+U�+Eee−Edc. The last two terms are functions
of the occupation matrix n1,2

� in a given basis.
In the rotationally invariant form, Eee is8

Eee =
1

2 �
1,2,3,4

�
�

��13�24�n1,2
� n3,4

−�

+ ��13�24� − �13�42��n1,2
� n3,4

� ,� , �1�

where � stands for the spin. Atom indices are neglected for
clarity. �13 �24� are matrix elements of the interaction Vee and
are related to Slater integrals Fk �Refs. 7 and 36� and Gaunt
coefficients �m1�m�m2�, thanks to

�13�24� = �m1,m3�Vee�m2,m4�

= 4� �
k=0,2,4,6

Fk

2k + 1 �
m=−k

+k

�m1�m�m2��m3�m�m4� ,

�2�

where m, m1, and m2 stand for real spherical harmonics. The
double counting term is supposed to cancel the local
electron-electron interaction already described in LDA. In
the full localized limit �FLL�, it corresponds to the value of
Eee in a reference system in which the occupation matrix is
diagonal and diagonal elements are whole numbers. The cor-
responding expression is6,8,9

Edc
FLL = U

1

2
N�N − 1� − J�

�

1

2
N��N� − 1� . �3�

In contrast, the “around mean field” �AMF� version is de-
signed to correct a system in which electrons are equally
shared among correlated orbitals. Edc

AMF is then9

Edc
AMF = UN↑N↓ +

1

2
�N↑

2 + N↓
2�

2l

2l + 1
�U − J� . �4�

From these expressions of energy, the derivation of the po-
tential on the basis of correlated orbitals can be done.8 We
obtain Vdc,↑

FLL=U�N↓+N↑− 1 / 2 �−J�N↑− 1 / 2 � and Vdc,↑
AMF=UN↓

+ �U−J�N↑ 2l / 2l+1 for the double counting part.
Note that the LDA+U rotationally invariant form pro-

posed by Dudarev et al.37 is equivalent to the FLL version of

LDA+U with J=0 and with U in place of Ū− J̄ :Eee−Edc

= Ū−J̄ / 2���Tr�n��−Tr�n�n���, where Ū− J̄ are the spherically
averaged value of U and J.37

In the present paper, we use these three schemes and care-
fully compare the corresponding results.

B. Projector augmented wave implementation

The projector augmented wave method,38 which is asso-
ciated with plane waves, is particularly adapted to the de-
scription of complex phases in which atomic relaxations are
important. Another advantage of PAW is that the nodal struc-
ture of the wave function is correct. Moreover, the frozen
core approximation can be controlled through the inclusion
of more and more states in the valence band.

TABLE I. Gap in eV and magnetic moment for NiO compared to other LDA and LDA+U calculations
and to the experiment. �: U=8.0 eV and J=0.0 eV; elsewhere: U=8.0 eV and J=0.95 eV.

PAWb PAWc FLAPWd FPLMTOe

Expt.a LDA LDA+U LDA+U� LDA+U� LDA LDA+U LDA+U

�s 1.64–1.90 1.23 1.74 1.74 1.83 1.186 1.687 1.74

Gap �eV� 4.0–4.3 0.5 3.3 3.3 4.1 0.41 3.38 3.4

aReferences 42–46.
bThis work.
cReference 39.
dReference 12.
eReference 47.
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In the following, we adopt the original notations of
Blöchl38 for the wave functions and for atomic data sets. Our
implementation of LDA+U within PAW mainly follows the
line of work of Bengone et al.39 The main ingredient of the
LDA+U implementation is the occupation matrix nm,m�

� in a
given localized orbital basis �	m�. We can write the occupa-
tion matrix as �with Pm,m�= �	m��	m�� �Ref. 39��

nm,m�
� = �

k,n
fn

k,��
n
k,��Pm,m��
n

k,�� = �
k,n

fn
k,��
̃n

k,��P̃m,m��
̃n
k,�� ,

�5�

where fn
k,� and 
n

k,� are occupation numbers and Bloch func-
tions for a given k-point k, band index n, and spin �. For 	m,
we use the ground-state atomic orbital �0. We are interested
in the description of systems in which correlated orbitals are
localized. For these systems, we expect that the norm of 	m
computed inside a sphere will be close to 1. We have then
decided to define the projector operator Pm,m� only inside the
augmentation region. The influence of this approximation
can be checked by increasing the PAW matching radius. We
may then use the expression for an operator A within the
PAW formalism �Eq. �11� of Ref. 38�. This expression can
only be used for a local operator and a nonlocal operator
defined only inside the augmentation region. The first and
last terms cancel inside the augmentation region if the basis
is complete in the range of energy of interest, so we have to
take into account only the second one, and the occupation
matrix is then �with A= Pm,m�� �i is a shorthand notation for
li ,mi ,ni: angular momentum, projection of angular momen-
tum, and PAW projector�

nm,m�
� = �

k,n
fn

k,��
ij

�
̃n
k,��p̃i���i�Pm,m��� j��p̃j�
̃n

k,��

= �
ni,nj,li=lU

mi=m,mj=m�

�ij
���ni

��0���0��nj
� , �6�

where LDA+U is applied to the angular momentum lU and

�ij
� =�nkfn

k,��
̃n
k� � p̃j��p̃i �
̃n

k��. For li= lU, we use the notation
�mi,ni

=�ni
YlU,mi

. We emphasize that in Eq. �6�, ��ni
��0� and

��0 ��nj
� are integrals computed inside the sphere delimited

by the PAW matching radius. Note that this is in contrast to
a previous study39 in which the authors have chosen

nm,m�
� = �

ni,nj

�ij
���ni

��nj
� . �7�

However, this last scheme induces only a small variation of
0.2% with respect to our choice concerning lattice param-
eters in cerium �see below for details of the calculation�.

From the occupation matrix, energy is directly calculated
from Eq. �1�. The DFT double counting expression for en-
ergy �involving the sum over Kohn–Sham eigenvalues� is
also computed as a check of the coherence of the implemen-
tation.

The LDA+U Kohn–Sham potential, which is computed39

following Blöchl,38 is deduced from the energy with H�

= dE / d�� , where �̃�=�nk�
̃nk
� �fnk

� �
̃nk
� �. For EU=Ee-e−Edc, it

gives

TABLE II. Lattice parameters of Gd in the AFM and FM ground states and energy difference �in
meV/atom� between the AFM and FM states �at the relaxed lattice parameters for the FM and AFM order and
also for the unrelaxed case� of hcp gadolinium according to experimental data and calculations within
LDA+U �U=6.7 eV and J=0.7 eV� and LDA. †: Our calculation. Values from other theoretical works �‡�:
are given �Refs. 28, 29, and 48�. a /a= �atheor−aexpt� /aexpt. Experimentally, a=3.63 Å, c /a=1.597, and
EAFM−EFM�0. Calculations by Kurz et al. �Ref. 29� are done at fixed c /a=1.597.

LDA+U‡ LDA+U† LDA‡ LDA†

�a� /a �FM� �%� −2.8 a −2.8 −3.9 a −4.0

c /a �FM� 1.595 1.606

�a� /a �AFM� �%� −3.5 a −3.5 −4.6 a −4.2

c /a �AFM� 1.610 1.588

EAFM−EFM �relaxed� 34a 16 −68,b −69,a −56 c −32

EAFM−EFM �unrelaxed� 63,d 26–51a 28 −2 d −7

aReference 29.
bReference 43.
cReference 49.
dReference 28.
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FIG. 2. �Color online� Projected d-density of states of NiO in
LDA+U.
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H� =
dEU

d�̃�
= �

i,j

li=lj=lU dEU

dnmimj

�

Vmimj

LDA+U

dn mimj

�

d�ij
�

Cni,nj

d�ij
�

d�̃�

�p̃i��p̃j�

= �
i,j

li=lj=lU

�p̃i�Dij
U�p̃j� .

