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We discuss the spin-wave interaction in a two-dimensional (2D) Heisenberg ferromagnet (FM) with dipolar
forces at T->T=0 by using 1/S expansion. A comprehensive analysis is carried out of the first 1/S correc-
tions to the spin-wave spectrum. In particular, similar to a three-dimensional FM discussed in our previous
paper [A. V. Syromyatnikov, Phys. Rev. B 74, 014435 (2006)], we show that the spin-wave interaction leads
to the gap in the spectrum ¢, and greatly renormalizes the bare gapless spectrum at small momenta k. The
expressions for the spin-wave damping I'y are derived self-consistently and it is concluded that magnons are
well-defined quasiparticles in both quantum and classical 2D FMs at small 7. We observe thermal enhance-
ment of both I'y and I'y/ ¢ at small momenta. In particular, a peak appears in I'y and '}/ ¢ at small k and at
any given direction of k. If S~ 1, the height of the peak in I'y/ € is not larger than a value proportional to
T/D<1, where D is the spin-wave stiffness. In the case of large spins > 1, the peak in ['y/ €, cannot be
greater than that of the classical 2D FM found at k=0, the height of which is only numerically small: T'y/ €,
~(.16 for the simple square lattice. Frustrating next-nearest-neighbor exchange coupling only slightly in-
creases ['y/ g in a classical 2D FM. We find expressions for spin Green’s functions and the magnetization. The
latter differs from the well-known result by Maleev [Sov. Phys. JETP 43, 1240 (1976)]. The effect of the
exchange anisotropy is also briefly discussed. Higher order corrections to the spectrum are considered and it is
concluded that they are small compared to the first corrections obtained. Our results contradict the findings of
previous works [Kashuba er al., Phys. Rev. Lett. 77, 2554 (1996); Abanov et al., Phys. Rev. B 56, 3181
(1997)], in which a diffusion spin-wave mode was obtained at small momenta. It is shown that the origin of

this discrepancy is that the spin-wave gap was ignored in the previous studies.
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I. INTRODUCTION

The magnetic properties of thin films and (quasi-)two-
dimensional (2D) magnetic materials are of great interest
now.!? This interest is stimulated by recent advances in film
growth techniques and numerous technological applications
of magnetic films, including uses in electronics and data stor-
age. A realistic theoretical model of low-dimensional mag-
netic systems must include the exchange interaction, the di-
polar interaction, and the magnetocrystalline anisotropy.'
Despite its smallness, the long-range dipolar interaction
plays an essential role in two-dimensional magnets. In par-
ticular, it violates the Mermin-Wagner theorem? and leads to
the stabilization of the long-range magnetic order at finite
temperature in 2D magnets.!*> Some peculiar features have
recently been observed at T<<T, which are related to the
dipolar interaction both in 2D and three-dimensional (3D)
Heisenberg ferromagnets (FMs).

In the 3D FM, the problem of infrared singularities arose.
It was obtained in Ref. 6 that dipolar forces lead to strong
long-wavelength fluctuations, which manifest themselves in
an infrared divergence of the first perturbation corrections to
the uniform longitudinal spin susceptibility: y;(w—0)
~iT/w. An infrared divergent contribution to the spin-wave
stiffness was obtained in Ref. 7 as a result of the analysis of
the first 1/S corrections to the spin-wave spectrum. Thus, the
problem arose of the analysis of the whole perturbation
series in order to find the spin-wave spectrum and longitudi-
nal spin susceptibility at small momenta. The appearance of
the infrared singularities in these papers is related to the fact
that the spectrum is gapless in a 3D FM in the spin-wave
approximation.®
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First perturbation corrections to the spin-wave spectrum
were analyzed in a classical 2D FM with dipolar forces in
Refs. 9 and 10. It was found that the imaginary part of these
corrections exceeds the bare gapless spectrum at small
enough momenta k. Then, as a result of self-consistent cal-
culations, a diffusion spin-wave mode was obtained at very
small k. It was argued in Refs. 9 and 10 that despite the
analysis is carried out for a classical 2D FM, the diffusion
mode should also be observed in a quantum 2D FM.

In the meantime, we find that quite an unusual property of
ferromagnets with dipolar forces is ignored in the previous
studies, which is crucial for the reported peculiarities—the
interaction between magnons leads to the appearance of a
gap in the spin-wave spectrum that greatly renormalizes the
bare gapless spectrum at small momenta. Thus, we obtain
such a gap in a 3D FM in the first order of 1/S in our recent
paper.'! It was found to be proportional to wyVSwy/J sin 6,
where

2
w0=477(gi) (1)

Vo

is the characteristic dipolar energy, v is the unit cell volume,
6 is the angle between momentum k and the magnetization,
and J is the exchange value. We show that this gap screens
the infrared singularities obtained in Refs. 6 and 7 and first
perturbation corrections to the observables found self-
consistently are small. Naturally, one can expect the exis-
tence of such a gap in a 2D FM, too.

It should be noted that the appearance of the gap in 2D
and 3D FMs is quite expected because a dipolar interaction
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due to its symmetry and long-range nature violates the Gold-
stone theorem. Thus, the spin-wave gap was observed in a
2D antiferromagnet with a dipolar interaction in the zeroth
order of 1/S (i.e., in the spin-wave approximation).’ The
existence of the gap in the spectrum of a 3D FM was antici-
pated a long time ago. It is well known that within the first
order of 1/, dipolar and pseudodipolar forces lead to aniso-
tropic corrections to the total energy of a 3D FM.!>14 As a
result, directions along the edges of a cube are energetically
favorable in a simple cubic lattice, whereas the magnetiza-
tion should be parallel to a body diagonal of the cube in a
face-centered cubic lattice and a body-centered cubic
lattice.'>!3 It has been pointed out by Keffer'*!> that the
anisotropic terms in the total energy of a ferromagnet should
be accompanied with an “energy shift” in the spin-wave
spectrum. We confirmed this long-standing statement for a
3D FM in our previous paper!'! and demonstrated the relation
between the gap and the anisotropy at 7=0. A fourfold in-
plane anisotropy in a square 2D FM caused by quantum
fluctuations was also observed before, and the value of
this anisotropy was numerically investigated in Ref. 16 for
T~SJ.

The situation is slightly different in classical FMs with a
dipolar interaction. In particular, the ground state remains
infinitely degenerate according to the rotation about the axis
perpendicular to the plane in the classical 2D FM. However,
it is well known that in classical systems with degenerate
ground states, some of these states can be selected via order-
by-disorder mechanism at finite temperature.'’”"' Order-by-
disorder effect was demonstrated in 2D systems of classical
spins confined to lie within the plane and coupled via (i) a
short-range dipolarlike interaction'® and (ii) long-range dipo-
lar interaction.??! Then, an in-plane anisotropy arises at fi-
nite temperature. Notably, it was found in Ref. 21 that the
thermal selection of the ground state is accompanied by the
appearance of a gap proportional to 7 in the spin-wave spec-
trum, which originates from the spin-wave interaction and
leads to the finite value of the order parameter. Then, one
also expects the appearance of the spin-wave gap in a clas-
sical 2D FM with dipolar forces.

In the present paper, we carry out a comprehensive analy-
sis of the first 1/ corrections to the spin-wave spectrum in a
2D FM with a dipolar interaction. Similar to a 3D FM, we
obtain the spin-wave gap A in the spectrum ¢, which ap-
pears _to be proportional to wyVSwy/J for S~1 and
Swo\(wy/J)(T/S?]) for S>1 and T >T>SJ. This gap
greatly renormalizes the bare gapless spectrum at momenta
k=<[A/(Swy)]?. The limiting case of classical spins is also
discussed at T<<j and the gap was found to be proportional
to w\Tw/j?, where j and w are values of the exchange and
characteristic dipolar energies in the classical model, respec-
tively. It is demonstrated below that the spin-wave gap that
was ignored in Refs. 9 and 10 is much larger than the energy
of the diffusion mode obtained in those papers. We self-
consistently derive the spin-wave damping I'y and find that
spin waves are well-defined quasiparticles in both quantum
and classical 2D FMs at small 7.

Interestingly, we observe a thermal enhancement of the
damping at small momenta. In particular, in quantum 2D
FMs, we obtain a peak in both T’y and I'y/ ¢, at k<wy/J,
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T> Sw, and at any given k direction. If S~ 1, the height of
the peak in I'y/¢g cannot exceed a value proportional to
T/SJ<1. In the case of large spins S> 1, the peak in I'y/ ¢
cannot be greater than that of the classical 2D FM found at
k=0, the height of which is only numerically small: T'y/ €,
~ (.16 for the simple square lattice. Frustrating next-nearest-
neighbor exchange coupling only slightly increases I'y/ € in
classical 2D FMs.