�8�

The first derivative is the LDA+U potential VLDA+U

computed8 by the derivation of Eee with respect to nmi,mj
. We

then have Dij
U=Vmimj

LDA+UCni,nj
, which is a contribution to the

nonlocal part of the Hamiltonian.40

Note that the LDA+U energy explicitly depends on the
cell parameters only through nm,m�

� and, therefore, the projec-
tors p̃i. The only explicit LDA+U contribution to the forces
and stress is thus contained in Dij in Eq. �55� of Ref. 40 and
Eq. �38� of Ref. 41. There is also an implicit contribution
through the electronic density.

C. Test of the code

In order to validate our implementation, we show here
some tests of our code on antiferromagnetic nickel oxide and
on gadolinium.

1. Nickel oxide

LDA underestimates the gap and the magnetic moment in
nickel oxide. They are better described in LDA+U.6 In our
calculation, 3s and 3p semicore states are treated in the va-
lence for nickel. Valence states for oxygen are 2s and 2p.
The PAW matching radii are 2.3 and 1.91 a.u. for nickel and
oxygen, respectively. The energy cutoff for the plane wave
expansion of the pseudo-wave function is 24 hartree. In this
case, there is no more variation of the spin moment within
less than 0.1%. The energy is converged within less than 0.5
mhartree. The lattice parameter is fixed at the experimental
value �4.19 Å�. 864 k points are used in the full Brillouin
zone. 97.5% of the d atomic wave function is contained in-
side the augmentation region. The values for U and J are
given in Table I. The FLL version of the double counting
term is used. Our density of states projected on d orbitals is
shown in Fig. 2. The LDA and LDA+U results are compared
to other calculations in Table I. The spectrum shows that the

physical picture is correct. The magnetic moment, which is
computed by doing the difference of the integrals of up and
down densities, is 1.74�B. The value of the gap obtained
from our calculation is 3.3 eV. However, if we take into
account the point where the conduction band becomes really
important, we find a value of 4.0 eV. We see that our values
for the gap and the spin moment are in the range of existing
LDA+U implementations, including full linear augmented
plane wave �FLAPW� calculations. The variation of the gap
upon the choice of the PAW matching radius or the expres-
sion of the density matrix �Eq. �6� or �7�� is lower than
0.1eV.

2. Gadolinium

hcp gadolinium is a ferromagnet described as an antifer-
romagnet in LDA. LDA+U calculations28–30 correct this de-
ficiency and also more correctly describe the atomic struc-
ture. In our calculations, the PAW data set is generated with
a PAW matching radius of 2.4 a.u. The 5s and 5p semicore
states are treated as valence states. A value of 16 hartree for
the energy cutoff of the plane wave expansion is sufficient to
converge the difference in energy between the ferromagnetic
and antiferromagnetic solutions to the precision given in
Table I. 2560 k points are used in the full Brillouin zone. The
FLL double counting term is used. For the ferromagnetic and
antiferromagnetic calculations, we find a magnetization per
atom value of 7.6�B—which is in good agreement with the
experimental value �7.63�B �Ref. 28��—and 7.44�B. The dif-
ference in magnitude of the magnetic moment between the
two magnetic configurations is consistent with other
results.28,29

The structural parameters given in Table II are in good
agreement with results obtained in the FLAPW calculations
of Kurz et al.29 The LDA results for the difference in energy
between the ferromagnetic and antiferromagnetic solutions
are in reasonable agreement with the results of other calcu-
lations. In LDA+U, we reproduce the previous results where
the ferromagnetic solution is lower in energy. The difference
in energy is 16 meV/atom, which is less than the value found
by Kurz et al.29 �34 meV/atom� but is in the same order of
magnitude. Similar results are found for unrelaxed calcula-
tions. As mentioned by Kurz, this difference in energy de-
pends on the radius of the sphere, in which the LDA+U
correction is applied. Kurz et al.28 used 2.8 a.u., while we
used 2.4 a.u. Another difference comes from the wave func-

TABLE III. Lattice parameter a and bulk modulus B0 of � ce-
rium according to experimental data and calculations within all
-electron methods in LDA.

Expt.a LDAb GGAb LDAc

a �a.u.� 9.76 8.49/8.55 8.89/8.86 8.54

a �Å� 5.16 4.49/4.52 4.70/4.69 4.52

B0 �GPa� 19/21 60.5/58.8 48.7/42.9 59

aReferences 57 and 58.
bReferences 55 and 56.
cThis work.

7− 8+

6−5+ y

x3−,4−1+,2+

a
dhcp

i

j

a
dhcp af

FIG. 3. View along z of the geometric structure of the unit cell
of the � phase of cerium in a proposed AFM structure �Ref. 54�.
Only atoms in the unit cell are shown and numbered. For example,
atoms 5 and 6 are first neighbors of atom 3. The sign �+ or −� is a
notation for the spin. Atoms 1–4 �which belong to layer A� are in a
cubic environment and atoms 5–8 �which belong to layers B and C�
are in a hexagonal environment ��: z=1 /4; �: z=3 /4�. The usual
dhcp structure is one-half of this unit cell. For the antiferromagnetic
structure, three parameters are necessary to define the unit cell:
a�=adhcp�, b�=adhcpaf�, and c.
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tions used to compute the occupation matrix: They are not
the same in our calculation and in the FLAPW implementa-
tion. However, all of these LDA+U calculations correctly
reproduce the stability of the FM state.

III. RESULTS AND DISCUSSION

In this section, we first present the PAW data set used and
the computational details. Then, we present our description
of � and � cerium.

A. Generation of the projector augmented wave data set

The PAW data set was generated with the code
ATOMPAW.50,51 The Vanderbilt projector generation scheme52

is used, and the PAW matching radius is 2.45 a.u. The 5s and
5p semicore states are treated as valence electrons. Two pro-
jectors per angular momentum are used. We check the valid-
ity of the reference energies by using calculations involving
three f projectors and also by inspecting the logarithmic de-
rivatives with respect to the energy of the pseudo-wave func-
tion computed at the PAW matching radius. A value for the
energy cutoff of 12 hartree is sufficient to converge the en-
ergy within 1 mhartree. We have also done some calculations
at 16 hartree as a check.

B. Computational details

An important point in LDA+U calculations concerns the
values of U and J. We use values computed by constrained
LDA,53 namely, U=6.1 eV and J=0.7 eV, for calculations
that use the scheme of Liechtenstein et al.8 For the scheme of

Dudarev et al.,37 we use the value U−J=5.4 eV. However,
the results are insensitive to the precise value of U and to the
LDA+U scheme used, as shown below. The k-point sam-
pling is done by the special k-point method. For � fcc ce-
rium, 4000 k points in the full Brillouin zone �BZ� are suf-
ficient to have a precision better than 1 GPa on the bulk
modulus and other better than 0.5% on the volume. A small
Gaussian smearing of 2.7 meV is used. For � cerium, the
AFM unit cell is used �eight atoms per unit cell �see Fig. 3��
in order to make a direct comparison between the FM and
AFM54 cases. We use 728 k points in the full BZ with the
same smearing. We then have nearly the same density of k
points in the BZ for the two structures, and it is then suffi-
cient to have the same precision as that for � cerium. More-
over, the differences in energy are converged within less than
1 meV/atom, which is sufficient for our purpose.

C. Calculation on cerium

1. � cerium

In order to test our PAW data set, we have first carried out
standard LDA calculations. The results are summarized in
Table III. Our results are within the range of available calcu-
lations done within the full potential linear muffin tin orbital
�FP-LMTO� method.56,57 This shows that our PAW data set is
correct. We have not taken spin-orbit coupling into account
because we assume that its effect is negligible.