We derive expressions for spin Green’s functions and the
magnetization. The latter differs from the well-known result
of Ref. 4. The effect of the exchange anisotropy is also
briefly discussed. Higher order corrections to the spectrum
are considered and it is concluded that they are small com-
pared to the first corrections obtained. We derive the fourfold
in-plain anisotropy in the total energy of quantum 2D FMs
that makes the directions of the magnetization along the
edges of the square to be energetically favorable in the
simple square lattice. We also demonstrate the relation be-
tween this anisotropy and the spin-wave gap at 7=0 as was
done in our previous paper!! for 3D FMs. The spin-wave
interaction in 2D FMs with a small number of layers and
with dipolar forces was numerically discussed in Ref. 22.

The rest of the present paper is organized as follows. The
Hamiltonian transformation and the technique are discussed
in Sec. II. First 1/S corrections to the real and imaginary
parts of the spin-wave spectrum are considered in Secs. III
and IV, respectively. In Sec. V, we study the case of large
spin values and consider the limit of classical spins. In Sec.
VI, we (i) demonstrate the relation between the anisotropic
term in the total energy appearing due to the dipolar interac-
tion and the spin-wave gap at T=0, (ii) discuss the further
order 1/§ corrections to the spin-wave spectrum, (iii) calcu-
late the magnetization by taking into account the spin-wave
spectrum renormalization, (iv) derive the spin Green’s func-
tions in the first order of 1/S, and (v) briefly discuss the
effect of the easy-plane anisotropy and consider the spectrum
renormalization obtained in Refs. 9 and 10. Section VII con-
tains a detailed summary and our conclusion. Three appen-
dixes are included with some details of calculations.

II. HAMILTONIAN TRANSFORMATION AND TECHNIQUE

The Hamiltonian of a ferromagnet with dipolar interaction
has the form

1
H==22 U+ QhDSIS,, ?
1#m
3R RE — 5 R’
_ 2 m ™t im — CpBtim
09 = (gu)>—" le " 3)
Im

By taking the Fourier transformation, we have from Eq. (2)
1

H=- 52;, (J8,5+ ORP)SLSPy (4)

where J,=3,J,, exp(ikR,,,) and QfP==,07% exp(ikR,,). We

direct the y axis perpendicular to the lattice, as is shown in
Fig. 1. The dipolar tensor Q{ZB possesses the following well-
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Z

FIG. 1. Two-dimensional ferromagnet discussed in the present
paper.

known properties’* at k<<1, which are independent of the
lattice type and the orientation of x and z axes relative to the
lattice:

@ kkpkg
Qk = Wy 35[)3 2 k2 > where puB:va’ (5)
: 2k
o= a)()(— §a+ E)c‘?yﬁ, where B=x,y,z, (6)
31)0 1
- , 7
875 R @)

where we set the lattice spacing to be equal to unity, wy is the
characteristic dipolar energy given by Eq. (1), and « is a
constant that is approximately equal to 1.078 for the simple
square lattice. It is seen from Egs. (2), (5), and (6) that di-
polar forces lead to an easy-plane anisotropy in the energy of
the classical 2D FM with y being a hard axis.* We show in
Sec. III that quantum and thermal fluctuations also lead to an
in-plane anisotropy. We direct the z axis along the uniform
magnetization, as shown in Fig. 1.
After Dyson—Maleev transformation,

S (aTaz)k>
St = \/j( + P — s
RZ N\ TR g
S (a'a®),
Sy:_'\/i< _ Tk ,
BTN T T g

Hamiltonian (4) has the form H=Ey+=% H;, where E, is
the ground state energy and H; denote terms containing
products of i operators a and a'. One should take into ac-
count terms up to H, to calculate corrections of the first
order in 1/S. H;=0 because it contains only Qﬁ'g with p
# . For the remaining necessary terms, one has

8,23-25

St =S—(a‘a),. (8)

H,= E {Ekakak +— (aka Kt aka k)] 9)

S

m, > oyd () +a)as, (10)

k;+ky+k3=0

1
Hi= 2

4n k+ky+ks+k,=0
-0+ aiz(szcx + 0y - 205%3)]asaq}, (11)

where we drop index k in Egs. (10) and (11), 91 is the num-
ber of spins in the lattice, and

{2(J; = Jy3)alalsaza + al [ay (05
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S - 2wy«
Ekzs(JO_Jk)__<Qﬁx+Qly<)_ 0)
2 3
k<1
S S
~ DK+ 220 290 02 (12)
2 4
k<l
S S
__(Q -0 = 20T wok(l +sin® ¢y),

2
(13)

where D is the spin-wave stiffness, ¢y is the angle between k
k<1

and the magnetization, and the expressions after =~ are ap-

proximate values of the corresponding quantities at k<<1.

For the coupling between only nearest-neighbor spins on the

simple square lattice, one has D=SJ. In the spin-wave ap-

proximation, for the magnon spectrum, we find

k<1

S
6= VEL-BL~ /(D> + Swoa)<Dk2 + %k sin? dm),

(14)

which is in accordance with the well-known result.*

To perform the calculations, it is convenient to introduce
the following retarded Green’s functions: G(w,k):(ak,abw,
F(w,K)={ay,a_y),» G(w,k)=<afk,a_k)w=G*(—w,—k), and
Fl(w,k)=(a'y,a}),=F*(~w,-k). We have two sets of
Dyson equations for them. One of these sets has the form

= Gw,k) + G0,k)2(0,k)G(w,k) + GO(w,k)
X[By + (w,k)]F (w,k),

G(w,k)

Fi(@,k) = G(0,k)2(w,K)F(w,k) + GO(w,k)[ By
+ 117 (0,k)]G(w,k), (15)
where GO(w,k)=(w—Ex+i6)"!

and 3, 3, I1, and I17 are the self-energy parts. By solving Eq.
(15), one obtains

is the bare Green’s function

o+ E+ 2(w,k)

S Dk
H(w,k
Flok) = 26 2@k) ; (w(k) ),
G(wk) = -w +ll;72(a-)|-li(w,k) ’
M (w,k
Fllwk)=—- ﬁ, (16)
where
D(w,k) = (0+i8)’ - 6 — VUw,k), (17)
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Qw,k)=E (S +3) =BT+ 1) = (w+i8) (S -3) - IIT*
+33, (18)

and €, is given by Eq. (14). The quantity Q(w,k) given by
Eq. (18) describes renormalization of the spin-wave spec-
trum square. We calculate the real part of (w,Kk) in Sec. IIT
and analyze its imaginary part in Sec. IV. The last two terms
in Eq. (18) give the corrections of at least second order in
1/S and are not considered in Secs. III-V. We imply that S
~1 in Secs. III and IV, and discuss large S in Sec. V.

III. RENORMALIZATION OF THE REAL PART OF THE
SPIN-WAVE SPECTRUM

The corrections to the spin-wave spectrum to be obtained
are proportional to sums over momenta in which summands
depend on the components of the dipolar tensor Qﬁﬁ . In some
of these sums, a summation over small momenta is important
and one can use expressions (5) and (6) for Ql’iﬁ. In the mean-
time, there are sums in which a summation over large mo-
menta is essential and which, consequently, depend on the
direction of the quantized axis within the plane and the lat-
tice type. Thus, one should bear in mind what the direction
of the magnetization in the ground state is.

Therefore, the well-known fact that dipolar and pseudodi-
polar interactions lead to the dependence of the energy of a
ferromagnet on the direction of quantized axis should be
taken into account.'>!* We now show that, being established
first for 3D FMs, this finding also remains valid for 2D FMs:
apart from the easy-plane anisotropy found in Ref. 4 and
discussed above, there is also an in-plane anisotropy. As in
3D FMs, the first 1/S correction to the classical energy E
having the form

2

-2 (19

€k~
AL =(Hz)= E 2 . 2(ek+Ek)

gives rise to such an in-plane anisotropy, wherein the isotro-
pic term is omitted in the right part of Eq. (19). After direct
calculations, for a square lattice, one obtains

2
Eec A (20)
(04 - 09)° - 4(0y)’
wom 2 8eq ’ @)

where vy; are direction cosines of the magnetization, and
components of the dipolar tensor in Eq. (21) are taken rela-
tive to square axes. The constant C should be numerically
calculated because the summation over large momenta is im-
portant in Eq. (21) and one cannot use Egs. (5) and (6) for
the dipolar tensor components. This calculation can be car-
ried out by using the dipolar sums computation technique
(see, e.g., Ref. 26 and references therein) with the result C
~(.0082 for exchange coupling only between nearest-
neighbor spins on the simple square lattice. Because C>0,
an edge of the square is the easy direction. Notice also that
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a) b) c)

QO -0

FIG. 2. Diagrams of the first order in 1/§ for self-energy parts
discussed in this paper. Diagrams (a) and (c) stem from three-
magnon terms (10) in the Hamiltonian, whereas (b) comes from
four-magnon terms (11).

the value of the dipolar anisotropy in a cubic 3D FM is
proportional to a constant that also has the form (21),
wherein, naturally, summation is taken over 3D reciprocal
vectors.!! The in-plane anisotropy caused by a dipolar inter-
action was numerically investigated at 7~ D in Ref. 16.

We now study separately the bubble diagrams shown in
Figs. 2(a) and 2(b), and the loop diagram presented in Fig.
2(c).

A. Bubble diagrams

Let us start with the diagram shown in Fig. 2(a). It ap-
pears from three-magnon terms (10) and gives a value of
zero. To demonstrate this, we make all possible couplings of
two operators a and a' in Eq. (10), as follows:

S < (Eq-B)(1+2N) - ¢,
(a(T)"'ao)\/ﬁ}q: . ‘*Zeq R L 0))

where Nq=(eeq/ T_1)~! is Plank’s function. Expression (22)
is equal to zero because ij:—Qle;, E,=Ey, and By=B,,
where q=(¢,.q;) and q'=(-¢,.q,).

The Hartree—Fock diagram presented in Fig. 2(b) comes
from H, terms given by Eq. (11). After simple calculations,
for the contribution to Q(w,k) from this diagram, we obtain

Ev | EJ(1+2N,) —€
O (w,k) = a}‘, {—‘1;‘—‘16 J=Jo+Jq=Jiq
q q

1 , ’
(04 + 0 + O + O - 207~ 207 )

1+2N, '
BN gp 05 - 0]
€q
_ﬂ Mﬂ!(l X vy
‘ﬁ%[ 2¢, Z(Qq )
! Bgl 2N£I
+ Qix— Q'l‘?)— ( 2-: )(Jk+‘]q_2‘]k+q
q

1
: E(Q}éx + inly + Qix + QY) Qk+q)>:| . (23)

At zero temperature, Ny=0 in Eq. (23). In this case, the
spectrum is renormalized only by quantum fluctuations. As
the temperature increases, corrections from terms in Eq. (23)
containing N, become larger. They exceed terms in Eq. (23)
not containing N, above a certain temperature. We find be-
low that this temperature is of the order of Sw,. Then, it is
convenient to separately discuss regimes 7T<Sw, and T
>S .
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1. T<Sw,
By taking Ny=0 in Eq. (23), in the leading order of wj,

we obtain

-V

€q

OD(0.K) = DEPS2E S Oy
: m S

2 XX yy\2
. S woaz (Qy = 0F)
q

8N

(24)
€q

Here, the first term is of the order of kzw(z) In(D/Swy). Then it
gives a negligibly small positive correction to the bare spec-
trum (14). In contrast, the second term in Eq. (24), being
independent of k, contributes to the spin-wave gap. It is
much greater than the bare spectrum at k<<Swy/D.

2. T>Sw,

Terms in Eq. (23) containing N come into play at such T
and, in the leading order of w,, we have

QY (w,k)=- (Dk2)2§W(T) — DK woya W(T) + V(T)]

SPwga (05 - 00)?
g % o 25)
[ A T\?
N N TN
W(T) = m% 7 Ny W<D> , (26)
2 T (T
V(T) = ﬁzq: Ny = UB]n(S—wO) , (27)

where w=(16m)"'[dkk/(e*~1)=m/96 and v=1/2m. The
first two terms in Eq. (25) do not change the structure of the
bare spectrum, which results in the following renormaliza-
tion of constants D and wy in Eq. (14):

1 1
Db—>D|:l - EW(T):|, wy > wo[l - gV(T)} (28)

In contrast, the last term in Eq. (25) changes the form of the
spectrum and contributes to the gap. Notice that the gap in
Eq. (25) has the same form as in Eq. (24). Thermal correc-
tions to the gap are small, which are of the order of
woT In(T/Say)/ D*2

By comparing the first two terms in Eq. (25) with the first
term in Eq. (24), one infers that thermal k-dependent correc-
tions become much larger than quantum ones at 7> Swy,.

B. Loop diagram

We now turn to the loop diagram shown in Fig. 2(c). It
originates from H; terms (10) in the Hamiltonian. As a result
of simple but tedious calculations, some details of which are
presented in Appendix A, for the contribution to the real part
of Q(w,k) from this diagram at k<<1, we have

PHYSICAL REVIEW B 77, 144433 (2008)

T T T T T T ]
R, = Ve
$,=0 =
""" ¢, =nl4 7
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FIG. 3. Renormalized spin-wave spectrum at ¢ =0, ¢ =m/4,
and ¢y=7/2 for a 2D FM at T<<Sw with wy=0.05/ and S=1/2.
The bare spectrum at ¢ =0 (solid line) is also presented for
comparison.

Szw()az (QXZ 2

Re Q% (w,k) = -
2N

(29)
a

where we set k=0 under the sum because the summation
over large q is essential. Notice that we discard in Eq. (29)
all the terms that are much smaller than Q¥ (w,k), which are
given by Egs. (24) and (25). Temperature corrections to
Re O®%(w,k) are negligible.

C. Resulting expressions
One can now derive the resulting expression for
Re Q(w,k) by using Egs. (24), (25), and (29).
1. T<S(l)0
From Eqgs. (24) and (29), we obtain

€q

3
A= \/aCSZ%, 31)

where C is given by Eq. (21). As mentioned above, C
~(.0082 for the simple square lattice with the exchange cou-
pling only between nearest-neighbor spins. The first term in
Eq. (30) originates from Q®(w,k), and both O (w,k) and
Q®(w,k) contribute to the second term. The spin-wave gap
A given by Eq. (31) is proportional to w; *. To illustrate this
result, we plot in Fig. 3 the renormalized and bare spin-wave
spectra for ¢ =0, ¢y=m/4, and ¢ =m/2, assuming that
there is exchange coupling only between nearest-neighbor
spins, wy=0.05J, and S=1/2.

XX _ Y
Re Q(wk) = o025 Ca =9 o (3
m <
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2. T>Sw,
From Egs. (25) and (29), one has

Re Q(w,k) =— (Dk2)2§W(T) — Dk wya W(T) + V(T)] + A2,
(32)

where W(T), V(T), and A are given by Egs. (26), (27), and
(31), respectively. Notice that the spin-wave gap A has the
same form as that at T<<Sw, and thermal corrections to its
square are negligible, which are of the order of wiT>?/D?2.

We infer from a comparison of Eq. (14) with Egs. (30)
and (32) that the renormalization of the bare spectrum is
small at 7<D and k>Swy/D. In contrast, the spectrum
renormalization is significant at smaller k due to the gap,
which is much larger than all k-dependent terms at k
=(A/Sw,)?>. We use the renormalized spectrum below for a
self-consistent calculation of the spin-wave damping and the
estimation of higher order 1/ corrections.

IV. SPIN-WAVE DAMPING

In this section, we discuss the imaginary part of Q(w,k)
to which only the loop diagram contributes shown in Fig.
2(c). Corresponding calculations are rather cumbersome and
we discuss only the results here. One refers to Appendix A
for some details of the calculations. We discuss 2D FMs on
the simple square lattice in this section. Three regions should
be considered: k> \Swqy/D, Swy/D<k<VSwy/D, and k
=<(A/Swy)* at which the real part of the spectrum has the
form ekszz, ekzk\s"aSDwO, and €, =~A, respectively.
Im Q(w,K) is an odd function of w and we calculate it for
w= ¢, only. The spin-wave damping I’} at momentum Kk is
found below by using the relation

Im Q(w = ¢,k)
k=—-_ ~ -

33
e (33)
A. k>\Swy/D

For k> \Sw,/D, one obtains

r Swp_1 (1 24
=6 +
K=k pa 3 08

Sk NPT A
4 |

T
Swokf( ) > sin® 2 ¢y

+ (34)

where

o q*+qcos® P+ 4DA2/aS3w(3,

A = (35)

and A is given by Eq. (31). It is seen that the damping is
anisotropic in this regime: it is smaller along the edges of the
square and it reaches maxima along diagonals of the square.
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B. Swy/ D <k<\Swy/D
For Swy/ D <k<<\Sw,y/D, one has
Szwg a

==, —F
k kD3k2 26\‘”377_

X [ (Al(k) + EI(Az(k) + A3(k)))sin2 2y
k

L LD k6<3 ()~ 3B,(K) + 2B (k))+ e
20a353w(3, ! : 473 Swya o
(36)
where
=e dg
Ay (k) = —, (37)
~T=e; VL(g,k)
i dg
A (k) =4f —— Y, (38)
T (1= ¢*)\L(g.k)
* qg+1 1
As(k) =2 dg—————, (39)
’ e 4-1VL(gK)
15 Vi-¢ qz )
4 ) s M-t
(40)
o0 P
— (1 +q2)3/2\“’3+4q2
B,=4V3 | d ~5.31, 41
4 \ L q (1+2q2)4 ( )