To describe the paramagnetic � phase, one should use a
method beyond the static mean field, such as
DMFT.18,19,22,24,59 In LDA+U, we find that one has to im-
pose a magnetic order. For simplicity, we choose a ferromag-

TABLE IV. Lattice parameter and bulk modulus of � cerium according to experimental data and calcu-
lations within LDA+U �U=6.1 eV and J=0.7 eV�. Calculations with f electrons in the core are also
presented. a /a= �atheor−aexpt� /aexpt.

LDA+U LDA

Expt.a FLLb FLLc fcored fcorec LDAc

a �a.u.� 9.76 9.83 9.52 9.69 9.63 8.54

a �Å� 5.16 5.20 5.04 5.12 5.09 4.51

a /a �%� 0.0 0.7 −2.4 −0.7 −1.3 −12.4

B0 �GPa� 19 29.6 34 31 34 59

aReferences 57 and 58.
bReference 12.
cThis work.
dReference 60.

TABLE V. Structural parameters of � cerium according to experimental data and calculations within
LDA+U �for FLL and AMF: U=6.1 eV and J=0.7 eV; for the Dudarev scheme: U=5.4 eV�.

LDA+U GGA+U

Expt.a FLL AMF Dudarev FLL

a �a.u.� 9.76 9.52 9.43 9.54 9.95

a �Å� 5.16 5.04 4.99 5.05 5.27

B0 �GPa� 19 34 30 33 28

aReferences 57 and 58.
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netic order. Table IV shows a comparison of the structural
parameters to the calculation of Shick et al.12 with the same
U and J parameters.

We first note that the inclusion of LDA+U increases the
equilibrium volume because the electrons are localized and
no longer participate in the bonding. The results are rather
insensitive to the precise values of U and J. A variation of
U−J by �1 eV—which is beyond the range of reasonable
values quoted in the literature54,60—induces a variation of
�0.04 a .u. for the lattice parameter. The LDA+U calcula-
tion slightly underestimates the lattice parameter of cerium,
as was done for the lattice parameter of gadolinium. How-
ever, we note a disagreement between our calculation and the
calculation of Shick et al.12 We suggest that it is a conse-
quence of the different basis functions used in LDA+U.

Moreover, we carried out a calculation with the f states in
the core. For this purpose, we created a PAW data set without
any f projectors. The structural parameters in this case,
which are given in Table IV, are in good agreement with the
parameters used in the LMTO-Atomic sphere approximation
�ASA� calculation with f electrons in the core, which was
done by Johansson et al.61 As expected, LDA+U gives a
volume lower than that from calculations done with frozen f
electrons. However, our goal is not to precisely compute the
volume of the � and � phases of cerium. Moreover, these are
high temperature phases, and entropic contributions are ex-
pected to be non-negligible.24,62

In order to validate our method, we have carried out a few
calculations with three flavors of the LDA+U method.8,9,37

The results are presented in Table V. The FLL method and
the spherically averaged one37 give the same result.

We see that the AMF method underestimates the volume
of the � and � phases even more. We can, in fact, show that
the AMF method is not fit for the LDA+U calculations on
cerium: As LDA+U is a self-consistent scheme, the double
counting term must correct the LDA Hamiltonian with
LDA+U occupations. In particular, the AMF method is
made to correct a system in which the electrons are equally
distributed among orbitals. Thus, it is not suitable for cerium,
where the converged solution in LDA+U contains one elec-
tron localized into one orbital. As there is only one f electron

in cerium, the inclusion of the J parameter is not necessary.
We will then use the spherically averaged method, which has
only one parameter in the study of the � phase. Physically,
the magnetic moment is logically insensitive to the choice of
the method and is equal to 1.1�B whatever the LDA+U
method used. For reference, we have also included the
GGA+U result, which overestimates the volume.