Lg.k)=(1-¢)-B1-¢*-&q*+3),  (42)

B= TQD;Z;)SinZ b, (43)
4 A?
N 4
e =[B-E+(B- 8> +168], (45)
e= 3B+ E+V(B+ O+ 16¢], (46)

and A, (k) and B 53(k) should be taken equal to zero at k
such that £ =1, i.e., when the following inequality is satis-
fied:

1-B8-3¢£=0. (47)

Notice that £(g,k)=0 at q=£@ and it is posi-
tive inside the intervals (—\1—g;,\1—g;) and (\1+&,,%).
When B,é<1, one has A, (k) =-In(8+é), A,;(k)~1/(8B
+V§), and Bi,s(k)=1. If B,é=1, we have Ajz(k)
~1/VB+& Terms in Eq. (36) containing B,(k) and B, play
only at |sin 2¢| < 1. In particular, from Eq. (36), we obtain
that the spin-wave damping is zero at 7=0 and k such that
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AA
U
FIG. 4. The region in k plane is shown, in which the spin-wave
damping is zero at T=0. This region is defined by Eq. (47). The
linear dimension of the region is of the order of (Swy/D)>3. The
length of the region along the z axis at k,=0 is of the order of
(Swy/D)¥*. As shown in Fig. 1, the z axis is directed along the

magnetization. The great thermal enhancement of the damping in-
side this region at 7> Swy is illustrated by Figs. 5 and 6.

g,=1, i.e., when inequality (47) holds. The region deter-
mined by Eq. (47) is sketched in Fig. 4. From Egs. (34) and
(36), we conclude that the damping is small in the corre-
sponding intervals provided that wy,7<<D.

C. k<Sawy/D

As found above, the real part of the spectrum at k
<(A/Swy)? is greatly renormahzed being approximately
equal to A. For SwO/D>k>A/\TD we self-consistently
find

a TougS2

I =229
k 28 D2€k

(48)

Notice that this regime is realized at a large enough tempera-
ture, 7> w,. At smaller &, k<A/\TD<Sw0/D or at small
temperature, 7 << wy, the spin-wave damping is exponentially
small,

AZ
4TDk2) ' (49)

| e exp(—
It should be noted from Egs. (36) and (48) that when T
> Sw,, the damping I', increases upon decreasing k for k
=<(Swy/D)*3. On the other hand, as we have just obtained,
the damping is exponentially small at very small momenta
(k<AM" D). Hence, one should observe a peak in I'y at k
~A/\TD and at any k direction, the height of which can be
estimated from Eq. (48). In particular, if the he temperature is as
large as the interval (A/Swy)’>>k= A/\TD is finite, i.e., if
T> S%w,/C, we have . ~A at k~A/\VTD in Eq. (48) and,
for the peak height from Eq. (48) by using Eq. (31), one
obtains

— = (50)

In a general case, the peak height cannot be larger than the
value given by Eq. (50) because ,=A at k<Sw,/D. Notice
also that Eq. (50) is valid for arbitrary .

It is seen from Eq. (50) that the spin-wave damping is
much smaller than the real part of the spectrum if T
<D, T, where

PHYSICAL REVIEW B 77, 144433 (2008)

To- 47DS
" In{4mS[D/(Swy) %}

(51

is the value of the Curie temperature for S~ 1 obtained by
using the spin-wave theory (see Sec. VI).?® On the other
hand, the temperature can be greater than D for large spin
values much greater than unity, S=In{47S[D/(Swy)]**},%
so that D<T<TE>Y, where

so1)__ 87DS
T 3 In[D/(Swp)] (52)

is the Curie temperature in the spin-wave approximation for
S>1n{47S[D/(Sw,)*"*}. Then one might conclude from Eq.
(50) that the damping can be much larger than the real part of
the spectrum. In the meantime, we show in Sec. V that the
temperature correction to the spin-wave gap is large at such
large T and S. As a result, the imaginary part of the spectrum
is also much smaller than the real part at $>1 and D<T
<T{CS>1) and the peak height of the ratio I'y/ ¢ in quantum
2D FM cannot be larger than that in the classical 2D FM,
which is approximately equal to 0.16 for the simple square
lattice with exchange coupling only between nearest spins.

We sketch the dependence of I'y on the momentum in Fig.
5 at k<1, S~1, and T> Sw, by taking into account the
results obtained in this section. It is seen that the damping is
highly anisotropic at k= Swy/D. The damping increases with
decreasing k up to k~A/\TD if k is directed along a square
edge (i.e., if |sin 2¢|=0). In contrast, the damping is not a
monotonic function of k for |sin 2¢,|~ 1: it decreases with
decrea'_g k up to k~ (Swy/D)*? and then it rises up to k
~A/NTD. The damping is only slightly anisotropic in the
interval A/ \rTD<k<SwO/D A peak exists at k~ A/ 'TD at
any given ¢y, the height of which can be estimated by using
Eq. (48). This peak is followed by an exponential decay of
the damping at k< A/\TD having the form (49).

To illustrate in more detail the region of small momenta
k<Swy/D in which the peak exists, we derive general ex-
pressions for I'y which coincide with Eq. (36) at k> Sawy/D
and with Egs. (48) and (50) at A/\TD<k<SwO/D These
general expressions appear to be quite cumbersome for arbi-
trary ¢. Then, we present here only the equation in the
special case of sin ¢y =0, which is the simplest one:

Ty o’ w 11+ fw exp(q\r g4t
& 167D°A2 1 O ¢ q[exp(q\rl +q*t) - 177
1 +¢%)°? 1+¢%> 1+
A i I sy
(1+2¢°) (1+2¢°)° «
where k=k\VSDwya/A, t=T/(Swya), and
(= \/ (1—3K +\V9x* + 107+ 1). (54)

At g=¢, the expression under the square root in Eq. (53) is
equal to zero and it is positive for g>/. When 1>k

= \Swoa/T (i.e., when A/\SDw0>k>A/\TD) and T
>Swy, Eq. (53) transforms into Eq. (48). In the opposite
limiting case of «>1 (to be precise, at A/\SDw,<<k
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FIG. 5. Sketch of the spin-wave damping I'y versus the momentum at k<<1 for

=1 (dashed line), and

|sin ¢y |=0 (dotted line). The corresponding dependences of T’y on 7, wy, and k are also indicated. We imply S~ 1 and 7> Sw,. Curves for
|sin ¢ /=1 and |sin ﬁsl 0 differ only slightly in the interval A/+ TD=<k< <Swy/D. Notice that the ratio I'y/ € rises with decreasing k for any
given ¢y at k=A/\TD and there exist a peak at k~ A/ 'TD and an exponential decay at k <A/ 'TD. The ratio I'y/ € is shown in the vicinity

of the peak in Fig. 6.

<\Swy/D), one obtains the last term in Eq. (36) from Eq.
(53) at T> S(x)o.

We plot in Fig. 6 the ratio of the spin-wave damping and
the real part of the spectrum given by Eq. (53) versus the
reduced wave vector « for 2D FMs with S=1/2 and S=3 on
the simple square lattice assuming that wy=0.01J. The peak
is seen at k~\Swya/T (i.e., at k~A/\TD). Its position
moves to a smaller « and the height rises as S increases at a
given ratio T/T or as T increases at a given S.

0,02

0,01

0,00l = = .
0 1 2 3 4
—— S=o00 (classical spins)
—-=5=30, &,=0.01J, T=0.IT,
- §=3, ®,=001J,T=0.0IT,

— - §=1/2, 0= 0.01J, T=0.IT,

005 b — — 5=1/2, 0= 0.01J, T=0.0IT,
o—.“\~~
. -
! . TSl
000 e e o LTI g s s
0 1 2 3 4 5

FIG. 6. (Color online) The ratio of the spin-wave damping and
the real part of the spectrum I'y/ €, versus the reduced wave vector
k at sin ¢ =0 for the classical and quantum 2D FMs on the simple
square lattice. The ratios I'y/ € are given by Egs. (63) and (53),
wherein k= k\] 3/(Csw?T) and k=k\SDwya/As for the classical
and quantum FMs, respectively, wherein A, is given by Eq. (55).
The curve for classical spins is for T<j and w< [see Eq. (61)].
There are peaks at k~VSwga/T in quantum 2D FMs. Inset: The
same is shown for S=1/2 and S=3 on a large scale. For all quan-
tum magnets, the boundary of the area shown in Fig. 4, wherein the
spin-wave damping is zero at 7=0, is located at k= 10.