As emphasized by Shick et al.,12 metastable states appear
in � cerium. Different energies can be obtained according to
the starting point of the calculation. It can be simply ex-
plained: During the self-consistent search for the global
minimum, it happens that the system is trapped in a local
one, with a given repartition of the electrons in the orbitals.
So, going to another minimum would require a drastic
change in the f wave functions. This is peculiar to methods
that create an orbital order and fill only some particular or-
bitals with electrons. This effect is more important if the
symmetry is not imposed during the calculation. Each of
these metastable states is, however, associated with a given
matrix of occupation. As we do not include the spin-orbit
coupling, we can express the occupation matrix in the basis
of the real spherical harmonics defined by
Sm�= �−1�m	2 / �1+ i� �1− i���Y �m��Y �m�

� �.63 In the following,
f i� is the notation for an f orbital with an angular part Si�. In

TABLE VI. Cell parameters and volume per atom of � cerium and � cerium according to experimental
data and calculations. For the AFM dhcp structure, three cell parameters are needed �see Fig. 3�. Note that
LDA and GGA calculations do not give any moment at the theoretical lattice parameter. For the LDA+U
calculation, the relaxation is done for the most stable state, which is AFM. The last column gives the energy
difference between the antiferromagnetic structure of cerium and the ferromagnetic structure in LDA+U,
LDA, and GGA. Calculations of energy are done at the experimental structural parameters, and energy
differences are relative to the eight atom unit cell �see Fig. 3�.

dhcp fcc

a c V EAFM−EFM V

�Å� �Å� �Å3� meV �Å3�

Expt.a 3.67 11.75 34.22 �0 34.4

LDA �FM� 3.2 10.6 23.2 17 23.2

GGA �FM� 3.4 11.1 27.0 70 26.6

LDA+U �AFM� 7.13/3.63 11.5 32.0 −40 32.1

aReference 54.
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FIG. 4. �Color online� Density of states of � and � cerium. A
smearing of 0.14 eV is used.
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the fcc structure, the site symmetry of an atom is cubic and
the point group is Oh. Character tables show that the f orbit-
als split in T1u, T2u, and A2u. We find that, as intuitively
expected, putting the f electron inside the f2−, which belongs
to the A2u irreducible representation, gives the lowest
energy.64

2. � cerium

The � phase has a dhcp structure. Due to the hysteresis1

in the transitions involving � and � cerium, it is a challenge
to determine its structure. Wilkinson et al.65 performed neu-
tron diffraction studies and proposed an antiferromagnetic
structure for this phase.65 However, their structure is never-
theless not consistent because sites with the same magneti-
zation are not equivalent. It has, in fact, been contested by
Gibbons et al.54 in a study on alloys of cerium and yttrium.
They proposed another antiferromagnetic order, which is
presented in Fig. 3.

Even if cerium has only one f electron, the search for the
ground state is an involved task because of the number of
metastable states in the LDA+U description of � cerium.
This is due to the large number of atoms and also to the
existence of sites of different local symmetries, namely, cu-
bic and hexagonal �see Fig. 3�. In order to find the most
stable solution, we carried out different calculations, with
several hints for the occupation matrix. We found the lowest
ground state with the condition that the system is an antifer-
romagnet. Starting from the occupation matrix, we computed
the ferromagnetic ground state defined by the same occupa-
tion matrix. It appears that it leads to the lowest state with
this magnetic order. We checked, however, that this state is
lower in energy compared to the state extrapolated from the
occupation matrix from cubic �fcc� and hexagonal �hcp�
crystals �see the Appendix�.

In Fig. 4, we present the density of states for both the �
and the � phases of cerium. The spectrum for the � phase is
in good agreement with that found in the work of Shick et
al.,28 with peaks located at −2.5 and 3 eV. The position of
these peaks is in good agreement with the experimental pho-
toemission spectra,66,67 even if obtaining a correct width
would require going beyond LDA+U.19,24 The � cerium
density of states looks very similar to the � cerium one. We
carried out the calculation for several different metastable
states, and we saw only slight modifications in the width of
Hubbard bands. All calculations show that the peaks are lo-
cated at the same place as for � cerium. This spectrum and
the position of the peaks drastically differ from the spectrum
obtained from GGA calculation,32 which does not take into
account the strong correlations.