V. LARGE SPINS

Let us now consider large spins S=In{47S[D/(Sw,)]*"*}.
As explained in Sec. IV, the temperature can be of the order
of D in this case, remaining much smaller than the Curie
temperature. When T~D, one can use expressions for
Q(w,k) obtained above with the exception for the gap: the
temperature correction becomes important and, for the gap in
Eq. (32), one has

Swan (Eq = Bg)Ny

€q

AL =A%+ [(Q"" 0;)

] Lly@a(l;;mw)} 55

q

where A is given by Eq. (31), the first and second terms in
the square brackets stem from the Hartree—Fock and the loop
diagrams shown in Figs. 2(b) and 2(c), respectively.

Let us discuss temperatures 25/, <T<< T(S> D, where 28J,
is the spin-wave bandwidth and T{S>1) is given by Eq. (52).
To find corrections to the spectrum at such a large 7, one can
expand all the Planck functions under sums over momenta
up to the first term: Ny~7/¢,. Then, we have Eq. (32) for
the real part of Q(w,k), where

T D
W) =——, V()= (_) (56)
SJO 2 D S(,U()
now and, for the gap from Eq. (55), one obtains
o3
Ao =[A2+ ac>>32D—2T, (57)
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D2 E (Q,(rlx_ Qaz 2_4(Q)(;z 2

C»— B
%

w(z,‘ﬁ q (58)
where we can discard A under the square root in Eq. (57)
because of its smallness as compared to the second term at
T> D. The summation over large momenta gives the main
contribution in Eq. (58) and, as a result of a numerical com-
putation for the coupling only between nearest-neighbor
spins on the simple square lattice, we find Cs. = 0.025.

A wide region appears in the momentum space in which
the bare spectrum is much larger than the gap and has the
form & =~ Swya[ Dk>+(Swek/2)sin® ¢y ]. The corresponding
interval in k space is given by (As/Swy)?<k<Sw,/D for
[sin | ~1 and by A,/ VSDwy<k<Swy/D for |sin ¢|<1.
As a result, all of the expressions for the damping obtained
above should be reconsidered. In particular, Eq. (34) is valid
only for k> SVw,/T. All T-independent terms are negligible
in Eq. (34) and one should use expression (57) for the gap
rather than Eq. (31). Then, Egs. (34) and (36) are not valid at
VSwy/D<k<S\wy/T and Swy/D<k<\Sw,/D, respec-
tively, because an integration over the above mentioned in-
terval in the momentum space is essential in the correspond-
ing sums. The results are quite cumbersome and we do not
present them here. The main conclusion is that the spin-wave
damping is much smaller than the real part of the spectrum at
k>Swy/D. Let us discuss in some detail only the damping at
small momenta k<<Sw,/D because the diffusion mode was
proposed in Refs. 9 and 10 at small k.

The ratio of the spin-wave damping and the real part of
the spectrum at (As /Swy)>>k=A./\TD can be found from
Eq. (50) (replacing A with Ay ) with the result

— = (59)

This expression gives the approximate value of the peak
height on the curve I'y/ ¢, that is valid for all ¢,. The right
part of Eq. (59) is approximately equal to 0.16 for the ex-
change coupling only between nearest-neighbor spins on the
simple square lattice. It is interesting to note that the small-
ness of the spin-wave damping in this case is numerical,
whereas at S~ 1, the smallness is parametric [see Eq. (50)].
Notice that at k<A>/\e’ﬁ, the damping is exponentially
small, as discussed in Sec. IV C.

It is seen from Eq. (59) that the value of the peak height is
inversely proportional to Cs., which depends on the ex-
change coupling between spins J,,, [see Eq. (58)]. It is inter-
esting to examine the dependence of I'y /A, as given by Eq.
(59) on the value of the coupling between next-nearest
neighbors which, in particular, can significantly reduce D.
We assume that the exchange coupling between nearest- and
next-nearest-neighbor spins are equal to J and J’, respec-
tively (see the inset in Fig. 7). For the spin-wave stiffness in
this case, one has D=SJ(1+2J'/J). The dependence of the
peak height on D/SJ is shown in Fig. 7. It is seen that even
at very small D, i.e., for frustrating next-nearest-neighbor
interaction, magnons are well-defined quasiparticles. Impor-
tantly, it is implied even in the case of small D that D

PHYSICAL REVIEW B 77, 144433 (2008)

0,22 T T T T T T

0,15 L 1 L 1 L 1 L
0,0 0,5 1,0 15 2,0

D/(SJ)

FIG. 7. The peak height on the curve for I'y/ ¢, given by Eq.
(59) versus the dimensionless spin-wave stiffness D/(SJ) for 2D
FM with §>1 and with the next-nearest-neighbor exchange cou-
pling J' (see the inset). One has D=SJ(1+2J'/J) in this case and it
is implied that D> Sw, and 8S(J+J') KT<TSD even for small
D, wherein 8S5(J+J') is the spin-wave bandwidth.

>Sw, and 8S(J+J')<T<TS"VocSD, where 8S(J+J') is
the spin-wave bandwidth.

We do not present here expressions for the damping at
(As/Swy)*><k=Sw,/D for arbitrary ¢,. The main conclu-
sion is that the damping is much smaller than the real part of
the spectrum. To illustrate this, let us consider only sin ¢
=0. The bare spectrum has the minimum value at sin ¢, =0
for a given k in the discussed momentum interval and it is
the most “dangerous” case, in which one could expect a large
spin-wave damping as compared with the real part of the
spectrum. Corresponding calculations give Eq. (53) for the
damping at k<Swy/D, where one should replace A with
A... We use this modification of Eq. (53) to plot I'y/ &, in Fig.
6 for =30, wy=0.01J, and T=0.1T5>Y,

Classical spins

To find the spectrum renormalization in the classical 2D
FMs by using the spin-wave formalism discussed in the
present paper, one should consider the limit of

ﬁ—>0, ],(1)0—>0 (60)

S — oo,
assuming that

hS=const, JS?>=j=const, w,S>=w=const, (61)

and 7/j is much smaller than unity. Moreover, one should
replace operators of creation and annihilation ak,alt with
classical operators By=ay/ V’E, /B’iﬁ:ai/ VS, the Bose occupa-
tion numbers of which are finite.3*3! As a result, the spec-
trum and corrections to it in the classical limit can be ob-
tained from the expressions found above by multiplying
them by S and taking the limit (60) with the assumptions
(61). In particular, for the gap in the classical 2D FM from
Eq. (57), we have
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3
An=+/aC. 5T (62)
J

Only the second term under the square root in Eq. (57) con-
tributes to A%. Notice that there is no exponential decay of
the damping at small k in classical 2D FM in which Eq. (59)
is valid at all & much smaller than CowT/ 7> because
A./NTD—0 when S— <. Then, the peaks in I'y and I'y/
are located at k=0.

In particular, one obtains the following in the limiting
case of classical spins from Eq. (53) by expanding the expo-
nents in 7 and replacing A with A_:

Iy L N1+ (7 (+g)"
= 3 4q 23
& 167mCs « ¢ q(1+2g°)
1+¢> 1+
XAll=—75 , 63
\/ (1+24%° i (63)

where k=kVj*/ Csw?T now and { is given by Eq. (54). Equa-
tion (63) transforms into Eq. (59) at k<1 (with A, put in-
stead of A.). We also plot in Fig. 6 the ratio of the spin-wave
damping and the real part of the spectrum given by Eq. (63)
versus the reduced wave vector « for the classical 2D FM on
the simple square lattice. As pointed out above, the position
of the peak on quantum curves moves to smaller « and the
peak height rises as § increases at a given ratio 7/Tc- or as T
increases at a given S. However, as demonstrated above and
as seen by the example of S=1/2, S=3, and S=30 shown in
Fig. 6, the peaks on the quantum curves cannot be higher
than that of the classical 2D FM located at k=0, the height of
which is given by Eq. (59). It should be noted here that the
peak height for finite $>1 and D<T<TE" is slightly
smaller than that given by Eq. (59) because we have dis-
carded A? under the square root in Eq. (57) by deriving Eq.
(59). On the other hand, Eq. (59) gives the precise value of
the peak height for a classical 2D FM because A? disappears
after taking the limit (60) with the assumptions (61) and only
the second term under the square root in Eq. (57) contributes
to the gap.

VI. DISCUSSION

In this section, we address five questions: (i) the relation
between the anisotropic term (20) in the total energy of a 2D
FM and the spin-wave gap (31), (ii) the discussion of the
further order 1/S corrections, (iii) the calculation of the mag-
netization taking into account the spin-wave spectrum renor-
malization, (iv) the derivation of the spin Green’s functions
in the first order of 1/S, and (v) the brief discussion of the
effect of the easy-plane anisotropy and the spectrum renor-
malization obtained in Refs. 9 and 10.

(i) As discussed in Sec. I, it looks reasonable that the
dipolar in-plane anisotropy given by Eq. (20) should be ac-
companied with a spin-wave gap. The relation between this
anisotropy and the gap can be shown for a 2D FM in the
same nonrigorous manner as for a 3D FM.!! Let us discuss
large spins and try to take into account the dipolar in-plane
anisotropy (20) phenomenologically by adding to the micro-
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OO0 O >

FIG. 8. Some diagrams of the second order in 1/S.

scopic Hamiltonian (2) the following expression [cf. Eq.

20)]:

2
Yo X2 @2)2
CZSZD; (S)(55)2. (64)
After Dyson—Maleev transformation (8), this term gives the
contribution CSw%/ (4D)(a£+ak)2 to the bilinear part (9) of
the Hamiltonian that, in turn, leads to the shift E —Ey
+CSw%/2D and Bk'%Bk+CSw(2,/2D. By using this renor-
malization of Ey and By and Eq. (14) for the spectrum, one
recovers the spin-wave gap (31) in Eq. (30). This consider-
ation does not work for S=1/2 because Eq. (64) is a constant
in this case.

(ii) Let us turn to further order 1/S corrections. Some
diagrams of the second order in 1/S are presented in Fig. 8.
It can be shown that at least their real parts are much smaller
than the real parts of the first order diagrams discussed
above. To demonstrate this, one has to take into account the
fact that the spin-wave gap screens infrared singularities ap-
pearing in some of these diagrams. Moreover, three- and
four-particle vertices contain additional smallness at small
external momenta. Thus, the three-particle vertex (10) con-
tains the xz component of the dipolar tensor, which is pro-
portional to the product of w; and momentum [see Eq. (5)].
As for a four-particle vertex, the expression under the sum in
Eq. (11) at ky534<<1 has the form

1 +sin® ¢y

2k;(2k, + k3)ai1a+_2a3a4 — woky >

a_1a2a3a4

Do ., .2 2 T
+ (ky sin® ¢y, +2[k, + ks|cos bi,)alalyazay
+ awoail(az - aiz)a3a4. (65)

It is seen that the first term in Eq. (65) is quadratic in
momenta. The second and third ones are proportional to wy
and momenta. The last term in Eq. (65) is proportional only
to wy, but the combination az—aiz involved in it is “soft”: for
instance, its coupling with operator a_, gives F(w,,k,)
~G(@),Ky) = — (DI + Swgky sin® ¢y 12— ;) / D(y,ky),
which is much smaller than F(w,,k,) or G(w,,k,) them-
selves  [F(w,,k,) =G(wy,ky) ~Swy/ D(wy,ky)  at  k,
<ySwy/D and w,<Swy]. As a result, further order diagrams
appear to be small at T<<T.

Unfortunately, the smallness of the three- and four-
particle vertices was not taken into account in my previous
paper,!! which was devoted to 3D FMs in a similar qualita-
tive discussion of further order 1/§ corrections. As a result,
further order corrections were overestimated there. It was
proposed that they are small only at T<<w,, whereas the
range of the validity of the perturbation theory is much wider
in 3D FMs: T<T¢.
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FIG. 9. The value S—(S%) given by Eq. (66) versus the dimen-
sionless temperature 7/ D for the square 2D FM with w;=0.1J.

(iii) Let us calculate now the magnetization value (S%) by
using a renormalized spectrum. After a simple computation,
we have

S —(S% —iE E(1+2N,) - &
s Mm q 2S¢,
T [T( D )3/2] Sw,
——In| —| — , T —————
47DS | D\ Swy In(D/[Sw,))
@0 Te— %
167D In(D/[Sw,])
(66)

Notice that zero-point fluctuations give the main contribution
at T<Swy/In[D/(Swy)]). The value S—(S?) given by Eq.
(66) is shown in Fig. 9 for wy=0.1J. It should be pointed out
also that taking into consideration the gap in the spectrum
does not change the form of the magnetization. In the mean-
time, Eq. (66) differs from the corresponding expression in
Ref. 4. The origin of this discrepancy is discussed in Appen-
dix B. The value of the Curie temperature (51) given by the
spin-wave theory follows from Eq. (66) by setting {(S%) to be
equal to zero. In the case of large spins S
=1In{4mS[D/(Swy)]*?}, Planck’s function in Eq. (66) can be
expanded and one finds Eq. (52) for the Curie temperature by
setting (§%)=0.

(iv) Spin Green’s functions defined as y;(w,k)
=ifgdte’([S',(1),5L(0)]) can be straightforwardly calcu-
lated in the first order of 1/S by using Egs. (16)—(18) and
expressions for the self-energy parts with the following re-
sults for the transverse components:

DI + Swya
Xxx(w,k) == 2

w 612( - Uw,k)’ (67)
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DE? + (Swy/2)k sin? ¢y + A*/(Swya)
o — 6 — Qw,k) ’
(68)

Xyy(@.K)==§

where ¢ is the bare spectrum here. Corrections from the
self-energy parts to the numerator are negligible in Eq. (67).
In contrast, the numerator in Eq. (68) for x,,(w,k) greatly
renormalizes at small k£ so that the uniform susceptibility
Xyy(®@,0) becomes finite.

The corresponding expression for the longitudinal compo-
nent x..(w,k) is slightly more cumbersome. It can be
calculated by using Egs. (A2a)-(A2c). Let us discuss only
uniform__longitudinal ~susceptibility x,.(w,0). For |w|
> \(Swy)*/D> A, we have
TSwa 1 (2
— | —In

4D o' \m

Xoo(©,0) = +i sgn(w)) . (69)

For the imaginary part, when |w| =< \(Sw,)*/D, one obtains
Im x.,(,0) = sgn(w) 6(|w|
a3/4r(3/4)2 T(Sw0)1/4 (wz _ 4A2)1/4
= DI 2 ,
(70)

where I'(x) is the gamma function and 6(x) is the Heaviside
step function [#(x)=1 when x>0 and 6(x)=0 when x<0].
The corresponding expression for the real part of x..(w,0) is
quite cumbersome and we do not present it here. It is seen
from Eq. (70) that Im y..(®,0)=0 at @<2A. In contrast, if
one did not take into account the spin-wave gap A, the in-
frared singularity would appear in the form of Im y,.(w
—0,0) ~ 2. Such a singularity is a nonphysical one since
it leads to an infinitely large absorption function’> Q,
«wIm y(w) at @=0. A similar situation exists in 3D FMs
with dipolar forces. The infrared singularity in the form of
Im y..(w—0,0)~T/w can be found by not taking into ac-
count the spin-wave gap.® This singularity leads to the finite
absorption function at w=0, which signifies that the sample
would be heated by a dc field. On the other hand, the spin-
wave gap screens this singularity, which leads to zeroth Q,,
at 0=0.""

(v) We will discuss the effect of the exchange anisotropy
that has the form

—2A)

1
Ho== 2 AS|S),. (71)
21¢m

and the one-ion anisotropy 2,A(S})? in detail elsewhere. The
corresponding renormalization of the above results for the
real part of the spectrum is discussed briefly in Appendix C
by taking into account the exchange anisotropy (71). In par-
ticular, it is shown there that expressions (31) and (57) for
the gap should be multiplied by the factor V@,/ wy, where

A
@y =wy+ —. (72)
o

In the limiting case of classical spins, in addition to Egs. (60)
and (61), one should imply that A — 0 and AS?=const. Then,
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we will assume that 6052=W =const and, for the gap in clas-
sical 2D FMs, one has Eq. (62) multiplied by \w/w.

The classical 2D FM with dipolar interaction and easy-
plane anisotropy was discussed in Refs. 9 and 10. The exis-
tence of the easy-plane anisotropy seems not to be crucial for
the results obtained in Refs. 9 and 10. The condition \,'F/j
>w/j, which is important for the consideration in these pa-
pers, holds also at A=0 (w=w) if w<j, which is also im-
plied there. The spin-wave gap (62) (multiplied by Vw/ Wiw)
was not taken into account in Refs. 9 and 10. A great renor-
malization of the spin-wave spectrum at small enough mo-
menta was obtained there. In particular, a diffusion mode
(DM) was found at k<<kpy~wr>'*/[j In"4(\jw/w)], where
t=T/4j. In the meantime, the spin-wave gap screens all of
the spectrum peculiarities obtained in Refs. 9 and 10. For
example, at |sin ¢ | <1, the energy of the diffusion mode has
the form that is up to a numerlcal factor of the order of unity

—ik* V4 ln5/4(\r]w/w)\wf3L/ The spin-wave gap given by
Eq. (62) multiplied by \w/w is much larger than the energy
of the diffusion mode at k <<kpy.

VII. SUMMARY AND CONCLUSION

In the present paper, we discuss a 2D FM with dipolar
forces at 0=T<T as described by the Hamiltonian (2) and
consider the renormalization of the bare spin-wave spectrum
(14) due to interaction between spin waves. For this purpose,
we carry out a comprehensive analysis of the first 1/S cor-
rections to the spin-wave spectrum originating from dia-
grams shown in Fig. 2.