From the experimental phase diagram and from a thermo-
dynamical point of view, one knows that at the transition, the
volume of the � phase is slightly lower than the volume of
the � phase. As these two phases are compact, we also ex-
pect their volumes to be close. Indeed, the equilibrium vol-
ume of � cerium computed in LDA+U is 32.0 Å3 and is
very similar to the volume of � cerium �32.1 Å3�. Moreover,
the total magnetization per atom computed in the ferromag-
netic structure is the same as that for � cerium �1.1�B�. The
magnetic moments computed inside PAW augmentation re-

gions are very similar in the AFM and FM ground states.68 It
confirms the localization of the f electron. However, as
LDA+U imposes a magnetic order to � cerium, we cannot
precisely compute the change in volume between the two
phases. In fact, the relative difference in volume between
different orbital orders of � cerium computed in LDA+U
�0.5%� is comparable to the relative difference in volume
between the two phases. So, a more correct description of
magnetism and its origin is necessary to compute this differ-
ence in volume. LDA+DMFT, which takes into account the
dynamical fluctuations, is, in fact, able to describe both mag-
netically ordered and paramagnetic states. The disordered lo-
cal moment method has also shown some success in the
description of the magnetism of heavy lanthanides.69 As ex-
pected, LDA and GGA calculations strongly underestimate
the volume by 33% and 22%, respectively, which is similar
to what is observed for � cerium �see Table VI�.

As it is a ground-state property, the relative stability of
AFM and FM configurations is an important point to be dis-

(a)

(b)

(c)

FIG. 5. �Color online� Isodensity curves for the filled orbitals for
hexagonal sites ��a� one of the positive lobe is directed along x� and
cubic sites �orbitals are slightly tilted with respect to hexagonal
sites. �b� Atoms 1 and 2; �c� atoms 3 and 4�. Cartesian axes are the
same as in Fig. 3. Two colors are used for the negative and positive
values of the isodensity plot.

� AND � CERIUM: LDA+U CALCULATIONS… PHYSICAL REVIEW B 77, 155104 �2008�

155104-7



cussed. We have computed this energy difference by using
the LDA+U method and both LDA and GGA methods. The
results are given in Table VI and show that LDA+U favors
the AFM order with respect to the FM. Note that in the GGA
or the LDA approximations, the FM one is the most stable.
We checked that this statement is correct for the three lowest
metastable states that we have found �see the Appendix�. In
these three cases, the difference in energy in LDA+U ranges
from −40 to −108 meV. So, we can expect that a hypotheti-
cal lower ground state—not captured by our calculation—
will reproduce this energetic order.

Note that this stabilization is insensitive to the choice of
the LDA+U functional: The same result is found with the
full localized limit method using J=0.95 eV and U
=6.1 eV. It suggests that this stabilization is due to the in-
teraction of f electrons with s, p, and d electrons depending
on the position of f orbitals—as proposed for calculations on
gadolinium.28–30 We checked that the results are still valid
when both FM and AFM solutions are relaxed to their lattice
equilibrium values. In this case, EAFM−EFM=−44 meV. In
order to compare to gadolinium in a similar situation, we
computed the difference in energy between AFM and FM
ground states for the hypothetical hcp structure of cerium.
We find that the AFM ground state is lower
�−17 meV /atom�. It shows that the stability of the AFM
order is intrinsically due to the element and not to the struc-
ture �hcp or dhcp�. Note that a study69 of gadolinium and
other heavy lanthanides shows how the stability of
ferromagnetism—with respect to incommensurate
ordering—is linked to the values of the structural parameters
�for a given structure�. In this study, however, we focus on
the experimental commensurate ordering.