We obtain the following results for S~ 1. Corrections to
the square of the real part of the spectrum are given by Egs.
(30) and (32). In particular, at T> Sw,, where wy is the char-
acteristic dipolar energy given by Eq. (1), thermal correc-
tions result simply in the renormalization (28) of the con-
stants D (spin-wave stiffness) and w, in the bare spectrum
(14). This renormalization is small at T<<T,. However, it is
significant that, similar to the 3D FM considered in our pre-
vious paper,'! we also obtain the spin-wave gap A in the
spectrum given by Eq. (31). This gap stemming from the
spin-wave interaction greatly renormalizes the bare gapless
spectrum (14) at k< (A/Sw)? (see Fig. 3).

Spin-wave damping I'y at T=0 is given by Egs. (34) and
(36) for momenta 1>k>\Swy/D and k<\Swy/D, respec-
tively. There is a region in the k space at small momenta
sketched in Fig. 4 in which the damping is equal to zero. In
the meantime, we find a great thermal enhancement of the
damping in this region.

Temperature fluctuations give the main contribution to the
spin-wave damping at 7> Sw,, which is given by Egs. (34),
(36) (48), and (49) for momenta k> \SwO/D Swy/D<k
<\Sw,/D, A/\TD<k<SwO/D and k<A/NTD, respec-
tively. The dependence of the damping on the momentum is
sketched in Fig. 5 for k<<1. It is seen that I'y is highly an-
isotropic at k= Swy/D. The damping increases with decreas-
ing k up to k~A/\TD if k is directed along a square edge
(i.e., if |sin 2¢p|=0). In contrast, the damping is not a mono-
tonic function of k when |sin 2| ~ 1: it decreases with de-
creasing k up to k~ (Swy/D)*? and then it rises up to k
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~A/NTD. The damping is only shghtly anisotropic in the
interval A/\TD<k<SwO/D There is a peak at k~ ANTD
at any given ¢y, the height of which can be estimated by
using Eq. (48). If the temperature is large enough so that the
interval is finite, which is given by (A/Sw,)>>k=A/\TD,
the peak height is given by Eq. (50). This peak is followed
by an exponential decay of the damping at k<<A/\ 'TD hav-
ing the form (49).

An important quantity to be examined is the ratio of the
spin-wave damping and the real part of the spectrum I'y/ €,
which is much smaller than unity if magnons are well-
defined quasiparticles. It is seen from Egs. (34), (36), and
(48) that the ratio I'y/g, rises upon decreasing k at k
= Swy/D for all_¢y. This growth changes into exponential
decay at k< A/\TD ) given by Eq. (49). Then, there is a peak
in I'y/ g at k~A/NTD and at any given ¢,. This peak rises
and its position moves to a smaller k as S increases at a given
ratio T/ T or as T increases at a given S (see Fig. 6). In the
meantime, its height is restricted by Eq. (50), which is pro-
portional to 7/D. In the case of S~ 1, we have T/D<<1
when T<T,.

On the other hand, as pointed out in Sec. IV C, the tem-
perature can be greater than D for large spin values much
greater than unity, S=In{47S[D/(Swy)]*?}, such that D
<T<Tc*DS. The renormalization of the spectrum should
be reconsidered at such large 7 and S because additional
large temperature 1/S corrections arise. Such reconsideration
is carried out in Sec. V. In particular, we find the thermal
renormalization (28) of the constants D and w, in the bare
spectrum (14), where W(T) and V(T) are given by Eq. (56) in
this case. Then the thermal correction to the gap becomes
important and we have Eq. (55) for the gap at T~ D, which
transforms into Eq. (57) at 28J,<T<T,, where 2S5J,, is the
spin-wave bandwidth. By focusing on the spin-wave damp-
ing renormalization at small k only, we observe that the peak
height of I'y/ g cannot exceed the value given by Eq. (59),
which is approximately equal to 0.16 for the simple square
lattice and is a counterpart of Eq. (50) for S~ 1. It is inter-
esting to note the numerical smallness of the peak height in
I'y/ € when S>1 and T->T>2SJ, that is contrary to the
case of small S, in which the peak in I'y/ €, cannot exceed
the value (50) proportional to T/D<<1. The small value
given by Eq. (59) only slightly increases upon taking into
account a frustrating next-nearest-neighbor exchange cou-
pling (see Fig. 7). The limiting case of classical spins is also
discussed in Sec. V at T<<j, where j is the exchange constant
in the classical model [see Eq. (61)]. We obtain expression
(62) for the gap and the peak in I'y/ € at k=0, the height of
which is precisely given by Eq. (59) (see Fig. 6). Thus, we
find that magnons are well-defined quasiparticles in both
quantum and classical 2D FMs with dipolar forces.

We note that the appearance of the gap is accompanied by
the anisotropy in the total energy of the quantum 2D FM
given by Eq. (20) and caused by quantum fluctuations lifting
the degeneracy of the classical ground state. We demonstrate
in Sec. VI the relation between the dipolar anisotropic term
(20) in the total energy and the gap in the spectrum at T=0.

Spin Green’s functions y,/(w,k) are derived in Sec. VI
with the results (67) and (68) for the transverse diagonal
components ,.(w,k) and x,,(w,k), and Egs. (69) and (70)
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for the uniform longitudinal one y..(w,0). It should be noted
that if one did not take into account the spin-wave gap the
infrared singularity would appear in the form Im y, . (w
—0,0)~ w2 Such a singularity is a nonphysical one,
since it leads to an infinitely large absorption function Q,,
«w Im y(w) at ®=0. The spin-wave gap screens this singu-
larity: as seen from Eq. (70), Im x..(®,0)=0 at o <2A.

A modification of the results by taking into consideration
the easy-plane exchange anisotropy (71) is discussed briefly
in Sec. VL. In particular, we have shown that expressions
(31) and (57) for the gap should be multiplied by the factor
V@y/ wy, where @, is given by Eq. (72).

Expression (66) for the magnetization in 2D FM is ob-
tained, which differs from the well-known result of Ref. 4.
Higher order corrections to the spectrum are discussed in
Sec. VI and it is concluded that they are small compared to
the first corrections obtained.

In conclusion, we would like to note that the spectrum is
gapless in 3D antiferromagnets with dipolar forces in the
spin-wave approximation®® and the spin-wave interaction
should lead to the gap in 3D antiferromagnets similar to 2D
and 3D FMs.
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APPENDIX A: CALCULATION OF Q®(w,k)

We present in this appendix some details of the calcula-
tion of O®(w,k) that is a contribution to Q(w,k) given by
Eq. (18) from the loop diagram shown in Fig. 2(c). This
diagram originates from H; terms (10) in the Hamiltonian.
As a result of simple calculations, we are led to the following
quite cumbersome expressions:

S 1
O%iw,k) = - DK*=T
ok R q14§2=k [(iw))* - 5%][(1'&’2)2 - E%]

X {(Q¥)* (BB, + E E; + @ @,) (Ala)
+ ZQﬁZ Tz[(El - Bl)(E2 - Bz) + 0)1(1)2] (Alb)
+ 0705 [(E) = By)(E; = By) — 00,]
+2(05)E|(E; - By)} (Alc)
B S2wa E 1
N, e (0)? = g]l(i,)* - 6]

XA{QT(QT + OY)(E, = By)(E, - B,) (Ald)
+(Q¥)*(B 1By + E\Ey + 0,)) (Ale)
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2007 [(E| = B))(E, = By) + w,]} (A1f)
—iwo—T

o qﬁ%zk [(iw))* - €][(iw))* - &]
XA{Q¥ (07 + Q) (E> - B,) (Alg)
- O OV(Es+ By) + Q5 (B, — Ey) 1}, (Alh)

where k=(k, ), ¢; ,=(q; », ), and we drop the index q in
Eqgs. (Ala)—(Alh) to lighten the notation. Sums 3+3 and
S+3+I1+IT7 lead to terms (Ala)—(Alf), respectively,

whereas terms (Alg) and (Alh) result from iw(3-3) [see
Eq. (18)].