The energy difference between the FM and AFM configu-
rations for � cerium is 5 meV/atom, which is smaller than
the value of 20 meV/atom that is found for gadolinium. The
temperature of the transition54 is 7 K for � cerium, whereas
it is 293 K for gadolinium. This difference is expected—even
if a direct link between the difference in energy and the Curie
or the Néel temperature is not straightforward29—especially
in different structures.

IV. CONCLUSION

We present a study of the � and � phases of cerium. We
reproduce a previous result, where the � phase is correctly
described within the LDA+U framework. We show that the
� phase is also correlated, as anticipated from its volume and
its magnetic properties. The volumes of the � and � phases
are found to be close because structures are compact. The
main result is that the electrons are localized in the � phase
and that the antiferromagnetic order is correctly stabilized
with respect to the ferromagnetic configuration. We explain
some details of our implementation of LDA+U and thor-
oughly test the method on well known systems. We detail the
procedure that we followed to enforce the convergence of
self-consistence loop and to find the ground state of this
complex phase in terms of occupation matrix for different
magnetic orders.
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APPENDIX: OCCUPATION MATRIX FOR � CERIUM

In order to check the validity of the state found for the
lowest energy, we compared its energy to the solution in
which the sites adopt the occupation matrix of the fcc or the
hexagonal structure. This solution would be the most stable
if f orbitals were completely localized without any interac-
tion, i.e., even through s, p, and d orbitals.

In order to find this solution, we performed calculations
for the hcp structure �ABABAB, where A and B are compact
planes�, where there are only hexagonal sites, and for the fcc
structure �ABCABCABC�, where there are only cubic sites.
In the hcp structure, the site symmetry of the cerium atom is
hexagonal. In this case, the f level splits into five irreducible
representations, namely, B1u, E2u, A2u, E1u, and B2u. We
found that the minimum in energy is obtained when the oc-
cupation matrix contains only one electron located in the f0

orbital �which belongs to A2u�. In the case of the cubic sym-
metry, the electron is located inside the f2− orbital, whose
angular part is S2−.

The dhcp structure corresponds to a compact structure
with an ABACABAC stacking. The atoms in the A layer have
a local cubic environment, whereas the atoms in B and C
layers have a hexagonal environment. Note that for cubic
states, a rotation matrix has to be applied to the occupation
matrix: For the fcc structure, the f electron in LDA+U is
located in the orbital f2−=	105 / 4�xyz. In this case, the ABC
layers are oriented along the �111� direction. In the dhcp
structure, the same axis for the cubic sites is oriented along
the �100� direction. So, we just had to do a rotation of the f
orbitals in order to find a different occupation matrix. We
found that the orbitals are transformed into 	4 / 9 f3−+	5 / 9 f0

for sites 1 and 3 and into 	4 / 9 f3−−	5 / 9 f0 for sites 2 and 4.
These orbitals are the eigenvectors in an ideal cubic symme-
try. We then have the following for the rotated occupation
matrix on the basis of f3− and f0:


 4
9n �

	20
9 n

�
	20
9 n

5
9n

� ,

where n is the occupation of f2− orbitals in the fcc structure.
We performed self-consistent calculations starting from

this occupation matrix and found that the solution is 43
mhartree higher in energy than the ground state. It suggests
that our solution is one of the most stable ones.

In our lowest energy solution, the f electron is located—
for the cubic sites—in an orbital that is a linear combination
of f2−, f1−, f1+, f2+, and f3+. For the hexagonal sites, we
found that the f electron is in the orbital 0.60f3++0.40f1+

−0.69253f1−. These two orbitals for the cubic and hexagonal
sites look like f2− orbitals: Their positive lobes are oriented
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along the directions of the corners of a tetrahedron. One of
the nodal planes of these orbitals is orthogonal to the vector
j� �see Fig. 3�. These orbitals are plotted in Fig. 5.

Note, however, that we do not expect the physical prop-
erties to drastically change for different states. For example,

the variation between the volumes computed in the lowest
ground state and in the state whose matrix of occupations is
given above is within the precision given in Table VI. The
previous description could be easily generalized in the case
of spin-orbit coupling.
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