One obtains the following expressions after a summation
over imaginary frequencies and analytical continuation on w
from an imaginary axis to the real one:

1
T2 o= Elllion = 2]
B 1+2N(e) 1 +2N(e)
T el +6) — (w+i02] " 26f(e,+6) — (w+i0)7]

N 2(e; - 6)[N(ey) = N(€))]
[(€+ &) (w+i8)*](e, - &) = (0 +id)*]

(A2a)

(i) (iw—iw))
2 [(iw)* - §][(iw; - iw)* - &]
€[1+2N(e)] e[l +2N(e)]
T (e + ) —(0+i0)7] " 2(e+ ) — (w+id)7]
2€16,(€; — €)[N(e;) — N(¢))]
[(e1+ &) - (0+i9)*](€e, - &) - (w+i0)*]

@7

(A2b)
iw
T2 o= &l — 1w — &)
~ ( 1 +2N(ey)
“\26f(e + €)= (w+i6)]
+ 2€[N(e) — N(e))] )
[(€ + 62)2 —(w+ i5)2][(51 - 52)2 —(0w+ i5)2] ’
(A2¢)

We now calculate the real part of Q) (w,k) by using Egs.
(A2a)—(A2c¢). Term (A1d) is the only term that remains finite
at w,k=0 and leads to the contribution (29) to the spin-wave
gap and to the second term in the square brackets in Eq. (57).
The rest of the corrections in Egs. (Ala)-(Alh) are much
smaller than either term (Ald) or corrections from the
Hartree-Fock diagram given by Egs. (24) and (25). Let us
estimate them. Term (Ala) is of the order of
@32k sin? 2 (kN woD+T)/\D, w22 sin? 2 ¢y (k\Swy/ D
+T/D), and } sin® 2 (wj+k*TD)/D* at k<Swy/D,
Swy/D<k<\Swy/D, and k>\Sw,/D, respectively. Term
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(Alc) is of the order of K2}, It is much smaller than the first
term in Eq. (24) if In(D/wy) > 1, which we assume to hold.
Contributions (A1b) cannot give more than terms (Ala) and
(Alc) Term (Ale) is  of the order _ of
w3k sin 2¢k(k\ wOD+T)/D3/2 wy sin® 2y (k| w,D
+7)/D? and wj sin 2¢>k(w0/k2+ TD)/D? at k<Swy/D,
Swy/ D < k< \Swy/D, and k>>\Swy/D, respectively. Term
(A1f) does not exceed term (Ale). Term (Alg) is of the order
of w2(wS/D2)[ln(D/w0)+T/(w0+Dk2)]. Term (Alh) does
not exceed the sum of terms (Alb) and (Alf).

Let us turn now to the imaginary part of Q®(w,k). Cor-
responding calculations have been straightforwardly done by
using Egs. (Ala)—(A1lh) with the following results.

k> \Swy/D. Terms (Alc) and (Alg) give the main equal
contributions at small temperature, which lead to
T-independent terms in Eq. (34). Terms (Alc) and (Alg)
give equal contributions to the last term in Eq. (34). The
second term in the square brackets in Eq. (34) containing
f(¢y) originates from terms (Ala)-(Alc): endowments of
terms (Ala) and (Alc) are equal and twice as little as that of
term (A 1b). The origin of the function f(¢y) is the following.
The sum of the form ‘ﬁ‘lEqé[cos(qik—(ﬁq)—eq/ZDkq]/qeg
appears in the corresponding expressions, in which the sum-
mation over small momenta ¢ << Swy/D is essential. We have
for the square of the spectrum at such q [cf. Eq. (35)]

4DA?
3
S3w0

a(Sw)

q"*«T<q +q sin® ¢q

b

where g=q2D/Swy.

Swy/ D < k< JSwy/D. One finds Eq. (36) in this regime.
The term in Eq. (36) containing A, 3(q) comes from terms
(A1d)—(A1f), whereas those containing B;(k), B,(k), and
B;(Kk) originate from terms (Alc), (Alg), and (Ald), respec-
tively. The term in Eq. (36) that is proportional to B, comes
from terms (Ald)—-(A1f).

We now demonstrate in what way the quantity £(g,k)
appears in Eq. (34). When Swy/D<k<\Sw,/D, it is not
sufficient to use the leading term in the expression for the
spectrum assuming that €~ \Saw,Dk. In reality, we have,
in this case, &€, — &~ ek+q)0<5((d>k qu 77)2) and - €,
+Ek+q)oc 5((¢k ¢q) )
the same time, expressions under the sums do not vanlsh at
¢q ¢y or Pq= ¢y = 7. Then, the appearance of the squares
in the arguments of delta functions signifies that one should
take into account smaller terms in the expression for the
spectrum, as follows:

Dg? A? )
+ .
2aSwyDq
(A4)

S D( +Sw0 in® ¢, +
€, = \daw, —_SsIn
= VAP ET Y p S Pa T S,

By using Eq. (A4),
have
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N VSawyD  k
€ — T € ==
o e 2 qlk-q)

) 3Dk q
x| g1 - L|2--1k] |,
16aSw, k

(A5)

where q, (qq) is the component of q perpendicular (parallel)
to k. We assume in Eq. (A5) that k—|q| = |k+¢|=0 and
q.<q.k.

k<<Swy/D. In this regime, Im 0®(w,K) is finite only at
high temperature and one has Eq. (48) for it. Term (Ald)
only contributes to Eq. (48).

APPENDIX B: DISCUSSION OF THE DISCREPANCY
BETWEEN EQUATION (66) FOR THE MAGNETIZATION
AND THE PREVIOUS RESULT

In this appendix, we comment on the discrepancy be-
tween Eq. (66) for the magnetization and the corresponding
expression in Ref. 4. Equation (66) coincides with that ob-
tained in Ref. 4 at T> Sw,/In(D/[Sw,]) and at T=0. In the
meantime, a term was obtalned in Ref. 4 that is proportional
to T°%w 7/4 at T<< w(s)/z/ \J which is much larger than the
T—1ndependent term in Eq. (66) at w /2/\J> > J(wy/J)'e.
I believe that the term proportional to 7/ 57/ * observed in
Ref. 4 is an artifact. A careful calculation with the bare spec-
trum (14) gives the term proportional to 7%?w _3/ * rather than
T3 wy"* at T< wg/z/\.l which is much smaller than the
T- independent term. To confirm this finding, we note that the
values of (§—($%))/S obtained in the regimes of T
>w3/2/\'] and T<w)?/ \J should be of the same order at
T~w)?/\J. At the same time, 7T°"w 74 ~Vw, and
T In(T/ wg/ 2)~w3/ Zat T~ o)) 2/ V. Surprisingly, this artifact
has not been revealed so far (see, e.g., Refs. 1 and 34). To
conclude, one is led to the same expression (66) for (S
—(8%)/S as a result of calculations using the bare (14) and
renormalized spectra.

APPENDIX C: EFFECT OF THE EXCHANGE
ANISOTROPY

We briefly discuss in this appendix the effect of the ex-
change anisotropy given by Eq. (71). We consider here only
the exchange anisotropy that differs from the on-site one,
which has the form AX,(S})? that exists in thin ferromagnetic
films.! The reason is that it is technically easier to discuss the
exchange anisotropy (71). Moreover, it is believed that these
two types of anisotropies lead to similar physical results (see
Ref. 2 and references therein). A more detailed discussion of
the effect of the anisotropy in 2D FMs with dipolar forces
will be published elsewhere. We consider below both signs
of A, i.e., both easy-axis and easy-plane anisotropies. Easy-
axis anisotropy competes with the dipolar anisotropy, which
favors in-plane spin alignment. We restrict ourselves here to
the case of not too large easy-axis anisotropy, at which spins
lie within the plane.

By adding H, to the Hamiltonian (2), after the Dyson—
Maleev transformation (8), one obtains a renormalization of

144433-14



SPIN-WAVE INTERACTION IN TWO-DIMENSIONAL...

Ey and By in the bilinear part of the Hamiltonian (9) as
follows:

SA, SA,
EkHEk'*'Ts BkHBk_T, (C1)

and a contribution to the four-magnon term,

1
Ho=— 3

(C2)
4n ki +ky+k3+ky=0

Azail(az - afz)a3a4.

As a result of the renormalization (C1), at k<1 [cf. Eq.
(14)], the bare spectrum has the form

S
a” = \/ (DK* + S(I)Oa)<Dk2 + %k sin’ ¢>k), (C3)

where @ is given by Eq. (72). Notice that in the case of
easy-axis anisotropy (A <0), the spectrum ef(“) becomes
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imaginary at small enough k if @,<<0. At the same time, the
in-plane spin alignment becomes energetically unfavorable if
the anisotropy is as large as @wy=0. We imply below that
50""(.00 for A <O.

One is led to the following results after the corresponding
calculations. Two regimes should be considered in this case:
T<Swy and T> S@,. At T S®, for Re Q(w,k), we have
expression (30), which should be multiplied by @,/ w,. As a
result, the spin-wave gap has the form

~
A@ = 4 'aCSZM,
D

i.e., one is led to Eq. (31) multiplied by V@y/w,. At T
>S@®,, we obtain Eq. (32), in which the last two terms
should be multiplied by @,/ wg. In the case of large S and T
discussed in Sec. V, for the spin-wave gap, we have expres-
sion (57) multiplied by V@y/ w.

(C4)
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